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Foreword 

Theoretical Chemical Dynamics 

Obtaining the rate of a chemical reaction from the knowledge of the collisional ele- 
mentary processes governing it, defines approximately the field of Chemical Dyna- 
mics. In most cases the investigation is restricted to molecular systems including a 
few atoms for the following reasons: 

(i) the experiments for analyzing a flux of molecules in various intramolecular 
states are limited for technical reasons; 

(ii) it is only in the case of small systems that "ab initio" potential energy sur- 
faces can be computed over a wide range of coordinates where the dynamic can be 
studied rigorously. 

The present article is a contribution for extending the scope of Chemical Dyna- 
mics in Organic Chemistry. In the first Chapter (A), previous trajectory studies in 
Chemical Dynamics are reviewed. The second Chapter (B) presents a general but ele- 
mentary method for undertaking the dynamical study of any chemical reaction. This 
method seems to be applicable in a straightforward way to rather large molecular 
systems in Organic Chemistry. An application of this method is presented in the 
third Chapter (C): the optical and geometrical isomerizations of cyclopropane are 
treated dynamically a). It makes use of an ab initio potential energy surface 2-4). The 
results are, as far as possible, compared with experimental results b). 

It should be emphasized that classical trajectories methods at present can be con- 
sidered as fairly standard techniques for studying the dynamical behaviour of small 
molecular systems (either triatomic or tetraatomic). As a consequence many techni- 
cal points have already been discussed in great detail in the literature 7-9) and they 
will not be discussed here. Such technical questions are, for instance: 

(i) should a parameter defining an initial state be either scanned or sampled in a 
random way (Monte-Carlo methods)? ; 

(ii) should the sampled points have uniform density or be distributed according 
to some weighting function?; 

(iii) should quantized values of the initially observable quantities be exclusively 
selected? e t c . . .  

Other important topics related to the technology of trajectories will not be dis- 
cussed either, for instance: 

(iv) which integrator should be used to obtain the best compromise between 
stability and efficiency? 10-12); 

(v) what are suitable tests to stop a trajectory integration according to the type 
of outcome produced? 7) 

(vi) what type of semi-empirical potential should be preferentially used for a 
given reaction? 8) e t c . . .  

We will restrict this article to developing in detail our original contribution to 
the study of Chemical Dynamics in the field of Organic Chemistry. Consequently we 
will not say much about the connection between our work and semi-empirical statis- 

a) This study was previously published in the Journal of the American Chemical Society 1' 2). 
b) More details on the subject can be found in our two "Theses de Doctorat d'Etat": Yves Jean, 

Orsay (1973) s) and Xavier Chapuisat, Orsay (1975) 6). 
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tical methods of chemical reactivity, such as the transition state method or the Rice- 
Ramsperger-Kassel-Marcus (RRKM) theory of unimolecular reactions ta-ls). The two 
points of view, dynamical and semi-empirical, differ greatly. Once again, the compari- 
son is only meaningful in the case of small molecular systems for which complete and 
rigorous results have been obtained within both methodologies. 

Finally, in view of all the restrictions above, the title of this article could as well 
be: "What can we do with trajectories in Organic Chemical Dynamics and under what 
kind of restrictions (drastic or not) is it possible?" 

A. Trajectory Studies in Chemical Dynamics 

1. Introduction 

In this chapter we define the scope of this article, mention some studies relevant to 
it and give references where these studies are dealt with. 

It is quite simple to say that this article deals with Chemical Dynamics. Unfortu- 
nately, the simplicity ends here. Indeed, although everybody feels that Chemical 
Dynamics lies somewhere between Chemical Kinetics and Molecular Dynamics, de- 
fining the boundaries between these different fields is generally based more on sur- 
misal than on knowledge. The main difference between Chemical Kinetics and Chem- 
ical Dynamics is that the former is more empirical and the latter essentially mechani- 
cal. For this reason, in the present article we do not deal with the details of kinetic 
theories. These are reviewed excellently elsewhere 16-2 l). The only basic idea which 
we retain is the reaction rate. Thus the purpose of Chemical Dynamics is to go be- 
yond the definition of the reaction rate of Arrhenius (activation energy and frequency 
factor) for interpreting it in purely mechanical terms. 

This field of research is subject to rapid expansion at present because the improve- 
ment of sophisticated experimental methods coincides with an increase of the com- 
putational possibilities for the theoretical investigation of both the mechanical study 
of the nuclear motion and the quantum mechanical study of the electron potential 
governing this motion. 

The experimental situation has been the subject of several recent review papers, 
either general 22-24) or more specialized (molecular beams 2s-32), infrared chemi- 
luminescence 33), reactions of small molecules in excited states 34), e t c . . . ) .  The quan- 
tum mechanical theoretical approaches of Chemical Dynamics were also reviewed 
recentlyS, 35, 36) 

Since the scope of this article is purely theoretical, we just outline below the state 
of the experimental situation. The ideal experiment in Chemical Dynamics would be 
that in which starting with reactants in definite intramolecular quantum-states and 
running towards each other in a definite way (relative velocity and orbital angular 
momentum) the distribution of the products over the various intramolecular quan- 
tum-states and the state of the relative motion (direction and velocity) would be 
measured. Such an experiment would show whether there is a preferential molecular 
orientation at the heart of the collision, what the lifetime of the intermediate com- 
plex is, how the excess energy is distributed over the various degrees of freedom of 
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this complex, e t c . . .  Unfortunately, this eyperiment has not been carried out yet, 
but there are experiments which fulfill one part or the other of the ideal experiment. 
In crossed-molecular-beams experiments, the reactants are prepared in perfectly de- 
fined states 37-53). For instance a laser can select a given rotation-vibration intra- 
molecular state 54' 55). The products are analyzed by means of one of the following 
techniques: 

(i) the laser-induced fluorescence56-s8); 
(ii) the infrared chemiluminescence 33' 59 -63 ) ;  

(iii) the electric resonance spectroscopy 64-- 67) and 
(iv) the chemical laser sg' 68-74) 

We do not insist on stating details of these experiments. Let us just mention the 
recent work of Herschbach and collaborators which is a very impressive achieve- 
men t T S ,  76). These authors have studied, by means of molecular beams, the very de- 
tails of  "termolecular" reactions involving van der Wall's bonds among halogen mole. 
cules, such as: 

CI 2 �9 �9 �9 C12 + Br2 ~ (1) C12 + 2 BrCI; 

(2) BrCI . . .  C12 + BrCI and 

(3) Br2 �9 �9 C12 + C12. 

In particular, to channel (1) and (2) mechanisms involving formations of the same 
cyclic six-center intermediate complex can be attributed whereas channel (3) only 
requires Br2 to interact with the nearer C12 molecule of the dimer within a noncyclic 
molecular conformation. Thus channel (3) dominates at low collision energies (<  9 
kcal/mol), but declines rapidly at higher collision energies and becomes much less 
probable than collision-induced dissociation to form Br 2 + 2 C12, this applies also to 
both channels (1) and (2). 

In Chemical Dynamics the direct comparison between experiments (more precise 
than simple kinetic measurements of reaction rates) and theoretical results is in gen- 
eral rather subtle. As far as we know, it has been restricted to reactions in which a 
halide is produced. The most studied reaction, both theoretically 77' 8o) and experi- 
mentally47, 48, 69, 81), is 

F + D2 ----~ DF + D , 

or its isotopic variants 

F + H 2 ~ HF + H and 

F + H D  > H F + D .  

Thus the activation energy for the formation of DF is minimal when F and D2 collide 
colinearly. At low collision energy most molecules DF are observed backwards, in 
vibrational states v = 2, 3 and 4, at weak total angular momentum, e t c . . .  All the 
theoretical studies of  this reaction, but one 8~ use classical trajectories. 

5 
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2. Trajectory Studies of Small Molecular Systems 

Since theoretical Chemical Dynamics resort practically to classical trajectories, we 
briefly review below some previous works in this field c). 

The first chemical ieaction studied by means of classical trajectories was H 2 + 
H ~ H + H2 within the collinear collision model 84-87). This pioneering work states 
the following: For  any system driven by a bent potential valley, the reaction proceeds 
through a gradual transformation of the collision energy into vibrational energy of 
the product molecule. The first 3-dimensional trajectories were for the same reac- 
tion 8a). Since then, much important work has been undertaken. For instance, the 
way in which an empirical modification of the potential modifies th e reaction-proba- 
bility, the intramolecular states of the products, the deflection angle, e t c . . ,  all these 
were the subject of  many studies 89-95) and also of a review article 96). 

The first "a priori" study (by Karplus, Porter and Sharma) of a chemical reaction 
undertaken on a large scale was again for H2 + H, described by a London-Eyring- 
Polanyi-Sato (LEPS)-type potential 97-1~176 All the standard concepts and techniques 
were introduced for this investigationt~ 3.dimensional model, restricting the intra- 
molecular states of the reactants to quantized states, obtaining the reaction total 
cross-section a) as a function of the collision energy and of the intramolecular states 
of the reactants by averaging over the impact parameter (pseudo-random Monte-Carlo 
method), integrating these cross-sections with the collision energy to obtain the rate 
constant of the reaction, e t c . . .  

The main results of  this study arel~ 
(i) the total reaction cross section is an increasing function of the collision energy 

that rises smoothly from a threshold to an asymptotic value; 
(ii) the zero-point vibrational energy of the molecule contributes to the energy 

required for reaction, but the rotational energy does not; 
(iii) the reaction probability is a smoothly decreasing function of the impact 

parameter; 
(iv) for temperatures between 300 ~ and 3000 ~ the theoretical rate constant 

can be expressed by the form K (T) = A T ~ exp (-E*/kT} where A, E* and a (= 1.18) 
are constants; 

(v) there is no evidence of a long-lived intermediate complex. 
The model was extended to the general atom-diatom exchange reaction A + BC 
AB + C 1~ lO3), for which Polanyi and Wong studied in 3 dimensions the relative 

influence of both initial translational energy and vibrational energy. This depends 
largely on the location of the top of the potential barrier, either along the approach 
coordinate (case I) or along the retreat coordinate (case II). In case I translation is 
more effective than vibration in promoting reaction. Moreover, at low collision ener- 
gy, a major part of  the available energy transforms into vibration of the product mole- 
cule (at higher collision energy this fraction decreases). In case II the opposite situa- 
tion is observed: vibration is more effective than translation. Moreover, for low vibra- 

c) There are several more detailed review articles on the subject 7-9, 82, 83). 
d) The cross section of an elementary collision process is roughly a measure of the reaction ef- 

ficiency of this process. 
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tional energy of the reactants only a small part of the available energy appears as 
vibration in the product (at higher vibrational energy this fraction increases). This 
confirms the conclusion obtained within the collinear collision model. In both cases 
I and II most product molecules are scattered backwards at low collision energy (the 
peak of the distribution shifts forward at increased reactant energy, even in case II 
for an increase of  reactant vibration). 

Then the Karplus et al. model was extended to more complex reactions 1~ lOS), 
such as 

K + CHaI ~ KI + CH392' 93, 99, 100, 106) 

and finally to the general thermal bimolecular reaction in the gas-phase: A + B ~- 
C + D 1~ 114). For the latter it is possible to obtain the forms for the theoretical rate 
constantslg, s2.101, llS--120)_(or the forw,_ard (K) and the backward (K) reactions 
[def'med bye): - d  (A )/dt = K (A ) (B ) - K ( C) (D)] as functions of the temperature. 
I f  the gas phase is homogeneous the temperature is introduced through maxwellian 
distribution functions. The result is: 

= z FA(•215 
XA, XB, XC, XD 

v o (• • • • EcoO 

g = Z FC(Xc) FD(• o) ffd-vhd-vn Fc(Xc; vc)FD(xO;vD) 
XA, • • • 

v o (XA, XB, XC, Xo ; Ecot) 

where Xt (I = A, B, C, D) denotes the set of all the quantum numbers defining the 
intramolecular state of molecule I (rotations and vibrations) F1 (Xi) is the distribution 
function of the intramolecular quantum states of  molecule I, ~ is the velocity of 
molecule I, Fl (Xl ; ~ )  is the normalized distribution function of the velocity of mole- 
cule I in the state Xa, v is the initial relative velocity and Eco I the collision energy: 

v = I~A - 7B I= (2Ecol/U) 112 

where tz is the reduced mass of A and B. 

o (XA, XB, • XD ; Eco0 

is the reaction cross section of the elementary collision process [A (XA) + B (Xa) 
C (Xc) + D (Xo)] at collision energy Eco I. It is this quantity which is obtained by 
means of trajectories. 

e) This definition is for low concentrations and implies that the rate constants depend neither 
on the concentrations nor on the time. 
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This result is purely statistical. Replacing the distribution function by particular 
expressions, depending on the temperature, is the last operation f). When a dynamical 
process occurs the equilibrium distribution function (maxwellian) should be modified, 
and the greater the reaction rate compared to the relaxation rates of both the veloci- 
ties and the intramolecular states, the greater the modification 121-12a). Thus it is 
only for low reaction rates that equilibrium distribution functions can be inserted in 
the formulas above, and that the reaction rate depends on the temperature, but 
neither on the time nor on the concentrations. 

