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Preface

This book is built upon a basic second-year masters course given in 1991—
1992, 1992-1993 and 1993-1994 at the Université Paris-Sud (Orsay). The
course consisted of about 50 hours of classroom time, of which three-quarters
were lectures and one-quarter examples classes. It was aimed at students who
had no previous experience with algebraic geometry. Of course, in the time
available, it was impossible to cover more than a small part of this field. I
chose to focus on projective algebraic geometry over an algebraically closed
base field, using algebraic methods only.

1)

The basic principles of this course were as follows:

Start with easily formulated problems with non-trivial solutions (such
as Bézout’s theorem on intersections of plane curves and the problem of
rational curves). In 1993-1994, the chapter on rational curves was replaced
by the chapter on space curves.

Use these problems to introduce the fundamental tools of algebraic geom-
etry: dimension, singularities, sheaves, varieties and cohomology. I chose
not to explain the scheme-theoretic method other than for finite schemes
(which are needed to be able to talk about intersection multiplicities). A
short summary is given in an appendix, in which special importance is
given to the presence of nilpotent elements.

Use as little commutative algebra as possible by quoting without proof
(or proving only in special cases) a certain number of theorems whose
proof is not necessary in practise. The main theorems used are collected
in a summary of results from algebra with references. Some of them are
suggested as exercises or problems.

Do not hesitate to quote certain algebraic geometry theorems when the
proof’s absence does not alter the reader’s understanding of the result.
For example, this is the case for the uniqueness of cohomology or certain
technical points in Chapter IX. More generally, in writing this book I tried
to privilege understanding of phenomena over technique.
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5) Provide a certain number of exercises and problems for every subject
discussed. The papers of all the exams for this course are given in an
appendix at the end of the book.

Clearly, a book on this subject cannot pretend to be original. This work
is therefore largely based on existing works, particularly the books by
Hartshorne [H|, Fulton [F], Mumford [M] and Shafarevitch [Sh].

I would like to thank Mireille Martin-Deschamps for her careful read-
ing and her remarks. I would also like to thank all those who attended the
course and who pointed out several errors and suggested improvements, no-
tably Abdelkader Belkilani, Nicusor Dan, Leopoldo Kulesz, Vincent Lafforgue
and Thomas Péteul.

I warmly thank Catriona Maclean for her careful translation of this book
into English.

And finally, it is my pleasure to thank Claude Sabbah for having accepted
the French edition of this book in the series Savoirs Actuels and for his help
with the editing of the final English edition.






Notation

We denote the set of positive integers (resp. the set of integers, rational num-
bers, real numbers or complex numbers) by N (resp. Z, Q, R or C). We
denote by F, the finite field with ¢ elements.

We denote the cardinal of a set E by |E|. We denote the integral part of
a real number by [z]. The notation (Z) represents the binomial coefficient:

() = =

By convention, this coefficient is zero whenever n < p.

If f: G — H is a homomorphism of abelian groups (or modules or vector
spaces), we will denote by Ker f (resp. Im f, resp. Coker f) its kernel (resp. its
image, resp. its cokernel). We recall that by definition Coker f = H/Im f.

An exact sequence of abelian groups (or modules or vector spaces)

0—M L Mm - M —0

is given by the data of two homomorphisms u, v such that
a) u is injective,
b) v is surjective,
¢) Imu = Kerw.
Further definitions and notations are contained in the summary of useful

results from algebra.
In the exercises and problems, the symbol € indicates a difficult question.



Introduction

0 Algebraic geometry

Algebraic geometry is the study of algebraic varieties: objects which are the
zero locus of a polynomial or several polynomials. One might argue that
the discipline goes back to Descartes. Many mathematicians—such as Abel,
Riemann, Poincaré, M. Noether, Severi’s Italian school, and more recently
Weil, Zariski and Chevalley—have produced brilliant work in this area. The
field was revolutionised in the 1950s and 60s by the work of J.-P. Serre and
especially A. Grothendieck and has since developed considerably. It is now a
fundamental area of study, not just for its own sake but also because of its
links with many other areas of mathematics.

1 Some objects

There are two basic categories of algebraic varieties: affine varieties and pro-
jective varieties. The latter are more interesting but require several definitions.
It it is too early to give such definitions here; we will come back to them in
Chapter II.

To define an affine variety, we take a family of polynomials P; €
k[X1,...,Xp] with coefficients in a field k. The subset V of affine space k™
defined by the equations P, = --- = P, = 0 is then an affine algebraic variety.
Here are some examples.

a) If the polynomials P; are all of degree 1, we get the linear affine sub-
spaces of k™: lines, planes and so forth.

b) Take n = 2, 7 = 1 and k = R, so that k? is a real plane and V, defined
by the equation P(X,Y) = 0, is a plane “curve”’. For example, if P is of
degree 2, the curves we get are conics (such as the ellipse X2 +Y? — 1 = 0,
the hyperbole XY — 1 = 0, or the parabola Y — X2 = 0).
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If P is of degree 3, we say that the curve is a cubic. For example, we
could consider Y2 — X3 = 0 (which is a cuspidal curve, i.e., it has a cusp),
X% +Y3— XY = 0 (which is a nodal cubic, i.e., it has an ordinary double
point or node) or Y? — X (X — 1)(X + 1) = 0 (which is a non-singular cubic,
also called an elliptic curve, cf. below).

Fig. 1. X3+ Y - XY =0 Fig. 2. Y2 - X% =0

Fig. 3. Y - X(X - 1)(X+1)=0

Of course, curves of every degree exist. Let us mention the following two
curves in particular: (X24Y?2)24+3X2Y —Y3 = 0 (the trefoil) and (X2+Y?)3—
4X?%Y? = 0 (the quadrifoil).

c) In space k® an equation F(X,Y,Z) = 0 defines a surface.
For example, if F is of degree 2, we get quadric surfaces, such as
the sphere (X?+Y2?2+22—-1=0) or the onesheeted hyperboloid
(X24+Y2-22-1=0).

d) Generally, two equations in k% define a space curve. For example,
Y — X? =0 and Z — X3 = 0 define a space cubic (the set of points of the
form (u,u?,u?) with u € k).
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Fig. 4. (X*+Y?)?+3X?’Y -Y?* =0 Fig. 5. (X2 +Y?)? —4X%Y? =0

e) Clearly, the study of algebraic varieties depends heavily on the base field.
For example, algebraic geometry over the field of real numbers is sometimes
surprising (consider for example the plane “curves” given by the equations
X24+Y?2+1=0o0r X2+Y?2=0). The theory is nicest when k is algebraically
closed (for example k = C). This is the situation we will deal with in this
book. This choice (which is equivalent to giving greater importance to the
equations defining varieties than their points) can be partially justified by the
fact that any field can be embedded in an algebraically closed field.!

Of course, the opposite point of view is just as interesting. It led, for exam-
ple, to real algebraic geometry (k = R) or arithmetic (k = Q or even k = Z,
or k a finite field). For example, the points of the variety defined over Z by the
equation X" +Y"™ —Z™ = 0 are the subject of Fermat’s famous theorem. Like-
wise, the search for rational points on the curve Y2 — X (X —1)(X — ) =0
(the arithmetic of elliptic curves) is very much an open question. Two impor-
tant conjectures concerning these questions have been solved recently, namely
Weil’s conjecture (solved by Deligne in 1974) and Mordell’s conjecture (solved
by Faltings in 1982). But this is another story.

f) Furthermore, algebraic varieties appear in many areas of mathematics.
One simple example is given by matrices and classical groups. For example,
the group

SL, (k) ={A € M, (k) | det(A) = 1}

is an algebraic variety in the affine space of matrices because the determinant
is a polynomial. Likewise, the orthogonal group

On(k) = {A € My (k) | 44 = I},

or the set of matrices of rank < r, are affine algebraic varieties. The basic
concepts of algebraic geometry which we will introduce (such as the dimension

! When the base field is R or C, the objects we study also appear in other branches
of mathematics (such as topology and differential geometry). It turns out that the
difference between these fields depends more on the choice of “good” functions
than the objects studied (cf. Chapter III).
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in Chapter IV and the tangent space in Chapter V) are fundamental tools for
the study of these varieties.

g) And finally, let us mention a more complicated example: families of
algebraic varieties (for example, the set of lines in k3 or the set of vector
subspaces of dimension d of a space of dimension n) can often themselves be
equipped with the structure of an algebraic variety (much as the set of subsets
of a set is itself a set) and we can therefore apply algebro-geometric techniques
to them.

2 Some problems

One of the principles of this course is to start from easily formulated prob-
lems whose solution requires the use of fairly sophisticated algebro-geometric
techniques (such as sheaves ¢f. Chapter III and cohomology, ¢f. Chapter VII).
Here are two examples: Bézout’s problem and the rational curves problem. We
will also mention, in Chapter X, the less elementary problem of space curve
liaison.

a. Intersection: Bézout’s theorem

If we study the intersections of a conic (think of an ellipse) and a line in
the plane, we see that they intersect in at most 2 points. A line and a cubic
intersect in at most 3 points and two conics intersect in at most 4 points. It is
natural to ask whether or not two plane curves C' and C”, of degrees d and d’,
always have at most dd’ intersection points, and under what circumstances
we might get the best possible theorem: that two such curves have exactly dd’
intersection points. There are four obvious obstructions to this claim being
true.

a) The two curves might have a common component: for example, the
curves given by the equations XY = 0 and X(Y — X) = 0 have the y-axis
(i.e., the curve X = 0) in common and their intersection is therefore infinite.
We will have to assume that the curves C' and C’ have no common component
which means we will have to first specify what we mean by a “component”
(¢f. Chapter I).

b) If k is the real number field, we know that this claim is not always true.
For example, the circle X2 +Y? — 1 = 0 and the line X = 2 do not meet
in R2. On the other hand, they do meet twice in C? at the points (2, Fiv/3).
We will therefore have to assume that the base field is algebraically closed
(¢f. Section 1.e) to get the best possible theorem.

¢) Another fundamental counter-example to the best possible theorem is
the case of two parallel lines, or a hyperbole and its asymptote, which never
meet. Once again, it is clear what we must do to overcome this difficulty: intro-
duce points at infinity. In this context, this means we must work in projective
space, not affine space.
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d) And finally, returning to the case of a circle and a line, we see there is
another case in which the number of intersection points is not two, namely
the case where the line is tangent to the circle. For example, the curves X2 +
Y? —1=0and X = 1 meet at a unique point (1,0). However, if we solve the
system formed by these two equations, we obtain the equation 3% = 1, so the
solution y = 0 is a double root: the point of intersection is a double point and
has to be counted twice. Likewise, if we intersect the cubic Y2 — X3 = 0 with
the line Y = tX, then we obtain only two points, (#2,#%) and (0,0), but the
latter is a double point (this happens because the cubic has a singularity at
the point in question, ¢f. Chapter V). In short we will have to define carefully
what we mean by the intersection multiplicity of two curves at a point. (We
suggest the reader try out a trefoil and quadrifoil meeting at (0, 0) to convince
him or herself that it is not entirely obvious what this definition should be,
cf. Chapter VI).

Once all these precautions have been taken, we can prove our ideal theorem
(¢f. Chapter VI):

Theorem (Bézout). Let C' and C’ be two projective plane curves of de-
grees d and d’, defined over an algebraically closed base field, with no common
components. Then the number of intersection points of C and C’, counted with
multiplicity, is dd’.

For example, besides the point (0, 0), which has multiplicity 14, the trefoil
and the quadrifoil meet at four (simple) real points in the plane and two
imaginary points at infinity, each of which is counted with multiplicity 3,
which does indeed give a total of 24.

b. Parameterisations, rational curves and genus

Let C be a plane curve whose equation is f(X,Y) = 0. A rational parameter-
isation of C' is given by two rational fractions a(T") and G(T') such that the
identity f(«(T'),5(T)) = 0 holds. On calculating the intersection of a cusp
cubic Y2 — X3 = ( with a line passing through the origin we obtain an ex-
ample of a rational parameterisation, z = t2,y = t3, and the basic question
is to determine which curves possess such a parameterisation. (These curves
are said to be rational.) Here are two reasons (other than the possibility of
carrying out effective calculations in the real case) for being interested in such
curves.

1) Diophantine equations. These are polynomial equations to which we seek
integral solutions. Given a rational parameterisation this problem is easy. As
an example, let’s solve the equation 22 + y? — 22 = 0 in Z or, alternatively,
(x/2)? + (y/2)> =1 = 0 in Q, which comes down to the same thing. We
have to try to find rational points on the circle X? + Y2 — 1 = 0. To do
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this we parameterise the circle by cosw and sinu, or, even better, on setting
t = tan(u/2), by
11— 2t
TTire 0 YTy

On taking ¢ € Q, we obtain all the rational points of the circle (since conversely
we can calculate ¢ given = and y using the equation ¢t = y/(1 + z)). This
immediately gives us all the integral solutions of X2 + Y2 = Z2, which are
given by z = a? — b%, y = 2ab and z = a® + b, where a,b € Z.

2) Calculating integrals. Although this problem is not as important as it once

was, it was one of the driving forces behind the development of algebraic

geometry in the XixXth century, notably in the work of Abel and Riemann.
Let us consider an integral of the form

/\/ax2+bx+cdx.

This integral involves the conic y = vaz? + bz + ¢ (i.e., y*> = ax?® + bx + ¢).
More generally, let y = ¢(z) be an algebraic function (é.e., a function which,
like the above example, contains radicals). We suppose that y = p(z) is the
solution to an implicit equation f(xz,y) = 0, where f is a polynomial. We seek
the integral

[ staota)

where ¢ is a rational function. (For example, the special case where p(z) =
x(x — 1)(x — A), which arises when calculating the length of the arc of an
ellipse, gave rise to the theory of elliptic functions and integrals.)
If the curve f(x,y) = 0 has a rational parameterisation x = «(t), y = (),
then this integral can be written in the form

/ g(alt), B(1)) /(1) dt,

which we know how to calculate since it is the integral of a rational function.

To be or not to be rational: some examples.
1) Lines are rational curves.

2) So are conics: fix a point my, for example (0,0), on the curve and con-
sider the intersection of the curve with a varying line y = tx passing through
this point. The second intersection point can then be rationally parameterised
using the parameter ¢.

3) The same method can be applied to singular cubics. We have seen the
case Y2 — X3 = 0 dealt with above. Likewise, X2 + Y3 — XY = 0 can be
parameterised by




2 Some problems 7

4) On the other hand, non-singular cubics are not rational (the arithmetic
of elliptic curves would otherwise be a much easier problem!). For example,
the curves

V2=X(X-1)(X+1) or X*+Y3-1=0

are not rational. More generally, we will show that if the characteristic of the
field does not divide n, then the curve X™ + Y™ —1 = 0 with n > 3 is not
rational (otherwise solutions of Fermat’s equation would exist!).

Assume given a parameterisation = = p(t)/r(t), y = q(¢)/r(t) such that
p,q,7 € k[t] have no common factor. We would then have p™ + ¢ — r™ = 0,
and hence p, g, r are mutually coprime. On differentiating this equation we get

pnilpl%*qnilqlgfrnilrl::0.
We may suppose that the degree of p is at least as large as the degrees of ¢
and r. After multiplying by r we get

n—l( n—l(

PV —pr') =" (g —rd'),

and since p and ¢ are coprime, p"~! divides (¢’ —r¢’), which, since n > 3, is
impossible for degree reasons.

5) Warning: as the example of the curve C' whose equation is y — 23 = 0
and which is clearly rational shows, it is not enough to consider singular points
in the plane (C has none) but also those at infinity (where C has a cusp).

To solve the rationality of curves problem we will introduce in Chapters
VIIT and IX an invariant of C, the geometric genus g(C'), which is an integer
> 0, and we will prove the equivalence

C rational < ¢(C) = 0.

We still need to be able to calculate the genus to check whether or not it
vanishes. For a plane curve of degree d which is non-singular (even at infinity)
we prove the very simple formula g = (d — 1)(d — 2)/2. We hence prove that
if d > 3, such a curve is not rational.

On the other hand, if C' has singular points, the genus can be smaller than
the value given by the above formula: every ordinary double point (i.e., a dou-
ble point with distinct tangent vectors) diminishes the genus by 1. More gen-
erally, an ordinary multiple point of order » diminishes the genus by r(r—1)/2.
Hence a curve of degree 4 is rational whenever it has a triple point (for ex-
ample, the trefoil is rational) or three double points (for example, the curve
of equation

AX%2+Y?)? —4X(X?2-3Y%) —21(X%24+Y?)+27=0

is rational).
If the multiple points are not ordinary (which is the case at turning points,
for example), things are more complicated and the genus can be even smaller.
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Fig. 6. 4(X? +Y?)? —4X(X? -3Y?) - 27(X2 + Y +27=0

Fig. 7. (X* - Y)’+Y*(Y —-1)=0

For example, the curve of degree 4 whose equation is (X2-Y)?+Y3(Y—1) =0
is rational even though it has only one double point. In Chapter IX we will
give an algorithm allowing us to calculate the genus in all cases.
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Affine algebraic sets

Throughout this chapter, k is a commutative field.

1 Affine algebraic sets and the Zariski topology

Let n be a positive integer. Consider the space! k™. If x = (z1,...,7,) is a
point in k™ and P(X3,...,X,,) is a polynomial, we denote P(x1,...,x,) by
P(z). The first fundamental objects we encounter are the affine algebraic sets
defined below.

Definition 1.1. Let S be an arbitrary subset of k[X1,...,X,]. We set
V(S)={zek”|VPeS, P(z)=0}

i.e., the x € V(S) are the common zeros of all the polynomials in S. We call
V(S) the affine algebraic set defined by S. When the set S is finite, we will
often write V(Fi, ..., F.) instead of V({Fi,..., F}}).

Ezxamples 1.2.
1) We have V({1}) = @ and V({0}) = k™, so both the empty set and the
whole of k™ are affine algebraic sets.

2) If n =1 and S # {0}, then V(S) is a finite set: the affine algebraic
subsets of a line are the line and the finite sets.

3) If n = 2, then the affine sets, other than the empty set and the plane, are
the “curves” of the form V(F) and the finite sets of points: V(X,Y) = {(0,0)},

! In fact, what follows is valid in n-dimensional affine k-space, denoted A™(k), and
is independent of the choice of basis: the affine group action (translations and
bijective linear maps) is not a source of any serious problems, cf. Example 6.3.2.
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Remarks 1.3.
0) The function V is decreasing: if S C S, then V(S’) C V(.9).

1) If S C k[X4,...,X,], then we denote by (S) the ideal generated by S:
(S) is composed of polynomials f of the form f = "._, a;f;, where f; € S and
a; € k[X1,...,X,]. We then have V(S) = V({S)). (The decreasing property
implies V((S)) C V(S). Conversely, if z € V(S), then all the f; € S vanish
on z and hence so do all the f € (S).) As far as affine algebraic sets are
concerned we can therefore restrict ourselves to the case where S is an ideal,
or, alternatively, to the case where S is the set of generators of an ideal.

2) Since k[X71, ..., X,] is Noetherian, every ideal is finitely generated: I =
(f1,---, fr), and hence every affine algebraic set is defined by a finite number
of equations V/(I) = V(fi,..., fr) =V (fi)n---0nV(f).

The sets of the form V(f) are called hypersurfaces (strictly speaking, we
should reserve this notation for the case where f is non-constant and k is
algebraically closed, ¢f. Chapter IV). We have shown above that every affine
algebraic set is a finite intersection of hypersurfaces.

3) Note that two polynomials can define the same affine algebraic set. For
example, in k2, V(X) = V(X?). (Later on, however, we will want to say that
V(X?) is the y-axis counted twice.)

4) A point of k™ is an affine algebraic set:
if a = (a1,...,a,), then {a} =V (X1 —ay,..., Xn — an).

5) An arbitrary intersection of affine algebraic sets is an affine algebraic
set:
NV(s) =v(Us;).
J J

(If we want to restrict ourselves to using ideals, we must replace the union of
the sets S; by their sum.)

6) A finite union of affine algebraic sets is an affine algebraic set. It is
enough to prove this for the union of two sets defined by ideals I and J. We
now prove that V(I)UV(J) = V(IJ). Indeed, IJ C I, J (¢f. Summary 1.2.a)
and hence V(I)UV (J) C V(IJ) by the decreasing property of V. Conversely,
suppose that x € V(IJ) and = ¢ V(I). There is then a P € I such that
P(z) # 0. For all Q € J we have PQ € IJ, and hence (PQ)(z) = 0, so
Q(z) = 0 and z € V(J). (The same argument shows that V(I) UV (J) =
V(IndJd).)

7) It follows from 4) and 6) that any finite set is an affine algebraic set.

1.4. The Zariski topology. Remarks 5) and 6) above show that the affine al-
gebraic sets are the closed sets of a topology on k™, which we call the Zariski
topology. Of course, any subset X of k™ inherits an induced topology (again
called the Zariski topology) whose closed sets are the sets of the form XNV (I);
in particular, if X is an affine algebraic set, then the closed sets of X are the
affine algebraic sets contained in X.
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Warning: the Zariski topology is very different from the usual topologies,
and the reader will need some time to develop an intuition for its behaviour.
Simplifying, the closed sets of this topology are very small: in k% the closed sets
are all surfaces, curves or points (compare this with the closed balls of usual
topologies). On the other hand, the open sets are very large. For example, two
non-empty open sets always meet (and hence this topology is not separated).
We will encounter another difference when we come to compare the Zariski
topology on k? and the product of the Zariski topologies on k (cf. Problem I).

1.5. Standard open sets. Consider f € k[Xy,...,X,] and let V(f) be the
hypersurface defined by f. The set D(f) = k™ — V(f) is a Zariski open set
of k™, which we call a standard open set. The standard open sets are a basis
for this topology (c¢f. Summary 1.8); more precisely, any open set U is a finite
union of standard open sets. This is the dual statement to Remark 1.3.2 on
intersections of hypersurfaces.

2 Ideal of an affine algebraic set

We introduce an operation I, which is essentially the dual of V| which asso-
ciates an ideal in the polynomial ring to a set of points.

Definition 2.1. Let V be a subset of k™. The set
I(V)={f€k[Xy,....,X,]|Vx eV, f(x) =0}
is called the ideal of V.

In other words, I(V) is the set of polynomial functions which vanish on V.
To show that it is indeed an ideal, we consider the ring homomorphism

rk[Xy,..., X, — F(V, k),

with image in the ring of all k-valued functions on V associating to a
polynomial the restriction of the associated polynomial function to V. The
kernel of r is I(V) (which is therefore an ideal) and the image of r is
the ring I'(V) of polynomial (or regular) functions on V', which is isomor-
phic to k[X1,...,X,]/I(V). This ring, which is a k-algebra of finite type
(¢f. Summary 1.5), is called the affine algebra of V' and will play a key role
throughout the rest of this book.

The guiding philosophy of this book is to associate to the geometric ob-
ject V' an algebraic object I(V) (or I'(V)) and set up a dictionary allowing
us to translate geometric properties into algebraic properties and vice versa.
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Remarks 2.2.
0) The map I is decreasing.

1) If V is an affine algebraic set, then V(I(V)) = V. Indeed, it is clear
that V- C V(I(V)). Conversely, if V. = V(I), then I C I(V) and hence V =
V(I) D V(I(V)).

2) It follows that the map V' — I(V) is injective, and hence if V.C W and
V' # W, then there exists a polynomial which vanishes on V and does not
vanish on W.

3) Conversely, I C I(V(I)), but NB: equality does not hold in general.
There are two basic obstructions to equality.

a) When the field k is not algebraically closed, V(I) can be abnormally
small: for example, if ¥k = R and I = (X2 + Y2 + 1), then V(I) = @
(whereas we would have expected to obtain a curve) and hence I(V(I)) =
k[X1,...,X,] # I. The same thing happens if I = (X2 +Y?).

b) The operation I forgets powers: if n = 2 and I = (X?), then V(I) is
the y-axis and I(V(I)) = (X) # I.

The relationship between I and I(V(I)) is fundamental and will be dealt
with in Section 4.

2.8. Some examples.
a) We have I(@) = k[X1,..., X,].

b) For I(k™) we have the following proposition.
Proposition 2.4. Assume that k is infinite. Then I(k™) = 0.

In other words, if a polynomial function vanishes everywhere, then the
polynomial vanishes.

NB: the proposition is false if k is finite; consider the polynomial X9 — X
on F,.

Proof. We proceed by induction on n. The case n = 1 is clear since a non-zero
polynomial has only a finite number of roots. At the nth level, if P # 0 and P
is not constant, then we can write, for example,

P:CLT(Xl,...7Xn_1)X:L—|—'-' s

where 7 > 1 and a, # 0. By induction, there exist (z1,...,7,_1) € k"~! such
that a,(z1,...,2n—1) # 0. Hence the polynomial P(zq,...,%,—1,X,) has at
most r roots and hence is not zero for every z,, € k.

c) We have I({(a1,...,an)}) = (X1 —a1,..., Xpn — an).
The inclusion D is obvious. Conversely, if P(aq,...,a,) = 0, then we can
divide P successively by the terms X; — a; (¢f. Summary 1.1.c) and we write

P=(X1—a)@Qi+ -+ (Xn—a,)Qn +c,
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with ¢ € k. But c is simply P(a1,...,a,), which vanishes, so P is contained
in the ideal (X7 —aq,..., X, —an).

d) Let us assume that k is infinite and calculate the ideal
(V) =1(V(Y* - X?))

in k[X,Y]. It is clear that (Y2 — X3) C I(V). Conversely, we know that any
point in V can be written as (t2,¢3), with t € k (cf. Introduction; if z # 0,
we take t = y/x and if x = 0, we take t = 0). Suppose that P € I(V). We
divide P by Y2 — X3 with respect to the variable Y (c¢f. Summary 1.1.c):

P=(Y?-X*Q(X,Y)+a(X)Y +b(X).

It follows that for any ¢t € k, P(t3,t3) = 0 = a(t*)t® + b(t?). Since k is
infinite, we deduce that a(T7?)T3 + b(T?) = 0 in k[T]. Separating the terms
of odd and even degrees we get a = b = 0 and we have hence proved that
I(V)=(Y? - X3).

3 Irreducibility

Let us consider in k? the affine algebraic set defined by XY = 0. This set is
the union of two coordinate axes which are themselves affine algebraic sets
and are hence Zariski closed subsets. This is the kind of situation we are now
going to deal with. The idea is that in such cases we will essentially be able
to restrict ourselves to studying each of the pieces separately.

Proposition-Definition 3.1. Let X be a non-empty topological space. The
following are equivalent:
i) If we can write X in the form X = F UG, where F and G are closed
sets in X, then X = F or X =G.
it) If U,V are two open sets of X andUNV =g, thenU =& orV = 2.
i11) Any non-empty open set of X is dense in X.
Under these conditions we say that X s irreducible.

These conditions are never satisfied for usual topologies: for example, no
separated topological space which is not a point is ever irreducible.

For affine algebraic sets we have a very simple characterisation of irre-
ducible spaces in terms of the ideal I(V'). (This is one of the first examples of
an algebra-geometry translation.)

Theorem 3.2. Let V be an affine algebraic set equipped with its Zariski topol-
ogy. Then, V irreducible < I(V) prime < I'(V) integral.
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Proof. 1t will be enough to prove the first equivalence. Assume that V is
irreducible and let f, g be such that fg € I(V'). We then have

V =V(I(V)) C V(f)UV(g) and hence V = (V(f) N V) U (V(g) N V),

and since V is irreducible, we may assume V(f)NV =V, ie., V C V(f) and
feIv).

Conversely, if I(V) is prime and we can write V = V5 U V4 in such a
way that V; is a closed set and V; # V, then I(V) C I(V;) and I(V) # I(V;)
(¢f. Remark 2.2.2). We then consider elements f; € I(V;)—I(V'), and it follows
that fi fo vanishes on V' and is hence a member of I(V'), which is impossible.