Now a question must be raised: which connection is there between classical tra- 
jectories results and results obtained through Quantum Mechanical calculations? 

The Quantum Mechanical study of molecular collisions and of the chemical reac- 
tion is itself an important t o p i c  124). T h e r e  are several review papers as' a6, 125-129) 
and textbooks t3~ 139) on the subject. Unfortunately, there are no exact quantum 
results within a realistic model of a chemical reaction yet, not even for the simplest 
3-atoms exchange. Thus the comparison is limited to particular cases. 

For instance, H + H2 ~ H2 + H was studied in 3-dimensions within a model 
where the vibrational states were reduced to a single one for each of the three pos- 
sible product molecules 14~ At low collision energy (less than the classical energy 
threshold) the reaction cross section is non zero because of tunnelling. For the same 
reaction studied colinearly the following conclusions emerge 14t- 143): 

(i) for great values of  the collision energies the quantum mechanical reaction 
probability slightly oscillates around the classical probability, because of the gradual 
"opening of excited vibrational states" in the products; 

(ii) the reaction probability extends below the threshold by tunnelling. Thus, at 
low temperature and for the phenomenon of a pronounced quantum nature (such 
as the exchange of a light atom between two heavy groups), the classical trajectory 
reaction rate may be an underestimated approximation of the true reaction rate. 

On the basis of  such results and, more convincingly, on the strength of semi- 
classical investigations (classical S-matrix of  Miller and Marcus 144-1so)) it can be as- 
serted that the classical description of the nuclear motion in the course of a molecu- 
lar collision (either reactive or not) is not in itself a severe restriction. Thus, McCul- 
lough and Wyatt ls1-ls2) have shown that for collinear H + H 2 ~ H 2 + H the agree- 
ment is quite good between the classical and the time-dependent quantum-mechanical 
descriptions during the greatest part of the reaction. A slight discrepancy appears only 
near the end of the reaction; the classical reaction is completed somewhat faster than 
the quantum-mechanical one. Nevertheless, all the dynamical effects such as the 
centrifugal force pushing the representative point of the reaction towards the outer 
part of  the bent reaction valley and the whirlpool turbulence effects close to the 
saddle point, are surprisingly well described classically. 

f) In the case of  a complete equilibrium distribution, the result is: 
o o  

K(T ) = ( 8/7r la kT)  1/2/k T f dEco I a' (Eco 1) Eco I exp ( -Ecol/k  T), 
0 

where: o ' (Eco I) = ~ FA(X A) FB(X B) o (X A, X B, X C, XD; Eeol). 
x A , X B , X c , X D 
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To wind up this chapter, we enumerate below the various fields of application 
of classical trajectories in Chemical Dynamics. 

Many trajectories were integrated to obtain either total reaction cross sections 
for comparison with molecular beams experiments 79' los, 1s a-171), or rotational and 
vibrational relaxation times of the products of chemical reactions, or intermolecular 
energy transfers 1~ 107-111,172-185) e t c . . .  

As seen previously, the chemical reactions studied most often are the exchange 
ones. Those requiring several potential energy surfaces of excited states (diabatic 
reactions) are worth special mention, since they most certainly define a domain of 
application with a future for classical trajectories. An electron jump from one surface 
to another requires either to be given a statistical probability of occurence by the 
Landau Zener formula 186' 187)(or one of its improved versions 188-192)) or to be 
described by means of complex-valued classical trajectories as a direct and gradual 
passage in the complex-valued extension of the potential surfaces (generalization of 
the classical S-matrixlg3-197)). 

Some atomic recombinations catalized by a rare gas atom 198-2~ and some re- 
actions involving a long-lived intermediate complex i i 2, i i 3, 206-208) were also studied 
classically. Unimolecular reactions are quite advantageous for trajectory studies since 
the potential is generally easy to express and the total energy is sufficiently great for 
reasonably neglecting the discreteness of vibrational levels of the reactant 7). Until 
recently only triatomic decomposition has been studied extensively: ABC ) AB + 
C209-211). The main concern is for the distribution of molecular lifetimes (the time 
elapsed before decomposition occurs) and for the variation of this distribution when 
varying the total energy and the particle mass. This can be compared directly with 
semiempirical predictions. Thus, it is well established for triatomic systems that the 
RRKM rate coefficients 13) satisfactorily agree with trajectory results. Another im. 
portant advantage of trajectory methods is to provide the final energy partitioning 
between AB and C. 

More recently, the unimolecular isomerization CH3NC > CH3CN gave rise to 
elaborated studies by Bunker and collaborators T M  1 s). The pressure dependence 
of the thermal reaction rate constant is well explained by the RRKM theory, apply- 
ing the simple concept of the geometry and vibrations of the activated molecule 216). 
However, the fact that the hot-atom displacement reactions 

T* + CHaNC > CH2TNC + H 

and 

T* + CH3CN > CH2TCN + H 

both result at the very end in CH2TCN (observed by trajectories) is indicative of a 
failure of the RRKM theory for the unimolecular isomerization of nascent mole- 
cules 217). In particular, CHaNC is not a good RRKM molecule under non-thermal 
conditions, because the vibrational modes of CHaNC are too far from being equally 
coupled to one another and also to the mode of isomerization. For unimolecular 
reactions it should be kept in mind that, since many vibrations (and not only the 
single translation) may play important roles, trajectory studies are always delicate 
and require much caution. 

9 
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There have been a number of interesting trajectory studies of organic reactions 
that have used empirical potential energy surfaces. CH3NC ~ CH3CN is the first 
example. The second example is 

K + C2HsI , [ ]  + C2H s (studied by Raff) 2Is) 

where the ethyl group is treated as a two-body system. The main results are: 
(i) the total reaction cross section for this reaction is less than that for K + CH3I 
KI + CH3, due to the increased steric hindrance; 
(ii) KI is predominantly scattered backwards; 
(iii) the C-C stretch of the ethyl absorbs an important part (15%) of the heat of 

reaction; 
(iv) the reaction can occur by two mechanisms, either directly or through forma- 

tion of a collision complex. 
In the first mechanism most of the reaction energy transforms into rotation- 

vibration energy of KI, while in the second mechanism the energy distribution be- 
tween the products is more random. A third example of organic reaction studied 
dynamically is that of  a "hot"  tritium atom on a methane molecule (studied by 
Polanyi and collaborators 2 t 9) on the one hand and by Bunker and collaborators 22~ 
221) on the other hand). The main findings of several studies (using various potential 
energy surfaces) are: 

(i) both abstraction of H by T (T* + CH 4 ~ TH + CH3) and T-for-H substitu- 
tion (T* + CH 6 ~ H + CH3T ) are direct (non complex) and concerted (non sequen- 
tial) reactions; 

(ii) substitution is favoured at intermediate collision energy (90-160  kcal/mol 
collision energy); 

(iii) substitution with Walden inversion is an important fraction of overall substi- 
tution at low collision energy (40-100  kcal/mol); 

(iv) the greatest part of the collision energy transforms into translational energy 
of the products; 

(v) at 45 -90  kcal/mol the product molecule is scattered sideways, following 
abstraction and backwards following substitution; 

(vi) for abstraction, replacing T by D, the abstracted H by D, or CH 3 by a heavier 
radical results in a decrease of the reaction cross section; 

(vii) for substitution, replacing T by D or the abstracted H by D results in a de- 
crease of  the reaction cross section while the latter increases when replacing CH 3 by 
a heavier radical. 

We have kept the dynamical study of organic reactions by means of classical tra- 
jectories and based on semi-empirical and ab initio potential energy surfaces for the 
end. These studies are rare and constitute most likely a research subject with a future. 
The difficulty is to obtain forces acting on a large numbers of atoms. Constructing a 
potential whose partial derivatives provide reasonable forces is more and more diffi- 
cult when the number of  atoms and the directionality of valence forces increase 7' 9). 
Except for the reaction study presented in the 3rd chapter of the present article, (in 
which an ab initio potential energy surface is interpolated and differentiated to give 
the forces) and as far as we know, these studies are reduced to a single one by Wang 

I0 
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and Karplus 222). It  deals with the insertion of singlet methylene into the hydrogen 
molecule: 

CH 2 + H 2 ~ CH 4. 

Here the forces are derived directly from matrices associated with SCF-MO calcula. 
tions (at the semi-empirical CNDO2 level). The results for the heat of  reaction are ac- 
curate. The methylene is shown to be inserted into the hydrogen molecule for a wide 
range of initial conditions. But the most significant conclusion is that the analysis of 
the reaction in terms of the static reaction-path alone is largely insufficient, com- 
pared with the more realistic dynamical conclusions about the mechanism which is 
very complicated. 

B. A General Framework for Chemical Dynamics in Organic Chemistry 

The theoretical investigation of a chemical reaction is essentially a two-step study. 
The first step is static. It consists of computing the potential energy of the reaction 
system as a function of the different geometrical parameters. Hence, some informa- 
tion on the reaction mechanism can be obtained, such as 

(i) the minimum-energy path to go from reactants to products and consequently 
the shape of the reaction coordinate; 

(ii) the difference between the calculated energies for the reactants and for the 
system at the transition state, which is compared to the activation energy of the reac- 
tion as a first approximation. In recent years, the growth of scientific computers, as 
well as the realization of fast programs for quantum mechanical calculations has made 
the extensive investigation of potential-energy surfaces possible for many organic 
reactions involving rather complex molecules. 

The second step is of a dynamical nature. It consists of obtaining dynamical tra- 
jectories on the potential surface. Classical Mechanics are supposed to describe cor- 
rectly the atomic motion. In certain cases such a study, at the end, allows one to 
obtain the rate constant of the reaction 1~ In other respects the dynamical study 
brings new information on the mechanism of the reaction 1~176 which cannot be 
derived only from the study of the static potential surface. Moreover, the dynamical 
study is sometimes clearly indispensable for the elucidation of the reaction mecha- 
nism. Thus, the reaction H2 + I2 ~ 2 I-I/was considered for a long time to be a 
simple bimolecular reaction. Semi-empirical calculations of the potential-barrier height 
for a bimolecular process gave a result of  42 kcal/mol t79' 223), an excellent agree- 
ment with the experimental value of the activation energy (41 kcal/mol). However, 
dynamical trajectories calculations have shown that the mechanism is much more 
complicated than previously thought. In particular the conflict between two possible 
channels (H 2 + 12 ~ H 2 + 2 I ~ I + H2I (collinear) ~ 2 HI on the one hand 7' 
224-226), and direct H 2 + 12 ~ 2 HI on the other hand 227)) has not yet been re- 
solved. Nevertheless, the dynamical study of the first channel gave reaction rates of 
recombination of H 2 + 2 1 in good agreement with the experiment 22a). 

11 
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Complete dynamical studies, including the calculation of macroscopic reaction 
rates, have been restricted, until now, to small molecular systems 7' 9). They require 
a preliminary knowledge of all the regions of the potential surface that are accessible 
for a given total energy. In addition, very many dynamical trajectories must be com- 
puted for suitably selected sets of  initial conditions. For larger systems - even the 
smallest systems of interest in organic chemistry - it is impossible to obtain reaction 
rates by meansof  a complete dynamical study. Too many degrees of  freedom have 
to be taken into account to obtain the full potential surface. Simplified assumptions 
are required to scan the surface. In general, only those geometrical parameters which 
contribute notably to the reaction path are varied. The secondary parameters are 
either held constant or varied in a conventional way. There is no choice but to carry 
these constraints over into the dynamical calculation. Then the system is said to be 
constrained. Consequently, the vibrational excitation of purely nonreactive modes 
is ignored. From a static point of view, this is not a severe restriction, if the important 
parameters have been carefully selected. On the contrary, from a dynamic point of 
view, the a priori neglect of any energy transfer between reactive and nonreactive 
modes (as well as the possible dissipation of a part of the energy over various non- 
reactive modes) can play a crucial role, in particular near the middle of the reaction 
where the final outcome of the reaction is decided. 