Corollary 3.3. Assume that k is infinite. Then the affine space k™ is irre-
ducible.

Proof. We have I(k™) = (0) (cf. Proposition 2.4), and this ideal is prime since
k[X1,...,X,] is integral.

If k is finite, then the corollary is false because k™ is finite, and therefore k™
is a finite union of points, which are closed sets.

Application 3.4 (Extension of algebraic identities). Assume that k is
infinite. Let V be an affine algebraic set # k™ and P € k[X1,...,X,]. Assume
that P is zero outside of V. Then P is identically zero.

This is obvious. This theorem enables us to use over an arbitrary field
density arguments analogous to those used on R or C with the usual topol-
ogy. A classical application is proving that a certain identity which holds for
invertible square matrices holds in fact for all matrices (since the determinant
is a polynomial function, the set of non-invertible matrices is a closed set). For
example, if we denote the coefficient of X? in the characteristic polynomial
det(I — X A) by ¢;(A), then ¢;(AB) = ¢;(BA). (We deal first with the case
where B is invertible, using the relation AB = B~1(BA)B.)

The following proposition will be useful in Chapter IV.

Proposition 3.5. Let X be a topological space and let' Y be a subspace of X.
Then if Y is irreducible, so is its closure Y. If U is an open set of X, then
the maps Y +— Y and Z — ZNU are mutually inverse bijections between the
wrreducible closed sets Y in U and the irreducible closed sets Z in X which
meet U.

Proof. If Y = Fy U F,, where F} is a closed set of Y and is hence a closed
set of X, then Y = (F1 NY) U (F2 NY), and hence since Y is irreducible,
Y = F;NY, or, alternatively, Y C F;. But we then have Y C F;, and hence
Y =F,.

We now show how to reduce to the irreducible case.

Theorem-Definition 3.6. Let V' be a non-empty affine algebraic set. We can
write V' uniquely (up to permutation) in the form V =V U---UV,., where the
sets V; are irreducible affine algebraic sets and V; ¢ V; for i # j. The sets V;
are called the irreducible components of V.
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Proof.

1) Existence. We proceed by contradiction. We assume there exist non-
decomposable affine algebraic sets and we pick one whose ideal is maxi-
mal amongst all such sets. (Such a V exists since the ring k[X,...,X,]
is Noetherian.) Since V is not irreducible, we can write V = F U G,
where F,G # V. It follows by injectivity of I that I(F),I(G) D I(V) and
I(F),I(G) # I(V). By maximality of I(V), it follows that F' and G are de-
composable: FF = FiU---UF,, G = G1U---UG,, but V is then decomposable,
which gives us a contradiction.

2) Uniqueness. Assume given two expressions: V. = V3 U--- UV, =
Wild---UW,. Weset V, =V nV,=W1NnV)u.---U(WsnNV;). Since V; is
irreducible, there is a j such that V; = W; NV;, i.e., V; C Wj. Likewise, there
is a k such that W; C Vj, and hence V; C Vj, which implies by hypothesis
that 7 = k£ and hence V; = W;.

Remark 8.7. If W is an irreducible closed set of V', then W is contained in an
irreducible component. It follows that the irreducible components are exactly
the maximal closed irreducible subsets of V.

See the exercises for some examples of decompositions.

4 The Nullstellensatz (or Hilbert’s zeros theorem)

This is one of the first fundamental theorems of algebraic geometry. It controls
the correspondence between affine algebraic sets and ideals; in particular, it
enables us to calculate I(V(I)). We have already seen (Remark 2.2.3.a) that
certain problems arise when k is not algebraically closed. We therefore assume
henceforth that:

k is algebraically closed.

This hypothesis enables us to avoid the case where the affine algebraic sets
are too small. For example, the reader can easily check (without using the
Nullstellensatz!) that if F' € k[X7,...,X,] is non-constant, the hypersurface
V(F) is infinite (if n > 2). The following result is similar.

Theorem 4.1 (Weak Nullstellensatz). Let I C k[X1,...,X,] be an ideal
different from k[X1,...,X,]. Then V(I) is non-empty.

Proof. The proof which follows is valid whenever k is not countable (k = C
for example). For a proof in the general case, c¢f. Problem III, 4.

Embedding I in a maximal ideal if necessary, we may assume that I is
maximal. Let K = k[X,...,X,]/I be the residue field. Since k[X7, ..., X,]
is a vector space of at most countable dimension over k, the same is true of K.
We then have the following lemma.

Lemma 4.2. Let k be an uncountable algebraically closed field and let K be
an extension of k whose dimension is at most countable. Then K = k.
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Proof (of 4.2). Tt will be enough to show that K is algebraic over k. Otherwise,
K would contain a transcendental element, and K would therefore contain a
subfield isomorphic to the field of fractions k(7"). But this field contains an
uncountable family 1/(T — a), a € k, and this family is free: given an identity

n

s
ZT—QZ‘ :07

i=1

we multiply by T' — a; and on setting T" = a; we get A\; = 0.

Returning to 4.1, we consider the images aq, ..., a, of the variables X; in
K=k If P(Xy,...,X,) €I, then P(ay,...,a,) =0, or in other words, the
point (ai,...,a,) € k™ is in V(I). QED.

In order to state the Nullstellensatz, we introduce the radical of an ideal T
in A, which is the ideal

rac(l) ={z € A|3reN, 2" € I}.

Theorem 4.3 (Nullstellensatz). Let I be an ideal of k[X1,...,X,]. Then
I(V(I)) =rac(]).

Proof. We set
R=k[Xy,...,Xy], I=(P,...,P.) and V=V(I).

It is clear that rac(l) C I(V(I)). To prove the converse, consider F' € I(V). We
want to show that F'™ € [ for large enough m. This can be easily translated
in terms of the local ring Rp obtained on inverting F' (c¢f. Summary 1.6.b).
Indeed, it will be enough to show that the ideal I Rp generated by I in Rp is
equal to (1) = Ry since we would then have

PQ;
— B

1=

and on clearing the denominators we get F'™ € I.

But the ring Rp is also isomorphic to k[Xi,...,X,,T]/(1 — TF)
(¢f. Summary loc. cit.), and hence the condition that TRr = (1) means
that 1 can be written in the form

1= PQi+ A1 -TF),

where A,Q; € k[X1,...,X,,T]. Let J be the ideal (Py,...,P,,1 —TF) in
k[X1,...,Xn,T]. We have V(J) = @ in k"*1, since if (z1,...,2,,t) were in
V(J), then the polynomials P; would vanish at the point @ = (x1,...,2,)
and hence x would be in V, hence F' would vanish at  and 1 — TF' could
not vanish there. It follows by the weak Nullstellensatz that J = (1), and the
result follows.
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Ezxample 4.4. The phenomena involving powers seen in Remark 2.2.3.b arise
once more in this context. For example, if I = (X, Y?), then I(V (1)) = (X,Y).

Remark 4.5. Tt is clear that the ideal I(V) is equal to its radical (in this case
we say that I(V') is radical) and hence I(V(I)) = I if and only if I is a radical
ideal (in particular, this is the case if I is a prime ideal). The ideal I(V) is
radical if and only if the ring I'(V') is reduced (i.e., has no nilpotent elements,
¢f. Summary 1.2.d). We will alter this condition later on when we want to
talk about multiple structures.

4.6. Applications of the Nullstellensatz: an algebra-geometry dictionary. Let V
be an affine algebraic set. We associate to V' its ideal I(V') and its affine algebra
I'(V) ~k[Xy,...,X,]/I(V), which is a reduced k-algebra of finite type.

a) The case V = k™. The following proposition is an immediate consequence
of the Nullstellensatz and 3.2.

Proposition 4.7. There is a decreasing bijection W — I(W), whose in-
verse is I — V(I), between affine algebraic sets in k™ and radical ideals in
k[X1,...,Xn]. Moreover, the following properties are equivalent:

a) W irreducible < I(W) prime < I'(W) integral,

b) W is a point < I(W) mazimal < I'(W) = k.

(To prove b) we use the weak Nullstellensatz and the decreasing property
of the maps I and V.)

Another example of such a translation is the following:

Proposition 4.8. The following are equivalent: V is finite < I'(V') is a finite-
dimensional k-vector space. (We then say that I'(V') is a finite k-algebra,
cf. Summary 1.7.)

Proof.

1) Assume that V is finite, V' = {u1,...,u,}, and consider the ring mor-
phism

v kX, Xn] — KT,

which associates (F'(u1),. .., F(u,)) to F. (We equip k" with its product ring
structure, cf. Summary 1.1.d.) The kernel of f is simply I(V'), so I'(V) can
be embedded in k" and is hence finite dimensional.

2) Conversely, assume that I'(V) is finite dimensional. Let X; be the image
of X; in I'(V). The elements 1, X, . .. ,Yf, -+ are not independent, and hence
in I'(V') there is an identity

aSYf+~~~+a1Yi+a0:O,

such that a; € k and as # 0. If uw = (21,...,2,) is an arbitrary point of V, it
follows that we also have

asxi + -+ a1z +ag =0

and hence there are only a finite number of possible values for the ith coordi-
nate of u and hence also for u: V is finite.



18 I Affine algebraic sets

b) The general case. Let V be an arbitrary affine algebraic set. If W is an
algebraic affine set contained in V', then I(V)) C I(W) and I(WW) determines
an ideal Iy (W) of the ring I'(V') (namely its image, ¢f. Summary 1.2.c), which
is simply the set of f € I'(V') which vanish on W). We have an isomorphism
I'(V)/Iy(W) ~ I'(W), from which it follows that this ideal is also radical.
We note that if I is an ideal of I'(V'), then we can define V(I) either as the
set of zeros of functions of I on V:

VI)={xeV|Vfel, f(x)=0}

or, which amounts to the same thing, by setting V(1) =
is the canonical projection of k[X1,...,X,] onto I'(V).
following proposition.

V(r=1(I)), where r
We then have the

Proposition 4.9. There are mutually inverse decreasing bijections W +—
Iy(W) and I — V(I) between affine algebraic subsets contained in V and
radical ideals of I'(V'). Moreover, we have the following equivalences:

a) W irreducible < Iy (W) prime < I'(W) integral,

b) W is a point < Iy (W) mazimal < I'(W) =k,

¢) W is an irreducible component of V. < Iy (W) is a minimal prime ideal

of I'(V).

Proof. The existence of these bijections is obvious, as is a) (it is enough to
note that I is a radical ideal of I'(V) if and only if »—1(I) is a radical ideal
of k[X1,...,Xyn]). The claim c) is simply the dual of the proposition stating
that irreducible components are maximal irreducible subsets (¢f. 3.6). We note
that there are therefore a finite number of minimal prime ideals (¢f. Summary
4.3).

For b) we note that to any x € V there corresponds a homomorphism of
k-algebras x, : I'(V) — k which associates the quantity f(x) to f and whose
kernel is the maximal ideal

me = I({z}) ={f € I'(V) | f(z) = 0}.

The k-algebra homomorphisms x : I'(V) — k are also called the characters
of I'(V) and they are also in bijective correspondence with the points of V
(conversely, we associate to a character x the point (x(X1),...,x (X)) and
we check that this is in V). We have hence proved the following result.

Proposition 4.10. The points of V are in bijective correspondence with the
mazimal ideals of I'(V), or, alternatively, with characters of I'(V').

Ezxamples 4.11.

a) Consider V = V(XY) C k% Check that the minimal prime ideals of
I'(V) are the images of the ideals (X) and (Y) corresponding to the two
components of V.

b) More generally, for any hypersurface the following proposition holds.
The proof is left to the reader as an exercise. (cf. also Exercise I, 3):
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Proposition 4.12. Consider F € k[X1,...,X,], F = F{'* --- F* where the
F; are irreducible and non-associated and «; > 0. We then have:

1) I(V(F)) = (Fy--- F.). In particular, if F is irreducible, then I(V(F)) =
2) The decomposition of V(F) into irreducible components is given by
V(F)=V(F)U---UV(F,). In particular, if F is irreducible, then V(F) is
as well.

An arbitrary algebraic set V' possesses, as in 1.5, standard open sets which
form a basis for its Zariski topology.

Proposition-Definition 4.13. Let V' be an affine algebraic set and let f €
I'(V) be non-zero. The set

Dy(f) =V =V(f) ={x eV | [f(x)# 0}

(which we denote by D(f) when there is no risk of confusion) is called a
standard open set of V. Every open set in'V is a finite union of standard open
sets.

5 A first step towards Bézout’s theorem

We will now show that the intersection of two plane curves without common
components is finite. In this section, k is an arbitrary commutative field.

Theorem 5.1. Let F,G € k[X,Y] be non-zero polynomials without common
factors. Then V(F)NV(QG) is finite.

The proof will also give us the following result, which is interesting to
compare with 4.8:

Theorem 5.2. Under the hypotheses of 5.1 the ring k[ X,Y]/(F,G) is a finite-
dimensional k-vector space.

Proof. We start by proving the following lemma.

Lemma 5.3. Under the hypotheses of 5.1 there is a non-zero polynomial d €
k[X] and polynomials A, B € k[X,Y] such that d = AF+ BG. (In other words
de (F,G).)

Proof (of 5.8). We leave the details of the proof to the reader: we simply
apply Bézout’s (elementary) theorem to the principal ring k(X)[Y] and clear
denominators.

We can now prove 5.1. If (z,y) € V(F) N V(G), then by 5.3 d(z) = 0
and hence there are a finite number of possible values x. The same reasoning
applied to y shows that the intersection is finite.

To prove 5.2 we use a similar argument, applied to the images of the
monomials X?Y7 in the quotient ring: by 5.3 we see that a finite number of
these monomials generate k[X,Y]/(F,G).



20 I Affine algebraic sets

Remark 5.4. An example of a polynomial which can be used as the d(X) in
Lemma 5.3 is the resultant of F' and G, considered as polynomials in Y. If '
and G are of degrees p and ¢, we can show that the degree of the resultant
is < pq and deduce (using a clever trick) that |V(F) N V(G)| < pg, which is
part of Bézout’s theorem.

6 An introduction to morphisms

In this section we will assume that the field % is infinite (which is the case if,
for example, k is algebraically closed).

We have defined our objects: affine algebraic sets. However, it is the mor-
phisms rather than the objects which will determine the behaviour of our
theory. Indeed, it is by now an established principle of mathematics that the
same objects (for example, affine algebraic sets such that k = C) can give rise
to radically differing theories depending on the maps allowed between them.
We may, for example, consider continuous maps, real differentiable maps,
analytic maps or polynomial maps between objects. We then get topology,
differential geometry, analytic geometry or algebraic geometry. Of course, in
the case at hand we will use polynomial maps. More precisely:

Definition 6.1. Let V C k™ and W C k™ be two affine algebraic sets and let
@ : V. — W be a map which we can write in the form ¢ = (p1,...,¢om), where
iV — k. We say that f is regular (or a morphism) if its components f; are
polynomial (i.e., are elements of I'(V)). We denote the set of reqular maps
from V to W by Reg(V,W).

Remark 6.2. 1t is clear that we obtain in this way a category: the identity is
a morphism, as is the composition of two morphisms. All the usual notions—
isomorphisms, automorphisms, and so forth—therefore apply. We note that
morphisms are continuous maps for the Zariski topology (which is to say
that the preimage of an algebraic set under a morphism is again an algebraic
set), but the converse is false (for example, any bijective map from k to k is
continuous for the Zariski topology but is not necessarily polynomial).

Ezamples 6.3.
1) The elements of I'(V'), particularly the coordinate functions, are mor-
phisms from V to k.

2) The bijective affine maps from k™ to itself are isomorphisms: they cor-
respond to polynomials of degree 1.

3) Consider V' C k™. The projection f from V to kP, p < n, given by
o(x1,...,2n) = (Tiy, ..., 24,), is a morphism.

4) Let V be the parabola V(Y — X?) and let f be the projection ¢ : V — k
given by ¢(x,y) = x. Then f is an isomorphism, whose inverse is given by
x — (z,22).
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5) The map ¢ : k — V(X? +Y? — X?), given by the parameterisation
x =121,y =t(t> — 1) (obtained by intersecting with the line Y = tX), is
a morphism but not an isomorphism (¢ is not injective).

6) The map ¢ : k — V(Y2 — X3) given by the parameterisation ¢ —
(t2,43) is a bijective morphism, but we will see further on that it is not an
isomorphism.

We have associated to an affine algebraic set V its affine algebra I'(V)
and started to set up a dictionary allowing us to pass from one to the other.
Of course, we will have to extend this correspondence to morphisms: in other
words, we must show that it is functorial. This is done in the following trivial
proposition.

Proposition-Definition 6.4. Let o : V — W be a morphism. For any f €
r(w), we set ©*(f) = fop. Then ¢* is a morphism of k-algebras, ¢* :
r(w)— rw).

Remarks 6.5.

1) We now have a contravariant functor, which we denote by I', from the
category of affine algebraic sets with regular maps to the category of k-algebras
with k-algebra morphisms which associates (I'(V), ¢*) to (V, ). (The word
contravariant means that the direction of arrows is reversed, and functoriality
means that (go f)* = f* o g* and the identity is sent to the identity.)

2) We can calculate ¢* in the following way: let V' C k™ and W C k™
be two affine algebraic sets and let ¢ : V. — W be a morphism, written
in the form ¢ = (¢1,...,9m), where ¢; € I'(V). We denote by 7; the ith
coordinate function on W, which is the image of the variable Y; in I'(W).
Then ¢*(n;) = ;. If the functions ¢; are restriction to V' of polynomials
P,(X4,...,X,), then the homomorphism

O kYL, Yl [ I(W) — kX, ..., X, /I(V)

is given by Y; — P;(X1,..., X,).

3) If p(x) = y, then it is easily checked that with the notation of 4.9
()~ (ma) = my.
Ezamples 6.6.

1) If ¢ is the projection ¢ : V(F) C k? — k, where o(x,y) = x, then ¢* is
the map from I'(k) = k[X] to k[X,Y]/(F) which associates X to X.

2) Consider the parameterisation of V(Y2 — X3) by ¢2,¢3. We have

@ EIX, Y]/ (Y? = XP) — k[T,
which is given by ¢*(X) = T? and ¢*(Y) = T3.

We will now study the properties of the functor I'. Its behaviour on mor-
phisms is as good as we could have hoped.

Proposition 6.7. The functor I' is fully faithful. In other words the map
v @ from Reg(V, W) to Homy.a1g(I'(W), I'(V)) is bijective.
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Proof. We assume V' C k™ and W C k™. We denote the coordinate functions
on W by n; (cf. 6.5.2).

1) I' is faithful, i.e., if ¢ and 9 are two morphisms from V to W such that
©* = *, then p =9 (injectivity of 7). Indeed, this follows from the formula
which gives the components of ¢: ¢; = ¢*(n;) (¢f. 6.5.2) and the analogous
formula for .

2) Now let 6 : I'(W) — I'(V) be a homomorphism of k-algebras. We
set ¢; = 0(n;) € I'(V). We consider the map ¢ : V. — k™ whose coordi-
nates are the elements ;. If we can show that the image of ¢ is contained
in W, then we will have (¢f. 6.5.2) that § = ¢*, which would establish the
surjectivity of 7. Consider F(Y3,...,Y,,) € I(W) and =z € V. We calcu-
late F(p(z)) = F(0(n1),...,0(nm))(x). Since 0 is a morphism of algebras,
Fl(m),...,0nm)) =0(F(n,...,nm)), and since F(n1,...,Nm) is the image
in '(W) of F(Y1,...,Yy,,) € I(W), it vanishes and we are done.

Corollary 6.8. Let ¢ : V. — W be a morphism. Then ¢ is an isomorphism
if and only if ©* is an isomorphism. It follows that V and W are isomorphic
if and only if their algebras I'(V) and I'(W) are isomorphic.

Application 6.9. The morphism ¢ : k — V = V(Y% — X3) given by ¢(t) =
(t2,t%) is not an isomorphism.

Indeed, if f were an isomorphism, then the image of I'(V') under ¢* would
be the whole ring I'(k) = k[T]. But the image of ¢* is the subring k[T?, T3]
of k[T], which is strictly smaller.

In fact, the two curves are not isomorphic because their rings are not
isomorphic. The homomorphism ¢* is injective (¢f. 2.4.d or 6.11 below), so
(V) is isomorphic to k[T?%,T3]. The element 7T is contained in the field of
fractions of I'(V) (it is T3 /T?), and it is integral over I'(V) (since it satisfies
the equation X2 — T2 = (), but it is not in I'(V'), and hence this ring is not
integrally closed. On the other hand, the ring k[7] is principal, and hence
is integrally closed. This phenomenon is caused by the singular point of the
curve V (¢f. Chapter V).

There is also a dictionary for morphisms; here is an example. We start
with a definition.

Definition 6.10. Let ¢ : V. — W be a morphism. We say that ¢ is dominant
if the closure of its image (in the Zariski topology) is equal to the whole of W,
p(V)=W.

We then have the following proposition.

Proposition 6.11. Let ¢ : V. — W be a morphism.
1) ¢ dominant < ©* injective.
2) Assume that ¢ is dominant and V' is irreducible. Then W is irreducible.
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Proof.

1) If ¢ is dominant and f € Ker¢*, then f¢o = 0 and hence f vanishes
on (V) and, since f is continuous, f vanishes everywhere. Conversely, set
X = (V). This is an affine algebraic set contained in W. Assume X # W.
Then (cf. 2.2.2) there exists a non-zero f € I'(W) which vanishes on X. But
then fo = ¢*(f) = 0, which is a contradiction.

2) This follows from 1) and 3.2. (We can also argue directly assuming W
to be of the form FFUG.)

Remark 6.12. We note that the conditions are dual to each other because of
the contravariance of I'. Be careful, however: ¢* injective does not imply ¢
surjective (consider the projection of the hyperbole XY =1 on the z-axis).

We finish this section by showing that when the field k is algebraically
closed, the situation is as good as it could be.

Theorem 6.13. Assume that k is algebraically closed. The functor I' is then
an equivalence of categories between the category of affine algebraic sets with
reqular maps and the category of reduced k-algebras of finite type with homo-
morphisms of k-algebras.

(This means that the functor is fully faithful (¢f. Proposition 6.7) and,
moreover, it is essentially surjective: if A is a reduced k-algebra of finite type,
then there exists a V' such that A is isomorphic to I'(V').)

Proof. We have already proved full faithfulness in Proposition 6.7. To prove
surjectivity, consider A a reduced k-algebra of finite type. Since A is of finite
type, we can write A ~ k[Xy,..., X,]/T (¢f. Summary 1.5), and since A is
reduced, the ideal I is radical. We set V' = V(I). We have I(V) =rac(l) = I
by the Nullstellensatz, and hence A ~ I'(V).

Remark 6.14. This theorem is the culmination of the programme of transla-
tion between geometry and algebra undertaken in this chapter. In the affine
setting this translation is more or less optimal, but in projective geometry we
will have to use functions defined only on open sets.

In the following chapters we will need the notion of a rational function
on V', which we will re-examine in detail in Chapters VIII and IX.

Definition 6.15. Let V be an irreducible affine algebraic set, so the ring I'(V)
is integral. The field of fractions of I'(V') is called the field of rational functions
on'V and is denoted K(V).

Remark 6.16. If f € K(V), then f can be written in the form f = g/h, where
g,h € I'(V) and h # 0. We can therefore consider f to be a function defined
on the standard open set D(h) defined by h(z) # 0.
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Exercises

1)
2)

3)

Is the set {(¢,sint) | ¢ € R} algebraic?

Let V be an affine algebraic set, V C k™, and consider « ¢ V. Show that there
isan F € k[X1,...,X,] such that F(z) =1 and F|v = 0.

Let F' € k[X,Y] be an irreducible polynomial. Assume that V(F) is infinite.
Prove that I(V(F)) = (F).

Application: let F' be of the form F*' ... F%" where the polynomials F; are
irreducible and the sets V(F};) are infinite. Find the irreducible components of
V(F).

Some results on irreducibility. (All spaces in this question are arbitrary
topological spaces.)
a) If X is irreducible and U is an open subset of X, show that U is irreducible.
b) If X is of the form U; UUs, where the sets U; are open and irreducible, and
Ui NU;z # @, show that X is irreducible.
¢) f Y C X and Y is irreducible, show that Y is irreducible.

A ring A is said to be connected if every idempotent in A is trivial (i.e., if every

element e in A such that e? = e is equal to 0 or 1).

a) Prove that every integral domain is connected.

b) If A is the direct product of two non-trivial rings, prove that A is not
connected.

c) Conversely, if A possesses a non-trivial idempotent e, prove that A ~
A/(e) x A/(1 —e).

d) Let V be an affine algebraic set over an algebraically closed field k. Prove
that V is connected (in the Zariski topology) if and only if I'(V) is con-
nected. (If V' has two connected components, start by finding a function
which is 0 on one and 1 on the other.) Is this still the case if k is not
algebraically closed?

Assume that k is infinite. Determine the function rings A; (i = 1,2,3) of the
plane curves whose equations are Fy = Y — X2, F, = XY — 1, F5s = X2 +
Y? — 1. Show that A; is isomorphic to the ring of polynomials k[T] and that
Ay is isomorphic to its localised ring k[T, T~']. Show that A; and Az are not
isomorphic (consider their invertible elements). What can we say about As
relative the two other rings? (Treat separately the cases where —1 is or is not a
square in k, and pay special attention to the characteristic 2 case.)

Let f : k — k® be the map which associates (t,t2,t%) to t and let C be the image
of f (the space cubic). Show that C is an affine algebraic set and calculate I(C).
Show that I'(C) is isomorphic to the ring of polynomials k[T].

Assume that k is algebraically closed. Determine the ideals I(V') of the following
algebraic sets.

VXY + XY — X?+Y), V(X?Y, (X —1)(Y +1)°),
V(Z - XY, Y+ XZ - X).
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Projective algebraic sets

Throughout this chapter, k& will be a commutative field.

0 Motivation

We have already seen the main reason for introducing projective space in the
Introduction when discussing Bézout’s theorem. In affine space, results on
intersections always contain a certain number of special cases due to parallel
lines or asymptotes. For example, in the plane two distinct lines meet at a
unique point except when they are parallel. In projective space, there are no
such exceptions.

Historically, projective space was introduced in the Xviith century by
G. Desargues, but was mostly developed in the Xixth century (by Monge,
Poncelet, Klein and others). We have known that it is the natural setting for
most geometries since Klein’s Erlangen programme (1872).

In algebraic geometry, it is also the setting which gives the most satisfying
results. However, affine space remains important since it is a local model of
projective space.

1 Projective space

a. Definition

Let n be an integer > 0 and let F be a k-vector space of dimension n+ 1. We
introduce the equivalence relation R on E — {0}:

TRy <IN € kL™, y=Ax.

The relation R is simply collinearity and the equivalence classes for R are the
lines in F passing through 0 with 0 removed.
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Definition 1.1. The projective space associated to E, denoted by P(E), is the
quotient of E—{0} by the relation R. When E = k" (i.e., given a basis), we
write P(E) = P™(k) and we call this space standard n-dimensional projective
space.

We denote by p the canonical projection k"1 — {0} — P"(k). If z =
(xo,%1,...,%,) 18 # 0 and T = p(z), then we say that T is a point of P"(k),
whose homogeneous coordinates are (xg,x1,...,x,). We note that the ele-
ments x; are not all 0 and if A € k is # 0, then (Azg, Az1, ..., A\x,) is another
system of homogeneous coordinates for x, which justifies our terminology.

Remarks 1.2.

1) When k£ = R or C, projective space has a natural topology, namely the
quotient of the topology on k"1 —{0}. Projective space is then easily checked
to be compact and connected.

2) The fact that the projective space associated to k" is of dimension n
corresponds to the fact that lines passing through the origin are contracted
to points.

b. Projective subspaces

Using the above notation, we consider a subspace F' in E of dimension m + 1,
where m is an integer satisfying 0 < m < n.

Definition 1.3. The image of F'—{0} in P(FE) is called a projective subspace
of dimension m, denoted by F'.

(This is justified, amongst other things, by the fact that the restriction
to F of the collinearity relation on E is simply the collinearity relation on F'.)

When m = 0, we call F a point: when m = 1,2,...,n—1, we call it a line,
plane, ..., projective hyperplane, and we can set up a theory of projective
geometry, analogous to affine geometry, whose intersection theorems have no
special cases.

Proposition 1.4. Let V,W be two projective subspaces of P(E) of dimen-
sions r and s such that r+s—n > 0. Then VW 1is a projective subspace of
dimension = r + s —n. (In particular, V. N W is non-empty.)

Proof. This follows immediately from theorems on intersections of vector sub-
spaces.

Ezxample 1.5. If n = 2, then two distinct lines in the projective plane meet at
a unique point. If n = 3, a plane and a line meet at least at one point and this
point is unique if the line is not contained in the plane; two distinct planes
meet at a line, and so forth.
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2 Homographies

If F is a vector space, then the linear group GL(E) acts on E. We consider
u € GL(E); since u is injective and preserves collinearity, v induces a bijection
u of P(E).

Definition 2.1. A bijection of P(E) induced by an element u in GL(E) is
called a homography.

Remarks 2.2.

a) If F is a projective subspace of dimension d in P(E) and % is a ho-
mography, then u(F) = u(F): the image of F is a projective subspace of
dimension d. When d = 1, we see that homographies preserve alignment.

b) For an explanation of the word homography, cf. 3.1.1.

c¢) It is clear from the definition that the group k* of homotheties acts
trivially on P(E) and it is easy to check that these are the only elements
which act trivially on P(FE). The group of homographies on P(E) (or the
projective group of E) is therefore the quotient PGL(E) = GL(E)/k*.

d) Homographies are automorphisms of projective space, in the sense given
in Chapter III.

3 Relation between affine and projective space

What follows is an intuitive introduction to the affine-projective link. We will
deal in more detail with this link in Chapter III.

Let the n + 1-dimensional space F be equipped with a basis, so that
P(E) = P"(k), with coordinates (zg,z1,...,z,). Let H be the hyperplane
of equation £y = 0 and let H be the associated projective hyperplane. Set
U = P"(k) — H. There is then a bijection ¢ : U — k™ which associates to T
(where z = (xg,1,...,2,)) the point (z1/xg,...,%,/zp). This map is well
defined, since zy does not vanish on U, and its image is independent of the
system of coordinates chosen for Z. It is also a bijection whose inverse is given
by (1,...,zn) = (Lxg,oan).

Moreover, since the hyperplane H is a projective space of dimension n — 1,
the foregoing gives a description of projective space P™(k) of dimension n as
being a disjoint union of an affine space k™ of dimension n and a projective
space H of dimension n — 1. Alternatively, we have embedded a copy of affine
space k™ in a projective space of the same dimension. The points of k" are
said to be “at finite distance” and the points of H are said to be “at infinity”.

Of course, the notion of infinity depends on the choice of hyperplane H
and it is entirely possible to change it by taking another hyperplane of the
form x; = 0, or indeed a more general hyperplane. In fact, there is no infinity
in projective space: infinity is an affine concept!
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Ezxamples 3.1.

1. The projective line. We take n = 1: we denote the coordinates of k2 by
(x,t) and we take t = 0 to be the “hyperplane” at infinity H. In fact, since all
the points (z,0) in H are collinear, H contains a unique point co = (1,0) and
we identify k and P1(k) — {co} via the map z + (z,1). It follows that the
projective line is an affine line to which we add a unique point at infinity. This
description enables us to calculate the cardinal of the projective line when k
is finite. When k£ = R or C, we get topological information: the projective
line is the Alexandrov compactification of the affine line and is hence a circle
for kK = R and a sphere for k£ = C.

We can check that under this identification the homographies of P1(k) are
the maps x — ax +b/cx +d, extended to infinity in the usual way: these maps
are indeed homographies in the usual sense.

2. The projective plane. We use coordinates (z,y,t) and take t = 0 to be
the hyperplane at infinity. In this case H consists of points with homoge-
neous coordinates (z,y,0) and is hence a projective line denoted by D.. The
complement of H is formed of points (z,y,1) and is isomorphic to the affine
plane k2 via the map which forgets the third coordinate.

a. The projective lines in the plane. Let us determine the projective lines in
P2(k). Such a line D is the image of a subspace of dimension 2 in k*, and
is therefore given by a unique non-trivial linear equation ux + vy + wt = 0,
where u,v and w are not all 0. There are two cases to consider.

1) If u = v = 0, then we may assume w = 1 and that D is simply D..

2) Otherwise, we consider the restriction D of D to the affine plane k%:
we obtain the points (z,y) such that ux + vy + w = 0, i.e., an affine line.
On the other hand, we consider the restriction of D to Du.: we obtain the
points (z,y, 0) such that uxz + vy = 0. There is a unique such point, for which
we may choose homogeneous coordinates (v, —u,0). This point at infinity on
the line D corresponds to the direction of D: moreover, if D’ is an affine line
parallel to D, then its equation is ux + vy +w’ = 0 and D’ has the same point
at infinity as D.

To summarise, the projective lines other than D, are in bijective corre-
spondence with affine lines: each projective line contains an extra point at
infinity corresponding to its direction.

b. Conics. Let C be the subset of P? consisting of points whose homogeneous
coordinates (z,,t) satisfy the equation 2y — t? = 0. (See 4.1 for an explana-
tion of why we must use homogeneous polynomials in projective space.) The
intersection of C' with the affine plane k? is the hyperbole xy = 1. At infinity,
C has two points, (1,0,0) and (0, 1,0), corresponding to the asymptotes of C.
Furthermore, if we take the intersection of C' and the projective line z —¢ = 0
corresponding to the affine line x = 1, which is parallel to the asymptote
x =0, we get one point (1,1,1) at finite distance and another point (1,0,0)
at infinity, corresponding to the direction of the asymptote. If we take the
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intersection with the asymptote itself, we get the point at infinity counted
double: the asymptote is tangent to C' at infinity.

NB: we have seen that the line at infinity in projective space is not intrin-
sically fixed. We now choose x = 0 to be the line at infinity. In the (y,t) affine
plane we obtain a curve C’, whose equation is y = t2, a parabola with only
one point at infinity, (0,1,0). (This parabola is tangent to the line at infinity.)

Continuing, we now take z 4+ y = 0 to be the line at infinity and assume
that & is the field of real numbers. After a change of variables (or homography)
' =x+y, 2’ =z, 1y =t we get a new equation for C, 2’ +y'2 —2't' = 0. In
affine coordinates, relative to the new line at infinity ¢ = 0 this curve is an
ellipse (actually a circle) 22 + 32 — 2’ = 0, and this time there is no point at
infinity (because we have taken k = R).

The conclusion of this little game is that the familiar conic types (hyper-
bolae, parabolas, ellipses, etc) are affine properties. In projective space, these
properties can be expressed by simply saying that the conic cuts the line cho-
sen to be the line at infinity in two, one or no points. Moreover, we will show
that (cf. Exercise V, 3) in projective space there is a unique non-degenerate
conic (up to homography).

4 Projective algebraic sets

We will now repeat in the projective setting the material contained in Chap-
ter I, passing quickly over similar points and emphasising differences.

We work with an infinite commutative field k: n is an integer > 0 and
we denote by P"(k) or simply P™ the projective space of dimension n. The
coordinates on P™ are denoted by (zg, 21, ..., Z,). We denote by R the ring of
polynomials k[Xy, ..., X,]. In small dimensions we will mostly use variables
z,y, z,t and take the hyperplane t = 0 to be the hyperplane at infinity.

The first difference with affine sets is that the polynomials F in the ring
k[Xo,...,Xn] no longer define functions on projective space since their value
at a point T depends on the chosen system of homogeneous coordinates. For
example, if F' is homogeneous of degree d, then

F(zo, AT1,. .., Azn) = N F(zg, 21, ..., 2p).
However, we can define zeros of polynomials in the following way.

Proposition-Definition 4.1. Consider F € k[Xo,...,X,]| and T € P™. We
say that T is a zero of F if F(x) = 0 for any system of homogeneous coor-
dinates x for T. We then write either F(x) =0 or F(Z) = 0. If F is homo-
geneous, it is enough to check that F(x) = 0 for any system of homogeneous
coordinates. If F = Fy+ Fy + - -- + F,., where F; is homogeneous of degree i,
then it is necessary and sufficient that F;(x) = 0 for all i.
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Proof. Only the last statement needs to be proved. If F(Ax) = \"F.(z) +
-+ AFi(z) + Fo(z) = 0 for any A, then since k is infinite all the values F;(z)
vanish. The converse is obvious.

This is the first appearance of homogeneous polynomials, which will play
an essential role in the study of projective space.

Definition 4.2. Let S be a subset of k[Xo,...,Xn]. We set
Vp(S)={zeP" |VFeS, F(z)=0}

(in the sense of 4.1, of course). We say that V,(S) is the projective algebraic
set defined by S. When there is no risk of confusion, we denote this set by
V(9).

Remark 4.3. It is clear that if I is the ideal generated by S, then V,(I) =
Vp(S). Since k[Xo,...,X,] is Noetherian, we can therefore assume that S
is finite and by 4.1 we can even assume S is a finite set of homogeneous
polynomials.

Ezamples 4.4.

a) We have V,,((0)) = P".

b) Let m = RT = (Xy,..., X,) be the ideal of polynomials with constant
term 0. We have V,(m) = @. (The homogeneous coordinates of a point in P”
are not all 0.) We call this ideal the “irrelevant” ideal. NB: this is the case
even if k is algebraically closed, which is an important difference with affine
geometry (cf. Chapter I, 4.1).

c) Points are projective algebraic sets: consider x = (z¢, 1,...,2,) € P™.
One of the component z;—for example, x¢o—is not 0, so we can assume xy = 1.
We then have {z} = V(X1 — z1Xo, ..., X, — 2, X0).

d) If n = 2, projective plane curves are defined by homogeneous equations:
YT - X3=0,X?+Y2-T%2=0,...

Remarks 4.5. As in the affine case, the following hold.

a) The map V), is decreasing.

b) An arbitrary intersection or finite union of projective algebraic sets
is a projective algebraic set, so there is a (Zariski) topology on P™ whose
closed sets are the projective algebraic sets. Of course, the Zariski topology
on subsets of P" is simply the restriction of the Zariski topology on P™. We
will see in Chapter III that if we embed affine space k™ in projective space,
then we recover by this method the Zariski topology on k™.

¢) Let V. C P™ be a projective algebraic set; we associate to V its cone
C(V), which is the inverse image of V under the projection p : k"1 — {0} —
P"(k), plus the origin of k"*1. If I is a homogeneous ideal (cf. 7.2 below)
different from R and V = V,(I), then C(V) = V(I) C k"*! (in the affine
category). If I = R, then C(V) = V(R™) = {0}. This type of argument some-
times enables us to reduce a projective problem to a similar affine problem

(cf 5.4).
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5 Ideal of a projective algebraic set

Definition 5.1. Let V' be a subset of P™. We define the ideal of V by the
formula

I,(V)={F € k[Xo,...,Xp] |Vz €V, F(z) =0 (in the sense of 4.1)}.

Remarks 5.2.
a) I,(V) is a homogeneous radical ideal by 4.1 (¢f. 7.2)

b) The operation I, is decreasing.

c) If V is a projective algebraic set, then V,(I,(V)) = V. If I is an ideal,
then I C I,(V,(I)).

d) We have I,,(P™) = (0) and I(@) = k[Xo,..., Xy

5.8. Irreducibility. The definitions and results of Chapter I can be easily trans-
lated mutatis mutandis into projective geometry.

Assume now that the field k is algebraically closed. There is then a projec-
tive version of the affine Nullstellensatz. The main difference is the existence
of the irrelevant ideal RT = (Xo, ..., X,).

Theorem 5.4 (Projective Nullstellensatz). Assume that k is algebra-
ically closed. Let I be a homogeneous ideal of k[Xo, ..., X,] and set V = V,(I).

1) V,(I) = @ <= 3N such that (Xo,..., X,)N C T
— (Xo,...,X,) = Rt Crac(I).

2) IV, (I) # @, then L(V,(I)) = rac(I).

Proof. If I = R, then V = V,,(I) = @ and 1) is trivially true. Assume therefore
that I # R. We apply the affine Nullstellensatz to the cone of V: C(V) =
V(I) C k™! (¢f. 4.5.c). The statement that V = V,,(I) is empty means exactly
that C(V) contains only the origin in £"*! and hence that rac(l) is equal
to RT, which proves 1). We now prove 2). As V = V,,(I) is non-empty, I,(V) =
I(C(V)), so this ideal is equal to rac(I) by the affine Nullstellensatz.

Remark 5.5. Tt can be checked that if I is a homogeneous ideal, then so is its
radical. We therefore obtain a bijection between non-empty projective alge-
braic sets in P™ and homogeneous reduced ideals of R which do not contain
the irrelevant ideal R™. The prime ideals still correspond to irreducible pro-
jective algebraic sets; but be careful—points no longer correspond to maximal
ideals.
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6 A graded ring associated to a projective algebraic set

Let V' C P™ be a projective algebraic set and let I,,(V) be its ideal. Since
I,(V) is homogeneous, the quotient ring

TW(V) = KXo, .., Xal/I,(V)

is graded (c¢f. 7.1 below). This is one of the graded rings naturally associ-
ated to V. We leave it to the reader to check that there is still a dictionary
translating homogeneous radical ideals in I, (V') into projective algebraic sets
contained in V.

Remarks 6.1.

a) NB: the elements of I}, (V'), unlike their affine analogues, do not define
functions on V. However, if f € I',(V) and « € P™, then the statement that x
is a zero of f is meaningful and independent of the choice of representative
of x. The ring I',(V) differs in two other fundamental ways from affine rings:
we will see in Chapter III, 11.6 that this ring depends fundamentally on the
embedding of V in P™, and moreover, even for a fixed embedding there are
several graded rings naturally associated to V' (¢f. Chapter 111, 9.8).

b) The following is a consequence of the Nullstellensatz. If f € I,(V) is
homogeneous of degree > 0 and vanishes on the closed set W in V', then f is
contained in the radical of the ideal Iy (W).

The open sets DT (f). These are the projective analogues of the open affine
sets D(f).

Definition 6.2. Let V' be a projective algebraic set and consider a homoge-
neous element f € I',(V) of degree > 0. We set

DY (f)={z € V| f(2) # 0}.
It is clear that the sets D(f) are open sets of V. Moreover:

Proposition 6.3. With the notations of 6.2, every non-empty open set of V.
is a finite union of open sets of the form DT (f).

Proof. Let U be a non-empty open set of V, so that V' — U = V,,(I), where I
is a homogeneous ideal of R. It follows that I = (F1,...,F,), where the
F; € k[Xoy,...,X,] are homogeneous polynomials of degree > 0. If f; is the
image in I, (V) of F;, then U = DY (f1)U---UD™(f,).

Ezample 6.4. Considering the open sets DV (X;) for i = 0,...,n in P™ we
obtain an open cover of P" by open sets which were shown in Section 3 to be
in natural bijection with affine spaces. This remark will enable us to define
the structure of a variety on P™ in the next chapter.
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Remark 6.5. For reasons which will become apparent in the next chapter, we
will only consider the open sets DY (f) for elements f of degree > 0. If f is
of degree 0, hence constant, the corresponding open set is trivial—empty if
f # 0 and equal to V if f = 0. If f is of degree > 0, then D™ (f) is non-empty
and can only be equal to V if V is finite (¢f. IV, 2.9).

To conclude, the main differences between affine and projective geometry
are the following:

1) We have to use homogeneous polynomials and replace rings by graded
rings and ideals by homogeneous ideals in the projective setting.

2) Polynomials (and more generally elements of all the graded rings in-
volved) are no longer functions.

3) The irrelevant ideal (Xo, ..., X,) plays a very special role.

4) We can recover affine geometry from projective geometry using the open
sets DV (X;) or, more generally, open sets of the form DT (f).

7 Appendix: graded rings

Definition 7.1. A k-algebra R is said to be graded if it can be written as a
direct sum

R= & R.,
neN

where the subspaces R, of R satisfy R,Ry C Rpyq. The elements of R, are
said to be homogeneous of degree p and this condition is the usual rule for the
degree of a product.

We note that Ry is a subalgebra of R and m = Rt = @, _, Ry, is an ideal
of R whose quotient is isomorphic to Ry. The canonical example of a graded
ring is the ring of polynomials, graded by the degree function in the usual
way.

Proposition-Definition 7.2. Let R be a graded k-algebra and let I be an
ideal of R. The following are equivalent.

1) I is generated by homogeneous elements.

2)If fel and f =Y fi and f; is homogeneous of degree i, then f; € I
for every i.
Such an ideal is said to be homogeneous.

Proof. Tt is clear that 2) implies 1). Conversely, assume that I is generated
by homogeneous elements G; of degrees «;. Consider F' = Fy +---+ F,. € I,
where F; is homogeneous of degree i. By induction, it will be enough to show
that F. € I. But we can write F = > U;G;, and on identifying terms of
highest degree, we get F;. =Y U, y—o,Gi, so F, is contained in I.

Proposition 7.3. Let R be a graded k-algebra and let I be a homogeneous
ideal of R. Let S be the quotient k-algebra S = R/I and p the canonical
projection. Then S has a natural grading given by S; = p(R;).
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Proof. 1t will be enough to show that S is the direct sum of the spaces 5;,
but this is exactly condition 2) of Proposition 7.2.

Remark 7.4. If Ry = k and [ is homogeneous and different from R, then I is
contained in R*.

Definition 7.5. Let R be a graded k-algebra. An R-module M is said to be
graded if it can be written as a direct sum

M= & M,,
nez

where the k-subspaces M, of M satisfy R,M, C Mpyq for allp € N and
q € Z. A homomorphism ¢ : M — N between two graded R-modules is said
to be homogeneous of degree d if, for all n, p(M,) C Ngin.

We note that if ¢ is homogeneous of degree d, then the kernel of ¢ is a
graded submodule of M, i.e., if x = > x,, € Ker ¢, then z,, € Ker ¢ for all n.

Exercises

1 Homographies

Let E be a k-vector space of dimension n + 1 and let P(E) be the associated
projective space. If u € GL(FE), u induces a bijection u from P(FE) to itself which
we call a homography.

a) What can we say about v when @ = Id?

b) Show that the image of a projective subspace of dimension d under a homogra-
phy is again a projective subspace of dimension d.

¢) Conversely, show that if V and W are two projective subspaces of dimension d,
then there is a homography @ such that w(V) = W.

d) Assume E = k* and
_f(ab
“=\ecd

such that ad — be # 0. Take the point (1,0) in P'(k) = P(E) to be the point at
infinity, so points z in k can be identified with points (z,1) in P (k) — {co}.
Determine w explicitly and explain the origins of the word homography.

2 Markings

Using the same notation as in 1, we denote the canonical projection from E — {0}
to P(E) by p. A marking of P(E) consists of n+ 2 points zo, . .., Zn+1 of P(E) such
that there is a basis e1,...,ent1 of E such that p(e;) = x; fori=1,...,n+ 1 and
pler + -+ + ent1) = xo.

a) Assume n = 1. Prove that a marking of P(E) (i.e., the projective line) is exactly
the data of three distinct points. (For example, in P*(k) we can take 0 = (0, 1),
oo =(1,0)and 1 = (1,1).)
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¢)
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Prove that n + 2 points zo,...,Znt1 € P(E) form a marking if and only if no
n + 1 of them are contained in a hyperplane.

Prove that if zo,...,Znt1 and yo,...,yn+1 are two markings of P(F), then
there is a unique homography which sends each z; to y;. Study the case n = 1
in detail.

3 Quadrics

Let k be an algebraically closed field. A quadric in P3(k) is a projective algebraic

set

of the form Q = V(F), where F is an irreducible polynomial of degree 2 in

X,Y,Z,T and hence gives rise to a quadratic form on k* which we assume to be
non-degenerate.

a)

b)

Prove that if @ = V(F) is a quadric, then there is a homography h such that
hQ) =V (XT —YZ). We assume from now on that @ is of this form.

Prove that @ contains two families of lines both of which are indexed by P?.
Prove that a unique line from each family passes through any point of @, that
two lines in the same family are disjoint and that two lines in different families
meet at a unique point.

Prove that if D1, Da, D3 are three lines in P® which are pairwise disjoint, then
there is a unique quadric @ containing the lines D;. (Start by showing that
for any 9 points in P® we can find a set of the form V(F) with F of degree 2
containing them all, and then show that if a set of this form meets a line in
three points, then it contains it.)

4 The space cubic

We assume that k is infinite.

We consider the map ¢ : P* — P? defined by

o(u,v) = (v, u’v, uv?,v*).

We set C'=Im .

a)

Show that C' = V(I), where I is the ideal
(XT-YZ,Y>-XZ, 7> -YT).

(For the non-obvious inclusion, consider the affine open sets X # 0, T' # 0.)
Prove that I(C) is equal to I. (Start by proving (by induction on the degree
of F relative to Y and Z, for example) that any homogeneous polynomial F €
k[X,Y, Z,T] is equal modulo I to a polynomial of the form a(X,T)+b(X,T)Y +
X, T)Z.)

Prove that I(C) cannot generated by two elements. (Consider the terms of
degree 2.) We say that C' is not a scheme-theoretic complete intersection.

€ Prove that on the other hand C' = V(Z% —YT, F), where F is a homogeneous
polynomial to be determined. We say that C' is a set-theoretic complete inter-
section, which means that C can be defined by two equations, or, alternatively,
that C' is the intersection of two surfaces. NB: these surfaces are tangent to each
other and C should be thought of as being of multiplicity 2 in this intersection.
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e) 9§ Prove there is a “resolution” of I(C') i.e., an exact sequence

0 — R(-3)* % R(—2)* - 1(C) — 0,

where R is the ring k[X,Y, Z,T] and R(—i) is the graded R-module which is
simply R with a shifted grading: R(—%), = Rn—;. The homomorphisms u and v
are of degree 0 (i.e., they send elements of degree n to elements of degree n).
Here, this means that v is given by three homogeneous polynomials of degree 2
which generate I(C) (what could they be!) and u by a 3 x 2 matrix whose
coefficients are homogeneous polynomials of degree 1. Our aim is to calculate w,
i.e., the relations (or, to use a nicer word, the syzygies) linking the generators
of I.

5 The union of two distinct lines

Let D; and Dy be two distinct lines in P3.

a) Show that up to homography we can assume D1 = V(X,Y) and D2, = V(Z,T).
b) Consider C' = Dy U D5. Calculate I(C).
¢) 9§ Prove that there is a resolution of I(C) of the following form (cf. 4):

0 — R(—4) — R(—3)* — R(-2)* — I(C) — 0.
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Sheaves and varieties

0 Motivation

If we compare the study of affine algebraic sets and projective algebraic sets,
we find many similarities and a few fundamental differences, such as the role
played by homogeneous polynomials and graded rings in projective geometry.
The most important difference, however, is the functions. If V' is an affine
algebraic set, we have a lovely function algebra I'(V') and an almost perfect
dictionary translating properties of V' into properties of I'(V). One of the
problems of projective geometry is that elements of I',(V') do not define func-
tions on V, even in the simplest case, namely a homogeneous polynomial,
since if x € P™ and F is homogeneous of degree d, then the quantity F(x)
depends on the choice of representative: F(Ax) = AF(z).

To solve this problem we will exploit the idea that projective space P"
contains open sets U; = D™ (X;) which are isomorphic to affine spaces. On
these open sets there is a set of well-behaved functions—the polynomials. We
might imagine that we could get good functions on P™ by gluing together
good functions on the open sets U;. It turns out that this method will not
give us many functions defined globally on P", as the example below shows.

Consider the projective line P!, with homogeneous coordinates = and t
and open sets Uy (z # 0) and U; (¢ # 0). These are isomorphic to k via
maps jo and j; given, respectively, by 7 +— (1,7) and £ — (£, 1) with inverses
(z,t) — t/z and (z,t) — x/t. On Uy (resp. Uy) a function is good if it is
polynomial function f(7) = f(¢t/z) (resp. g(§) = g(z/t)). To obtain a good
function on the whole of P! these two functions must coincide on Uy N U;. In
other words, for all z,¢ # 0 we must have f(t/z) = g(z/t), that is to say,

tn m

t x T
an— + - Fa1— +ag=0bpm— +---+ b1 +bo,
" T tm t



38 III Sheaves and varieties

and clearing denominators we get

antn-‘rm 4 aniltn—i-m—lx 4.

T agt™a™ — bot™a™ — byt gt L p ™ — .

The above polynomial, which vanishes on the Zariski open set x # 0,t # 0
in k2, is therefore identically zero (at least if k is infinite). But this implies
that all the coefficients a;, b; should be zero for ¢ > 0 and ag and by should
be equal. In other words, f and g must be two equal constants and the global
function constructed on P! is a constant.

The moral of the story is that in projective geometry global functions
(i.e., functions defined on the whole of P", or on the whole of V', where V
is a projective algebraic set) are not enough (most of the time the only such
functions are constants), and if we want to deal with functions, we must settle
for locally defined functions, i.e., functions defined on open sets.

It is this observation which leads us to the notion of sheaves.

1 The sheaf concept

a. Sheaves of functions: definition

Definition 1.1. Let X be a topological space and K a set. A K-valued sheaf
of functions on X is given, for every open set U in X, by a set F(U) of
functions from U to K, which satisfy the following two axioms.

1) Restriction. If V is an open set contained in U and f € F(U), then
f|v S f(V)

2) Gluing. If U is covered by open sets U; (i € I), then for any choice of
elements f; € F(U;) such that filu,nu; = filu.nu, there is a unique function
f e FU) such that fly, = fi.

Remarks 1.2.
a) In the gluing axiom, the existence of a function f : U — K such that
flu, = fi is clear. The condition simply says that this function is in F(U).

b) The above axioms are natural. They say that a certain class of functions
on X (which we want to use as our class of good functions) has enough good
properties to be manageable. More precisely, we ask that the class in question
should be stable under restriction (Axiom 1) and local, that is to say, to check
that f is a good function it should be enough to check it is locally a good
function (Axiom 2).

¢) These conditions are satisfied by some highly important classes of func-
tions. The set of all functions is of course a sheaf, but we also have a sheaf of
all real or complex valued continuous functions. Alternatively, if X is an open
set in R™, we have a sheaf of all differentiable or analytic functions, etc.

d) We note that restriction defines a map ryy : F(U) — F(V) such that
for any U, ryuv = ldg@y), and for all W CV C U, rwu =rwyvrvu-
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Notation 1.3. We set F(U) = I'(U,F). The elements of I'(U, F) are called
sections of F over U. When U is equal to X, we call the corresponding sections
global sections.

b. General sheaves

We will need more general sheaves than function sheaves. The restriction
operation, which is no longer obvious, is now given axiomatically by 1.2.d.

Definition 1.3. Let X be a topological space. A presheaf on X is given by the
following data:

o For every open set U in X, a set F(U);
o For every pair of open sets U and V with V. .C U, a map ryy : F(U) —
F(V) called the restriction map,

such that the two following conditions are satisfied:

Z) IfW cVcC U, then WU =TW,v TV,U,

i) We have ryy = Idrv);

We set ry.u(f) = flv.

We say that F is a sheaf if in addition it satisfies the gluing Condition 2)
of 1.1.