Nevertheless, the dynamical study of the elementary processes occuring in the 
course of  a reaction remains useful and complementary to the static study of the 
potential surface, even though it is incomplete and does not lead to the reaction rate. 
In particular, the comparison of dynamical trajectories with the static minimum- 
energy path is very instructive. As we mentioned in Chap. A for CH 2 + H 2 ----+ CH4222), 
the initial conditions seem to play a crucial part in the shape of dynamical trajecto- 
ries; only certain specific initial conditions lead to trajectories close to the minimum 
energy path; most dynamical trajectories are much more complex than this path: 
Furthermore, deviations may result from the fact that for a given potential surface 
in several dimensions the optimum path is most often drawn approximately under 
the assumption that the evolution of the system can be represented by the sliding 
of a mass point on the potential surface. This model is generally unsuitable for con- 
strained systems 6' 19) 

I. The Cubic Splines for Expression of the Potential Energy Functions 

1. Introduction 

Quantum chemical calculations provide the values of  a multi-dimensional potential 
at the mesh points of a grid. Several coordinates are varied step by step and to each 
set of all these coordinates there is a corresponding number. However, we need a 
potential energy function which is analytic if possible, continuous and differentiable 
in any order. At the mesh points of the grid the values of this function are to be as 
close as possible to the computed ones. In addition, the values of the derivatives of 
this function with respect to any coordinate must be physically possible on the limit- 
ing contour surrounding the region of the potential surface studied. This is very im- 
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portant in order to avoid starting the numerical propagation of a trajectory the wrong 
way in a limiting region; after the propagation this would lead to an incorrect result 
in the opposite limiting region. 

Different procedures can be envisaged. Most commonly used for small systems 
is a simple analytical formula which is derived from a physical basis 7-9). Each para- 
meter in such a formula has a specific physical meaning and can be optimized (for 
instance by a least squares fit). The main advantage of this procedure is that the para- 
meters may be varied independently (this is the origin of many physical studies, see 
for instance Ref.2ts)). But there are two drawbacks in doing this. Firstly, varying a 
parameter modifies the whole surface (for instance, modifying the height of a gaus- 
sian barrier at a constant parameter of  steepness, implies a change in the width of 
the barrier). Secondly, in a strict sense, such a formula is hardly exact anywhere, 
since it is not an interpolation formula. However, this procedure is to be used as 
often as possible because of the high speed in computing the numerical values of 
simple expressions. We are not discussing here which analytical formula is the most 
suitable for a given molecular system. The treatment of  these topics can be found in 
the literature 7' 9). 

Many problems can be found in large systems in which most of the degrees of 
freedom are artificially frozen. Then the potential energy, as a function of the co- 
ordinates over a wide range, can become very complex. An alternative procedure is 
to use interpolation techniques. By the common polynomial techniques all the values 
of either the potential or its derivatives can be exactly fitted whenever it is necessary; 
but this leads to polynomials of a very high degree (hundreds of mesh points may 
have to be considered). Consequently, instabilities can appear, especially on the sides 
of the region studied (see Fig. 1 for a one dimensional case). 

- -  Interpotat ion potynomiat  of a high degree 

~ ,  ~ Exact  curve 

/ "  "".. ... 

:" I"-': I ' "  

, , I 1 1 1 x I 1 I 
X 0 X 1 X 2 X 1 X/~ X 5 

Fig. 1. An example of  a possible behavior of an interpolat ion polynomial  of  high degree, as com- 
pared with the exact function.  This is what  we call an instabili ty on the sides of  the range of  
interpolat ion 

Therefore, we must search for an analytical expression or the potential energy 
which exactly fits the calculated values at each mesh point of the grid, which avoids 
divergence on the sides of the physically interesting region and which has, neverthe- 
less, a rather simple form. The aim of the present section is to use a procedure which 

13 
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provides an expression fulfilling all these requirements by  means of cubic spline func- 
tions g). 

In order to avoid any mathematical  sophistication, we restrict ourselves to the 
construction of  only those functions that  are of  interest in the application. Many 
more details can be found in the pioneering work of Ahlberg, Nilson and Walsh 233' 234) 
and in various textbooks on the subject 23s' 236). Some authors already applied spline 
techniques to various problems in Chemical Physics, either to interpolate ab initio 
potential surfaces 114' 237, 2a8) or experimental data 239) or to analytically expand 
atomic orbital functions 24~ or to solve bound state Schr6dinger equations 243). 

2. One Dimensional Cubic Splines 

On an interval [xi_ 1, x/] o f  a variable x, there exists one cubic function S i ( x  ) and 
only one such that: 

(1) S i ( x i _ l )  = Y j - l  and [dSj (x) /dx]x j_  1 = m / - l ;  (1) 

(2) $i(11) =Yi and[dS j (x ) /dx]x j  = m  i. 

A convenient expression for this function is for instance: 

S i ( x )  = ~ i  - hiMi/8) + (3 r i - h iml )  XI./2 + hIMIXT/2  + 2 (h/fit i - Y i ) X  3 (2) 

where: X] = (x - -Ei ) /h  i lies within [ - 1 / 2 ,  +1/2] 

and: 2i = (x l + x i_  1 )/2, Yi = (Yi + Y i -  1 )/2, ~ i  = (mi + rni-  1 )/2, 

hi = xi - x i -  I , YI = YI - Y i - 1  , Mi = mi - m i -  l" 

Now we consider an interval [a, b] of  the variable x, which is subdivided by a 
mesh of  points: 

A =  {a =x0  < x 1  < . . . . .  X N - l  < X N  = b}. 

We associate a set of  ordinates with this set of  abcissas; 

Y =  {Yo ,Y l  . . . .  Y N - I , Y N }  

and with the extremal abcissas we associate two slopes: mo and m N. We look for a 
function S/ , (x) ,  which is continuous on [Xo, XN] (as are its first and second deriva- 
tives), which coincides with a cubic in each [x i_  1, xl] and satisfies: 

S " ( x i )  = Yi (/" = 0, 1 . . .  N) (3) 

S~(x i )  = m i q = O, iV) 

g) An alternative analytical and stable interpolation technology has recently been extensively 
used: the continued fraction 194, 195,229-232). 
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We call this function a cubic spline on A. The definition of  such a function requires 
a knowledge o f  the intermediate slopes: 

m] = [dSa (x ) ldx ]x  i (] = 1, 2 . . .  N - 1) 

From the continuity requirement imposed on S'~(x) at x / ( ]  = I, 2 . . .  N - 1) the set 
of  linear equations results 234): 

3`irnj_l + 2 m l  +l, jmj+l  = c  i ( j =  1 , 2 . . . N -  1) (4) 

where: 3.] = h]+x/(h] + hi+l)  

ui = hi[(hi + hi+ t ) = 1 -3`] 

c i = 3 ;k](y i - Y i - 1 ) / h i  + 3 la] Cvi+t - y ] ) / h i + l  

In matrix notation: 

-2  /z~ 
3`2 2 

. o 

0 0 
0 0 

I 

! ~ 

) 'N- 2 

3'N- L 

0 . . . 0  0 0 
tt2 �9 �9 �9 0 0 0 

0 . . . ;kN_2 2 /aN_ 2 
0 . . . 0  3`N--l 2 

-m, 1 
ms [ 

X . 

mN--2 ] 
m u -  lA 

-cl - 3`1 mo 
C2 

ON-2 

CN-  I -- ldN-- l mN 

(5) 

Standard algorithms exist to solve such a band system in an efficient and stable 
way. The solution spline function S A ( x )  exists and is unique. Moreover, it is an excel- 
lent interpolation function which converges to f ( x )  when N ~ 0% if limN - , . ( h i )  = 0. 

1 
An important special case is that of  equal intervals. Then, ~,] =/z] = ~ (/' = 1, 

2 . . .  N - 1) and the matrix in Eq. (5) - which we then call B - is easily inverted�9 
The result is (see Table 1): 

[B-I]/,/=(--1)i+iBi_IBN_i_I/(~-iBN_I) (1 < . i < ] < . N -  1) (6) 

where: 

Bn = [(1 + Vr312) n + I _ (1 - Vr3[2) n + 1 ]/V~ 

B is symmetric with respect to its two diagonals. The same remains true for B -  1 : 

B - I  [#-1 ]j,i = [~ ]i,] 
- 1  B - t  [B ] N _ i _ I , N _ ] _ I  =[~ ]i,] 
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Theoretical Chemical Dynamics 

Let us define a new quantity: o =x/~--- 2 = - 0 . 2 6 7 9 4 9  . . .  Then: 

a .  = (1 + , , /Y /2)"  (1 - o2" ) / . , , /T  

and: 

- 1  [B ] i , j=[(oJ- i - -oJ+i) /X/~](1--o2(N-13) / (1--ozN ) (l <<.i<~j<~N-1) (7) 

We can now write down an explicit expression for the slope mi at the ith mesh point 
of the grid (i = 1, 2 . . .  N - 1): 

N - 1  
mi = (3/2 h) Z [B-l]i, j  (yi+l - Y i - l ) -  ( [B- l ] / , l  mo + [B- l ] i ,N-z  mN)]2 (8) 

j= l  

It should be emphasized that the quantities [ B - t  ]i,j decrease rapidly as j departs 
from i. Only a few terms centered around xi are to be kept in the sum, in Eq. (8). 

We now study the equal intervals cubic spline function for N ~ oo. This limiting 
case is of  general interest, since it affords a considerable simplification in the applica- 
tions of  the spline theory. I o I being less than 1, we have: 

Ci,i = limN - l ' "  "1 __,=[B ]i . i=(o q - '  -oJ+i)/x/~- (l < ~ i a n d j < ~ N -  1) (9) 

This is the current element of the infinite symmetric matrix C (see Table 1), the ele- 
ments of which decay rapidly apart from the diagonal and tend to be constant values 
on each line parallel to the diagonal. If this line is marked by k such that I i - j I = k, the 
limiting value for large i and j is: 

limi ~ Ci, i+-k = ok/x/~'- (10) 

Thus, for sufficiently large i, the slope mi can be expressed as: 

+l 
m i = ( V ~ 7 2 h )  Y-, o l k l ( y i+k+l - -Y i+k_ l )  (11) 

k=--I 

The integer constant l is defined according to the precision required. 

3. Cardinal Splines 

Let us introduce the cardinal splines. They are a set o f N  + 3 independent one-dimen- 
sional cubic splines {A~ ) (x), k = 0, 1 . . .  N; B(~ ) (x), k = 0, N )  forming a complete 
basis on which to expand any cubic spline on A. We define them as follows: 

A S) (xi) = 6ik (i = O, 1 . . .  N )  and [dA~ ) (x)/dx]x i = 0 

B(~ ) (xi) = 0 (i = O, 1 . N)  and [dB~ ) (x)/dx]x i = 6ik 

8ik is the Kronecker delta. 

( i = 0 ,  N ) ( k = 0 , 1 . . . N ) ;  

(i = 0, N )  (k = 0, N).(12)  
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It is readily verified that the spline function defined by the set of conditions (3) 
can be expanded in the form: 

N 
Sa(x )  = ~" y /A~) (X)  + moB(A~ + mN B(N)(X) (13) 

]=0 

This expansion will be of great interest in the following. 
In the case of equal intervals the slopes of the cardinal splines at the mesh points 

have a simple form; from Eq. (8) (i = 1, 2 . . . N  - 1): 

mi ( A ~ ) ( x ) }  = ( 3 / 2  h)  - t ([B ] i , k _ ] - - [ B - l ] i , k + l )  ( k = 2 , 3  . . . N -  2) (14) 

For k = 0, 1, N - 1 or N this relationship is still valid under the condition that the 
B-1 [~ ]i,-1,[_B-l]i,o, [B-t]i, s and [ B - l ] i , s + l )  are [~ ]z',i that do not exist (i.e. B -1 

regarded as being equal to zero. In addition: 

mi (B(~)(x)) = - [B  - l  1,',,/2 and mi (B(N)(x)) = --[B~-']i,N- 112 (15) 

From the expressions (1), (7), (14) and (15) one deduces the following properties of 
the cardinal splines: (1) the cardinal splines A(~)(x) and A ~ - k ) ( x )  are mutually sym- 
metric with respect to the center of the range A; (2) the cardinal splines B(~)(x) and 
B(nN)(x) are antisymmetric; (3) The A-type cardinal splines are oscillating functions 
with a peak just a bit greater than 1 for a value of x very close to xk (or rigorously 
equal to 1 at x = xk for the case of symmetric function) which rapidly damp out for 
the values o fx  apart from xk ; (4) the B-type cardinal splines are oscillating functions 
with a peak close to the middle of the end interval and which rapidly damp out away 
from that interval; (5) The absolute values of the cardinal splines 

do not depend on h ; (6)The  absolute values of the cardinalsplinesB(A k) ( h ) ( k = 0 ,  
N) are proportional to h. 