Remarks 1.5.

a) The presheaf whose sections over U are constant K-valued functions is
not generally a sheaf. The gluing condition is not satisfied for a non-connected
open set.

b) It is always possible to consider a given sheaf to be a sheaf of func-
tions (in a non-natural way) (cf. Exercise III, A.1). This remark enables us to
restrict ourselves to sheaves of functions if necessary.

c) If F is a presheaf on X (for the sake of simplicity we assume it is a
presheaf of functions from X to K), we can embed it in a canonical way in a
sheaf F7T called the associated sheaf of F. To do this we localise the condition
for being an element of F(U) in the following way. For any open set U in X
we set

FrU)={f:U — K |Vz €U, 3V open,
such thatz € V C U, and g € F(V)such that f|y = g}.

The sheaf thus defined is the best possible solution to the problem (i.e., it is
the smallest sheaf containing F, c¢f. [H] Chapter II, 1.2).

d) Given a sheaf F on X and an open set U in X, the sheaf F|y is defined
in the obvious way: if V' is an open set in U, then we set F|y (V) = F(V).
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c. Sheaves of rings

The most important sheaves we will be working with are sheaves of rings (or,
more precisely, sheaves of k-algebras). The statement that F is a sheaf of
rings means that the spaces F(U) are commutative rings and the restriction
functions are homomorphisms of rings. This is true of the sheaf of (arbitrary)
functions into a ring, or for sheaves of continuous/differentiable functions into
R or C, with the usual addition and multiplication. We can of course define
sheaves of other structures (groups, modules or k-algebras) in a similar way.

Definition 1.5. A ringed space is a topological space X equipped with a sheaf
of rings. This sheaf is called the structural sheaf of X and is traditionally
denoted by Ox.

“Morally” this sheaf is the sheaf of “good” functions on X and we have
therefore assumed that a sum or product of good functions is still a good
function.

Warning 1.7. From now on we fix an algebraically closed field k. Unless oth-
erwise specified, the structural sheaf of all ringed spaces considered will be
a sheaf of k-valued functions and we will assume it is a sheaf of k-algebras
containing the constant functions.

With these precautions taken, there is a natural notion of morphism (and
hence isomorphism) of ringed spaces:

Definition 1.6. Let (X, Ox) and (Y, Oy) be two ringed spaces. A morphism
of ringed spaces is given by a continuous map ¢ : X — Y, which trans-
forms good functions into good functions by composition. In other words,
for any function g : U — k such that g € I'(U,Oy) we should have
g € I'(¢7'U, Ox).

Remarks 1.9.

a) We note that when, for example, the sheaf in question is the sheaf of
differentiable functions, the composition condition is equivalent to the require-
ment that f be a differentiable map.

b) For any open set U of Y we define a homomorphism of rings
¢i: (U, 0y) — I'(¢p™'U,Ox)

by setting ¢7;(g) = go. These homomorphisms are compatible with restric-
tions. In other words they satisfy the condition ro-1y -1y @7 = @7 rvu.
For ringed spaces whose sheaves are not simply sheaves of functions a mor-
phism consists not only of the data of a continuous map ¢ but also a col-
lection of homomorphisms ¢j; satisfying the above compatibility conditions
(¢f. [EGA] I, 0.4.1).
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2 The structural sheaf of an affine algebraic set

Let V C k™ be an affine algebraic set. We want to define good functions on
the open sets of V. We will be guided by the following two remarks.

1) The good functions on V should be the polynomial functions I'(V).
2) V has a very simple basis of open sets, the sets D(f).

In fact, the following lemma shows that it is enough to define the structural
sheaf on a basis of open sets.

Lemma 2.1. Let X be a topological space, U a basis of open sets in X and K
a set. We suppose given for every open set U € U a set F(U) of functions
from U to K satisfying the following conditions:

i) (Restriction) If V,U e U, V C U and s € F(U), then s|ly € F(V).

i1) (Gluing) If an open set U € U is covered by sets U; indexed by i € I,
such that U; € U and if s is a function from U to K such that Vi € 1,
slu, € F(Uy), then s € F(U).

Then there is a unique sheaf F of functions on X such that, for every
Uecl, FU) = F().

Proof. Any open set U is covered by open sets U; contained in the basis U.
We set -
FU)={s:U—-K|Vi, s

U; € f(Ul)}

We leave it as an exercise for the reader to check that this definition is in-
dependent of the choice of open cover U; and that F is indeed the required
sheaf.

Provided we check Conditions i) and ii) from 2.1, it is enough to define
sheaves on bases of open sets.

We also note the following trivial lemma.

Lemma 2.2. Let X be a topological space equipped with a basis of open sets
U, let F be a sheaf and let G be a presheaf on X. We assume F(U) = G(U)
for every U € U. Then F =Gt (cf. 1.5.c).

In the case in hand we therefore seek to define I'(D(f), Ov ). Since D(f) is
the set of points where the function f does not vanish, it is natural to include
the inverse function f~! along with the polynomial functions on V in the set
of sections I'(D(f),Oy). More precisely, we consider the restriction homo-
morphism r : I'(V) — F(D(f), k), where F(D(f), k) denotes the ring of all
functions from D(f) to k. Since r(f) is invertible, r can be factorised through
the localisation I'(V)y, r = pj (¢f. Summary 1.6.b) and the homomorphism
p: I'(V); — F(D(f), k) is injective. Indeed, if p(g/f™) = 0, then g(z) = 0 on
D(f) and hence fg =0 on V, which implies that g/ f™ is zero in the localised
ring (¢f. Summary loc. cit.). We then have the following definition.
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Definition 2.3. Let V' be an affine algebraic set and consider a non-zero f €
I'(V). We set
I'(D(f),0v)=T(V);y

(identified with a subring of the ring of k-valued functions on D(f) via p).
By this method we define a sheaf of rings on V called the sheaf of reqular
functions.

In the special case where I'(V') is an integral domain, the ring I'(V)s is a
subring of the field of fractions K (V) of I'(V') (the field of rational functions
on V, ¢f. Chapter I, 6.15) and the natural homomorphism j : I'(V) — I'(V) s
is injective. If I'(V') is not an integral domain (i.e., if V' is not irreducible)
there is no fraction field and j is no longer necessarily injective.

Check 2.4. We must now check that the conditions given in 2.1 allowing us
to construct a sheaf on V' are satisfied.

a) Restriction. If D(f) C D(g), then V(g) C V(f), and since f vanishes on
V(g), the Nullstellensatz implies f* = gh. Given u/g* € I'(V),, its restriction
to D(f) can be written in the form uh®/g’h? = uh®/f™ and this restriction
is indeed contained in I'(V);.

b) Gluing. We assume that V is irreducible (and hence I'(V') is an integral
domain): the general case is left to the reader as an exercise (¢f. 2.5.b).

Let D(f) be a standard open set covered by the sets Dy,, where f; # 0.
This means that V(f) is the intersection of the sets V(f;), or, alternatively,
that V(f) = V(I), the ideal generated by the functions f;. Since the ring
I'(V) is Noetherian, we can assume that there are only a finite number of
functions f;.

Let s; be sections of D(f;) which we write as s; = a;/f" (we can use
the same n for all the sections s; since there is a finite number of them). We
assume these sections to be coincident on the intersections D(f;) N D(f;). We
have a; fI' = a; f{* on D(f:) N D(f;), and hence this relation holds on V' by
density (since V is irreducible).

Since f vanishes on V(fi,...,f.) = V(f', ..., f"), the Nullstellensatz
tells us that f € rac(f7, ..., f*). In other words, there is an integer m and
functions b; € I'(V) such that f™ = >7"_, b, f7"

(We note that when dealing with an open cover of the whole of V' there is
an identity of the form 1 = 25:1 b; f', which is an algebraic analogue of the
partitions of unity used in analysis.)

We now look for a section s on D(f) of the form s = a/f™ (with m as
defined above) such that s|p(s,) = 4, i.e., a/f™ = a;/f', or, alternatively,
fila=a;f™ =a; 22:1 bifj = 25:1 bjaifj' = 22:1 bja; fi* = fi" Z;:l bja;.
This clearly holds if we set a = >-7_, bja;.

Remarks 2.5.

a) The careful reader will check that if an open set can be written as a stan-
dard open set in two different ways D(f1) = D(f2), then the corresponding
rings are the same. This follows from the argument used in 2.4.a above.
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b) When proving 2.4 in the general case, a little care is needed. The equality
of the sections s; on the intersection then only means that there is a natural
number N such that fiNf]N(aif]”—ajfgl) = 0. We then write f™ =3, bjf]nHV
and a =3, azbi .

c¢) Calculating I'(U, Oy) for a non-standard open set is harder. Consider
for example U = k% — {(0,0)} (cf. Exercises 111, A.2).

3 Affine varieties

We have equipped any affine algebraic set V' with the structure of a ringed
space (V, Oy ) by taking the sheaf of regular functions Oy defined above. An
affine algebraic variety is essentially the same thing.

Definition 3.1. An affine algebraic variety is a ringed space which is isomor-
phic as a ringed space to a pair (V,Oy), where V is an affine algebraic set
and Oy is the sheaf of reqular functions on V. A morphism of affine algebraic
varieties is simply a morphism of ringed spaces.

Remarks 3.2.
a) Many authors (especially Americans) reserve the word variety for an
irreducible variety.

b) The only advantage affine algebraic varieties have over affine algebraic
sets is that they are intrinsic, i.e., their structure does not depend on a choice
of embedding in k™. A typical example of this is a standard open set D(f):

Proposition 3.3. Let V' be an affine algebraic set and consider f € I'(V).
The open set D(f) equipped with the restriction of the sheaf Oy to D(f) is
an affine algebraic variety.

Proof. Assume that V' is embedded in k™: set I = I(V) and let F be a
polynomial whose restriction to V is f. Our aim is to show that D(f) is
isomorphic to an affine algebraic set. The trick is to look for this set in k™*1:
we consider the map

w:(xla"'vxn) — (fEl,...,.’ﬂn,l/f(.’ﬂl,...,l'n))

sending D(f) into k"1, The image W of ¢ is equal to the set V(J), where
J =1+ (X1 F —1) (cf the proof of the Nullstellensatz). It is clear that ¢
is a homeomorphism from D(f) onto W whose inverse is given by the pro-
jection p(z1,...,&n, Tnt1) = (T1,...,@y,). It is easy to check that this is an
isomorphism. (Tt is enough to check this fact on standard open sets, c¢f. 11.1
below.)
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Example 3.4. The group of invertible matrices with complex coefficients
GL(n,C) is an affine algebraic variety. In fact, it is an open set of the form
D(f) in the affine space of matrices M(n, C) = C", f being the determinant
function, which is a polynomial.

In the following proposition we show that the affine variety morphisms
between two affine algebraic sets are exactly the maps defined in Chapter 1.
We denote by Homy,, (X, Y") the set of affine variety morphisms from X to Y.

Proposition 3.5. Let (X,0x) and (Y,0y) be two affine algebraic sets
equipped with the affine variety structures given by the structural sheaves Ox
and Oy . There are natural bijections

Homy,r(X,Y) ~ Reg(X,Y) ~ Homy.a1e (I (Y, Oy ), I'(X, Ox)).

Proof. The existence of the second bijection was established in Chapter I, 6.7.
We use the notation from Chapter I, 6.7. We establish the existence of the first
bijection as follows. If ¢ : X — Y is a variety morphism, then on considering
the coordinate functions 7; on Y it is immediate that ¢ = (N1, ..., Pme) 18
regular (¢f. 1.8). Conversely, if ¢ is regular, D(g) is a standard open set of Y’
and f = h/g" € I'(D(g),Oy), then fo = ¢*(h)/¢*(9)" € I'(D(¢*(9), Ox),
which shows that ¢ is also a morphism of varieties.

Remark 3.6. The above proposition shows that the category of affine algebraic
varieties is equivalent to the category of affine algebraic sets. (However, we
have seen that if we do not identify isomorphic objects, the former category
contains more objects.)

4 Algebraic varieties

The main use of ringed spaces is that they enable us to define classes of objects
which are locally isomorphic to some particular kind of space. For example, a
differentiable manifold is a ringed space which is locally isomorphic to an open
set of R™ with the sheaf of differentiable functions. In our case, of course, the
local models are affine algebraic varieties.

Definition 4.1. An algebraic wvariety is a quasi-compact ringed space
(cf. Summary 1.8) which is locally isomorphic to an affine algebraic va-
riety. A morphism of algebraic varieties is simply a morphism of ringed
spaces.

To say that (X,Ox) is locally isomorphic to an affine algebraic variety
means that for any x € X there is an open set U containing x such that
(U,Ox|y) is isomorphic to an affine algebraic variety. We leave it to the
reader to check that affine varieties are quasi-compact and hence are algebraic
varieties.
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Definition 4.2. Let' X be an algebraic variety. The open sets of X which are
isomorphic to affine algebraic varieties are called the affine open sets of X.

Proposition 4.3. Let X be an algebraic variety. The affine open sets form a
basis of open sets of X. More precisely, any open set in X is a finite union of
affine open sets (and is hence quasi-compact).

Proof. We have X = U;=1 U;, where the sets U; are open and affine (this is
the definition of a variety: the quasi-compactness of X allows us to take a
union of only a finite number of open sets). Let U be an open set of X. We
have U = [J;_, UNU; and so it will be enough to prove the result for U NU;.
But since U; is affine, this follows from Chapter I, 4.13 and 3.3.

If X is an algebraic variety and U is an open set in X, then it is easy
to check using 4.3 that the sections of I'(U,Ox) are continuous k-valued
functions (where k is equipped with the Zariski topology).

Corollary 4.4. A non-empty algebraic variety can be uniquely written as a
finite union of irreducible closed sets which do not contain each other. These
are its irreducible components.

Proof. By quasi-compactness, we can write X = U; U --- U Uy, where the
sets U; are open affine sets. We then write each of the sets U; as a finite union
of closed sets U; ; which are closed in U;. We then have X = J, ; U, ; and the

U; ; are irreducible by Chapter I, 3.5.

Ezxamples 4.5.

a) If X is an algebraic variety and U is an open set of X, then U equipped
with the sheaf Ox|y is an algebraic variety which is called an open subvariety
of X.

In particular, any open subset of an affine algebraic variety is an algebraic
variety (called a quasi-affine variety); but be careful: it is not necessarily affine
(for example, k% — {(0,0)} is not affine cf. Exercise 111, A.4).

b) Closed subvarieties. Let X be an algebraic variety and let Y be a closed
set in X. Our aim is to define a sheaf Oy on Y. The most natural idea, given
that the inclusion map has to be a morphism, is to take the sheaf of functions
on open sets of X restricted to Y, i.e., to define the sections over an open
set V onY by

{f:V—k|3U C X, open,
such that UNY =V and 3¢9 € Ox(U) such that gy = f}.

Unfortunately, this formula only defines a presheaf Oy y in general. For
the gluing condition to be satisfied, we have to “localise” the definition, i.e.,
we have to consider the sheafification Oy = (98'7 y of this presheaf (cf. 1.5.c).

! By abuse of notation we will often write X when we mean the variety (X, Ox).
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Proposition-Definition 4.6. Let X be an algebraic variety and let Y be a
closed set in X. We define a sheaf of rings Oy on Y by setting

Oy(V)={f:V—=k|VzeV, 3U C X, open,
with x € U and g € Ox(U) such that gluav = flunv}

for any open V in'Y. If X is an algebraic variety (resp. an affine algebraic
variety), then the same is true of Y with the sheaf Oy and the inclusion of Y
m X is a morphism.

Proof. Tt will be enough to prove the result for affine X since the general case
then immediately follows. We assume that X is affine: it will then be enough
to show that the sheaf Oy is equal to the sheaf Ry of regular functions on Y.
Consider f € I'(X) and its image in I'(Y), f. By Lemma 2.2, it will be enough

to show that R(D(f)) = Op,y (D(f)). Since we know that D(f) = D(f)NY
and the restriction homomorphism I'(X); — I'(Y)7 is surjective, we know

that R(D(f)) = I'(Y)7 C Oo,y (D(f)). Conversely, if 5 € Og,y (D(f)), then s
is the restriction of a section s € Ox (U) defined on an open set U in X such
that UNY = D(f). We cover U with open sets U; = D(g;). Their restrictions
D(g;) cover D(f), and since s|y, € Ox(U;) = I'(X)y,, Slpg,) € I'(Y)g, =

Ry (D(g;)). But then 5 € Ry (D(f)) since Ry is a sheaf. QED.

Remark 4.7. In fact, what we are trying to prove is that there is a surjective
map of sheaves from Ox to Oy (cf. §6 below). We note that if V' is an open
affine set of Y which is the restriction to Y of an open affine set U in X, then
the proof above shows that any regular function on V is the image of a regular
function on U. In this case, the problem mentioned above does not arise. On
the other hand, we have to be more careful when the open sets are not affine,
as the example below shows (cf. also Exercise III, A.3):

Example 4.8. Let us take V. = P2 (cf.§8), let W be the closed set
V(X(X — T),XY), a union of the y-axis and the point (1,0,1), and
consider W as an open set of itself. We seek open sets 2 = P2 — Z in P2 con-
taining W: this is equivalent to saying that the closed set Z does not meet W
and in particular does not meet V(X). By Bézout’s theorem, this implies that
Z is finite (cf. Chapter VI). But then I'(£2,0p:) = I'(P?, Op2) = k (cf. 8.8
and Exercise III, A.2.b). The only functions on W arising from open sets on
V are therefore constant functions. However, if Oy, is a sheaf, then there are
obviously other functions on W, such as the functions which are constant on
each of the two connected components of .

¢) Subvarieties. We merge the above two examples.

Definition 4.9. Let X be an algebraic variety and let Y be a locally closed
subset in X (i.e., the intersection of an open set and a closed set). Then'Y,
equipped with the variety structure defined in a) and b), is called an algebraic
subvariety of X.
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5 Local rings

Definition 5.1. Let X be an algebraic variety and consider © € X. We
consider the pairs (U, f), where U is an open set in X containing x and
f e rU,0Ox). Two such pairs, (U, f) and (V,g), are said to be equivalent
if there is an open set W such that v € W C UNV and flw = glw. The
equivalence classes for this relation are called the germs of functions at x. The
germ of (U, f) at = is denoted by f,. The set of germs at x is denoted Ox .

Proposition-Definition 5.2. With the above notations, the set Ox , is
canonically equipped with a ring structure. This ring is a local k-algebra with
mazimal ideal mx , = {f € Ox 4 | f(x) = 0}. We call it the local ring of X
at x. We have Ox z/mx o ~ k.

Proof. The ring structure is defined in the following way. Given two germs
(U, f) and (V, g), we add and multiply them by first restricting to U NV and
then using the ring structure on I'(UNV, Ox). We check that these operations
are well-defined (i.e., do not depend on the choice of representatives). And
finally, if f € Ox 4, then we denote by f(z) the value of f at z, which does
not depend on the choice of representative either. There is therefore a ring
homomorphism 7 : Ox , — k which associates f(z) to f. This homomorphism
is obviously surjective and its kernel is mx ;, which is therefore a maximal
ideal. On the other hand, if f € Ox , — mx 4, then f is invertible in Ox ,
(which proves that this ring is local). Indeed, lift f to (U, f). After possibly
shrinking U we can assume that U is affine. We then have z € Dy (f), but f
is then invertible in I'(Dy (f), Oy) = I'(Dy(f), Ox) and hence f is invertible
in OX,Q;.

Remark 5.3. Of course, the terminology “local ring” comes from this kind of
example. The advantage of the local ring over the rings of functions on affine
open sets containing x is that it is intrinsic.

Proposition 5.4. Assume that k is algebraically closed. Let X be an algebraic
variety, take a point x € X and let U be an affine open set containing x. We
set A = I'(U,Ox). Let m be the maximal ideal in A corresponding to the
point x (cf. Chapter I, 4.9). We then have Ox , ~ Ap,. In particular, the
prime tdeals of Ox , correspond bijectively to closed irreducible subsets of U
(and hence of X ) containing x.

Proof. There is a homomorphism r from A to Ox , which associates to a its
germ at x, a;. This homomorphism factorises through A,, since if a ¢ m,
then a(z) # 0, and hence a, is invertible. It is easy to check (using the open
sets D(f)) that this gives us the required isomorphism. The last claim follows
from Chapter I, 4.9 (to obtain the result on the whole of X we simply use
closure, cf. Chapter I, 3.5).
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Remark 5.5. Let ¢ : X — Y be a morphism of varieties and consider points
z € X and y = ¢(x). This induces a homomorphism ¢* : Oy, — Ox 5.
Indeed, if f, € Oy, is represented by a pair (U, f), where U is an open set
in Y containing y, then by definition of a morphism there is a homomorphism
0* : I'(U,Oy) — I'(p~1(U),Ox) which associates the composition fp to f.
We then associate to f, the germ (fy),, and this gives us the required map.

We note that this homomorphism is local, i.e., it sends my,, into mx . If
 is an isomorphism, then so is ¢*.

6 Sheaves of modules

Let (X,0x) be a ringed space (for example, an algebraic variety). In this
section we will study sheaves of modules. This is a key notion whose usefulness
will become apparent as we go on.

Definition 6.1. A Ox-module is a sheaf F such that for any open set U
in X, F(U) is a Ox(U)-module and the restriction maps are linear maps.

Remark 6.2. Warning: the use of the word “linear” in this context may not
be what you expect. If V' C U, then there are restriction maps r : Ox (U) —
Ox (V) and p : F(U) — F(V); F(U) and F(V) are therefore both Ox (U)-
modules; F(U) is a Ox (U)-module by definition and F (V') becomes one via r.
We then ask that p should be Ox (U) linear, i.e., p(af) = r(a)p(f). Since
Ox(U) is a k-algebra, all the spaces F(U) are k-vector spaces.

Ezample 6.3. The null sheaf is clearly a Ox-module. A finite direct sum (or
finite direct product, which is the same thing) of O x-modules is a O x-module.
For example, O%, the direct sum of n copies of the structural sheaf, is a Ox-
module.

Essentially all the usual A-module constructions, such as homomorphisms,
kernels, images, exact sequences, etc., are also possible with O x-modules.

Definition 6.4. Let F,G be two Ox-modules. A homomorphism f : F — G
is given by the data of Ox (U)-linear maps for every U, f(U) : F(U) — G(U)

which are compatible in the obvious way with restrictions.

We can then define the kernel sheaf of f by the formula
(Ker f)(U) = Ker(f(U)),

and we say that f is injective if f(U) is injective for all U, or, alternatively, if
Ker f = 0.

On the other hand, we have to be more careful in defining image sheaves
and surjective maps. This is one of the fundamental difficulties in sheaf theory.
Consider a homomorphism f : F — G. It is tempting to define its image by the
formula (Im f)(U) = Im(f(U)). Unfortunately, in general this is not a sheaf,
as the following example (which was historically the first such example) shows.
(The objects here are in fact abelian groups, not modules, but the principle
is the same.)
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Example 6.5. We set X = C and let F = O¢ be the sheaf of holomorphic
functions on the open sets of C. We let G = O be the sheaf of non-vanishing
holomorphic functions. There is a homomorphism f : F — G given by the
exponential map. If we define Im f as above, this is not a sheaf: the gluing
condition is not satisfied. We set U = C—{0}. This open set is covered by open
sets V and W which are C without the positive and negative real half-lines.
On V and W the identity function z is in the image of the exponential map
(these open sets are simply connected and hence the function Log(z) exists),
but, over U, z is not in the image of f since U is not simply connected.

To get around this problem we “localise” and define Im f to be the sheaf
associated to this presheaf (cf. 1.5.c):

Definition 6.6. Let f : F — G be a homomorphism of Ox-modules. We
define the sheafIm f as follows. Consider s € G(U): we say that s € (Im f)(U)
if for all x € U there is an open set V. C U such that x € V and s|y €
Im(f(V)). We say that f is surjective if Im f = G.

Remark 6.7. The map f is said to be surjective if it is locally surjective. This
is true of the exponential map in Example 6.5.

Definition 6.8. An ezact sequence of Ox-modules F —— G —— H is given by
the data of two homomorphisms of sheaves u and v such that Ker(v) = Im(u).

We now return to closed subvarieties. We will need the following definition.

Definition 6.9. Let ¢ : Y — X be a continuous map and let F be a sheaf
on Y. The direct image of F, denoted by w.F, is the sheaf defined on X by
0. F(U) = F(p~1(U)) for any open set U in X.

Ezxample 6.10. Let X be an algebraic variety, let Y be a closed subset of X
and let j : Y — X be the canonical injection. We denote by Fy the sheaf
of all k-valued functions on Y and consider its direct image j.JFy. There is
a morphism of Ox-modules r : Ox — j,.Fy which associates to s € Ox(U)
its restriction s|lyny € 7« Fy(U) = Fy (U NY). Using the definition of the
structural sheaf on Y given in 4.6 the sheaf j,Oy is then simply the image
sheaf of r.

In what follows we will often identify Oy and j,Oy, which allows us to
consider Oy as a Ox-module. (See Exercise II, A.9 for a justification of this
identification.)

We also consider the kernel of r which we denote by Jy (or, alternatively,
Jy;x when we want to keep track of the original space). This is a Ox-module:
even better, it is an ideal (or sheaf of ideals) in Ox (in other words, Jy (U)
is an ideal in Ox (U) for all U).

After identifying Oy and its direct image we get the following exact se-
quence of Ox-modules (called the fundamental exact sequence associated to
the closed space Y):

0—>jy—>0x—>0y—>0.
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Definition 6.11. Let F and G be two Ox-modules. We define the tensor prod-
uct F®oy G to be the sheaf associated to the presheaf U — F(U)®o 1)G(U).
This is once again a Ox-module.

7 Sheaves of modules on an affine algebraic variety

Let V' be an affine algebraic variety and consider A = I'(V,Oy/). If F is a
Oy-module, then I'(V, F) is an A-module and this correspondence is functo-
rial by 6.4: it is the global sections functor. The aim of this section is to find
an “inverse” functor.

Definition 7.1. Let M be an A-module. We define a Ov-modulgvl\/z on the
standard open sets of V' in the following way. If f € A, then we set M(D(f)) =
My =M ®4 Af. In particular, M(V) = 1'(V,M) = M.

Remarks 7.2.
1) We can describe the localised module M as being the set of pairs (z, s)
such that x € M and s = f™, quotiented by the equivalence relation

(,8) ~ (y,t) <= Ju=f" wu(xt —ys)=0.

(NB: the u term may be necessary if A is not an integral domain or M is
not torsion free, i.e., if it is possible to have ax = 0 satisfied with a € A and
x € M both non-zero.) We denote the image of (z,s) by x/s. This image is
also denoted z ® (1/s).

2) We check as in 2.3 that this does indeed define a sheaf.
3) In particular, A=0y.

Proposition 7.3. The correspondence M — M s functorial and exact and
commutes with direct sums and tensor products.

Proof.

1) Functoriality. Let ¢ : M — N be a homomorphism of A-modules. By
functoriality of the tensor product there is a map ¢y : My = M ®4 Ay —
Ny =N ®4 Ay. The functoriality of the correspondence follows.

2) Exactness. Let 0 — M’ — M — M"” — 0 be an exact sequence of
A-modules. Then the sequence 0 — M} — My — Mj — 0 obtained by
localisation is exact. It will be enough to prove the injectivity of i : M} —
My since the rest is immediate by basic properties of the tensor product
(¢f. Summary 2.2). Assume i(z’/f™) = 0 in My. This implies f"2’ =0 in M
and hence f"z" = 0in M’, so z/f" =0 in M}. (A more sophisticated way of
saying the same thing is that the A-module Ay is flat, cf. [Bbki] AC II.)