In the case N ~ oo, the B-type cardinal splines can be considered to vanish un- 
less x is close to Xo" Xo however, can always be removed far from the range of x, 
which is of interest. In other words, whenever h is reduced (tends to zero), the two 
terminal terms in the r.h.s, of Eq. (13) become negligible compared with the first 
one, because of the properties (5) and (6) above. Moreover, the complete set of the 
A-type cardinal splines reduces to a unique symmetric function called A~ (X); this 
function is to be translated (hX = x - xk) ,  in such a way that it possesses the maxi- 
mum of unit height at x = Xk in order that it may represent Atk)(x). The intermediate 
slopes characterizing this unique function are evaluated using Eq. (11): 

(A (k) ~ "--A~((x xk)/h)} mi_ k = m i ~ N ~ i , x )  

= (X/~/2 h) (o I i--k+ I I - -  OI i - k - -  11) _- Oti_k/h 

18 
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The Cs are given in Table 2. The function A~o is drawn in Fig. 2. Consequently, the 
spline expression of  any function defined by a sufficiently large set of  values (yi) 
regularly spaced, is now very simple: 

S,,v--,=(x) = X y /  Aoo(Ix - x / I / h )  (17) 
i 

The sum is to be limited to a few terms, depending on the precision desired. This 
only presupposes that one knows the accurate values o f y  i that are sufficiently far 
away from the x considered. From Fig. 2 one sees that four steps further away suffice 
since Aoo(X) is negligible, for I XI  > 4, within 0.25% (for IX I > 5, within 0.09%). 

1.00 

0.75 

0,50 

0,25 

0.00 

x=lX-.,I 
h 

- 0,25 - -  _ _ t _  ~ 
O. ~. 5. 

A = ( X )  = A(,~(x} 

I I I 

1. 2. 3. 

Fig. 2. The Ao=(X) function. 

Aoo ( ~ )  is the same as 

A (~) (x) 

Generalizing the one dimensional spline theory in relation to the two dimen- 
sional case is very straightforward. The explicit expressions of  the multidimensional 
splines are beyond the scope of  the present article. They can be found in the litera- 
ture 234) and have been used by one of us previously l '  s, 6, 244) 

4. Supplementary Indications for Practical Uses 

a) Reduct ion to the Case o f  Equal Intervals. We know a function y (x) by the data 
set: (E i and Yi (i = 0, 1 . . .  N) ;  rni (i = 0, N)},  where the Ei's are irregularly distributed. 
We define A, the mesh of  regularly spaced abscissas: (xi = Xo + i (XN -- Xo) /N (i = O, 
1 . . .  N)}. We reorder the expression of the spline - which is unique on [x o, X~v] - 
in the following way: 

N - 1  
yi A~ (x) = S (x) - [YoA ~ (x) + y u A ~  (~) + ,%B(~ o~ (~) + ,~NB~ x) (x)] 

i=1 
08)  
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Here the yi ' s  are (N - 1) unknowns, which are obtainable by imposing the N - 1 
conditions that S (-~i) =.~i (i = 1, 2 . . .  N - 1) and then resolving a linear system of 
equations. The above reduction is of importance because of the high stability and 
simplicity of the cardinal splines on a mesh of regularly spaced abscissas. 

b)  Di f ferent ia t ion 234). The flexibility of spline functions is very useful in the field 
of differentiation. Noting r~j the average slope over the jth interval: Fn i = (Yi - Y J -  1)/hi 
and W the matrix in Eq. (5), after reordering the current derivative mi is expressed as: 

N - 1  
rni=~,l[W-1li, t (3nql - t o o ) + 3  Z ~ j ( X i [ W - l ] t , i + l a i _ l  [W-1] i , j_ t )  

1=2 

+IJN_t[W-I]i,N_I(31~IN--mN) (i= 1 , 2 . . . N -  1) (19) 

The structure of this formula is interesting. The ;k's and/ /s  lying by definition be- 
tween 0 and 1, W is a band matrix with a dominant diagonal (Wi, i = 2). The same is 
approximately true for W- l ( [w- l ] i , i  close to 0.5). This shows that the mi's  are re- 
finements of the n~ i's. 

Now, from Eq. (2) we have (x j_  1 <<- x <<- xi): 

dS ( x ) l dx  = (3 ~ j  - ffzj)12 + M i X  I + 6 (ffzj - ~ I )  X ~  (20) 

(remember that: mi = (mi + m i -  l )/2 and M i = m 1 - m i_  1 ). Near to the center of 
the interval {S'(~i) = (3 n~ i - ~j)/2}, it is noticeable that the derivative depends 
three times as much on the given quantity n~ i (directly related to the data) than on 
the computed one ~i" 

c) The  Cubic Spl ine  Func t ions  in Classical Dynamica l  Studies. Consider a molecular 
system as a mechanical system to which no limitation to the free motion is imposed 
(symmetries excepted), i.e. no bond and no angle are frozen. Then the hamiltonian 
is expressed as: 

n -- Y(e) + V(Q) (2 l) 

where Q and P are two sets of suitable dynamical variables (respectively, coordinates 
and conjugate momenta) and the kinetic energy is: 

r(P) -- ( z  P~/uk)/2 (22) 
k 

/~k is the mass associated with the coordinate Qk. The first type hamiltonian equa- 
tions of motion are simple: 

Q.l = aH/aP1 = aT /aP  t = Pl/la I (23) 

The second type equations: 

P, = - a H / a Q j  = - a  V/aQi (24) 
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are generally more difficult to obtain, because the potential energy is a function of 
natural coordinates x, y . . .  u . . . :  

V ( Q )  = V ( x ,  y . . . u . . .) ( 2 5 )  

wherex : x ( Q ) , y  : y ( Q ) , . . . u  = u ( Q ) . . .  
Thus the chain rule is used: 

Pl = - ( a  Wax) ( a x / a Q i )  - (aWay) ( a y / a Q O  . . . . .  - (aV/au)  ( a u / a Q O  . . . . .  (26) 

Suppose now, that the potential V is spline fitted h). We consider the general poly- 
dimensional case and that the number of mesh points in all directions are equivalent 
to infinity (N ~ oo). This situation is always attainable from a polydimensional grid 
of computed values in a sufficient quantity by subdivision of the step in each direc- 
tion and preliminary interpolation of purely numerical supplementary values to be 
used in the spline expression, which therefore is: 

U ( x , y . . . u . . . ) :  z 
i , ]  . . . .  n . . .  

A |  [ ( u  - u , , ) l h , ,  ] . . . . .  

V i , i . . .  n ... A o. [(x - x i ) / h x  ] A o .  [ ( y  - y i ) / h y ]  . . . . .  

(27) 

The partial derivatives required by Eq. (26) then are very simply expressed for in- 
stance: 

a u/au = ~ v ia  . . . .  , , . . .  A~, [ ( x  - xi)/hx] Aoo [ 0 '  - Yi)/hy] . . . . .  
i , ]  . . . .  n . . .  

dA~ [(u - U n ) / h u  ] /du  . . . . .  (28) 

where, i f  Uq _ 1 ~ u ~ Uq ] 

2 1 / 4 ) + , Y q _ n V q ] / h u  ~ = [ ( u  - u . , ) / h u ] / d u  = [3 6~_ .  (1/2 - 2 Uq:) + Oq _. (3 Uq - 

(29) 

1 i f k = O  
and: ~k = a k + a k - - l ,  7 k  = O t k - - O t k - - I  and ~i~ = ~-1 f f k =  1 

| 0 otherwise 

1 1 
The local variable Uq - u - Kq lies within the limits - ~ and + - Values of ~'s and 

h u 2 "  

7's are given in Table 2. 
The algorithm is readily programmed. It allows for dynamical studies with non 

empirical potentials whatever the dimensionality of the problem under consideration. 

h) In the two-dimensional case, McLaughlin and Thompson 114) recently used an elegant and 
convenient matrical method given by Jordan and de Boor 24s). 
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5. Conclusion 

The advantages of the spline functions as an interpolation technique are essentially 
threefold: 

(1) they are general and directly related to the results of quantum chemistry 
calculations as they are produced by the specialists (grids of numerical values); 

(2) the obtained potential energy surface can be modified locally without notice- 
ably changing the rest of the surface. This allows for a great flexibility in the course 
of  studies on the influence of local potential properties on whatever phenomenon is 
dependent on them; 

(3) their flexibility makes them a tool with a future in the field of dynamical 
studies in theoretical chemistry. 

The drawback of the method is that one does not obtain parameters that are of  
significance to the whole surface. To wind up this section, let us assert that the first 
application has shown the spline technique to be useful and advantageous 1' 2,114, 244) 

II. A Formulation of Classical Mechanics for Constrained Molecular Systems in 
Chemical Dynamics 

1. Introduction 

On generally restricts a Chemical Dynamics study to the framework of Classical 
Mechanics 7, 9, 82, 83, 246). This is quite justified as long as no trajectory passes close 
to a crossing point or to a symmetry-avoided-crossing point i) 247, 248) (the range of 
validity of  classical trajectory studies can be extended to this last case by specific 
devices186, 193-197,246)). At the present time all the Classical Chemical Dynamics 
studies using adiabatic surfaces have been restricted to small molecular systems (in- 
cluding no more than six atoms) 7' 9,104, 112, 222). Indeed, a realistic dynamical study 
of a greater system is not a straightforward matter. In particular, the usual formula- 
tion of  Classical Mechanics is relevant to mass points interacting through forces. For 
nuclear motion this formulation is well adapted to systems in which all the intra- 
molecular degrees of freedom (plus the degrees of relative motion in the case of bi- 
molecular encounters) are explicitly taken into account and therefore may change 
in the course of the motion. Such a system is called a free system. The inclusion of 
overall rotation, i.e three supplementary degrees of freedom, is optional. Unfortu- 
nately, most studies in Chemistry concern systems in which the atoms are too nume- 
rous to allow a complete investigation of the entire potential energy surface. Thus 
many degrees of  freedom must be held constant. For instance, some bond lengths 
which are not sensibly modified in the course of the reaction are fixed a priori. 

Classical Mechanics is known to hold for the description of nuclear motions on a static po- 
tential surface from various semiclassieal investigations 144, 148-150) and from direct com- 
parison with quantum-mechanical results for small systems 140, 141, 143). 
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Similarly, when the atoms in a substituent group (an alkyl group for instance) do not 
participate in a reaction as individuals but only as a group, the geometry of the group 
is frozen. Such systems will be referred to as constrained systems, and we search for 
a suitable formulation of Classical Mechanics for them. 

Indeed, the mechanical counterpart to a constrained system is a set of solids 
(frozen groups) articulated with each other through idealized hinges. The motion of 
the solids is driven by forces which derive from a potential depending on the remain- 
ing degrees of freedom. Below we present a method which executes the required job 
by introducing a matrix called the constraint matrix. This constraint matrix is built 
up with the mass like-coefficients appearing in the non-diagonal kinetic energy. It 
depends on generalized coordinates only, i.e not on conjugate momenta. The equa- 
tions of motion are simply obtained by inverting the matrix and by differentiating 
its elements with respect to generalized coordinates. 

2. Classical Mechanics of Constrained Systems within Lagrangian and Hamiltonian 
Formalisms 

We consider an N-particle mechanical system. A set of K constraints applied to it is 
holonomic 2s~ whenever all the relationships connecting the natural coordinates 
(Qi, i = 1, 2 . . .  3 N) of the particles in the system plus the time t - and which are 
a mathematical counterpart to the existence of constraints inside the system - are 
of the form: 

gl (Ql ,O2. . .QaN,  t)=O (1= 1 , 2 . . . K )  (30) 

The elimination of K dependent coordinates results in the introduction of a set of 
generalized coordinates (qj, j = 1, 2 . . .  n) where n = 3 N -  K, in terms of which the 
natural coordinates are expressed parametrically i): 

Q i = Q i ( q l , q 2 . . . q n ,  t )=Qi(q, t )  (i= 1 , 2 . . . 3 N )  (31) 

Any conservative mechanical system which is either free or subject to holonomic 
constraints and whose potential does not depend on the generalized velocities is 
described by standard equations of motion (either Lagrangian or Hamiltonian). 