3) Sums and products. We have (M@&M')y = M@ M} and (M @4 M) =
My ®4 ; M Ji These formulae are left to the reader as an exercise.
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Example 7.4: The exact sequence associated to a closed subset. Let W be a
closed subset of V' defined by an ideal I = Iy (W) in A. Then we have an
exact sequence 0 — I — A — A/I — 0 which, on passing to sheaves, gives

us0—1— A— A/I — 0, which is simply the fundamental exact sequence
0 — Jw — Oy — Ow — 0. (This can be proved by noting that W is an
affine variety and I'(W) = A/I, or, alternatively, by a direct calculation in a
standard open set D(f).)

Definition 7.5. A Oy -module isomorphic to a Oy -module of type M is said
to be quasi-coherent. If M is of finitely generated over A, we say that M is
coherent. We will sometimes simply say a quasi-coherent sheaf rather than a
quasi-coherent Oy -module.

Remark 7.6. The functor M +— M is an equivalence of categories between the
category of A-modules and the category of quasi-coherent Oy-modules (this
functor has a “quasi-inverse”, namely the functor of global sections I'). Once
again, in the affine case, everything essentially depends on the ring A = I'(V).
We note that there are non quasi-coherent sheaves on affine algebraic varieties
(¢f. [H] 1T 5.2.3 or Exercise III, B.5 below) but we will not deal with them in
this course.

When dealing with quasi-coherent sheaves on affine algebraic varieties,
there is no fundamental difficulty with surjectivity of homomorphisms of
sheaves.

Proposition 7.7. Let 0 — F' — F — F" — 0 be an exact sequence of quasi-
coherent sheaves on an affine algebraic variety X. We have the following exact
sequence:

0— I'(X,F) — I'(X,F) == (X, F") — 0.
Proof. The only problem is to prove the surjectivity of 7. This will be done
in Chapter VII when we prove that the cohomology group H' (X, F’) is zero.

The following proposition, whose proof can be found in [H] II §5, shows
that the property of being quasi-coherent is local.

Proposition 7.8. Let X be an affine algebraic variety and let F be a Ox-
module. Then F is quasi-coherent (resp. coherent) if and only if there is an
affine open covering U; of X such that I'(U;, Ox) = A; and A;-modules M;
(resp. of finite type) such that, for every i, Fly, ~ M;.

This proposition justifies the following definition.

Definition 7.9. Let X be an algebraic variety and let F be a Ox-module. We
say that F is quasi-coherent (resp. coherent) if there is an open affine covering
of X, Ui, such that Fly, is quasi-coherent (resp. coherent) on each U.
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We have the following proposition on tensor products of quasi-coherent
sheaves.

Proposition 7.10. Let X be a variety and let F and G be two quasi-coherent
sheaves on X. Then

a) The sheaf F ®p, G is quasi-coherent;

b) For any affine open set U in X

(f ®ox g)(U) = f(U) ®OX(U) g(U)

Proof. If U is an open set, then (F ®oy G)lv = Flv ®o, G|u (since these
two sheaves are associated to the same presheaf W — F(W) @0 (w) G(W)
on U). If U is affine and we set A = I'(U,O0x), F = I'(U,F), G = I'(U,G),
then (F @0y )y = F ®z G = F ®4 G, which proves the above two claims.

8 Projective varieties

a. Definition of the structure sheaf

We use the same notations as in Chapter II.

Let V' C P" be a projective algebraic set with its Zariski topology. We will
put an algebraic variety structure on V. Of course, it will be enough to define
the structure sheaf on the basis of open sets DT (f), where f € I,(V) is a ho-
mogeneous polynomial of positive degree (¢f. Chapter II, 6.2). To get an idea
of how to define this sheaf, let us look at the open set Uy = DT (X(). We know
that there is a bijection j : k™ — Uy defined by (&1,...,&,) — (1,&1,...,&n)
whose inverse is (zg, . .., Zn) — (21/%0, - .., Tn/x0). On Uy the good functions
correspond to the polynomial functions on k™, namely the polynomials in
x1/Z0, ..., Tn/xo. In other words, we set I'(Uy, Opn) = k[X1 /X0, ..., Xn/Xo]-
This ring is contained in the localisation of k[ Xy, ..., X,,] relative to X: how-
ever, considering only polynomials in variables X;/Xj is equivalent to taking
only those members of the localised ring of the form F/X(, with F homoge-
neous of degree r. This leads us to the following definition.

Definition 8.1. Let R be a graded ring and let f € R be a homogeneous
element of degree d. We define a grading on the localised ring Ry by setting
deg(g/f") = e—rd whenever g is a homogeneous element of R of degree e. The
set of elements of degree 0 of Ry is then a subring which we denote by Ry).

Remark 8.2. If we consider R = I(V) and a homogeneous f € R of de-
gree > 0, then the elements of R(y) have the following great advantage: they
define functions on the open set D*(f). A change of homogeneous coordinates
multiplies the numerator and denominator by the same scalar.



8 Projective varieties 53

Definition 8.3. Let V' be a projective algebraic set. We define a sheaf of
k-valued functions on V' by setting

L(D*(f),0v) = In(V)y)
for any homogeneous f € I'y (V') of degree > 0.

The reader will check using Remark I1.6.1.b that, as in 2.4, the conditions
of 2.1 are satisfied and so this definition does indeed give us a sheaf on V.
NB: it is important that we only consider elements f of degree > 0. If it were
possible to apply 8.3 to f = 1, we would have D¥(f) = V and the global
sections of Oy would be the degree 0 elements of I, (V), i.e., the constant
functions. But if V' is not connected, there are other possible sections on V—
namely the functions which are constant on each component of V.

Proposition-Definition 8.4. Let V' be a projective algebraic set. The ringed
space (V,Oy) (with the sheaf defined above) is then an algebraic variety. An
algebraic variety which is isomorphic to a projective algebraic set (resp. an
open set in a projective algebraic set) with the sheaf defined above will be
called a projective variety (resp. a quasi-projective variety).

Proof. We start by reducing to the case V = P™. Assume V C P". Consider
f € I,(V), the image of a homogeneous polynomial F' € k[Xy,...,X,]. We
have Dt (f) =V N D™ (F). Moreover, the restriction homomorphism

r: I(DY(F),Opn) — (DT (f),Ov)

is clearly surjective. But Oy is then the image of the sheaf Op~ in the sheaf
of functions in V' (¢f. 2.2), and if P™ is a variety, then V' is simply the closed
subvariety supported on V' (¢f. Example 6.10).

For P™ it will be enough to show that the open sets D (X;) are affine
varieties and by homography it will in fact be enough to prove this for DT (Xg)
(it is clear that homographies are automorphisms of P™ with its ringed space
structure). This is essentially a formal translation of the affine-projective link
seen in Chapter II and will be dealt with in the next paragraph.

b. The affine-projective link

We set Uy = DT (Xy), the set of points of P whose z¢ coordinate is # 0.
There is a bijection j : k" — Uy, defined by

(517"'3571) L — (Lgla-",gn)v
whose converse is given by
(w0, -+ Tn) = (¥1/%0, ..., ¥n/T0).

We consider the Zariski topology on k™ and the Zariski topology induced
on Uy by P™. The following proposition completes the proof of 8.4.



54 III Sheaves and varieties

Proposition 8.5.

1) j is a homeomorphism.

2) j is an isomorphism of ringed spaces between the affine variety (K™, Ogn)
and (Up, Opnly, ).

To prove this proposition we study the homogenisation and dehomogeni-
sation operators in detail. If P is a homogeneous polynomial of degree d in
Ti,..., Ty, then the formula

T T\ P(Ty,....,Tw)
P(—,..., )— b om)
T T, T4

7

(0)

holds in the field of fractions. We will use the following convention: poly-
nomials in k[Xy,...,X,] will be written using capital letters and those in
k[X71,...,X,] will be written using small letters.

i) The b operator. This is a surjective ring homomorphism k[Xy,..., X,] —
k[X1,...,X,] given by

P(Xo,...,Xn) — By(X1,...,Xn) = P(1,X1,..., X,).

Its kernel is the ideal (Xy — 1). We are particularly interested in the case
where P is homogeneous of degree d. In this case we have (in the field of
fractions k(Xo, ..., Xn))

(&é &> P(Xo,...,X,)
TO\Xy X0 Xy Xg '

X, Xn>

(1) Pb(fo,...,yo

We note that if P is homogeneous of degree d, then P, is of degree d if
and only if Xy does not divide P.

ii) The operation . NB: this operation is not a homomorphism. Contrary
to the operation b, it goes from k[X1,...,X,] into k[Xo,..., X,]: if p €
k[X1,...,X,], p* is the homogeneous polynomial of smallest degree of
k[Xo, ..., X,] such that p = (p?),. We can describe it as follows: if p =
po + p1 + -+ - + pg, where p; is homogeneous of degree i and py # 0, then
we set p#(Xo, ..., X,) = X{po + Xg_lpl + -+ 4 pg, or, alternatively,

Xl Xn)

2) (X, Xn) :Xgp<?0,...,f0

iii) Some remarks. If p,q € k[X1, ..., X,], then (pq)* = pfq* (this follows from
Formula (2)).
If p € k[X1,...,X,], then (p'), = p.
If P € k[Xo,...,X,] is homogeneous, then P = (Xo)"(P,)*, where X}
is the largest power of X dividing P. (We reduce to the case where X
does not divide P and use (1) and (2), noting that the degree does not
decrease on passing from P to P,.)
It follows that if P is homogeneous and P, = 0, then P = 0.
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iv) j is a homeomorphism. Since the sets DT (F') and D(f) are bases of open
sets on P™ and k™ respectively, this follows from the following two formu-
lae whose proof is immediate.

a) If F € k[Xo,...,X,] is homogeneous, then
JTHDE(F)) = I (DY (F) N Uo) = D(F),

b) If f € k[X1,..., X,], then 5(D(f)) = D*(f%) N Up.
v) The sheaf isomorphism. Consider a homogeneous F € k[Xp,...,X,] of
degree d. It will be enough to prove there is an isomorphism

F(D+(F) N Uo, Opn) =~ F(D(Fb),(’)kn).

We note that DT (F) N Uy = DT (FX,).

We have I'(D*(F) N Uy, Opr) = k[Xo,...,Xpn](rx,) and the elements
of this ring are functions of the form P/(FXj)", where P is homoge-
neous of degree r(d + 1). They are also exactly the elements of the form
P/FTX¢§, where P is of degree rd + s (it is enough to multiply the nu-
merator by a power of F or X to recover the above form). On the other
hand, F(D(Fb), Okn) = k[Xl, ce 7Xn]F|,-

To define the required map ¢ we start with the morphism b

k[ Xo,...,Xn] — k[X1,...,X,]. Since (FXyp), = F,, this homomor-
phism induces a homomorphism % on local rings

1/) . k[XOwqun]FXg E— k[Xl,...,Xn]Fb,
and we construct ¢ by composing ¥ with the natural injection
i: k[Xo, N 7Xn](FX0) — k[Xo, N ,Xn]FXO.
It remains to prove that ¢ is indeed an isomorphism. Note that
@(P/F"X() = B/ F;.
1)  is injective.
If P,/F] =0, then P, = 0 and hence P = 0 (cf. iii).

2)  is surjective.
Consider p/F!" € k[X1,...,X,]r,; we have p/F = @(X§p*/F"), where
s=rd—degp € Z.

This completes the proof of 8.5 (and hence also of 8.4).

Remarks 8.6.

1) Projective space P" is irreducible. This follows from 8.5 and Exercise
I, 4.b.

2) We will prove in 11.8 that all open sets DT (F) in P™ are open affine
sets. It follows that the open sets DT (f) in V C P™ are also open affine sets.

In the following proposition we describe the local ring of P™ at a point.
For a proof see Exercise III, B.4.
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Proposition 8.7. Consider x = (x¢,...,x,) € P® and I, = I,({z}) the
homogeneous prime ideal of polynomials vanishing at x. Then the local ring
Opn s k[Xo, ..., Xu](1,), the subring of the local ring k[Xo, ..., X,]1, con-
sisting of elements of degree 0. If xg = 1 and we set & = (x1,...,x,), then
the homomorphism b induces an isomorphism from Opn ; to Ogn ¢.

The following proposition confirms that there are no non-trivial global
functions on a projective algebraic variety. It will be proved in Chapter VIII
(cf. also Problem II, 3).

Proposition 8.8. Let X be an irreducible projective algebraic variety. Then
I'(X,0x) =k (the only global sections of Ox are the constant functions).

9 Sheaves of modules on projective algebraic varieties

Let X be a projective algebraic variety equipped with an embedding into P™.
We will give a definition of sheaves of modules on X similar to the definition
of § 7 in the affine case but which acts on graded modules (¢f. Chapter 11, 7.5).
We set R = I,(X). It is important to note that this ring, and particularly its
grading, depends on the choice of embedding (cf. 11.6 below).

Definition 9.1. Let M be a graded R-module. We define a Ox-module M on
the standard open sets of X as follows: if f € R is homogeneous of degree > 0,
then M(D+(f)) = M(f).

Of course, My denotes the submodule of My (cf. §7) consisting of ele-
ments of degree 0, i.e., elements of the form z/f", where x is homogeneous
of degree ndeg f.

Remarks 9.2.

1) We have R = Ox.

2) Restricting to the affine open set DT (f) whose ring is Ry we check
that the sheaf M is simply the sheaf M\(f/) associated to the R(y)-module My

defined in §7 in the affine case. In particular, the Ox-module M is quasi-
coherent (and is coherent if M is an R-module of finite type). Conversely, all
quasi-coherent O x-modules are obtained in this way (cf. 9.8.2).

We consider the category of graded R-modules whose morphisms are the
homomorphisms of degree 0 (i.e., degree-preserving morphisms cf. Chapter II,
7.5). We then have the following analogue of Proposition 7.3.

Proposition 9.3. The correspondence M +— M is functorial, exact and com-
mutes with direct sums and tensor products.
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Proof. The proof is essentially identical to the proof of 7.3, except for the
part concerning the tensor product. To do this we start by checking that we
can define a graded R-module structure on P = M ®r N by setting_\& =
> ptq=n Mp ® Ng. We then construct a morphism ¢ : ]\7®1§ N —M®gN.
It is enough to do this on the open sets DT (f), and on these sets we set
olx/fr@y/f) = (x@y)/f . We check that ¢ is an isomorphism of Ox-
modules. It is enough to do this on open sets DT (f) such that f of degree 1,
since these open sets cover X. The inverse isomorphism is obviously given
over such sets by (x ® y)/f" — x/fP ® y/f?, where p = degz and g = degy.
(If f is not of degree 1, we still have an isomorphism which is slightly less
trivial but which will not escape the attentive reader.)

For the exact sequence, the following result, which is more precise, holds.

Proposition 9.4. Let ¢ : M — N be a homogeneous degree 0 morphism
between graded R-modules. Assume that, for large n, o, : M,y — N, is sur-
jective. Then @ : M — N is a surjective map of sheaves.

Proof. We choose an open set DV (f), where f is homogeneous of degree > 0.
It will be enough to show that ¢(s) : My — Np is surjective. Consider
y/f" € N(y). For large enough s, f*y is in the image of ¢ and hence so is
y/f" = fy/f7+. QED.
Ezxample 9.5: The exact sequence associated to a closed set.

Let X be a projective algebraic variety, set R = I',(X) and let Y be a
closed subset of X defined by a homogeneous ideal in R, I = Ix(Y). There is
then an exact sequence of graded R-modules 0 — I — R — R/I — 0, which

on sheafifying gives an exact sequence 0 — I—R— R/I — 0. Once again,
this sequence is simply the fundamental exact sequence 0 — Jy — Ox —
Oy — 0, as can be checked directly over the open sets DT (f).

We now define sheaves Opn(d) and Ox(d) on a projective variety X.
Their advantage over the structure sheaf is that whenever d > 0 they have
global sections, namely the homogeneous polynomials of degree d. We start
by defining shifted modules.

Definition 9.6. Let R be a graded ring and let M = @,,., My be a graded
R-module. The module M (d) is the graded module which is equal to M except
that the grading is shifted: M (d)p, = Mgty

We note that a shift operation does not alter the exactness of exact se-
quences of modules.

Definition 9.7. Let X be a projective algebraic variety embedded in P™ and
consider R = I',(X). The sheaf Ox(d) is the sheaf associated to the shifted
module R(d); Ox(d) = R(d). If F is a Ox-module, then we write F(d) for
the sheaf F @0, Ox(d) (cf. 6.11).

The sections of Ox (d) over the open set DT (f) are therefore the degree d
elements of R(f), i.e., elements of the form a/f", where dega — rdeg f = d.
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Remarks 9.8.
0) Warning. The sheaves Ox(d) depend fundamentally on the grading
on R, and hence on the chosen embedding of X in P™.

1) If M is a graded R-module, then M (d) = M @0, Ox (d) = M(d). (This
follows from the fact that tensor products commute.)

2) We now seek an inverse functor. Since sheaves on projective varieties
generally have too few functions, sections of the sheaves F(d) (for all d in Z)
will play the role in projective theory played by global sections of F in affine
theory. However, the correspondence between sections and sheaves is less per-
fect in projective geometry. More precisely, if F is a Ox-module, then we
define a graded R-module I,(F) by the formula

I'(F) = dEeBZ I'(X,F(d)).

(The module structure comes from the natural map

I'(X,0x(p) @ I'(X, F(q)) — I'(X, F(p+4q)).)
We can check that if F is a sheaf, then F ~ I',(F): in other words, I, is
a right inverse of = (¢f. [H] Chapter II, 5.15). In particular, a module is
quasi-coherent (resp. coherent) if and only if it is of the form M (resp. M for
some M of finite type).

3) NB: this functor is not, however, a left inverse. If the given sheaf F is of
the form M, then the modules M and I',(F) are not necessarily isomorphic.
More precisely, there is a natural homomorphism rg : My — I'(X, M (d)) for
each d which associates to x € My the element x/1in M(4(d) (note that these
sections glue together to form a global section). This gives a homomorphism of
degree 0, r : M — I.(F), but we have to be careful because r is not generally
either injective or surjective (cf. Chapter VII or consider the case where X
is not connected, M = R and d = 0). However, we will show in Chapter VII
that if M is of finite type, then 7,4 is an isomorphism for large enough d. (The

moral is that the sheaf M actually only depends on the terms of large degree
in M.)

For P™, however, the global sections are what we expect.

Proposition 9.9. Let Ry be the vector space of homogeneous polynomials of
degree d in Xg,...,X,. Then

0 if d < 0

(P, Op.(d) = {Rd Fdo o

In particular, I'(P™ Opn) =k (cf. 8.8).
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Proof. Consider f € I'(P™,Opn(d)), f # 0. By definition its restriction to
the open set D' (X;) is a rational function of the form P;(Xo,...,X,)/X],
where P; is homogeneous of degree d + r. After simplifying if necessary
we can assume that X; does not divide P. Likewise, f|D+(Xj) is of the
form P;(Xo,...,Xn)/X;, where P; is homogeneous of degree d + s and X
does not divide P;. Since these elements are restrictions of f, they coin-
cide on the intersection DT (X;X;) and hence are equal in the localised ring
k[Xo, ..., Xn](x,x,) or in the field of rational fractions k(Xo,..., X,). It fol-
lows that X7 P; = X P;, but since X; does not divide P;, this is only possible
if » = 0 and likewise s = 0, so P; = P;. The section f is therefore given by a
homogeneous polynomial P; of degree d which is independent of i.

Corollary 9.10. We have

dimy, I'(P", Opn (d)) = (“ Z d) .
Remark. Unlike affine varieties, whose spaces of sections are rarely finite di-
mensional (this only happens for finite varieties c¢f. Chapter I, 4.8), the space
of sections over projective space of a sheaf Opn (d) is finite dimensional. This
is a general phenomenon: we will show in Chapter VII that if F is a coher-
ent sheaf on a projective algebraic variety X, then the space I'(X,F) is a
finite-dimensional k-vector space.

10 Two important exact sequences

a. The exact sequence of a hypersurface

We work in projective space P™ and we consider a homogeneous polynomial of
degree d > 0, F' € R = k[Xy, ..., X,], which is non-zero and has no multiple
factors. Let X = V,,(F) be the projective hypersurface defined by F. We know
that the ideal I(X) is equal to (F') by the Nullstellensatz. Multiplication by F'
induces an isomorphism of graded R-modules R(—d) — I(X). (Be careful
when dealing with shifts: here we have to make sure that the constant 1, whose
image is F', has the same degree, namely d, on both sides of the equation.)
Passing to sheaves, we have the following exact sequence

0 — Opn(—d) —L Opn — Ox — 0.

b. The exact sequence of a complete intersection

Proposition 10.1. Let F,G € R = k[Xq, ..., X,] be two homogeneous poly-
nomials of degrees s and t without common factors and set I = (F,G). We
have an exact sequence of graded R-modules

0— R(—s—1) -2 R(—s) @ R(—t) -2 T — 0,

where (C) = (—CG,CF) and (A, B) = AF + BG.
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Proof. We note that the maps are indeed homogeneous of degree 0. It is clear
that ¢ is a surjective map onto I. Let us find its kernel: if AF'+ BG = 0, then
AF = —BG, but since F and G are coprime, F' divides B and hence B = CF
and it follows that A = —C'G. And, finally, since R is an integral domain, it
is clear that ¢ is injective.

Corollary 10.2. With the above notation we consider V.= V,(F,G). We
assume that I,(V) = I = (F,G) (in other words, we assume this ideal is
radical). We then have the following exact sequence:

0 — Opn(—s—1t) — Opn(—s) ® Opn(—t) — Jy — 0.

When F' and G have no common factors, we say that the variety V =
Vo(F, Q) is a complete intersection of the hypersurfaces V(F') and V(G) and
we express the fact that I(V) = (F, G) by saying that V is a scheme-theoretic
complete intersection of the hypersurfaces in question. NB: a set-theoretic
complete intersection is not always a scheme-theoretic complete intersection
(cf. the space cubic in Exercise 11,4).

For more examples of calculations of “resolutions”, see Exercise II.

11 Examples of morphisms

a. Some remarks on morphisms

Let (X,0x) and (Y, Oy) be algebraic varieties and let ¢ : X — Y be a map.
We wish to know under what conditions ¢ is a morphism.

Proposition 11.1. The fact of being a morphism is a local condition: given
an open cover V; of Y and for each i an open cover Us; of 0~ (V;), then ¢ is
a morphism if and only if for all i,j, ¢|v,, : Usj — V; is a morphism.

Proof. Only the “if” part needs to be proved. We note that ¢ is continuous.
If V is an open set of Y and f € I'(V, Oy), then the restriction f; of f to V;
is a section, and hence f;p restricted to U, ; is a section, so f¢, obtained by
gluing, is also a section.

Proposition 11.2. If Y is affine, it is enough to consider global sections:
is a morphism if and only if for any f € I'(Y,Oy), fe € I'(X,Ox).

Proof.
1) Assume that X is affine. Then ¢ is regular and we are done by 3.5.

2) To prove the result in general, take an open affine covering of X: the
proposition follows from 11.1 plus the case where X is affine.
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Remarks 11.3.
1) It can be proved that the natural projection from k"*1 — {0} to P" is
a morphism.

2) If ¢ : X — Y is a morphism and V and W are subvarieties of X and Y
respectively such that (V) C W, then the restriction |y : V. — W is a
morphism.

b. Applications to morphisms from P™ to P™

Consider m + 1 polynomials Fy, ..., F,, € k[Xo,...,X,], homogeneous of the
same degree d. We then define a map

p:2=P" -V, (Fy,...,F,) — P™

by setting ¢(x) = @(zo,...,zn) = (Fo(z),..., Fn(x)).

Don’t forget that 1) the coordinates of a point in projective space are
not all 0, which is why ¢ is not defined on the whole of P™, and 2) these
coordinates are homogeneous, which is why all the polynomials F; must be of
the same degree.

Proposition 11.4. With the above notations ¢ is a morphism of varieties.

Proof. We apply 11.1 and 11.2 using the affine cover DT (X;) of P™. The
inverse image of DV (X;) is the open set DT (F;), and these open sets cover {2.
If g is in I'(D*(X;),Opm), then g = G(Xo,...,X)/X! and

g(p = G(Fo(Xo, e 7Xn)7 .. .,Fm(XO, e ,Xn))/FZ(XQ, e ,Xn)T

is indeed an element of I'(D*(F}), Opn).

Remark 11.5. If V is the closure of the image of ¢, then Remark 11.3 shows
that ¢ also defines a morphism from P™ — V,(Fy, ..., F,,) into V.

Ezxamples 11.6.

a) Parameterising conics. We consider the morphism ¢ : P! — P2 given by

p(u,v) = (u?,uv,v?).

This morphism is defined on the whole of P! since the polynomials u?, uv, v?

have no common zeros on P!. It is clear that its image is contained in the
conic C' = V,,(XT —Y?) and it is easy to see that ¢ : P! — C is bijective: we
will show that it is in fact an isomorphism.

To do this we note that C is covered by affine open sets DT (X) and
DT (T) in P?. We know that these open sets are isomorphic to k2. For DT (X),
for example, the isomorphism is given by (1,y,t) — (y,t). This induces an
isomorphism j from C'ND*(X) onto C,, an affine conic defined by y? —t = 0.
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We also have an isomorphism i from k onto DT (u) C P! given by v — (1,v).
Composing these maps, we get maps

k- Dtu) £ pH(xX)nC - G,

such that v — (1,v) — (1,v,v?) — (v,v?), and since the composition of these
three morphisms is clearly an isomorphism, ¢ is an isomorphism from D™ (u)
to DT(X) N C. A similar argument with respect to v and T completes the
proof of this result.

Warning: in this example, even though P! and C are isomorphic, their
associated graded rings are not the same. The morphism ¢ induces a homo-
morphism

©*: IL(C) = k[X,Y,T]/(XT — Y?) — I,(P') = k[U, V],

given by the three polynomials U2, UV, V2. But this homomorphism is not an
isomorphism (its image is the subring k[U?, UV, V?]) and does not preserve the
grading. Indeed, the two rings are not isomorphic (the localisation of I},(C)
at the ideal (X,Y,T) is not regular because it corresponds to the vertex of
the affine cone V(XT — Y?2), ¢f. Chapter V).

b) The space cubic. We now consider the morphism ¢ : P! — P3 given by
o(u,v) = (u?,uv, uv?,v3) (cf. Exercises I1). A similar argument shows that ¢

is an isomorphism from P! to the curve
C=V(XT-YZ Y?*-XZ, 7> -YT).

¢) The Veronese map. This generalises the above example. Let d be a positive
integer and denote by My, My, ..., My the monomials of degree d in variables
Xo,...,Xp, so that N = ("Zd) — 1. The Veronese map (associated to this
ordering on the set of monomials) is the morphism g : P* — P given by

wd(xo, ... xn) = (Mo(x),..., My(x)).
We consider the homomorphism
0: k[Yo,...,Yn] — k[Xo,..., X,]
sending Y; onto M;. We let I be its kernel. We then have the following result.

Proposition 11.7. The Veronese map @q is an isomorphism from P" to the
projective algebraic variety V = V,(I) (called the Veronese variety).

The proof of this proposition is not difficult (modulo a suitable choice of
notation, c¢f. Exercise 111, B.3).

The Veronese map is useful because it transforms a hypersurface in P"
into a hyperplane in P¥, which sometimes allows us to reduce to this case.
For example:

Proposition 11.8. Consider F € k[X, ..., X,], a homogeneous polynomial
of degree d. The open set DT (F) is then an open affine set in P™. (It follows
that in a projective algebraic variety V all the sets DY (f) are open affine
sets.)
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Proof. We write F' = Zz a; M; (where the terms M; are the degree d mono-
mials). Under the Veronese morphism, the monomials M; correspond to co-
ordinates Y; and hence pq(DT(F)) = DY (H)NV, where H = ", a;Y; is now
of degree 1. But DV (H) is isomorphic to DT (Y;) via a homography, and this
latter is an open affine set. Since DV (F) is isomorphic to a closed subset of
DT (H), it is also an affine variety.

Exercises A

1 Sheaves and sheaves of functions

Let X be a topological space and let F be a sheaf on X. Consider P € X and let Ep
be the set of pairs (U, s), where U is an open set containing P and s € F(U). We
check that we can define an equivalence relation on Ep as follows: (U, s) ~ (V,t) if
and only if there is an open set W containing P, W C U NV such that s|w = t|w.

The equivalence class of (U, s) is called the germ of s at P. We denote it by sp.
We denote the set of germs by Fp: this is the fibre of F over P. We say that Fp is
the inductive limit of the spaces F(U) for P € U.

We set K = [[pcx Fr (the disjoint union of the spaces Fp). Show that it is
possible to define an injection iy from F(U) to the set of functions from U to K by
setting iy (s)(P) = sp. Show that the maps iy are compatible with restrictions and
hence F is a subsheaf of the sheaf of functions from X to K.

2 Sections over an open set

Let V be an affine algebraic variety. We assume that I'(V) is a factorial ring (this

is the case if V = k", for example).

a) Let fi1,..., fn € I'(V) be non-zero elements and let h be their ged. Prove that
D(f1)U---UD(fn) C D(h) and the natural restriction homomorphism

r: (D(h),Oy) — I'(D(f1)U---UD(fn),Ov)

is an isomorphism. (Argue by induction on n.)

b) Deduce that if U is an open set in V' and U is not contained in an open set
D(f) different from V', then I'(U,Oy) = I'(V,Oy). An example of this is the
case V = k?, U = k* — {(0,0)}. More generally, I'(U) = I'(V) whenever V — U
is of codimension > 2 in V.

3 Sections and quotients

Consider Q C k* given by Q = V(XY — ZT) with its algebraic variety structure.

Consider Uy and Uz, the open sets of @ defined by y # 0 and z # 0 and set

U=UyUUgz.

a) Prove that the function f from U to k defined by f(z,y, z,t) = x/z (resp. = t/y)
if P=(z,y,z,t) € Uz (resp. if P € Uy) is an element of I'(U, Og).

b) 9 Prove that f is not the restriction to U of a quotient G/H, where G, H are
elements of k[X,Y, Z, T| such that H(P) # 0 for all P € U.

(Note that this implies that V' (Y, X), which is of codimension 1 in @Q, cannot be
defined by a unique equation (cf. Chapter IV).)
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4 To be or not to be affine

Prove that k* — {(0,0)} with the open subvariety structure inherited from k2 is
not an affine variety. (Consider its inclusion into k* and use Exercise 2 and the full
faithfulness of the functor V — I'(V)) on affine varieties.)

5 To be or not to be isomorphic

Prove that k is not isomorphic to k — {z1,...,2z»} for n > 1. (Look at the invertible
elements in their rings.)

6 A local criterion

Let ¢ : X — Y be a morphism of varieties. Prove that ¢ is an isomorphism if and
only if the following two conditions are satisfied.

i) ¢ is a homeomorphism,
ii) For any € X, ¢™ : Oy ,(2) — Ox,« is an isomorphism.

7 Semicontinuity of rank

Let X be an affine variety with associated ring A = I'(X,Ox), let M be an A-
module of finite type and let F = M be the corresponding sheaf on X. Consider
a point * € X corresponding to a maximal ideal m, in A and let k(z) be its
residue field (which is isomorphic to the base field k). We set F(z) = M ®a4 k(z).
(Be careful not to confuse this object with F, the sheaf fibre, which is the tensor
product with the local ring M ®4 An,. The link between the two is given by the
formula F(x) = Fyp/maFz.)

a) Prove that F(z) is a finite-dimensional k-vector space.

b) Set U, = {z € X | r(z) = rank(F(z)) < n}. Prove that U, is open in X or,
in other words, that the function r is upper semi-continuous. (Use Nakayama,
¢f. Summary 2.)

¢) Generalise the above result to a not necessarily affine variety X and a coherent
sheaf F.

d) Assume that X is connected and F is locally free (i.e., for any € X there
is an affine open set U in X containing x over which F is isomorphic to OF).
Prove that the function r is constant on X.

e) 9§ Conversely, suppose that r is constant. Prove that F is locally free. (Start by
lifting a basis 71, ..., T, of F(x) over k to z1,...,z, in F, or even to F(U) for
some open affine set U containing = and prove that these elements form a basis
for F(U) over I'(U, Ox).)
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8 Direct and inverse images of sheaves

The ideas introduced in this exercise are of fundamental importance in algebraic
geometry. However, they will not be used in the rest of this book. More details can
be found in [H].

Let ¢ : X — Y be a morphism of varieties and let F be a sheaf on X. We defined

in 6.9 the direct image sheaf . F via the formula . F(V) = F(¢~'V), where V is
an open set of Y. The aim of this exercise is to define an inverse map ¢~ ' and study
its properties.

1)

Let G be asheaf on Y and let U be an open set on X. Prove that we can define an
equivalence relation on pairs (V, s), where V' is an open set of Y containing ¢ (U)
and s is an element of G(V), by setting (V,s) ~ (V',s’) if and only if s and s
coincide on an open set V" containing ¢(U) and contained in V' N V’. (This
definition is analogous to the definition of germs of functions in 5.1.) The set of
equivalence classes for this relationship is denoted by @5 'G(U) (in sophisticated
language we call it the inductive limit of the spaces G(V') for V' D ¢(U)). This
defines a presheaf on X and the associated sheaf on X is called the inverse image
of G and denoted apflg, i.e., Lp*lg = 4p51g+. Prove that the operation 3071 is
functorial.

Prove that the fibres ¢ 'Gp and G, (p) correspond bijectively (cf. Exercise 1).

Prove that if ¢ is open, then, for every open set U in X, ¢ 'G(U) = G(pU).
Prove that if X is an open set of Y and ¢ is the inclusion, then cpflg = G|x
(and in particular, o 1Oy = Ox).

Prove that the above formula is not true in general even if X is a closed subset
of Y. (Take X to be a point and use 2).)

Let F (resp. G) be a sheaf over X (resp. over Y'). Prove that there exist natural
morphisms A : ¢ ', F — F and p : G — @.«p 'G. Deduce the following
identity (called the adjunction formula):

Homx (¢~ 'G, F) ~ Homy (G, ¢« F).

9 Direct and inverse images of Oy-modules

1)
2)

Let ¢ : X — Y be a morphism of varieties.

Prove there is a sheaf morphism j : ¢ *Oy — Ox. (Use 8.5 above.)
Let G be a Oy-module. Prove that we can define a Ox-module, called the inverse
image of G and written ¢*G, via the formula

¢ G=¢"'G®,-10, Ox.

Prove that this operation is functorial. Prove that ¢*Oy = Ox.

Let F (resp. G) be a Ox-module (resp. a Oy-module). Prove that there are
natural morphisms A : p* . F — F and p : G — p.¢*G. Deduce the following
formula (called the adjunction formula):

Homo, (¢"G, F) ~ Homo, (G, 0+ F).

Assume that X is a (closed or open) subvariety of Y and that ¢ is the canonical
injection.
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a) Let F be a Ox-module. Prove that ¢*p.F ~ F.
b) Let F and F be two Ox-modules. Prove that

Homoy, (0« F, 0« F') ~ Homo,, (F, F').

¢) Prove that ¢. and ¢ provide an equivalence of categories between Ox-
modules and Oy-modules of the form ¢.F. This equivalence of cate-
gories is the theoretical justification for our identification of F and ¢.F

in Chapter III, 6.10.
5) Assume that X and Y are affine with associated rings A and B respectively.
There is therefore a ring homomorphism f : A — B associated to ¢. Let M
(resp. N) be an A-module (resp. a B-module). Prove the following formulae:

@*M =M ®a B and gp*ﬁ = N\[;p where Nj4; denotes the A-module obtained
from N by reduction of scalars to A.

Exercises B

1 Homogenisation and dehomogenisation

In projective space P" (k) with homogeneous coordinates zo, . . . , x,, we identify affine
space A" (k) with the open set Uy defined by xg # 0. The hyperplane “at infinity”
zo = 0 is denoted by Ho. We will study the relationships between the algebraic
subsets of A" (k) and P"(k).

We recall the following definitions.
For any P € k[Xo, X1,...,Xx], B(X1,...,Xn) = P(1, X1,..., Xn).
For any p € k[X1, ..., Xn], p*(Xo, X1,..., Xn) = X5®"p(X1/Xo, ..., Xn/X0).

The notations below will be used throughout the following.

If I is an ideal of k[X1, ..., X,], then I* is the ideal in k[Xo, X1, ..., Xy] gener-
ated by the elements {p* | p € I}.

If J is an ideal in k[Xo, ..., X»], then J, is the ideal in k[X1,..., X,] generated
by the elements {P, | P € J}.

If V (resp. W) is an algebraic set in A" (k) (resp. P"(k)) of the form V = V(1)
(resp. W = V(J)), then V* (resp. W,) is the algebraic set in P" (k) (resp. A"(k))
defined by I* (resp. J,).

1) Prove that the operations b and f are increasing on algebraic sets.
2) a) Prove that (V*#), = V.
b) Prove that V* is the closure of V in P".
¢) Prove that if V.= Vi U--- UV, is the decomposition of V into irreducible
components, then the sets V;# are the irreducible components of V.

3) a) Prove that W, = W N Up.

b) Assume that no irreducible component W; of W is contained in Hy. Prove
that (Wb)n = W and the components of W, are the sets Wj,.

4) Prove that I is radical if and only if T t is radical. Prove that if .J is radical, then J,
is radical. What can you say about the converse? Prove that I(V*) = I(V)* and
I(W,) = 1(W)s.

5) Let I be the ideal of k[X,Y, Z] generated by F and G, where F =Y — Z? and
G = X — Z3. Is the ideal I' generated by F* and G*? (cf. Exercise II, 4.)
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2 Resolution of a graded module

Let R be a graded Noetherian ring, R = @©,>0R, and M a graded R-module of
finite type, M = @®nezM,. We denote by M (n) the shifted module defined by
M(n)p = Mnip.
1) Prove that M is generated by a finite number of homogeneous elements.
2) Prove there is a surjective homomorphism p : Lo — M such that Lo is a graded
R-module of the form @®;_; R(n;) and p is homogeneous of degree 0, i.e., p sends
an element of degree n to an element of degree n.
3) Prove that M has a graded resolution, i.e., there exists an exact sequence

Ly M L Lo M — 0

such that the spaces L; are of the above form and the maps u; are degree zero
homogeneous morphisms. (Start by considering the kernels of p and the maps
ui.)

3 The Veronese map

Our aim is to prove Theorem III, 11.7. Let n and d be numbers > 0 and set
A={a=(ao,...,an) €N | > 0 and Y7 0 = d}.

We note that |A| = (”jlrd). We set |A| = N + 1.

The support of o € A is the set of indices i such that a; # 0. Its cardinal is
called the breadth of a.

Consider distinct integers 4,5 € [0,n]. We denote by (4,7) (resp. (¢)) the ele-
ment « in A defined by a, = 0 for k # 4,7; a; =d — 1; a; = 1 (resp. a, = 0 for
k #iand o; = d).

If Xo,...,Xn are variables, then for any o € A we set X% = X0 .-- X",

We consider the map ¢ : P* — P¥ defined by the formula

90(1‘07 O ‘r") = ((xa)aEA) = ((«fgo e Iz")),

1) Prove that ¢ is an injective map.
2) Consider the ring homomorphism

01 K[(Ya)l@ea) — kX0, ..., Xn]

defined by 6(Ya) = X¢. Set I = Kerf and consider V = V,(I) (the Veronese
variety).
Prove that I is a homogeneous ideal and o(P™) C V.

3) Consider «, 3,7, € A. We assume that o+ 3 = v+ 4. Prove that Y. Yz — Y, Y5
is in the ideal I.

4) Prove that the open sets DT (Y(;)) cover V. (Consider y = (yo) € V. Our aim
is to prove that one of the elements y(;) is # 0. Argue by contradiction, by
considering a non-zero y, of minimal breadth and using 3.)

5) We define ¢ : D™(Y(;) NV — DT (X;) by the formula

w((ya)) = (y(i,O)a Y1)y Y@y - - 7y(z,n))

Prove that ¢ and 1 are mutually inverse morphisms on the open sets in question.
6) Prove that ¢ gives an isomorphism from P" to the Veronese variety V.
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4 Local rings in projective space

Our aim is to prove Proposition III, 8.7.

Consider z = (zo,...,2n) € P". We consider the ideals m, and I, in
k[Xo,...,Xn] defined as follows: my = (Xo — zo,...,Xn — @n) and I, is the ideal
generated by the polynomials z; X; — z;X; for 0 <7 < j < n.

1) Assume zo # 0. Prove that I, is generated by polynomials X; — %Xo for
i =1,...,n. Prove that I, C mg.

2) Prove that I, is the ideal I,({z}) of polynomials vanishing at z. Deduce that I
is homogeneous and prime.

3) Prove there is a canonical isomorphism

k[)(o7 N ,Xn] (mg) ~ k[)(o7 e ,Xn] (Iz)»

where the brackets indicate that in the localised ring we restrict ourselves to
elements of degree 0.
4) Assume zo = 1 and set

E=(x1,...,2n) and ne= (X1 —x1,...,Xn —xn) Ck[X1,...,Xn]

Prove that the homomorphism b : k[Xo,..., X»] — k[X1,...,X,] sending Xo
to 1 induces an isomorphism
k[XQ, N ,Xn] (mg) = k[X1, ceey Xn]ng-

5) Complete the proof of the theorem.

5 An example of a non quasi-coherent module

Let X be an affine irreducible variety, let a be a point of X and let F be the presheaf
defined over X by the formula

IU,0x) ifa¢l,

F(Ua]:): .
0 ifa € U.

Prove that F is a sheaf, and that it is a non-zero O x-module such that I'(X, F) = 0.
Deduce that F is not quasi-coherent.
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Dimension

Throughout this chapter we work over an algebraically closed base field k.

0 Introduction

Dimension is the first and most natural invariant of an algebraic variety. We
will finally be able to talk about varieties of dimension 0 (points), 1 (curves)
and 2 (surfaces)... We will give a very natural topological definition of di-
mension, which is not always easy to work with, followed by other definitions
which are easier to work with but which depend on results from algebra.

1 The topological definition and the link with algebra
a. Definition

The basic idea we are going to formalise is that any closed irreducible subset of
an irreducible algebraic variety is of smaller dimension than the initial variety.

Definition 1.1. Let X be a set. A chain of subsets of X is a sequence Xo C
X, C --- C X, such that the sets X; are distinct. Such a chain is said to be
of length n.

Definition 1.2. Let X be a topological space. The dimension of X is the
mazximum of the lengths of chains of irreducible closed subsets of X. It is
either a positive integer or +00. We denote it by dim X .

L Of course, this definition is only useful for topologies such as the Zariski topology.
If X is separated, for example, then dim X is always 0.
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b. Some topological remarks

Proposition-Definition 1.3. If Y is a topological subspace of X, then
dimY < dim X. If X s finite dimensional, then we define the codimension
of Y in X to be the number dim X — dimY . If moreover X is irreducible
and of finite dimension and Y is a closed subset different from X, then
dimY < dim X.

Proof. Let Fy C --- C F, be a chain of closed irreducible subsets of Y.
There is then a sequence Fy C --- C F,, of closed irreducible subsets of X
(cf. Chapter I, 3.7). These closed sets are distinct since, for every i, F; =

F; NY, since the sets F; are closed in Y. The theorem follows. The second
statement is obvious (simply add X to a maximal chain in Y).

Proposition 1.4. Let X be a topological space. Assume X = U?Zl X;, where
the sets X; are closed. Then dim X = sup dim Xj.

Proof. Given 1.3 it is clear that dim X > sup dim X;. Conversely, let p be the
sup in question. If p is infinite, the theorem is trivial. Assume not and take a
chain in X of length p+1, Fy C -+ C Fp41. Then F,1q = J!(X;NF,41), but
since Fp41 is irreducible, it is included in one of the sets X;, which contradicts
dim X; < p.

In particular, the above proposition applies when the sets X; are the ir-
reducible components of an algebraic variety X (cf. Chapter III, 4.4). The
problem of dimension is thus more or less reduced to the problem of dimen-
sion of irreducible varieties.

c. Relation with Krull dimension
We recall the definition of the Krull dimension of a ring A.

Definition 1.5. The Krull dimension of A is the maximum of the lengths of
chains of prime ideals of A. We denote it by dimg A.

Ezxample 1.6. A principal ring which is not a field is of dimension 1 (since every
non-zero prime ideal is maximal); k[X4, ..., X,] is a ring of dimension > n,
as the chain (0) C (X1) C (X1, X2) C -+ C (X4,...,X,) shows. In fact, this
ring is of dimension n (cf. 1.9 below).

Proposition 1.7. Let V be an affine algebraic variety and let I'(V) =
I'(V,Oy) be the algebra of regular functions on V. Then

dimV = dimg I'(V).

Proof. This follows from the decreasing bijection (Corollary I, 4.9 of the Null-
stellensatz) between closed irreducible subsets of V' and prime ideals of I'(V').
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d. A fundamental theorem in algebra

The key result of this chapter is the following one, whose proof may be found
in Problem III.

Theorem 1.8. Let A be an integral domain which is a k-algebra of finite type
and let K = Fr(A) be its fraction field. The Krull dimension of A is equal to
the transcendence degree of K over k: dimg A = Op K.

Corollary 1.9. We have dimg k[X1,...,X,] = n. It follows that the affine
space k™ is of dimension n.

Proof. Indeed, the fraction field of k[X7,...,X,] is k(X1,...,X,), whose
transcendence degree over k is n (¢f. Summary 3.2.b).

Corollary 1.10. Let V be an irreducible affine algebraic variety, let I'(V') be
the algebra of regular functions on V and let K(V) be the field of rational
functions on 'V (cf. Chapter I, 6.15). Then dimV = dimg I'(V) = 0, K (V).
In particular, the dimension of an affine algebraic variety V is finite.

Proof. The first claim follows from 1.7 and 1.8. For the second, 1.4 allows us
to assume that V is irreducible and hence I'(V) is an integral domain. As
I'(V) is a k-algebra of finite type, the field K(V) is a k-extension of finite
type and hence its transcendence degree is finite (¢f. Summary 3.c).

e. Passing from a variety to an open subset

Proposition 1.11. Let X be a irreducible algebraic variety and let U be a
non-empty open subset of X. Then dim X = dimU, and this dimension is
finite.

Proof.

1) We treat first the case where X is affine with associated ring I'(X).
The open set U then contains an open standard set D(f), where f € I'(X) is
non-zero and dim D(f) < dimU < dim X. As the ring of D(f) is a localised
ring of the ring of X, these two rings have the same fraction field and hence X
and D(f) have the same dimension by 1.10, hence so does U.

2) The above shows that the non-empty affine subsets of X (which are
irreducible) all have the same finite dimension r (consider the intersection of
two of them).

3) Assume dim X > r. There is therefore a chain Fy C --- C F, such
that n > r. Consider x € Fy and let U be an open affine set containing z.
We consider the closed sets U N F; in U. Being non-empty open subsets of
a irreducible set, they are irreducible: they are distinct because F; N U = F;
(because F; NU is a non-empty open subset of the irreducible set F;). There
is therefore a chain of length n in U, which is absurd.

4) Finally, if U is an arbitrary open set, then U contains an open affine
subset and we are done.



72 IV Dimension

Comment 1.12. The above gives us a method for calculating the dimension
of an arbitrary algebraic variety X.

1) After decomposing X as a finite union of irreducible subsets if necessary,
we reduce to the case where X is irreducible.

2) If X is irreducible, we can, after possibly passing to an affine open set,
assume that X is affine and irreducible.

3) And finally, if X is irreducible and affine, we calculate the transcendence
degree of K(X).

Ezamples 1.13.
1) We have dim P"™ = n. (Reduce to affine space.)

2) An affine variety V of dimension 0 is finite. (Reduce to the irreducible
affine case: the result is then clear.)

Definition 1.13. An algebraic variety of dimension 1 (resp.2) is called a
curve (resp. a surface).

Note that for the moment we allow our varieties to have components of
smaller dimension.

2 Dimension and counting equations

a. The Hauptidealsatz

Let V' be an affine algebraic variety of dimension d and consider f € I'(V).
The aim of this paragraph is to put the intuitive idea that the closed subvariety
V(f) in V should have dimension d—1 on a firm footing. This idea is suggested
in particular by the linear model—i.e., hyperplanes in vector spaces.

We start by noting two extreme cases to be avoided.

Proposition 2.1.
a) V(f) empty < f is invertible in I'(V),
b) V(f) contains an irreducible component < f is a zero divisor.

Proof. Claim a) follows from the weak Nullstellensatz (I, 4.1). To prove b),
note that if f is a zero divisor, then fg = 0 for some g # 0 and hence
V = V(f)UV(g), where V(g) # V. If V; is a component of V, then V; =
(V(/)NV;)U(V(g)NV;) and hence V; is contained in V(f) or in V(g). As not
all the components can be contained in V(g) (since V(g) # V'), V(f) contains
at least one component. Conversely, if V(f) contains a component V;, then
consider some g € I'(V) which is non-zero and vanishes on all the other
components of V' (¢f. Chapter I, 2.2.2). We see that fg = 0.
We have the following definition.

Definition 2.2. An algebraic variety X is said to be equidimensional if all its
irreducible components are of the same dimension.
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Of course, an irreducible algebraic variety is equidimensional.
The following theorem is a geometric version of an algebraic result (Krull’s
Hauptidealsatz, or principal ideal theorem).

Theorem 2.3. Let V' be an equidimensional affine algebraic variety of di-
mension n and let f € I'(V) be an element which is neither invertible nor
a zero-divisor. Then V(f) is an equidimensional affine algebraic variety of
dimension n — 1.

Proof. See [M] Chapter I, § 7 Theorem 2 for an excellent proof. We will restrict
ourselves to the trivial case where V' = k™: f is then a non-constant polynomial

(which we assume to be of degree > 0 in X,,) and we can assume that f is
irreducible (cf. Chapter I, 4.12). Then

rV(f) =klXy, ..., Xa]/(f),

and this ring is an integral domain. We will show that the images x1,...,x,_1
of the variables X; in this ring form a transcendence basis in the field of frac-
tions, which will be enough to show that V(f) is of dimension n—1. Indeed, the
last variable x,, is algebraic over k(z1,...,z,—1) because it satisfies the equa-
tion F(z1,...,Zn—1,%,) = 0. On the other hand, the variables x1,..., 2,1
are algebraically independent, since otherwise we would have a polynomial
equation g(X1,...,X,—1) € (f), but on considering the degree of g with re-
spect to the variable X,, we see that this is impossible.

Corollary 2.4. Let V' be an equidimensional affine algebraic variety of di-
mension n and consider f1,..., f. € (V). If W is an irreducible component

of V(f1,..., fr), then dim W > n —r.

Proof. We proceed by induction on r. We note that for a given r it will
be enough to prove the result for irreducible V' (since W is contained in
a component of V). Assume r = 1 and that V is irreducible. If f; is neither
invertible nor zero we are done by 2.3. Let us note that f; cannot be invertible
(since otherwise V(f1) = &, but this variety contains W which is irreducible
and hence non-empty). If f; vanishes, then V' (f;) =V and the result follows.
And finally, to pass from r — 1 to r we apply the induction hypothesis to a
component of V(f1) containing W.

The reader should be aware of the fact that if f is a zero divisor, then V()
is not necessarily equidimensional or of dimension n or of dimension n — 1.
For example, if V = V(XY) and f = z(x + y + 1), then we can prove that
V(f) is the union of a line and a point.

Of course, for r > 1 equations we cannot improve on this result. (Consider
the case where the functions f; are all the same.)
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b. The intersection theorem

Once again, the inspiration for this result comes from linear algebra—namely,
the lemma on the dimension of the intersection of two subspaces. However, in
the context of algebraic varieties we only get an inequality.

Proposition 2.5. Let X and Y be two irreducible affine algebraic sets con-
tained in k™ of dimensions r and s respectively. Then every irreducible com-
ponent of X NY is of dimension > 1+ s —n.

Proof.
1) Assume first that X = V(F) is a hypersurface. In this case, if f is the
image of F'in I'(Y'), then X NY = V5 (f), and we are done by 2.4.

2) The general case can be reduced to the above by identifying X NY with
the intersection of the product with the diagonal in the product space k™ x k™
(cf. Exercise IV, 1 or [H] Chapter I, 7.1).

c. Converses and systems of parameters

We saw in 2.3 and 2.4 that if we take r equations in an affine variety of
dimension n, then we obtain a subvariety of dimension > n — r and probably
equal to n —r in good cases. Conversely, we might wonder whether or not any
subvariety of dimension n—r (or codimension r) can be defined by r equations.
This is clearly too much to ask for but we will give some partial converses.
We start with the case » = 1. In this case, we will be able to establish a good
converse, provided we make (strong) assumptions on the original variety.

Proposition 2.6. Let V' be an irreducible affine algebraic variety. Assume
that the ring I'(V') is factorial. Let W be a closed irreducible subset of V' of
codimension 1. Then there is an f € I'(V') such that W =V (f).

Proof. We consider I(W), which is a prime ideal of I'(V'). This ideal is of
height 1, which is to say it is minimal in the set of non-zero prime ideals of
I'(V). (This follows from the bijection between irreducible subsets and prime
ideals.) It is enough to check that I is principal since if I(W) = (f), then
W = V(f). Consider g € I(W), g # 0 and decompose g as a product of
irreducible elements g = fy - - f,.. Since I(W) is prime one of the functions f;
is in I(W) and hence (f;) C I(W). But now since I'(V) is factorial, the ideal
fi is prime (by Euclid’s lemma, c¢f. Summary 1.5) and non-zero, and hence is
equal to I(W).

In general we have to make do with the following result.

Proposition 2.7. Let V' be an irreducible affine algebraic variety and let W
be an irreducible affine algebraic subvariety of codimension r > 1. For every s
such that 1 < s < r, there exist f1,...,fs € I'(V) such that:

W CV(fi,...,[fs) and

2) All the components of V(f1,..., fs) are of codimension s.



2 Dimension and counting equations 75

In particular, there are elements fi1,...,f. € I'(V) such that W is an
irreducible component of V(f1,..., fr). We say that the functions f; are a
system of parameters for W.

Proof. We proceed by induction on s. For s = 1 we take f € I(W), f # 0
(I(W) # (0) since V # W). We have W C V(f) and we are done by 2.3.

We now show how to pass from s — 1 to s. The induction hypothesis for
s —1 says that W C V(f1,..., fs—1), and if Y7,...,Y}, are the components of
V(f1, -+, fs—1), then the sets Y; are of codimension s — 1. As s — 1 < r, none
of the components Y; are contained in W and hence I(W) is contained in none
of the ideals I(Y;). By the avoidance of prime ideals lemma (cf. Summary 4.1)
I(W) ¢ Ui, I(Y;), and there is therefore an f, € I(W) such that f ¢ I(Y;)
for all ¢ = 1,...,n. It follows that W C V(fi,..., fs). Moreover, if Z is a
component of V(f1,..., fs), then Z is of codimension < s. Furthermore, Z
is contained in V'(f1,..., fs—1), and is hence contained in one of the compo-
nents Y;, and is not equal to this Y; (since fs ¢ I(Y;)). It follows that Z is of
codimension > s (cf. 1.3) and hence is of codimension s. QED.

Corollary 2.8. Let A be an integral k-algebra of finite type and of Krull di-
mension n and let I be a prime ideal in A. We assume dimg (A/I) =r. Then
there is a sequence of prime ideals of A of length n “passing” through I:

O)=hchc---Clhy,=IC---ClI,.
(We say that the ring A is catenary. ).