The kinetic energy of the N-particle system is: 

N 
1 ~ mi(y:2+~2+i2) 

T= 2 i=1 (32) 

where x, y and z are cartesian coordinates. The introduction of 3 N "natural" co- 
ordinates: 

J) 

24 

On the scale of molecules, all the constraints to be taken into account are mathematically 
idealized and of the holonomic type. Moreover, the defining transformation Eq. (31) do not 
depend on time explicitly. 



QI = m [ / 2 x t ,  Q 2 = m l l 2 Y l  . . . . . . . .  

results in a simplified expression for T: 

3 N  
T = 1  ~ 0 ~  

2 i=1  
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Q3N = rn~: 12 ZN (33) 

(34) 

Then the natural coordinates Qi (i = 1, 2 . . .  3 N)  are expressed as functions of the 
independent generalized coordinates qi (/= 1, 2 . . .  n). As an immediate consequence 
the analytical expression of the potential V is modified: 

V (Q) = 1i (q) 

The natural velocity 0i (the total differential of Qi with respect to time) is: 

(35) 

Qi = ~ OQi(q) c~ i ( i = 1 , 2 . . . 3 N )  ( 3 6 )  
i=1 Oq i 

Insertion of (36) into (34) provides the expression of the kinetic energy in terms of 
generalized coordinates: 

T(q, q) = -~ ],k=X Alk(q)il] ilk (37) 

where: 

3N OQl(q) OQi(q) 
,4jk (q) -- z (38) 

i= l 0q i 0qk 

Aik (q) is the current element of a matrix A (q) called the constraint-matrix. A (q) is 
a real symmetric matrix whose diagonal elements are positive; it depends on the 
generalized coordinates as variables and parametrically on the constraints. This 
matrix possesses an inverse since det A (q) = 0 is not possible; it would correspond 
to a supplementary relationship between the coordinates only, L ~ a supplementary 
holonomic constraint. 

The expressions of the generalized momenta in terms of the generalized velocities 
are: 

/,/ 

Pi = Z Aik (q) Ok (i = 1, 2 . . .  n) (39) 
k = l  

The inversion of the matrix A (q) results in: 

rl 
0i = "z AT*~ (q) Pk (i= l, 2 . . . n )  

k = l  

(40) 
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which is a convenient form of the Hamilton equations of the first type for constrained 
systems. 

Insertion of Eq. (40) into Eq. (37) leads to the expression of the kinetic energy 
in terms of generalized coordinates and momenta: 

n 

1 ~ A~  1 (q) PiPj 
T(q, p) = -~ i;]=1 (41) 

-1 A (q) exists; moreover, it is real and symmetric. It is important to note that ob- 
taining T(q, p) is no more difficult than an inversion ofA (q). The Hamilton equa- 
tions of motion of the second type then are: 

n aA)k I (q) a ),.[ (q) 
1 ~ PIPk (i = 1, 2 . . .  n) (42) 

[~i - 2 ],k= 1 ~qi ~qi 

since H(q, p) = T(q, p) + !1 (q). 
On the basis of Eqs. (40) and (42), one may state that - once the constraint 

matrix A (q) is known - using the hamiltonian formalism to study the dynamics of 
a constrained system amounts to 

(i) inverting A (q) and 
(ii) obtaining the partial derivatives of all the elements of A-1 (q) with respect 

to all generalized coordinates. 
The Lagrange equations of motion are: 

Aii(q)#i = ~ r 1 3Akt(q) OAik(q)l. qt" 81[ (q) (43) 
j=l k,l= 1 L2 ~qi ~ ]qk 3qi 

(i = 1, 2 . . .  n) 

since L (q, q) = T(q, ?!) - U (q). 
In order to solve numerically this set of coupled second order differential equa- 

tions, it is generally the practice to use numerical integrators adapted to coupled first 
order differential equations only and, consequently, Eq. (43) must be transformed 
into: 

qi =n/ 

/=l k.t = 1 8qt 

(44) 

aAk,(q) (q)] (45) 
/ -I 

(i= 1, 2 . . .  n) 

It should be noticed that the bracket in Eq. (45) is independent of i and depends 
on / only. Using the Lagrangian formalism to study the dynamics of  a constrained 
system amounts to 

(i) inverting A (q) and 
(ii) obtaining the partial derivatives of all the elements ofA (q) with respect to 

all generalized coordinates. 
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At this stage, we must stress one point: the more constrained the system, the smaller 
the dimension o f  the reduced problem and the more involved the matrix elements 
Ai! (q). In other words, the reduction of a great number of natural degrees of free- 
dom to a small number of privileged ones by imposing constraints to the system - 
which results in a shortening of quantum chemical calculations and a simplification 
of the potential energy surface - happens to introduce supplementary intricacies 
when dealing with dynamical problems. However, the requirement that a system 
retains the same symmetry along a reaction path does not appear as a constraint, 
although it is a restriction to free motion. In fact, a symmetry-constrained system 
can always be viewed as a free system with a smaller number of dimensions. 

Now a qualitative distinction between two classes of constrained systems is dis- 
cussed. The first class corresponds to a highly constrained system, that is to say a 
molecule in which at least two frozen groups of atoms are related by means of a 
hinge located at the atom in common with the two groups. Nothing more than what 
is in strict conformity with the general treatment presented above can be said for 
such a system. A preliminary difficulty is generally to express the constraints in a 
convenient way. A simple solution is to take as generalized coordinates those degrees 
of freedom that are of  physical interest on the basis of either experimental or theo- 
retical information. Expressing the cartesian and natural coordinates as functions of 
the generalized coordinates results in trigonometrical calculations. An important 
point is then to ascertain the fixity of the center of mass and, if necessary, the zero 
value of the total angular momentum. The last operation consists in applying the 
standard procedure exposed in paragraph 2. The whole work can be very long but is 
always feasible l '  2) 

The second class includes the minimally constrained systems,/, e molecular 
systems in which certain groups are still frozen but are individually treated as solids 
interacting only through a position dependent potential. A quite simple example in 
this category is a rigid diatomic rotor moving in an external static field. For such 
systems, mechanical developments that are not possible in the general treatment 
can often be achieved 170). 

Finally, the advantages of  respectively, the Lagrangian and Hamiltonian methods, 
are compared below. Two points should be emphasized: 

(i) the Hamiltonian equations are more balanced that the Lagrangian equations. 
Indeed, there appears a simple summation in Eq. (40) and a double one in Eq. (42) 
whereas, in Eq. (45) the summation in the expression of ki is a triple one. Consequent- 
ly, the numerical integration (by means of usual integrators) of Hamiltonian equa- 
tions is somewhat faster and more stable than the integration of Lagrangian equations; 

(ii) obtaining Hamiltonian equations requires differentiation of the matrix 
A-1  (q) whereas, for Lagrangian equations, it is A (q) which is differentiated. Since 
the matrix elementsAi/(q) are often rather complicated, the matrix-elements 
A/] l (q) are even more complicated and their differentiation can result in very large 
and intricate expressions. Consequently, for highly constrained system, the Lag- 
rangian integration often appears more suitable. The definitive choice for either one 
method or the other depends in fact on the particular system treated. 
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4. Conclusion 

The present method is applicable to large constrained molecular systems in a streight- 
forward way. Its main advantage is to allow the direct resolution of dynamical prob- 
lems in those generalized coordinates in terms of which the potential energy func- 
tions are expressed, obtained through quantum-chemical calculations. Its main draw- 
back is that the derivation of the analytical constraint-matrix can be quite tedious 
in some intricate cases of highly constrained systems. The illustration of such a case 
is presented in the next chapter. To wind this formal section up, let us mention that 
an alternative technique to resolve mechanical problems involving constrained sys- 
tems is that of the Lagrange multipliers k). 

I I I .  Some Remarks on How to Select Initial Condit ions 

1. Int roduct ion 

To start the mathematical integration of the equations of  motion for one particular 
trajectory, a set of initial values of coordinates and either velocities or momenta 
must be specified. These, however, are dependent on the experimental conditions 
which need be reproduced, such as collision energy, intramolecular vibrational ener- 
gies e t c . . .  In addition, some other variables, for instance intramolecular instanta- 
neous elongations, molecular orientations, impact parameter, ere . . . .  are necessarily 
specified in classical mechanics but are not observable microscopically because of 
the Uncertainty Principle. The ensemble of these result in a set of trajectories asso- 
ciated with a given set of  observable initial conditions. 

Many trajectories are necessary to describe all the different events that are sum- 
med up to form a unique wave describing the global chemical reaction under observ. 
able conditions in quantum mechanics. In this respect, a set of classical trajectories 
which spread around a mean trajectory in classical mechanics corresponds roughly 
to the quantum mechanical spreading (through space or time) of the density proba- 
bility function around its center. 

Since the number of trajectories is necessarily limited (in particular when com- 
puting the forces requires a great amount of computer time), good criteria for selecting 
the initial conditions are of prime interest. The problem is so important that it was 
discussed at length several times before 7' lot). In this section we just consider what 
can be done in the case of constrained systems. The approximation of the "con- 
straints" is so rough as to eliminate the need for any of the refined corrections that 
allowed to get very accurate results for small free molecular systems (cf. Chapter A). 

Several domains of application need to be distinguished. In the thermal chemistry 
of unimolecular reactions, a complex process, which is not known to us, leads to the 

k) By the Lagrange multipliers technique 2s~ the differential equations are integrated in the 
natural coordinates and the Lagrange multipliers are used to keep constant the constraints 
at each step of integration. 
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initial energy of the reacting molecule (activated molecule). All the possible sets of 
initial conditions should therefore be studied in order to determine which sets of 
those initial conditions favour the reaction. To have a statistic weight for each set of 
initial conditions is desirable but not always possible to obtain. In photochemistry 
the intramolecular activation energy originates through a photon impact, L e. a well- 
defined and instantaneous process. From a knowledge of the Franck-Condon principle, 
it is possible to ascribe to each individual trajectory a statistical weigh tlag' 191)from 
which average values of different quantities can be derived. 

In the thermal chemistry of bimolecular reactions studied within the framework 
of trajectories calculations, it is normally possible to obtain the rate constant of the 
reaction as a function of temperature 116) (cf. Chapter A). However, this can require 
rather tedious calculations, because of the necessity of averaging the results over a 
large distribution of individual trajectories. We do not discuss further the problem 
of bi~nolecular reactions. 

2. Physical Observables and Phase Variables 

At the beginning of any trajectory one must specify either the coordinates and the 
velocities [qo, qo] or the coordinates and the momenta [qo, P0 ]. It is physically 
desirable that the initial conditions describe an observable situation of the reactants. 
We denote by G the set of all the experimentally observable quantities (called physi- 
cal observables) which must be reproduced. Such quantities are, for instance, the 
collision energy, the quantum numbers defining the intramolecular state (vibrations 
and the principal quantum number of rotation), the total angular momentum e tc . . .  
However, there are other dynamical variables which have a clear meaning in Classical 
Mechanics but correspond to no physical observable because of the Uncertainty 
Principle. We call them phase variables and denote them globally by g. The phase 
variables must be given particular values to obtain, at given G, a particular trajectory. 
Such variables are, for instance, the various intramolecular normal vibrational phases, 
the intermolecular orientation, the secondary rotation quantum numbers, the impact 
parameter, e t c . . .  Thus we look for relationships of the type qo = qo (G, g) and either 
tto = qo (G, g) or Po = Po (G, g) 

To reproduce the results of a given experiment whose theoretical specification 
is G we must obtain a set of trajectories for various g. Then the theoretical results 
(the energy transfer, the reaction probability, e t c . . . )  are obtained as averages over g. 
Thus an observable quantity F, observable at the end of the reaction, is calculated 
for given G as 

N 
F(G) = Z Fi (G)/N 

i = l  

where: 

F i (G) = F(G, gi) = F(qo (G, gi), (to (G, gi)) (i = 1, 2 . . .  N). 

N is the total number of trajectories. Here gi is implicitly selected pseudo random- 
ly2Sl, 252) 
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Sometimes an additional average over G is required to obtain the theoretical 
value of a macroscopic experimental quantity. Then one uses a normalized distribu- 
tion function P(G) of all the components of G, so that in application of the basic 
principles of  Statistical Mechanics: F = fv P (G)F(G)dG where F denotes the sub- 
space of all the possible values of G under the given experimental conditions. 