Proof. The existence of suitable ideals Ij for k > n —r follows from the defin-
ition of the Krull dimension for A/I. Moreover, A is the ring of an irreducible
affine variety V' and I corresponds to an irreducible subvariety of dimension r.
The theorem follows on applying 2.7 in the form stated above.

Corollary 2.9. Let V' be an irreducible algebraic variety and consider x € V.
We have dim V' = dimg Ov .. If V is not irreducible, then the Krull dimension
of Oy, is the mazimum of the dimensions of the irreducible components of V
containing x. We denote this number by dim, (V).

Proof. We reduce immediately to the case where V is irreducible and affine
with associated ring A and the point z corresponds to the maximal ideal m,
in A. By the description of the prime ideals of Oy, = A,,, given in Summary
1.6 we know that dimg Oy, < dimg A = dim V. Once again, the converse
follows from 2.7.

d. Projective versions

We now state rapidly the projective versions of some of the above results.
Most of the proofs are immediate using affine open sets and cone varieties
(¢f. Chapter II, 4.5.C). The advantage of projective space is that in certain
cases we can be sure that the varieties obtained are non-empty.
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Proposition 2.10. Let V C P" be an irreducible projective algebraic variety
and consider f € I',(V), a non-constant homogeneous element.

1) Every irreducible component of V(f) is of codimension 1 in V.

2) If dimV > 0, then V(f) is non-empty.

Proof. To prove the first statement we consider the affine open sets U; =
DT (X;). The components of V(f) are non-empty and hence not contained in
all the sets V' (X;). Let us look for example at those components of V'(f) which
are not contained in V(Xy). Then V N Uy is an irreducible affine algebraic
variety and V(f) N Uy = V(f,) # &, where f, € I'(V N Up) is defined as
in Chapter III, 8.b. The element f, is neither invertible (since V(f,) is non-
empty) nor 0 (since otherwise V() would contain V NUjy and hence V and f
would be 0). It follows that dim V' (f,) = dim(V NUp) — 1 =dimV — 1, and
moreover this holds for all the irreducible components not contained in V(Xj).
The result follows.

To prove 2) we work with cones in k" *1. We consider C(V), the cone over V
(cf. Chapter II, 4.5). The (affine) ideal of C(V') is none other than I,(V). It
is therefore prime, so C(V) is irreducible. Moreover, dim C'(V) = dim V' + 1.
(The simplest way to see this is to use the dimension of fibres theorem (4.7)
applied to the natural projection from C(V) — {0} to V whose fibres are lines
with the origin removed. We can also apply the Hauptidealsatz in order to
pass from the ring k[ Xy, ..., X,]/I(V) to the affine ring k[ X1, ..., X,]/I(V),
by quotienting by the element Xy — 1.) We then consider the affine subvariety
Vo(f) € C(V). This is non-empty (since f is homogeneous, it contains 0) and
is of codimension 1 in C(V'), and is hence of dimension dim V' > 0. It therefore
does not consist only of the point 0 and hence its image in P", which is simply
V(f), is non-empty.

We leave the proofs of the following two propositions, which are similar to
the above, as an exercise for the reader.

Corollary 2.11. Let V' be an irreducible projective algebraic variety and con-

sider non-constant homogeneous elements f1,..., fr € IL(V).
1) Every irreducible component of V(f1,...,f.) is of codimension < r
nV.

2) If r < dimV, then V(f1,..., fr) is non-empty.
We can also define homogeneous systems of parameters.

Proposition 2.12. Let V' be an irreducible projective algebraic variety and
let W be an irreducible projective algebraic subvariety of codimension r. There
are homogeneous elements f1,...,fr € I'n(V) such that W is an irreducible
component of V(f1,..., fr).
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3 Morphisms and dimension

a. Examples and discussion

Let ¢ : X — Y be a morphism of algebraic varieties. We assume that X
and Y are irreducible. (To reduce to this case we decompose Y into irreducible
components Y = Y; U---UY, and then consider the inverse images of the
components Y;, which are themselves closed subsets covering X, which we
then further decompose, cf. 3.8 below.)

Let y be a point in Y and denote its fibre by =1 ({y}), or rather ¢ ~1(y).
As {y} is closed in Y (exercise: prove this) this fibre is a closed subset of X
which we equip with its subvariety structure.?

Our aim is to compare the dimensions of X, Y and the fibres.

Example 3.1. Consider the projection ¢ : k"*% — k™ given by the first n
coordinates. The fibre of an arbitrary point of k" is isomorphic to k. Here,
we have the relationship

(*) dim X = dimY + dim ¢~ (y).

This is the relationship we expect, but we have to be a bit careful.

Ezample 3.2. If Im ¢ is too small, then no formula of type () can hold. For
example, if ¢ is constant, p(x) = b for all z € X, say, then

“1(y) = o, ify#b,
?WT X, ify=b,

and formula (x) is not true (if only because Y does not appear).

We are therefore going to have to make some assumptions about ¢. The
natural hypothesis, that ¢ should be surjective, is too strong (cf. 3.3 and 3.4);
the right condition is that ¢ should be dominant, i.e., (¢f. Chapter I, 6.10)
o(X)=Y.

Example 3.3. Take V = V(XY — 1) C k?, W = k and take ¢ to be the pro-
jection p(z,y) = x. We have (V') = k — {0}, and the projection is dominant
but not surjective. In this case all the fibres except for the fibre over 0, which
is empty, have the correct dimension predicted by (x): zero.

Example 3.4. Consider V = V(XZ —Y) C k? and let ¢ : V — k? be given
by p(x,y,2) = (z,y). If 2 # 0, then ¢~ ' (2,y) = {(2,y,y/x)}; if y # 0, then
0 10,y) = @ and »=1(0,0) = {(0,0,2) | z € k}. The image of ¢ is hence
(k? =V (X))U{(0,0)} and the non-empty fibres all satisfy (), which predicts
that their dimension should be 0 except the fibre over the point (0,0) which
is of dimension 1.

2 When dealing with dimension, which is a fairly coarse invariant in the final analy-
sis, the variety structure is sufficient. On the other hand, for more delicate invari-
ants (such as degree) we will have to define a scheme structure on the fibre. See
the appendix on schemes 4.b.
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About images. We note that the image of a morphism is not necessarily open,
or closed, or even locally closed (i.e., the intersection of an open set and a
closed set). However, it is always constructible, that is to say, a finite union
of locally closed sets (cf. [H] Exercise II, 3.18 and 3.19 or [M] Chapter I, 8
Corollary 2).

The moral of this story is that the “general” fibre has to have the expected
dimension dim X — dim Y but that “special” fibres may be larger.

b. Reduction to the affine case

Let ¢ : X — Y be a dominant morphism of irreducible algebraic varieties
and let y € Y be in the image of ¢(X). Let Z be an irreducible component of

o ).

Lemma 3.5. There are non-empty affine open sets U C X and V CY such
that

1)eU)CV,

2) plu : U —V is dominant,

3)yeV,

4) ZNU +# @.

Proof. Take an open affine set V in Y containing y. We consider o= 1(V).
This is an open subset of X containing Z. We take z € Z and we consider U,
an affine open set of ©=1(V) containing z. It will be enough to show that
¢l : U — V is dominant. Let {2 be a non-empty open subset of V. As ¢ is
dominant, {2 meets ¢(X), so ¢~ 1(§2) is a non-empty open set in X. But as X
is irreducible this open set meets U in a point = and hence ¢(x) € 2Np|y (U).
QED.

3.6. Consequences.

a) Under the hypotheses of the lemma, dim X = dimU, dimY = dimV,
dimZ = dimZ NU and Z N U is an irreducible component of ¢|;;'(y). We
are therefore in exactly the same situation, but all our algebraic varieties are
affine. This enables us to reduce most of our claims to the affine case.

b) It follows from the lemma that if ¢ : X — Y is dominant (and X, Y
are irreducible), then dimY < dim X. Indeed, we can assume that X,Y are
affine and we then know that the map ¢* : I'(Y) — I'(X) associated to ¢ is
injective. This induces an injective map on fraction fields, p* : K(Y) — K(X),
and hence the transcendence degree of K(Y') over k is smaller than that of
K(X). The result follows from 1.8.

c. The dimension theorem

Theorem 3.7. Let ¢ : X — Y be a dominant morphism of irreducible alge-
braic varieties.
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1) Let y be a point of Y. Every irreducible component of ¢~ (y) has di-
mension at least dim X —dim Y.

2) There is a non-empty open set U CY such that

0) U C p(X),

b)Vy e U, dimp~(y) = dim X —dim Y. More precisely, every irreducible
component of p~1(y) is of dimension dim X —dimY.

Proof. By 3.5 and 3.6 we may assume that X and Y are affine. We set A =
I'(Y), B=1TI(X): ¢ induces an injective map ¢* : A — B.

1) We set p = dimY. Consider y € Y. By 2.7, there are elements
fi,..., fp € A such that V(f1,..., fp) is finite and y is a point of this set.
Replacing Y (as in 3.5) with an open affine set containing y and no other
point of V(f1,..., fp) we may assume V(f1,..., fp) = {y}. Set g; = *(fi).
We then have ¢~ (y) = V(g1,...,g,). Indeed, the statement that z € ¢~ (y),
and hence () = y, means exactly that, for every i, fip(z) = 0, but f;p is
simply g;.

But it then follows by 2.4 that every component of ¢~ (y) = V(g1,...,9p)
is of codimension < p and is hence of dimension > dim X — dim Y. (NB: this
fibre may however be empty, in which case it has no irreducible component.)

2) Set p=dimY, ¢ = dim X and r = ¢ — p. There is an injection ¢* from
A to B. As B is a k-algebra of finite type, it is also an A-algebra of finite type:
B = A[by,...,b,]. (NB: this notation does not mean that B is a polynomial
algebra c¢f. Problem III, 0). Let K and L be the fraction fields of A and B;
we have L = K(by,...,b,). Moreover, since 9y K = p and 0L = ¢ it follows
that Ox L = r (¢f. Summary 3.c). We can therefore pick r elements by, ...,b,
amongst the elements b; which form a transcendence basis for L over K and,
conversely, 7+ 1 of the elements b; are always algebraically dependent over K.

To prove the theorem it will be enough to deal with claims a) and b)
separately and then take the intersection of the non-empty open sets thus
obtained (which will be non-empty because Y is irreducible).

Let us first prove a). Let C' be a A-subalgebra of B generated by the subsets
bi,...,b., C = Alb1,...,b.]. As the elements b; are algebraically independent
over K, this is a polynomial algebra and we have C ~ A ®y k[T1,...,T}]
(¢f. Summary 2.4), so C' is the algebra of an affine variety Z, isomorphic to
Y x k" (¢f. Problem I, 1.b), such that the projection 7 : Z — Y corresponds to
the canonical injection j : A — C. The other injection i : C' — B corresponds
to a dominant map ¢’ : X — Z, where f = wy'.

To prove a) it will be enough to show that ¢'(X) contains a non-empty
open set 2 in Z. Indeed, ¢(X) will then contain 7 ({2), which is a non-empty
open set in Y (cf. Problem I, 1.c). We consider M = K (b1,...,b.). We have
L =M(by41,...,b,) and as by,...,b, is a transcendence basis for L over K,
the elements b;, ¢ > r, are algebraic over M. There are therefore equations
Cn; bl 44 =0forevery i =r+1,...,n, and (after possibly clearing
denominators) we can assume that ¢; ; € C and ¢, ; # 0.
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We then set f = H?:r-&-l Cn,,i- Wehave f € C'and f # 0. Let {2 be the non-
empty open set Dz(f). Its inverse image under ¢’ is simply Dx (¢™*(f)), and
these open sets correspond to the local algebras Cy and By respectively.
The second algebra is generated as a Cf-algebra by the elements b; for i > 7,
but (and this is what we have gained) since f is invertible in C/f, so is ¢,, ;, and
hence the elements b; are integral over C'y. In other words, the ring By (s) is
integral over Cy, or, alternatively, the restricted morphism ¢’ : Dx (¢"*(f)) —
Dz(f) is finite and hence surjective (¢f. Annex 4, Theorem 4.2 below) and the
open set (2 is indeed contained in ¢’(X).

We now turn to point b). If we consider r + 1 elements b;,,...,b; .,
amongst the elements b1,...,b,, we know they are algebraically dependent
over K and hence they satisfy a non-trivial equation Fj(b;,,...,b;.,,) = 0,
(i ={i1,...,ir41}) whose coefficients can be assumed to lie in A. We choose
a non-zero coefficient a, of this equation and set @ = [] a;, the product being
taken over all subsets of {1,...,n} containing r+1 elements. We then consider
the non-empty open set Dy (a) C Y. We will show that over this open set all
irreducible components of the fibres are of the right dimension.

Consider y € Dy (a). It corresponds to a maximal ideal m in A, m =
(fi,...,fs), and, on setting g; = ¢*(fi), it is easy to check that ¢~ !(y) =
V(gi,...,gs) = V(mB), as in the proof of point 1). By the Nullstellensatz
we know that I(p~1(y)) = rac(mB), and if W is an irreducible component
of p~1(y), then W corresponds to a prime ideal q in B which contains mB
and is a minimal ideal satisfying this condition. We then have I'(W) = B/q
and, by 1), it will be enough to show that dim B/q < r, or, alternatively,
OxFr(B/q) <r.

But qN' A = m: indeed, m C mB C q hence m C qN A, and since
qN A is prime (and therefore # A) and m is maximal, they are equal. It
follows that B/q is generated as a k = A/m-algebra by the images b; of the
elements b;. Likewise, Fr(B/q) = k(by,...,b,). Assume 9y Fr(B/q) > r. We
would then have r + 1 elements b;,, ..., b;. .1 amongst the elements b; which
are algebraically independent over k. But we know that the corresponding
elements b; satisfy the equation

(. ay ar+1 —
Fy(biy, o biyn) = 3 aiabt 0074 =0,

where a; o € A. The same equation holds upon passing to the quotient by q
and gives us an equation satisfied by the elements b;, with coefficients a@; » € k.
As gN A = m is the maximal ideal corresponding to y, ;o = a;,0(y). But
as y € Dy (a), one of the elements @; , does not vanish by construction, and
hence the equation satisfied by the b;,, ..., b;, ., is non-trivial, and hence these
elements are algebraically dependent, which gives us a contradiction.

d. Some corollaries

Our first corollary takes the reducible case into account.
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Corollary 3.8. Let ¢ : X — Y be a morphism of algebraic varieties.

1) Assume that all the fibres of ¢ are of dimension < r. Then dim X <
r+dimY.

2) Assume that ¢ is dominant and all the non-empty fibres of ¢ are of
dimension r. Then dim X =r +dimY .

Proof.

1) We decompose Y into irreducible components, ¥ = Y; U---UY,,, and
similarly decompose ¢~ (Y;) = U, X;, ;. We consider the restriction ¢ : X; j —
Y; and set Z;, = ¢(X; ;). We apply 3.7 to ¢ : X; ; — Z;, and we get dim X ; <
dim Z; + dim ¢~ !(z) < dimY + r. The result follows since X is the union of
the sets X ;.

2) Let Y; be a component of Y of dimension dimY. The restriction ¢ :
0 1(Y;) — Y; is dominant (consider the non-empty open set Y; —U;j Yj)- We
then decompose = 1(Y;) = | y X j into components. After possibly removing
certain components we can assume that all the sets X; ; dominate Y;. If the
dimensions of all the X; ; are < r 4+ dimY, then 2.b of 3.7 applied to the
restriction ¢ : X; ; — Y; shows that the general fibre of ¢~'Y; — Y; is of
dimension > r, which is impossible.

Corollary 3.9. Let ¢ : X — Y be a closed morphism (i.e., a morphism which
sends closed sets into closed sets: this is the case if, for example, X and Y
are both projective varieties, cf. Problem II). For any i € N we set

Y;={yeY |dimp~'(y) > i}.
Then the sets Y; are closed in'Y .

Proof. We proceed by induction on dim Y. If dimY = 0, this is clear. Other-
wise, set p = dim Y, ¢ = dim X. We may assume that X and Y are irreducible
and ¢ is surjective and we note that the sets Y; are decreasing in i. Theorem
3.7 shows that Y;,_, = Y (and hence this is also the case for Y;, i < g — p)
and that there is a closed set Y’ # Y (namely the complement of the open
set U constructed in 3.7) such that Y; C Y’ for ¢ > ¢ — p + 1. We then apply
the induction hypothesis to Y and its inverse image under .

Remark 3.10. The closed sets Y; form what is known as a stratification of Y.
For each ¢ we additionally construct a locally closed set Y? =Y, — Y1 over
which the dimension of the fibre is constant and equal to i (these sets are
the strata: they are disjoint and their union is Y). As these are locally closed
subsets of Y, they are equipped with variety structures. The use of this type
of stratification is a standard technique in algebraic geometry, as the following
corollary, which is often useful in dimension problems, shows.

Corollary 3.11. Let ¢ : X — Y be a closed surjective morphism. With the
notations of 3.9 the following formula holds; dim X = sup(i + dim Y;), where
the sup is taken over all the i € N such that Y is non-empty.
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Proof. We can assume that X and Y are irreducible. Set p=dim X, ¢g=dim Y.
As Yqofp contains a non-empty open set, we have dim Yq(l =dimY =p, so
dim X < sup(i+dim V). Conversely, consider a non-empty Y;” and set X! =
0 1(Y?). Corollary 3.8 then says that dim Y, +i < dim X! < dim X, and the
other inequality follows.

Counter-ezample 3.12. Corollary 3.9 is only valid if we assume ¢ is closed.
Indeed, the image of ¢ is simply Yj and this is not generally closed, cf. 3.4.
We note that the assumption that ¢ is surjective is not enough, as is
shown by the example of the morphism ¢ : k* — k3 given by ¢(z,y,2) =
(x, (wy — 1)y, (vy — 1)z), which is surjective, but for which Y7 is not closed.?

4 Annex: finite morphisms

We recall (¢f. Summary 1.7) that if B is an A-algebra of finite type, then B
is integral over A if and only if B is an A-module of finite type: we then say
that B is a finite A-algebra.

Definition 4.1. Let ¢ : X — Y be a dominant morphism of irreducible affine
algebraic varieties and let o* : I'(Y) — I'(X) be the associated morphism of
algebras turning I'(X) into a I'(Y')-algebra. We say that ¢ is a finite morphism
if [(X) is a finite I'(Y)-algebra.

Theorem 4.2. Let ¢ : X — Y be a finite morphism. Then ¢ is surjective.

Proof. We work with rings. We denote by Max A (resp. Spec A) the set of
maximal (resp. prime) ideals in A. Theorem 4.2 then follows from the following
result.

Theorem 4.3. Let A C B be integral domains such that B is integral over A.
We consider m € Max A. There is an n € Max B such that m =n N A.

Proof (of 4.3). We start by proving a lemma.

Lemma 4.4. With the notations of 4.3, consider q € Spec B such that p =
qN A € Spec A. Then q mazimal < p maximal.

Proof (of 4.4). As B is integral over A, the same is true of B/q over A/p (take
the integral dependence equation of b € B and project it to the quotient). We
then only have to prove the following.

Lemma 4.5. Let A C B be integral domains such that B is integral over A.
Then A is a field < B is a field.

3 This example was pointed out to me by Nicusor Dan.
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Proof (of 4.5). Suppose that A is a field. Consider b € B, b # 0. This element
satisfies an equation b + a,_1b" "t 4+ --- + a1b+ ap = 0 and we may assume
ao # 0 (after possibly dividing by b%, which is possible since B is a domain).
But ag is then invertible in A and we have

b(aalbn—l + aloilanflbn_2 4+ 4 aala1> = —17

and hence b is invertible.

Assume that B is a field and consider a € A, a # 0. There is an inverse a~
in B which is therefore integral over 4, a™" + a,_1a " + ... 4 a9 = 0, or,
alternatively, multiplying by a”, 1 + a(a,_1 + --- + apa™ ') = 0. This is an
equality in A and shows that a is invertible in A. This completes the proof of
4.5 and 4.4.

The following result is a consequence of 4.4.

Corollary 4.6. With the notations of 4.3, if A is a local ideal with maximal
ring m, there is an n € Max B such that m =n N A.

Proof (of 4.6). We have A C B and hence B # 0, so B contains a maximal
ideal n which must satisfy the condition given by 4.4.

We can now complete the proof of 4.3. We consider m € Max A and
consider the localised rings A,, and B,, obtained on inverting the elements
of the multiplicative set S = A — m. B,, is then a domain containing A,
and is still integral over A,,. (It is enough to write down an equation for the
numerator.) By 4.6 it follows that there is an ideal n’ in B,,, lying over mA4,,
(i.e., such that n’ N A,, = mA,,). Set n = n/ N B: this is a prime ideal of B
and we have nN A =n'NA,, N A =m. But n is then maximal by 4.4 and we
are done.

For other results on finite morphisms, cf. Problem III, Midterm 1991 and
Chapter IX.

For applications of the results contained in this chapter, see the exam
problems from June 1993 and February 1994.

1

Exercises

Throughout the following exercises, we work over an algebraically closed base field k.

1 Affine intersections

Let X and Y be two irreducible algebraic subsets of k" of respective dimensions r
and s. Our aim is to prove that any irreducible component of XNY is of dimension >
r+s—n.

a) Prove that this result is true if X is a hypersurface in k™.

b) Let A be the diagonal in k™ x k™ (cf. Problem I, 4). Prove that the variety XNY
is isomorphic to (X x Y) N A. Show that X x Y is of dimension  + s (use the
theorem on dimensions of fibres).

¢) Using b) and explicit equations for A, finish the problem by reducing to the
case of a hypersurface.
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2 Projective intersections

Let X and Y be two irreducible algebraic subsets of P™ of respective dimensions r
and s.

a) Show that any irreducible component of X NY is of dimension > r+ s —n (use
the affine cones of X and Y to reduce to 1).
b) Show that if in addition r + s —n > 0, then X NY is non-empty.

3 Matrices of rank at most r

Let p,q be integers > 0 and r an integer such that 0 < r < inf(p, ¢). We denote
by M,,4 the set of matrices p X ¢ with coefficients in k. We endow this set with its
natural affine space structure of dimension pq. We set

Cr.={AceM,, |rank(A) <7} and C,={A€M,,|rank(A)=r}.

a) Prove that C, is a closed set in M, , and C,. is open in C,.

b) We set
I, 0
1= (59 en

where I is the r X r identity matrix. Show that the map ¢ : M, , x My 4 — C»
given by ¢(P,Q) = PJQ is a surjective morphism of varieties. Deduce that C,
is irreducible.

c) We consider ¢’, the restriction of ¢ to GL(p, k) x GL(g, k). Prove that the image
of ¢’ is equal to C).. Prove that all the fibres of ¢’ are isomorphic. Calculate the
dimension of '~ (J).

d) Deduce from b) and c) the dimension of C; and the codimension of C, in My, 4.

4 Dimension of the orthogonal group

We denote by O(n, k) the set of m x n matrices with coefficients in k such that
AA = I,.

a) Prove that O(n, k) is both a subgroup of GL(n, k) and an affine variety. Prove
that dim O(n, k) > n(n —1)/2.

b) Set S ={z = (z1,...,2n) € k" | X7 27 =1} and e = (1,0,...,0), e € S. Prove
that the map ¢ : O(n,k) — S given by p(A) = Ae is a surjective morphism.
Determine the fibres of ¢ and deduce the dimension of O(n,k) by induction®
on n.

4 We can prove, using Problem V, 6, that all the irreducible components of
O(n,k) have the same dimension. We can also prove that these components
are Ot (n, k) = {4 € O(n,k) | det(A) = 1} and O~ (n,k) (corresponding to
det(A) = —1).
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5 Dimension of the commutation variety

Our aim is to calculate the dimension of the affine variety
C={(A,B) e M,(k) x M, (k) | AB = BA}.

We recall the following theorems on matrices. (We assume the reader is familiar
with Jordan normal form.)

1) If A € M, (k), then the commutant C(A) = {B € M, (k) | AB = BA} is a
k-vector space of dimension > n.

2) We have dim C(A) = n if and only if the Jordan reduction is complete, i.e., is
for every eigenvalue A\ the corresponding block is of the form

A1 0 -~ 0 O
ox 1 -~ 0 0
00 O Al
00 O 0 A

We then say that A is a generic matrix.
a) Prove that the generic matrices form an open set U in M, (k).
b) Let A be an arbitrary matrix. Show that C'(A) contains a generic matrix.
(Reduce to the case where A is in Jordan normal form.)
¢) Let p1 and pa be the projections from C to M, (k). Prove that 2 = p7 ' (U)U
py H(U) is an open set of C' of dimension n? + n.
d) Prove that 2 is dense in C (if (A, B) € C, then “approximate” (A, B),
using b), by pairs (A, B + AB’) such that A € k and B’ is generic).
e) Calculate the dimension of C.

6 Dimensions of Grassmannians

Let E be a k-vector space of dimension n and let G, , be the set of subspaces of E
of dimension p. We will admit the result that G, , is a projective algebraic variety
(called a Grassmannian).

Prove that the map ¢, associating to a p-tuplet of independent vectors of F
the subspace they generate, induces a surjection from an open set of EP to G, p.
Determine the fibres of ¢ and calculate dim G, . (You may use the fact that ¢ is a
morphism.)

(See also the June 1993 exam).

7 An irreducibility theorem

Our aim is to prove the following theorem.

Theorem. Letp: X — Y be a dominant morphism of projective varieties. Assume
that 1) Y is irreducible and 2) all the fibres o~ *(y) for y €Y are irreducible and of
constant dimension n. Then X is irreducible.
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1) Prove that ¢ is surjective and closed (c¢f. Problem II). Prove that dim X =
n+dimY.

2) Let X = X;U---UX, be the decomposition of X into irreducible components.
Prove that there exists a component X; such that (X;) =Y.

In what follows we assume the components X; such that ¢(X;) =Y are those
of index i =1,...,s, 1 < s < r. We denote the restriction of ¢ to X; by ;.

3) Prove there is an ¢ < s such that dim X; = dim X. Prove that for such i all the
fibres of the the maps ¢; are of dimension > n, and finally prove that X = X;
(compare the fibres of ¢ and ;). Complete the proof of the theorem.

We note that the theorem does not hold if the varieties are not assumed to be
projective: there exist surjective morphisms between affine varieties p : X — Y such
that Y is irreducible and all the fibres of p are irreducible and of the same dimension
without X being irreducible or even equidimensional. It is enough to take X to be
the union of the origin in k2 and the hyperbole zy = 1 and p to be the projection
onto the x-axis.
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Tangent spaces and singular points

Throughout this chapter we work over an algebraically closed base field k.

0 Introduction

We start with a little differential geometry. Let f(z1,...,2,) = 0 be a hyper-
surface S C R™. We assume that f is C*°. Consider a = (a1,...,a,) € S.
What is the tangent space to S at a?

To get this tangent space we expand f at a point x = a + h close to a
using Taylor’s formula

f(xl,...,xn):;hia—mi(al,...,a” Zh hja 8 al,...,an)+~--

(since f(aq,...,a,) = 0). The basic idea is that, in a neighbourhood of a, h; =
x; — a; is small and the products h;h; are even smaller, so S is approximated
by the “tangent” hyperplane

n

Z(xl - ai)%(alv . '7an) = 07

i=1 v

which we obtain on writing the equations (a; + hi,...,a, + hy) € S and
neglecting the terms of order > 2.

In algebraic geometry, we do not, in general, have any notion of small-
ness. We replace it with the idea of a first-order deformation (the ana-
logue of (a1 + hi,...,an, + hy,)) by considering deformations of the form
(a1 + bie,...,an + bpe), where a;,b; € k, but € is “infinitesimally small to
first order,” which means that € # 0, but €2 = 0.