The integral is most often transformed into a finite sum. I f  the selected values 
Gj of G are regularly distributed over F, then: 

M M 
: J:,x P(C/) F(Gj)/Z.: e(c/) 

where M is the total number of  the Gfs. If  they are selected pseudorandomly over F 
according to P(G) as weighting function, then 

M 
F= ~ F(Gi)/M. 

i=1 

These expressions represent the most general theoretical results for whatever macro- 
scopic experimental quantity F. 

3. Unimolecular Reactions 

In an unimolecular thermal reaction, i.e. a reaction whose mechanism is a pure intra- 
molecular rearrangement (either isomerization or dissociation), the initial energy 
distribution among the various degrees of freedom of the system is unknown. In- 
deed, in a preliminary step the molecule acquires activation energy through a com- 
plex process (a collision or, rather, a sequence of collisions) which is in general badly 
elucidated experimentally. In addition the energy exchange between distortion modes 
of the activated molecule is very fast ~ 4, i s) 

Whenever the reaction involves a few atoms only, both the activation phase of 
the reaction and the subsequent unimolecular rearrangement can be studied dynami- 
cally 21~ Then it is possible to ascribe a statistical weight to a given trajectory. 
As soon as the reactant molecule includes numerous atoms (as is often the case in 
Organic Chemistry) one just cannot study the overall dynamics of the reaction. In 
particular, if one must renounce the investigation of the activation phase of the reac- 
tion, one must also renounce the attribution of statistical weights to individual tra- 
jectories. Then one must postulate, on the basis of either experimental information 
or physical intuition, initial activated states of the reactant system and study only 
its subsequent dynamical evolution. Thus the work is restricted to sample in a ran- 
dom way all the possible initial conditions with no attempt to obtain at the end theo- 
retical values of experimental quantities. Nevertheless, this context is not too restric- 
tive. The trajectory study of thermal unimolecular reactions allows one 

(i) to discover which initial energy distributions favour completion of the reac- 
tion, which others disfavour or prevent it, and to relate these "a posteriori" observa- 
tions to experimental facts; 
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(ii) to observe qualitatively the microscopic dynamical paths of the reactions; 
(iii) to obtain the statistical distribution of the molecular lifetimes and thus to 

have a feeling for the reaction times at various total energies. Such a dynamical study 
of a unimolecular thermal reaction (isomerization of cyclopropane) is the subject of 
the next Chapter (C). 

The situation just described is not inherent in all unimolecular reactions. In cer- 
tain cases (for instance unimolecular photochemical reactions, L e. non photosensi- 
tized) an equilibrium energetic distribution (that of the fundamental state in the case 
of photochemical reaction) is warranted. Then a statistical weight can be attributed 
to each trajectory, either classically or semi-quantally. 

In the classical approach 253), the probability to find the ith normal coordinate 
of the system within [q, q + dq] is proportional to the time elapsed in it: 

Pi (E; q) = 2/(T i (E - kiq2]2) 112 } 

where k i and T~- are respectively the force constant and the period of the ith normal 
mode; E is the total energy in the mode (physical observable) and q is the phase 
variable. Thus the classical probability is minimal at equilibrium and infinite at the 
turning points of the vibration. Finally, the statistical weight of a set of initial condi- 
tions {G = El ,  E2 �9 �9 .; g = q l ,  q2 �9 �9 .) is the product of the partial probabilities for 
the various modes: 

?(c;g)= n ?i(ei;qi) 
i = 1 , 2  ... 

In the semiquantal approach (theory of Wigner functions) 2 s 3- :s  s), Statistical 
Mechanics is corrected according to quantum mechanical criteria. The statistical 
probability of finding the coordinate of the ith normal mode within [q, q + dq] and 
its conjugate momentum within [p, p + dp] is proportional to exp {-[p2/m t + 
kiq2]/2 kT}, where m i and ki and respectively the reduced mass and force constant 
of the ith mode, k is the Boltzmann constant and T is the temperature. There is no 
counterpart to this probability in Quantum Mechanics because of the Uncertainty 
Principle. However, since the normalized wave function qsv (t9) of the ith normal 
mode in its vth fib'rational state is known, the separate probabilities for q and p are 
entirely defined: n~'(q) = I q, y (q)12 and fly(p) = I ~ (p )1 2  where ~ ( p )  is the Fourier 
transform of ~v (q). The meaning of these probabilities is the following: although it 
is impossible to predict the results of the simultaneous measurements of both q and 
p, it is nevertheless possible to predict the average results of measurements on a nume- 
rous set of identical systems if all of them are in the same quantum state. Thus it is 
quantum mechanically sound to look for a pseudo-distribution function Pi(v; q, p) 
which would result in rlp(q) when integrated over p and in H~(p) when integrated 
over q. Among all the mathematical functions fulfilling these two requirements, 
Wigner 254) has selected the very simple one: 

+oo 

Pi (v, q, p) = (nh)- ~ f ~V(q + Q) ~ (q _ Q) exp (2 ipa/h)da 
_ o o  

= ei (v; ~2) = (~'h)- l (_  1)v exp (_/j2) L v (2 ~2)/(Trhv!) 
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where: ~2i = a~ q2 + p2](a~ h2), ai is a constant and L v denotes a Laguerre polyno- 
mial. Here v is a physical observable and ~2 a phase variable. This function is real 
but not everywhere positive. For this reason it cannot be viewed as a true probabili- 
ty distribution function. Nevertheless, it can be used qua a distribution function 
since it fulfils all the requirements which would characterize this function if it ex- 
isted. When v = 0, and only then, 

Pi(v  = O;q, p) = II~ (q) x rio(p) 

as it would be the case i fp  and q where simultaneously measurable 2s3). When v =/: 0 
the probability of a given p depends on q, and vice versa. In the classical limit (great 
values of v) this situation is consistent with the Correspondence Principle; indeed, 
in Classical Mechanics, the values of q and p are related to each other. 

Finally, for a reactant system including several vibrational modes, the Wigner 
function is simply a product of one dimensional functions: 

P(G =Vl, V2 . . . .  g=  ~12,~2...) = II e i ( v i , ~ )  
i = 1 , 2 . . .  

One of us has personally applied the theory of Wigner functions to obtain statis- 
tical weights for individual trajectories in the study of the photochemical dissociation 
of the water molecule in its second singlet excited state 244' 2s6). 

H20 (B IA 1)'--> H(2S) ~+ OH(2~+) 

to account for the abnormally excited rotation of the OH fragment which is observed 
experimentally2S7, 258) 

C. Application: Optical and Geometrical Isomerizations of Cyclopropane 

I. Experiments and Previous Theoretical Investigations 

The pyrolysis of substituted cyclopropane leads to three types of unimolecular iso- 
merizations (see Fig. 3). The first kinetic study of the conversion of cyclopropane 
into propylene (reaction a) was undertaken by Trautz and Winkler in 19220 2s9). 
The geometrical isomerization (reaction b) was discovered by Rabinovitch, Schlag, 
and Wiberg in 1958 m) 261); r e a c t i o n  b is faster than structural isomerization in pro- 
pylene (a). Finally, the optical isomerization was observed, independently by Craw- 
ford and Lynch 268), by Berson and Balquist 269), by Bergmann and Carter 27~ 270, 
and by Willcott and Cargle272); their common conclusion states that geometrical (b) 
and optical (c) isomerizations are competitive reaction processes. If only the sub- 

I) For  a more recent experimental  work on the mechanism of  this reaction, see Ref. 260). 

m) For later studies on cis-trans isomerization in substituted eyclopropanes, see Refs. 262-267) .  
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stituted bond breaks, this result implies that the single-rotational process, required 
for geometrical isomerization, and the double-rotational process, required for optical 
isomerization, are competitive rotational processes. This was confirmed by Doering 
and Sachdev 273). However, Berson, Pedersen and Carpenter have recently shown that 
in substituted cyclopropanes in which the three C-C bonds can break equally (/. p : 
1-phenylcyclopropane-2-d), the major pathway is a synchronous rotation of both 
terminal groups 274' 275). Most mechanisms for the geometrical and optical isomeriza- 
tions invoke a trimethylene diradical species (for a complete review, see Ref.276)). 

These reactions have aroused a great deal of interest among theoretical chemists. 
Indeed, they lie within the simplest reactions in organic chemistry; formally, they 
require only a rotation of 180 ~ in one or both methylene groups. Hoffmann, in his 

(0) F F (or) I b)E F (a) (c) EE (a) 

Fig. 4. Definition of the geometries of the three diradicals face-to-face [FF (a)], edge-to-face 
[EF (a) l and edge-to-edge lEE (a)l 

pioneering search of the potential energy surface for isomerization of cyclopropane, 
found that synchronous (conrotatory) motion of the terminal groups, through an 
edge-to-edge (EE) diradical (Fig. 4-c) is the easiest path on the surface 277). This ~e- 
diction was recently confirmed by the kinetic analysis of the isomerization of trans. 
cyclopropane-1,2-d2 by Berson and Pedersen 27s). Afterwards, several groups under- 
took nonempirical quantum-mechanical calculations on 

(i) the ring opening of the cyclopropane and 
(ii) the rotations of the terminal groups in the face-to-face (FF) diradical (Fig. 4-a) 

thus obtained a' 4, 278-28o). The results of these calculations confirm the competition 
experimentally observed between the two isomerization reactions: the diradical EE 
is slightly more stable than the edge-to-face (EF, Fig. 4-b) diradical (~E = 1-2 kcal/ 
tool). Moreover, no potential energy barrier is found in the ring closure of the di- 
radical toward the cyclopropane. This result, inconsistent with thermodynamic pre- 
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dictions 281), is in agreement with the results of recent ESR study of 1,3-cyclopenta- 
diyl diradica1282). Finally, the geometry of the transition state for geometrical iso- 
merization has been resolved in 21-dimensional space, and that for optical isomeriza- 
tion obtained approximately. Static reaction paths were proposed for both reactions 
b and c 3' 4) 

II. Potential Energy Surface 

The static study requir~ consideration of three main geometrical parameters: the 
angle of ring opening CCC (= 2 a) and the rotation angles for both terminal methyl- 
ene groups (01 and 02). The other (secondary) parameters are either held constant 
or varied in a conventional way. 

The potential energy function V (a, 01,02)  can be re-written as a sum of two 
terms: 

r/(a, o~, 02) = v (~ ,  o, o) + [ v(,~, o~, 02) - v(,~, o, 0)] (46) 

The first term corresponds to the potent~l energy of a cyclopropane molecule 
in the FF configuration with the ring angle CCC = 2 a (Fig. 4-a). The calculated 
energy curve is pictured in Fig. 5: there appears no barrier to the reclosure motion 
of the diradical FF (0t). This curve will be analytically approximated by means of 
one-dimensional cubic spline functions. 

The second term denotes the amount of energy required for rotations of the 
terminal groups, with angular amplitude of 01 and 02, at constant a. For each value 
of a, the potential energy of the diradical as a function of the two rotation angles is 

Vo(a l ,  

70 

60 

50 

40 

30 

20 

1o 

o 

, , , , , , , , , .  

60 ~ 70 ~ 80 ~ 90* 100 ~ 1100 1200 130 ~ 140 ~ 2 

F ig .  5. Po ten t i a l  energy curve f o r  the r ing  o p e n J n g f r o m c y c l o p r o p a n e  to  the face- to- face d i r adF  

cal. The energies are in kcal/mol 
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described by an analytical expression, which is simple but yet retains the essential 
features of the surface ~). There are four main features of the rotational surfaces that 
the analytic formula must reproduce accurately: the energies of the half-way points 
EF(t~) and EE(t~); the potential-barrier heights, hc (t~) and ho (t~) for conrotatory 
and disrotatory motions (Fig. 6). The following analytic formula is somewhat arbit- 
rary; it is selected because it abides by the law of symmetry and takes into account 
the four parameters independently: 

V(ot ,  01,02) - V(ot ,  o ,  O) = a (or) s i n 2 ( O l  + 02) sin2(01 - 02) 

+ b (oe) sin2(01 - 02) c0s2(01 + 02) 

+ c(a) sin2(01 + 02) cos2(01 - 02) 

+ d(c 0 sin201 sin202 (47) 

a (ct) denotes the potential energy of the molecule in the configuration EF (or) 
(01 = 90 ~ 02 = 0 ~ minus the potential energy of EF (~) (01 = 02 = 0~ Similarly, 
d (a) is the potential energy of the molecule in the configuration EE (a) (01 --- 02 --- 
90~ b (a) and c (a) are simple functions of the potential energy barriers to the 
synchronous disrotatory motion [hD (or)] and the synchronous conratatory motion 
[hc (a)] respectively (see Fig. 6) 

b (a) = [ho (~) + ( h l  (a) - ho ( a ) a  (a))t/2 ]/2 

c (~) = [he (~) + (h~ (t~) - hc ( ~ ) d  (a)) t/2 ]/2 

( 4 8 )  

(49) 

CONR. �9 

F F (o:) EE ((z) 

�9 DI5R. 

FF(a) EE(~) Fig. 6 

Calculations of the energies were performed with a 3 x 3 CI version of Gaussian 
70, at the STO-3G level 283). For sixteen values of 2 t~, regularly spaced form 50.1 ~ = 
0.875 rd to 136.1 ~ = 2.375 rd, the potential energy curves which drive 

(i) the synchronous conrotatory motion of both terminal methylene groups, 
(ii) the synchronous disrotatory motion and 
(iii) the rotation of a single methylene group (the other being held fixed) were 

computed. The computed values of a (a), b (ct), c (c 0 and d (c~) are interpolated by 
means of one-dimensional cubic spline functions. 

The detailed results of these calculations have been given elsewhere 2). Then we 
shall only recall the main features of the three-dimensional potential energy surface, 
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7~ 

60* 
,/ 

2~ 

13os 70 ~?o 70~1s0. 
65 ~ ~65 ~ ~ _  651 

12 ~ _..-.-. ~6o ~ 9 . j . 1 2 o *  
TS 1 EE = " r ~ - - ' ' - ' ~ ' - = ' ' ~  I 

110' ~ ;60 ~ ~ .110" 

lOO 

.80* 

LII 1 l / ~  60* 
, , ~.%~% 

0 30* 60* 90 ~ 120" 150" 180 ~ CONROTATORY 
Fig. 7. Two-dimensional potential energy surface and static reaction path for the synchronous 
conrotatory motion of the terminal methylene groups. 2 a represents the value of the carbon 
ring angle. The abcissa gives the common value of both rotational angles: 0 = 01 = 02. TS denotes 
the position of a transition state. The energies are in kcal/mol 

0 30* 60* 90* 1200 150 ~ 180' DISROTATORY 

Fig. 8. Two-dimensional potential energy surface and static reaction path for the synchronous 
disrotatory motion of the terminal methylene groups. 2 e represents the value of the carbon ring 
angle. The abcissa gives the common absolute value of both rotational angles: 0 = 01 = -02. TS 
denotes the position of a transition state. The energies are in kcal/mol 
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0 3 0  ~ 6 0  ~ 9 0  ~ 120  ~ 150 ~ 180 ~ 1 ROTATION 

Fig. 9. Two-dimensional potential energy surface and static reaction path for the rotational 
motion of a single terminal methylene group. 2 a represents the value of the carbon ring angle. 
The abcissa gives the value of the rotational angle: # = 01 along with 02 = 0. "IS denotes the posb 
tion of a transition state. The energies are in kcal/mol 

by means of  two-dimensional cuts obtained in the following three limiting cases: 
(i) synchronous conrotatory motion (01 = 02 = 0;cf .  Fig. 7); 
(ii) synchronous disrotatory motion (0t = -02  = 0; cf. Fig. 8); 
(iii) rotation of  a single methylene group (01 = O, 02 = 0; cf. Fig. 9). The mini- 

mum energy paths are drawn approximately and the positions of  the transition states 
(TS) are specified. 

The main features o f  the overall surface appears clearly in these two-dimensional 
cuts: in a first step, the reaction coordinate is almost identical with a pure r ing-o~n- 
ing motion; the rotation of  the terminal groups occurs at almost constant angle CCC, 
and finally the ring recloses and the isomer molecule is formed. The optical isomer 
is most easily formed via a purely conrotatory process (see Fig. 7). The transition 
state is close to EE (a) with 2 a = 113 ~ and is energetically located at 59.8 kcal/mol 
above cyclopropane. In Fig. 8, the diradical EE (ix) with 2 (~ = 113 ~ appears to be a 
secondary minimum along the synchronous disrotatory reaction path. In fact, it is 
not a true minimum, since a conrotatory distortion (here, the hidden third coordi- 
nate) requires practically no activation energy. The optical isomerization via a syn- 
chronous disrotatory process requires an activation energy of  61.9 kcal/mol. At 
last, the transition state for geometrical isomerization (cf. Fig. 9) is the diradical 
EF (a) with 2 t~ -- 113 ~ whose potential energy is 61.6 kcal/mol above that o f  cyclo- 
propane. 
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III. Dynamical Study 

1. Equations of Motion and Initial Conditions 

The equations of motion are established within the following simplification: the 
kinetic energy of the system is written for a model in which the terminal methylene 
groups remain trigonal throughout the reaction (see Fig. 10). Then, the A matrix, 
defined in a previous section, is diagonal and the expression of the kinetic energy 
is a diagonal quadratic form of the angular velocities: 

where: 

and: 

1 1 I (0~ + 0~) T = -~ A ~  6t 2 + 

A,~c, = S sin=a + C eos2a + I (sin20, + sin202) 

2 { l [L(M+gml)+2ml~,]2+MgmlX 2 } 
S= M+2ml  

C = 2 [ML 2 + 2 ml (L + X) 2] 

I =2  mit t  2 

M+2ml  p -  
M + 2 m 2  

X = lcos  7_ ~ = l s i n  7_7_ 
2 '  2 

(50) 

(51) 

L is the CC length, l the CH length and 3' the HCH angle in the terminal groups, M 
the mass of a carbon atom, rn 1 and m2 the masses of the  substituents on C1 (C2) and 
C3 respectively. In the present study ml = m2 = 1 and P = 1;I is  the moment of 
inertia of the rotor which is formed of the two hydrogen atoms in a terminal methy- 
lene group. Eq. (51) leads to the partial derivatives: 

OAaa = (S - C) sin 2 a (52) 
0a 

aAaa _ 1 sin (20i) (i = 1, 2) (53) 

Finally, the three Lagrangian equations of motion are: 

Oi=~ _1112 bAa~o0~ 7-" &2 - ~0---~. ] (i= 1,2) (55) 
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where: 

a V _ d V  o + da 
~a da da 

+ dc 
dct 

a v  
- 2 sin (2 8i) 

+ c(tx) sin(01 + 02) cos(01 - 02) + 1 d(o~) sin20i , 

(i = 1, 2 and : :/: i) 

sin2(Ot + 02) sin2(Ol -- 02) + db sin2(01 - 02) cos2(Ol + 02) 

dd 
sin2(Ot + 02) c0s2(01 - 02) + ~ sin20z sin202 (56) 

+ a (ct) sin (81 + 02) sin (01 - 02) + b (or) sin (01 - 82) cos (81 + 02) 

(57) 

The + alternative should be used for i = 1 and the - alternative for i = 2 respectively. 
The numerical integration of  the three coupled second order differential Eq. 

(54), (55) requires six initial conditions. These are (i, ii, iii) the three values 2 ~o, 
0~ and 0~, which determine the molecular geometry at the starting point (all the tra- 
jectories in the present study start with the cyclopropane molecule in its equilibrium 
geometry, i.e. 2 ao = 60 o, 01 = 0~ = 0); (iv) the total internal energy in the molecule, 
Eto t; (v) the fraction E~ of  initial energy attributed to the "rota t ion"  (at starting 
point, this is actually vibration energy); (vi) the manner in which/~ot is distributed 
among the two "rotors".  This is defined by an angle (/i ~ such that: 

" o ' o  
tg8 ~ = 01/02 (58) 

where 0~ and 0~ are the initial rotational velocities of  the two groups. Then the re- 
lationship: 

0~ = cos5 ~ [2 1 - l  Er~ ] 1/2 (59) 

is used. It is not restrictive to have 0~ > 0 since 0~ can be either positive or negative. 
A third relationship: 

d ~ = -+ (2 [Eto t --ErotO _ V(o~~ 01 ,o O~)]]Aozol(Olo, 01 ,o 0~)}1/2, (60)  

is necessary to define the initial CCC angular velocity. The present study has been 
arbitrarily limited to &o > 0,/ .~ to initial extensions of  the CC bond. 

Five different values of  Etot have been studied, namely 61, 62, 63, 64 and 65 
kcai/mol. For E t o  t = 61 kcal/mol, the only available channel is the synchronous 
conrotatory motion (transition state at 59.8 kcal/mol). For Etot/> 62 kcai/mol, 
the rotation of  a single group (transition state at 61.6 kcal/mol) and the concerted 
disrotatory motion (transition state at 61.9 kcal/mol) both become feasible mo- 
tions, at least in principle. For each value ofEtot ,  E~rot has been varied stepwise from 
2 to 50 kcal/mol, with a step of  2 kcal/mol. In addition, for given values o fEto  t 
and Erot, 6 ~ has been varied from 45 ~ (conrotatory motion, i.e. antisymmetric vibra- 
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tion of the methylene groups) to - 4 5  ~ (disrotatory motion, L ~ symmetric vibration), 
with a step of 10 ~ All things considered, about 1500 trajectories have been run. 

In our model, no fraction of the total energy in the molecule can be transferred 
to nonreactive intramolecular modes; nor can any fraction be exchanged with the 
medium. Under this assumption the computed trajectories are endless: a given set of  
initial conditions leads to an infinite sequence of ring openings, rotations and ring 
closures. The integration of a trajectory is stopped the first time the representative 
point of  the molecule moving on the surface enters a prescribed narrow region around 
the absolute minimum, i. e the representative point of cyclopropane in its equilibrium 
geometry. This is consistent with the analysis of the reaction given by Doering and 
Sachdev 27a) within the RRK-model la). Their conclusion was that "the best trap for 
a diradical is its own reclosure to a covalent bond", because there the energy "is 
rapidly dissipated by distribution among other, non-reactive modes. The larger the 
number of  a t o m s . . ,  in the molecule, the more nearly true this statement is". 

2. Dynamical Results 

We first treat separately the trajectories corresponding to the particular values/i ~ = 
45 ~ and --45 ~ . Indeed, the total symmetry of the problem is such that, whenever the 
motion of both rotors at the starting point is either purely conrotatory or purely dis- 
rotatory, it keeps this particularity throughout the trajectory. Then the trajectory 
can be drawn on a two-dimensional potential energy surface such as that pictured in 
Fig. 7 and 8. 

a) Synchronous Conrotatory Motion (5 ~ = 45~ For a very weak amount of 
excess energy (1.2 kcal/mol) with respect to the conrotatory transition state (59.8 
kcal/mol), a rather striking phenomenon occurs: reactive trajectories are observed 

1 o" !70 

i zo* 4__ ~ 160 

110" 
100" 
90* 
80* 
70* 
60* 

65 70 I 
65 

60 60 I I 

�9 130" 

�9 120 o 

~ ~ ,  60 ~ ~ ~  110~ 
\ Z ,oo" 

~ / f  70 90* 
80" 

70* 
60* 

-30 ~ 0 30 o 50" 90* 120 ~ 150 ~ 180 ~ 210 ~ Conrotatory 

E TOT = 61 Kcal / tool, ERO T = 31, 6 Kcel / tool 

Fig. 11. A low total energy (61 kcal/mol) reactive trajectory leading from cyclopropane to the 
optical isomer via a purely conrotatory process (6 ~ = 45 ~ ) 
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only when Ero t - initial "rotational" energy here exclusively in the antisymmetric 
twisting vibration of the methylene groups - lies between 30.4 and 32.4 kcal/mol 
(see Fig. 11). Thus, in order to observe the optical isomer formed in a purely conro- 
tatory fashion, one half of the total molecular internal energy must be placed in the 
methylene groups. The other half of the total energy (28.6 to 30.6 kcal/mol) re- 
mains in the stretching vibrational mode of the carbon-carbon bond. At first sight, 
this would seem insufficient to bring about the opening of the carbon ring. However, 
during the first part of the reaction (from point A to point B in Fig. 11), the ring 
opening motion and a complete oscillation of both terminal groups (with an ampli- 
tude of 20 ~ ) go on simultaneously. Hence, an important energy transfer occurs from 
the methylene groups to the carbon-carbon bond. Then only, the carbon ring can 
open. Afterwards, the methylene groups rotate by 180 ~ (from B to C in Fig. 11); 
in the meantime the value of the CCC angle oscillates weakly around the optimum 
value 113 ~ The reaction ends with a motion of ring closure (from C to D in Fig. 11). 

When the total intramolecular energy increases (Eto t/> 62 kcal/mol), the reac- 
tive trajectories are more numerous. Below we analyze in detail the set of trajectories 
for Eto t = 62 kcal/mol (see Fig. 12). Depending on the value of Erot, several dis- 
tinguishable motions are observed: 

Ero t ~ 10 kcal/mol." the trajectories are non reactive. As shown in Fig. 12a, the 
carbon ring opens and recloses without reaching the transition state. This is simply 
due to a lack of twisting energy in the methylene groups at the starting point. 

12 kcal/mol <E~ot <<- 20 kcal/mol: within these limits the trajectories are reac- 
tive (see Fig. 12b, c and d). They are quite different from the trajectories in Fig. 11 : 
only one half of an oscillation of the methylene groups occurs during the ring-open- 
ing phase. In Fig. 12b the first reactive trajectory of this type is pictured: during the 
rotation of the methylene groups the carbon ring angle oscillates many times around 
the optimum value 113 ~ and, consequently, the duration of the phase of rotation is 
long (3.3 x 10-13 second). This means, that the way in which the representative 
point reaches the upper valley is far from being ideal. The ideal situation occurs when 
E~ = 16 kcal/mol (see Fig. 12c); then, the methylene groups rotate very easily in 
2.2 x 10-13 second. Finally, for Ero t = 20 kcal/mol (see Fig. 12d) the rotational 
process is again difficult and lengthy (4.4 x I 0-13 second). It is quite important to 
note that all these trajectories include only a single rotation of 180 ~ by each terminal 
group. This result is all the more surprising since the energy in the rotational motion 
can only be transferred, in our model, to the vibration of the carbon-carbon bond, 
and not to a non reactive mode. 

22 kcal/mol <~E~ <~ 32 kcal/mol: the trajectories are non-reactive, as pic- 
tured in Fig. 12e and 12f. When the ring opens the energy is badly distributed among 
the different possible modes and the transition state cannot be reached. In Fig. 12e, 
the representative point, after a half oscillation of the methylene groups, bounces 
off the edge of the lower potential energy bump towards the upper part of the figure. 
In Fig. 12f, the same thing occurs, but after a complete oscillation. 

32. 4 kcal/mol <~ E~ ~ 35.2 kcal/mol: within these limits the trajectories are 
again reactive (see Fig. 12g) and of the same type as that pictured in Fig. 11. As pre- 
viously, each terminal group rotates by only 180 ~ It should be emphasized that this 
second "reactive band" of initial rotational energies is much more narrow than the 
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Fig. 12. Typical conrotatory trajectories at Eto t = 62 kcal/moi for different initial "rotational" 
(vibrational) energies 

first one. This can be explained as follows: the rotations occur after a complete 
oscillation of the methylene groups. As a consequence, this first part of the reaction 
(ring opening) lasts longer in the trajectories of the second band (32.4 to 35.2 kcal/ 
mol) than in the trajectories of the first "reactive band" (12 to 20 kcal/mol). Then 
the reactive trajectories are much more "focused" around the ideal trajectory: a 
slight modification can lead to large deviations and rapidly to non reactive trajecto- 
ries. 

Ero t /> 36 kcal/mol: these trajectories are non reactive (see Fig. 12h). The energy 
initially concentrated in the stretching mode of the carbon-carbon bond is too small 
(~< 26 kcal/mol) to allow a sufficient opening of the carbon ring. 
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For total intramolecular energies greater than 62 kcal/m01, (Et~ = 63, 64, 65 
kcal/mol), the two "reactive bands" of initial E~ values still exist (see Fig. 13a) 
and even become larger and larger with increasing Etot  n) 285). This is due to the fact 
that, the greater the excess energy, the easier it is for the representative point of the 
molecule to step over the transition state, even if the approach coordinate is not 
favourable. Moreover, the second reactive band shifts slightly towards higher values 
of Ero t, so that the first phase of the reaction (ring opening along with a complete 
oscillation of the methylene groups) always results in a face-to-face diradical with a 
CCC angle close to 105 ~ 

ETOT l 
65 

6/. 

63 

62 

51 

60 

59 

!_s_tS_S~ . . . . . . . . . . . . . . . . . . . . . . . . .  

~ ~o ~o ~ ~ 

(o) 
ETOT 

65 

6/. 

63 

62 

61 

T.S(61.9) 

(b) 

Fig. 13. Evolution of the "reactive bands" 
versus Eto t and Erot for (a) a cortrotatory 
motion of the terminal groups and (b) a 
disrotatory motion 

n) A long time ago, Wall and Porter 90) have mentioned the existence of upper energy bounds 
for H + H2 collinear reactions. More recently, Wright et al. 284) have observed quite similar 
reactive and unreactive "bands" for exchange reactions resulting from collinear atom-mole- 
cule collisions. 
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The results presented in this section all depend strongly on the assumption which 
allowed us to terminate the trajectories. For instance, certain "reactive" trajectories, 
if they were free to go on, could come back to the starting point of the reaction. Con- 
versely, certain "non-reactive" trajectories, after the first process of ring opening 
and closure, could yield a cyclopropane molecule possessing a more suitable amount 
of CH2 vibration energy and the isomerization reaction could now be possible 
(Fig. 12a). Furthermore, the treatment of the dynamical problem in its full dimen- 
sionality might well make the unreactive region between the two reactive bands dis- 
appear. 

b) Synchronous Disrotatory Motion (6 ~ = -45~ The main results of the pre- 
vious section for conrotatory trajectories remain true in the case of disrotatory tra- 
jectories. According to the value ofE~o t (here the initial CH 2 symmetric vibration 
energy), two reactive bands are still observed and exhibit the same characteristics as 
above; the first band corresponds to values ofE~o t of the order of  20 kcal/mol and 
the second band to values ofE~o t of the order of 40 kcal/mol. Most of the reactive 
trajectories involve a single concerted rotation of the terminal groups. 

The only noticeable difference concerns the nature of the reactive trajectories 
when the total energy is only weakly in excess of that of the transition state. For the 
lowest total intramolecular energy studied (Eto t = 63 kcal/mol, i. e gtot - ET.S. = 
1.1 kcal/mol), we observed reactive trajectories in the first band only,/, a for Er~ 
lying between 16 and 26 kcal/mol. This is exactly opposite to what happens in the 
case of  a synchronous conrotatory motion at Eto t = 61 kcal/mol (Eto t - ET.S. = 
1.2 kcal/mol) where reactive trajectories are observed in the second band only. The 
difference is probably due to the disrotatory transition state lying closer to the en- 
trance valley than the conrotatory transition state (the top of the rotational barrier 
is at 01 = -02 = 50 ~ presently, instead of 01 = 02 = 58 ~ before). Moreover, the en- 
trance valley which drives the ring opening is wider in the disrotatory case than in 
the conrotatory case because disrotatory distortions require a smaller amount of 
energy than conrotatory distortion, as long as 2 a < 95 ~ 

More precise calculations indicate that the first reactive band appears at Eto t = 
62.1 kcal/mol and the second reactive band at Eto t = 63.1 kcal/mol. The evolution 
of the reactive band widths versus the total energy is represented in Fig. 13b. 

The small secondary minimum (well depth: 2.3 kcal/mol) at the edge-to-edge 
half-way point does not affect the trajectories very much even for the lowest total 
energy. However, there are some rare exceptions where the representative point of 
the molecule spends rather a long time in this region of the potential energy surface 
(for certain trajectories, the integration was stopped after 1.5 10-12 second and the 
molecule was still trapped into the well). Then, the final outcome of the reaction is 
quite a random phenomenon. 

c} GeneralMotion (General 5~ When 8 ~ differs from -+ 45 ~ the coupling be- 
tween the rotations of both methylene groups results, at anytime, in an energy trans- 
fer from one to the other. Then the first question arises: for a given value of/i ~ charac- 
terizing the distribution of the initial methylene "rotation" (vibration) energy, what 
is the actual value of ~ = tg-1 (01/02) after the ring-opening phase of the reaction is 
terminated? 
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In Ref. 1), we noted that the process of ring-opening is much faster than the rota- 
tions of  the terminal groups whatever the type of cyclopropane molecules, either 
substituted or not. Consequently, energy transfer between the two oscillating termi- 
nal groups does not have time to operate significantly while the carbon ring opens. 
The opened molecule is rather similar to a FF-type diracial whose CH2 rotational 
energy - which is possibly very different from ~'rot - is nevertheless distributed 
among both rotors in almost the same way as that defined by 6 ~ at starting point. 
A careful study of the relative variations with time of 01 and 02 leads to the follow- 
ing conclusion. Whatever, the value of 6 ~ the corresponding trajectory, when reac- 
tive, closely resembles the reactive trajectory obtained for the same value of 6 ~ on 
the rotational potential energy surface at constant CCC angle (see Ref. 1), Fig. 7). 
Thus, if 6 ~  0, the rotation of the terminal groups most frequently leads, v/a a con- 
rotatory process, to a molecular conformation close to that of an edge-to-edge di- 
radical (EEc). If  6 ~  0, we observe either the rotation of a single terminal group 
(EF), or within a narrow range close to - 4 5  ~ the formation via a disrotatory process 
of an edge-to-edge diradical (EED). It should be emphasized that, whatever the value 
of 6 ~ both reactive bands (corresponding to values of Erot of  the order of 20 and 
40 kcal/mol respectively) are still observed, At low total energy (62 kcal/mol), all 
the reactive trajectories lead to the formation of the diradical EE c via a synchronous 
conrotatory motion of both terminal methylene groups (cf. Table 3). The amount 
of  excess energy above the potential energy of the transition state is weak (2.2 kcal/ 
mol), so that it is only within the range 6 ~ ~> 25 ~ that the reaction is possible. The 
ring reclosure occurs after only a single concerted 180 ~ rotation of the terminal 
groups. For Eto t ~> 63 kcal/mol, the three distinct rotational processes within the 
diradical species are now possible (cf. Table 4). When 6 ~ varies from 45 ~ to - 4 5  ~ we 
observe successively the concerted conrotatory process, the rotation of a single group 
and, last, the concerted disrotatory process. Reactive trajectories involving several 
rotations in the diradical appear. They correspond, most frequently, either to limits 
(on the reactive side) between "reactive" and "non reactive" bands, or within a reac- 
tive band, to limiting values of 6 ~ and Ero t beyond which there is a change in the 
nature of the isomer formed. 

3. Conclusion 

The dynamical study of the coupling between the modes of ring opening (and clo- 
sure) and the modes of rotation of the methylene groups of a cyclopropane molecule 
in the course of isomerization reactions confirms essentially the two main conclusions 
of the static study: 

(i) an isomerization involves, at leas t approximately, three sequential steps: ring 
opening, methylene rotation(s)and ring closure; 

(ii) the concerted conrotatory motion of the terminal groups is the easiest reac- 
tion path. 

This study also brings new information which could not be derived from the 
only study of the potential surface: 
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(i) the amount o f  methylene "rotat ion" (vibration) energy required for the reac- 
tion to be possible is much larger than was previously estimated; 

(ii) in general, a single rotation of  180 ~ o f  one or both terminal groups occurs 
within the diradical species. 

General Conclusion 

The dynamical study of  mechanistic details in organic reactions is complementary 
to the static study of  the potential energy surface. It furnishes a supplement of  in- 
formation which cannot be obtained from the static surface alone. 

The question which must be raised now is: "Is this type of  study called for and 
will it be of  common use in the future?" A first limitation is of  a technical nature: 
the dynamical study may be of  interest only when the potential energy surface driv- 
ing the reaction is known with sufficient accuracy. Thus the range of  application is 
restricted to reaction systems involving rather simple molecules. A second limitation 
is that such a dynamical study is almost necessarily incomplete; for instance, in most 
cases this precludes the obtaining of  the reaction rates of  organic reactions. 

The purpose o f  such dynamical studies is mainlythe development of  a dynamical 
intuition among chemists. Once the potential energy surface of  reaction is known, 
this intuition could allow qualitative predictions of  

(i) possible deviations of  the actual trajectories compared to the static minimum 
energy path; 

(ii) those energy distributions in reagents which favour completion of  the reac- 
tion, e t c . . .  

In this respect, dynamical studies of  a limited number of  typical reactions are 
highly desirable. The rapid improvement of  both the means of  calculation and the 
experimental techniques which result in having access to more and more tiny details 
o f  reaction mechanisms, should stimulate research work in this direction. 
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