In other words, to get the tangent space to an algebraic variety, we will
solve the equations defining it not in the field k£, but in the ring of dual numbers

kle] = k[X]/(X?) ={a+be | a,b € k; £ =0}.
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For hypersurfaces we recover the usual tangent hyperplane: this method
is most useful, however, when dealing with varieties for which we have some
global description. Here are two example of this type.

Ezamples 0.1.

1) We calculate the tangent space at A to the algebraic variety of matrices
O(n,R) defined by the equation AA = I. A deformation of A is a matrix
of the form A + eB; it is in O(n,R) if and only if ‘(A +eB)(A +¢B) = I,
which, expanding, gives us AA+e(!BA+AB)+e?(*BB) = I: since ¢? = 0 and
AA = I, it follows that 'BA + AB = 0, which gives us the tangent space we
are looking for. We note that for A = I we obtain the equation !B+ B = 0: the
tangent space to O(n,R) at the origin is the vector space of anti-symmetric
matrices.

2) Tt is easy to see using the same method that the tangent space to the
group SL(n, k) at the origin is the space of trace zero matrices.

1 Tangent spaces

a. Definitions and examples

As tangent spaces are local objects, we can essentially restrict ourselves to
affine algebraic varieties (cf. 1.11).

Let V be an affine algebraic variety and consider x € V. We saw in
Chapter T that a point of V is equivalent to a maximal ideal in I'(V):
m, = {f € I'(V) | f(z) = 0}, or, alternatively, a homomorphism of alge-
bras (a character) x, : I'(V) — k, given by f +— f(z), the link between the
two being clear: m, = Ker x,.

Another way of considering a point x in V is to introduce the “point
scheme”: this is the affine variety P, consisting of one point P, such that
I'(P,Op) = k. This will also be denoted by Spec k. Giving a character X, :
I'(V) — k = I'(P) is therefore equivalent to giving a morphism, which we
simply denote x : P — V, sending the point scheme into V.

A deformation of V is the same thing, but we replace the point scheme P
by the fat point! P. (which is also denoted by Spec k[¢]). This thickened point
is not a variety (it is our first scheme!) but a ringed space consisting of one
unique point such that I'(P.) = k[e]. There are non-constant functions on
this point, such as the nilpotent element ¢, and the ring of functions is not
reduced, as it always is in the case of varieties. There is an obvious morphism
i : P — P. which corresponds on rings to the projection p : k[e] — k sending €
to 0.

! This fat point is fat in one direction only. It is also possible to create multi-
dimensional fattenings by replacing, for example, k[¢] by k[X,Y]/(X?, Y?).
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Definition 1.1. Let V' be an affine algebraic variety and consider x € V.
A deformation® of V at x is a morphism of ringed spaces t : P. — V (in
the sense of Chapter III, 1.9.b) such that ti = x. (In other words, P. is sent
set-theoretically to x.) We denote by Def(V,x) the set of deformations of V
at .

This is equivalent to giwing a k-algebra homomorphism t* : I'(V) — kle]
such that pt* = x.. Such a homomorphism will be called a deformation of
I'(V) at . The set of such morphisms will be denoted by Def(I'(V),x).

Consider a deformation t* of I'(V'). Since pt* = x, it can be written in
the form t*(f) = f(z)+eve(f), where v;(f) € k. The deformation t* therefore
defines a map vy : I'(V) — k given by t* = x, + evs. The fact that t* is a
homomorphism of algebras implies that v; is linear and the fact that €2 = 0
implies that multiplication is respected if and only if for all f, g

ve(fg) = f(x)ve(g) + g(x)ve(f).

We therefore introduce the following definition.

Definition 1.2. Let A be a k-algebra and let M be an A-module. A map
D: A— M is called a derivation if it satisfies the following conditions:

1) D is k-linear;

2) For all a,b € A, D(ab) = aD(b) + bD(a).

The space of derivations from A to M is denoted by Derg (A, M). It is a
k-vector space. We note that if A € k, then D(\) = 0 (calculate D(1%)). An

obvious example of a derivation is the map from k[ X1, ..., X,] to itself given
by F +— 0F/0X;.

Example and Definition 1.3. Let V be an affine algebraic variety and con-
sider x € V. Set A =T(V) and M = k. Then M inherits a I'(V)-module
structure via xg: if f € I'(V) and X\ € k, we set f- X = f(zx)\. A deriva-
tion from I'(V) to k is therefore a k-linear map v : I'(V) — k such that, for
all f,g € T(V), v(fg) = f(x)v(g) + g(x)v(f). We say that v is a tangent
vector to V' at x; the space of tangent vectors to V at x (which is simply
Der(I'(V'), k) ) is also denoted by T,(V') and is called the tangent space to V
at x. It is a k-vector space.

We see that the map v; associated to a deformation t is a tangent vector.
The following proposition summarises the above.

Proposition 1.4. Let V be an affine algebraic variety and consider x € V.
There are canonical bijections

Def(V,z) ~ Def(I'(V), z) ~ T,,(V) = Dery(I'(V), k)
given by t — t* — v, where we set t* = x, + €vy.

2 Tt would in fact be more correct to say an infinitesimal deformation.
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Remark 1.5. The zero tangent vector v; = 0 corresponds to the trivial defor-
mation ¢ = xi which sends the fat point P. onto the ordinary point P and
then sends the latter into V' at x.

Definition 1.6. Let ¢ : V. — W be a morphism of affine algebraic varieties
and consider x € V.. We set ¢(x) =y. The map ¢ induces a map Def(p, x) :
Def(V,xz) — Def (W, y) given by Def(p, z)(t) = @t. This map induces a linear
map Ty (@) : Tp(V) — T,(W) given by the formula Ty(p)(v) = vpr = ve*.
We call it the linear tangent map associated to ¢ at x, or the differential of ¢
at .

Remark 1.7. The above correspondence is functorial (i.e., Ty(vpp) =
Ty(¢)Ty(¢) and the identity is sent to the identity). The reader may
wish to calculate for example’s sake the differential of some classical maps,
such as the product of two matrices or the inverse maps.

Ezamples 1.8.

1) Let V be k™ and set @ = (a1,...,a,) € V. The tangent space of V at a
consists of deformations t* : k[X7,...,X,] — k[e] such that x, = pt*. Such
a deformation is given by the images of the variables t*(X;) = a; + €b;, that
is to say, by a vector (by,...,b,). The tangent space is therefore the vector
space k™.

2) Let V be an affine algebraic variety, embedded in k", and assume I(V') =
(F1,...,F.). We set a = (ay,...,a,) € V and seek the tangent space of V
at a.

To do this we consider a deformation

(A ]{J[Xl,...,Xn]/(Fl,...,FT) — k[&']

such that x, = pt*, determined by the images of the variables X;, t*(X;) =
a; + eb;, which must satisfy the relations Fj(a+¢eb) =0 for all j =1,...,r.
In other words, we have the Taylor formula

Zbia—{(al,...,an) =0.

The corresponding tangent vector v; is the vector b = (by,...,b,). If
do(Fi,...,F;) is the Jacobian matrix of the functions F; at the point a,
which is a linear map from k™ to k", then

T.(V) =Kerdy(Fy,. .., Fy).

In particular, T, (V) is finite dimensional.

b. Relation with local rings

Proposition 1.9. Let V' be an affine algebraic variety, let x be a point of V
and let my be the mazimal ideal of I'(V) corresponding to x. There is an
isomorphism of vector spaces T,(V) =~ (m,/m2)*, where the star denotes the
dual vector space.
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Proof. Let v: I'(V) — k be a tangent vector to V" at z, i.e., a derivation from
I'(V) to k. We also denote its restriction to my by v. This linear map vanishes
on m?2 since, on the one hand, for all f,g € m, v(fg) = f(x)v(g) + g(x)v(f)
and, on the other hand, as f, g are contained in m,, f(z) and g(x) are zero.
This map therefore factorises through v : m,/m?2 — k, which is an element of
the dual of m,/m2.

Conversely, let 6 be an element of (m,/m2)*. We reconstruct v via the

formula v(f) = 0(f — f(x)) (where we denote the image in m,/m?2 of a € m,
by @).

Corollary 1.10. Let V' be an affine algebraic variety, x a point of V', Oy,
the local ring of V' at x and my , its mazimal ideal. There is an isomorphism
T,(V) =~ (mv,x/m%,@)*. In particular, the tangent space only depends on the
local ring of V' at x.

Proof. Set A = I'(V) and m = my, so that Oy, = A,, and my, = mA,,.
The natural homomorphism m — mA,, given by x — /1 factorises through
0 : m/m? — mA,,/(mA,,)? and our aim is to show that 6 is an isomorphism
of k-vector spaces.

a) 0 is injective. Consider x € m such that z € (mA,,)?. This means there
is an s ¢ m such that sz € m?. But if s ¢ m, since A/m is a field, there is a
t € A such that st =1 —a, a € m. It follows that « = stz + ax € m?2.

b) 6 is surjective. Consider /s € mA,,, where x € m and s ¢ m. Using the
same notation as in a), /s = 0(tz), since z/s — tz = tza/(1 — a) € (mA;,)>.

Remark 1.11. We can now define the tangent space to an arbitrary algebraic
variety at a point x as being the tangent space at this point of an open affine
subset. By 1.10, this space does not depend on the choice of open set. We
could also have used the formula given in 1.10 directly or used the definition
via deformations of X given in 1.1.

2 Singular points

Definition 2.1. Let V' be an irreducible algebraic variety and let = be a point
of V. We say that x is a regular (or smooth) point of V' (or that V is non-
singular at x) if dimV = dimy T, (V). We say that V is non-singular (or
smooth or regular) if it is non-singular at every point.

Remarks 2.2.

1) If V is not irreducible, we ask for dim, V' = dim T, (V'), where dim, V'
is the sup of the dimensions of all the irreducible components of V' passing
through z. (In fact, it is possible to show, ¢f. 3.6, that if x lies on more than
one component, then it is a singular point.)

2) Tt is always the case that dim T,,(V') > dim, (V') (¢f. Problem V).
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Theorem 2.3 (Jacobian criterion). Let V C k™ be an irreducible affine
algebraic variety of dimension d. Assume I(V) = (Fy,...,F.). Then

V non-singular at x <= rankd,(Fy,...,F,)=n—d (cf. 1.8).

Proof. This follows immediately from 1.8.
Remark 2.4. If we assume only that V =V (Fy,..., F,.), and

rankd,(Fy,...,F.) =n—d,

then V' is non-singular at . Indeed, I(V') is generated by the functions F; plus
(possibly) some other polynomials, but the presence of these extra polynomials
cannot increase the dimension of the kernel of the Jacobian matrix, and we
are done by 2.2.2. On the other hand, if the rank is > n — d, then we cannot
conclude anything, cf. the example of V(X?) in k2. (The variety V(X?) =
V(X) is non-singular, but the scheme V(X?), cf. the appendix on schemes, is
singular.)

Ezamples 2.5.

a) Plane curves. If F(X,Y) is a polynomial without multiple factors
and F(a,b) = 0, then the point (a,b) is singular in V(F) if and only
if OF/0X(a,b) = O0F/0Y(a,b) = 0. (Indeed, our assumption implies
I(V(F)) = (F), cf Chapter I, 4.11.) Hence, for example, V(Y? — X3)
and V(X3 + X? — Y?) are singular at (0,0). (We note that V(F) is singular
at the point (0,0) if and only if ' has no terms of degree < 2.) On the other
hand, V(Y2 - X (X —1)(X —\)) is smooth whenever A # 0,1 (in characteristic
other than 2). We note that if F' is not irreducible, F' = F} - -- F., then the
points at the intersections of F; and Fj are singular.

b) Hypersurfaces. An identical result holds for affine hypersurfaces: a =
(a1,...,a,) is a singular point of V(F) if all the partial derivatives of F
(and F itself!) vanish at a.

Proposition 2.6 (the projective case). Let V. C P™ be an irreducible pro-

jective algebraic variety and consider x = (xzg,...,x,) € V. We assume

(V) = (F1,..., F.), where the polynomials F; are homogeneous. Let A be

the matriz whose general term is g)F(? (z), wherei=1,...,7 and j =0,...,n.
J

Then V is non-singular in x if and only if rank(A) =n —dim V.

Proof. We can assume xg # 0 or even xg = 1: x is a smooth point of V if
and only if £ = (x1,...,x,) is a smooth point of the affine open set V, =
V N DT (Xp) in V. We know that I(V,) = (Fy,...,Fy) (¢f Exercise 11,
B.1), £ is smooth in Vj if and only if the matrix B of partials (0F},/0X;)(§),
where j =1,...,nand i =1,...,r, is of rank n — dim V. However, if F' is a
homogeneous polynomial, then, for all j > 1, (0F/0X,)(z) = (0F,/0X;)(£),
so the matrix B is obtained from A by suppressing the first column of partials
(OF;/0Xo)(x). It follows that rank(B) < rank(A).
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If F € k[Xo,...,X,]is ahomogeneous polynomial of degree d, then Euler’s
formula

“~ _ OF
7=0

holds, and for F; of degree d; it follows that at x
OF; -
X, (z) = d; Fi(x Z :cj

and since F;(x) = 0, this implies that the first column of A is a linear combi-
nation of the others, so rank(A) = rank(B).

Ezamples 2.7.

1) The projective elliptic plane curve V(Y2T — X(X — T)(X — \T)) is
smooth for A # 0, 1.

2) The space cubic C' in P3 given by

IC)=V(XT-YZ,Y?>-XZ,Z>-YT)

(¢f. Exercise II, 4) is smooth. Indeed, the Jacobian matrix

T —-Z-Y X
dy=|-Z2y =X 0
0 -T 27 -Y

is of rank 2 at every point (X? and T2 appear in its minors and at every point
of C, X or T is non-zero). It is left to the reader to check that the 3-minors
are all in 1(C).

3) If the characteristic of k does not divide d, then the Fermat curve
V(X4 4+ Y9 —T9) is a smooth curve in P2. Exercise: find a smooth plane
curve of degree d in characteristic p when p divides d. (Answer: X4+ Y94=1T 4
XT4-1)

Remark 2.8. As in the affine case, if we assume only that V = V(Fy,..., F,.) C
P", where the polynomials F; are homogeneous and the matrix of partial

derivatives at the point x is of rank n — dim V', then the point z is smooth
in V.

3 Regular local rings

We start by recalling an algebraic result.

Proposition-Definition 3.1. Let A be a local Noetherian ring, let m be its
mazimal ideal and set k = A/m. The quotient m/m? ~m ®4 k is a k-vector
space and dimy m/m? > dimg A (the Krull dimension of A, cf. Chapter 1V,
1.5).

We say that A is reqular if dimy m/m? = dimg A.
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Proof. The fact that m/m? is a k-vector space is immediate. Consider A € A
and 2 € m and denote by A and 7 their images modulo m and m? respectively.
We set AT = Az and we check that this definition does not depend on the
choice of representatives (or, alternatively, use the tensor product description
of m/m?).

When A is a local ring at a point of an algebraic variety, the inequality we
seek follows from 2.2.2. For a proof of this inequality in the general case, see
[Ma].

Proposition 3.2. Let V' be an algebraic variety and let x be a point in V.
We have the equivalence

V' smooth at v <= Oy, regular.

Proof. We know that T,(V) ~ (my./m3,,)* (¢f. 1.10). On the other hand,
dim, V = dimg Oy, for any z (c¢f. Chapter IV, 2.9) and the result follows
(cf. 2.2.1).

The following proposition gives a handy interpretation of the dimension
of m/m?2.

Proposition 3.3. Let A be a local Noetherian ring, let m be its mazximal ideal
and set k = A/m. The dimension of m/m? as a k-vector space is equal to the
minimal number of generators of m.

Proof. (This is a special case of Nakayama’s lemma, ¢f. Summary 2.)

1) Assume m = (x1,...,24). Then the classes T; generate m/m? over k.
Indeed, if x € m, then = = Zle a;r;, where a; € A, and hence, on reducing
modulo m?, T = Z?:l a;r; = Z?Zl a@;T; by definition of the vector space
structure. It follows that dimy m/m2 <d.

2) Conversely, let Ty,...,Zq be a basis for m/m? over k. Then m =
(z1,...,24). Indeed, we can complete the elements x; to a system of gen-
erators x1,...,%q,..., T, of m and we complete the proof by induction, using
the following lemma.

Lemma 3.4. If m = (x1,...,7,) and Ty,...,T,_1 generate m/m? over k,
then m = (x1,...,Zp—1).

Proof (of 3.4). We write T,, = Z;:ll a;T;, where a; € A. We deduce that
Ty — Z?:_ll a;x; € m?. As m?
T, = Z?:_ll a;T; + Zigj bijz;z;. We gather the terms containing x,,:

-1
Iy (1 — Z b,‘"l‘i) = nz: a;T; + Z bijxia:j.
=1

i<n i<j<n

is generated by the products z;x;, we have

As the elements z; are in m, the coefficient of z,, is not in m and hence is
invertible in A, and it follows that x,, € (z1,...,%Tn_1).

Corollary 3.5. Let A be a local Noetherian ring and let m be its maximal
ideal. Then A is regqular if and only if m is generated by dim A elements.
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Remark 3.6. A regular local ring is factorial (¢f. [Ma]) and in particular is an
integral domain (which proves, cf. 2.2.1, that a point at the intersection of
two irreducible components is necessarily singular).

4 Curves

In this chapter we will use the word curves only for equidimensional varieties
of dimension 1. Our aim is to study the detailed structure of local rings of
curves. The proofs are contained in Problem IV.

Proposition 4.1. Let C' be a curve and x a point of C. We have an equiva-
lence

x non-singular <= Oc¢ , is a discrete valuation ring
(in other words a local principal ring).

Proof. Here, the non-singularity condition means that the maximal ideal is
principal, which is equivalent to the local ring being a discrete valuation ring
(cf. Problem IV).

Besides this local characterisation, there is a very simple global character-
isation of smooth affine curves (loc. cit.).

Theorem 4.2. Let C be an irreducible affine curve. Then C' is smooth if and
only if T'(C) is integrally closed.

Example 4.3. The curve V(Y2 — X3) is singular at the origin. We check that
its ring A = k[X,Y]/(Y? — X3) is not integrally closed. The element Y/X in
the fraction field of A is not in A but is integral over A since it satisfies the
equation (Y/X)? — X = 0.

When zx is a singular point of C, it is possible to define its multiplicity
1 (C) (which is, of course, 1 for a regular point). We restrict ourselves to
plane curves (cf. 4.7.2 for a generalisation).

Consider F' € k[X,Y] (a priori, we do not suppose that F' has no multiple
factors) and consider P = (a,b) € k2. After translation, we may assume
P = (0,0). We write F = Fy + Fy + --- + F,;, where F; is homogeneous of
degree 7.

Definition 4.4. The multiplicity of F at P, which we denote by up(F), is the
smallest integer i such that F; # 0. If F has no multiple factor and C = V(F),
this is also the multiplicity of C' at P.
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Remark 4.5. The statement pp(F) = 0 is exactly equivalent to P ¢ V(F); the
statement pp(F') = 1 is exactly equivalent to the statement that P is a smooth
point of V(F) since if F; = aX + Y, then a = 9%(P) and = 5(P). If F
has no multiple factors, then pp(F) > 2 if and only if P is a singular point
of V(F).

We note that if Op is the local ring of k2 at P and mp is its maximal
ideal, then pp(F) is the largest integer r such that F' € m}. It is also the
smallest integer r such that there is a partial derivative of rth order of F
which is non-zero at P.

This definition of multiplicity has the apparent defect of depending on the
choice of embedding of the curve, or the choice of coordinates. The following
proposition shows that in fact it is an intrinsic property.

Proposition 4.6. Consider F' € k[X,Y]: let F = F. +---+ F), be its decom-
position into mon-zero homogeneous polynomials such that r < p. Consider
P =(0,0) € k?, sor = up(F). Let Op be the local ring of k* at P, let m = mp
be its mazimal ideal, let A be the quotient ring A = Op/(F) and let Th be the
maximal ideal of A. Then, for large enough n, dimy A/m"™ = rn + ¢, where ¢
18 an integral constant.

Proof. We have A/m"™ ~ Op/(F,m™). For n > r we have the following exact
sequence:

0 — Op/m"" L Op/mm — Op)(F,m"™) — 0.

Indeed, considering the map Op 0 p given by multiplication by F' we see
that, for all x € m™™", Fx € m™ since F' € m”. This produces the required
factorisation. The only thing that needs to be proved is that the map F is
injective. Consider @ € Op and assume aF € m'™: we aim to prove that
a € m"". We write a = a’/s, where o', s € k[X,Y] and s(P) # 0. We set
a’ =a;+ -+ aq, where a; is homogeneous of degree 4, a; # 0 and [ < ¢g. As
s does not vanish at P, the fact that Fa is in m™ means that the valuation
at P of the polynomial ¢’ F' is > n, but this valuation is r +1 (since a; F). # 0).
It follows that [ > n — r, and hence a € m™~".
It follows from this exact sequence that

dim A/m" = dim Op/m"™ — dim Op/m"™".

Denoting by x,y the images of the variables, there is an obvious basis for
Op/m™:

2 2 n—1 ,n—2 n—1
1,:c7y,x,xy,y7...,:c y L Y-y

of size n(n+1)/2, and hence dim A/m"” = n(n+1)/2—(n—r)(n—r+1)/2 =
rn—r(r—1)/2.
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Remarks 4.7.

1) Curves are a special case of the above proposition (namely the case
where F' has no multiple factors). The ring A is then simply the local ring of
C =V(F) at P and the multiplicity of C only depends on this local ring. We
have given above a more general form of the proposition so as to leave open
the possibility of curves with multiple components (¢f. Chapter VI).

2) The notion of multiplicity can be generalised as follows. If A is a local
Noetherian ring with residue field k = A/m, then we can show that for n large
enough the dimension of the k-vector space A/m™ is a polynomial function
of n (called the Hilbert-Samuel function of A) of degree d = dimg A and
whose dominant coefficient is of the form p4/d!, where p 4 is an integer called
the multiplicity of A (¢f. [H] Chapter V, Exercise 3.4).

4.8. Tangent lines of a plane curve in a point. For a plane curve we can also
define the tangent lines of the curve at a possibly singular point. As above,
we use a translation to reduce to the case where P = (0,0) and F(P) = 0.

If up(F) = 1, then the tangent line is given by F; = 0 and is simply the
tangent space (cf. 1.8).

If up(F) = r > 2, then the tangent space is the whole of k2, but since k
is algebraically closed, we can decompose the homogeneous polynomial F;. as
a product of factors of degree 1: F, = []/_,(; X + 3;Y)". The lines T} given
by the equations o; X + 3;Y = 0 are called the tangent lines of F' at P, and
the number r; is called the multiplicity of T;. (We will also call the set of all
such lines the tangent cone.) When all the integers r; are equal to 1, we say
that the multiple point is ordinary.

Examples 4.9.

If F =Y? — X3, then the origin is a double point with a double tangent
line. It is not an ordinary double point (but a cusp).

If F = X34+ X2 Y2, then the origin is an ordinary double point with
tangent lines Y = £X.

If F=(X?2+Y?%)?2+3X%Y — Y3 (trefoil), then the origin is an ordinary
triple point with tangent lines Y = 0 and Y = +v/3X.

If F = (X?+Y?)3—~4X2%Y? (quadrifoil), the origin is a (non-ordinary)
quadruple point with two double tangent lines X =0 and Y = 0.

Exercises

In what follows we work over an algebraically closed base field k. We refer to the
exercises from Chapter II for the definition of a homography. A homography of
the projective plane P? is simply a linear change of coordinates, (X', Y, T') =
AY(X,Y,T), where A is an invertible 3 x 3 matrix.
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1 Three remarks

a) Let F' € k[Xo,...,X,] be a homogeneous polynomial of degree d. Assume that
F is reducible. Prove that V(F) is not smooth. (If F = GH consider a common
point of V(G) and V(H), which exists by Exercise IV, 2b.)

b) Let F' € k[X,Y, Z,T] be homogeneous of degree 3. Assume that V(F) contains
two distinct singular points a and b. Prove that the line (ab) is contained in V' (F').

c) Let F' € k[X,Y,T] be homogeneous of degree 3. Assume that V(F') has three
distinct singular points. Show that V(F) is the union of three lines.

2 Some examples

Find the singular points of the following varieties and say whether or not they are
irreducible.

a) In P2
V(XY*+ YT+ XTY), V(X°Y? + X°T% +Y°T?),
V(X" 4+Y"+T"), n>0,
V(X2 =YT)Y’ +Y*(Y -T)), VEX'+Y'-TY(BX?+2Y?%) +Y°T?),
V(Y?T? + T?°X? + X?Y? - 2XYT(X +Y +T)).

If possible, try to draw the affine (relative to the line at infinity 7' = 0) real part
of these curves.

b) In P3:
V(X?4+Y? -2, V(XYTH+ X +Y?),
V(XY? - Z°T), V(XYZ+XYT+XZT+YZT),
V(XT-YZ, YT?> -7 ZX*—Y?).
3 Conics

Let F € k[X,Y,T] be an irreducible homogeneous polynomial of degree 2 and let
C = V(F) C P? be the “conic” defined by F'.

a) Prove that up to homography we may assume F = YT — X2, (Consider a non-
singular point in C, P, and reduce by homography to the case P = (0,0,1)
and the tangent line to C' at P is the line Y = 0. Now show that F is of
the form aX? 4+ bY? +dYT + fXY. Perform another homography of the form
X' =X,T'=T,Y' = uX +vY +wT to reduce to the required form. Another
possibility would be to use the reduction of quadratic forms.)

b) Prove that any irreducible conic is smooth.

4 Cuspidal cubics

Let F € k[X,Y,T] be an irreducible homogeneous polynomial of degree 3 and let
C = V(F) C P? be the “cubic” defined by F. Assume that C has a cusp at P.

a) Prove that up to homography we may assume P = (0,0, 1) and that the double
tangent line is Y = 0.

b) Prove that up to homography the curve is given by the equation F' = YT — X3,
Determine the singular points of C.
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5 Nodal cubics

The same exercise as above for a cubic C' with a double ordinary point (i.e., a node).
(Reduce to curves of the form X* 4+ Y3 — XYT.)

6 A space elliptic quartic
Set C=V(X?-XZ-YT,YZ—-XT—ZT) C P? and let P be the point (0,0,0,1).

a) Consider the projection ¢ with centre P onto the plane T' = 0 (i.e., the map
sending Q = (z,v,2,t) € P?, Q # P to (x,y, z) € P?). Show that ¢ induces an
isomorphism of C' — { P} onto the plane cubic I' = V(Y2Z — X* + X Z?) minus
the point (1,0, —1). Prove that I" is smooth.

b) Prove that C is smooth and irreducible. Prove that the number of intersection
points of C' with any plane is < 4 and that this number is “generally” equal to 4
(we say that C is of degree 4 or that C is a quartic).

7 Products

Study how the smoothness of the point (z,y) € X x Y depends on the nature of x
and y.

8 Linear subvarieties

Let V(F') be a hypersurface of P™ of degree > 2. Assume that V(F) contains a
linear subvariety L (that is to say, a projective subspace) of dimension r > n/2.
Prove that V(F') is singular. (Look for singular points on L, which we may assume
is given by the equations X,4+1 =0,...,X, =0.)

9 Quadrics

Assume that k is not of characteristic 2. By a quadric of P™ we mean a variety of
the form Q = V(F), where F' is homogeneous of degree 2 (i.e., a quadratic form).

a) Prove that up to homography we may assume F = X2 + .- 4+ X2, where
0<r<n.

b) Prove that @ is irreducible if and only if r > 2.

¢) Assume r > 2. Prove that the singular locus of @ is a linear subvariety of
dimension n — r — 1. In particular, ) is smooth if and only if r = n.






VI

Bézout’s theorem

0 Introduction

Our aim is to show that two plane curves of degrees s and ¢ have exactly
st intersection points. We saw in the introduction that we need to take care
when stating this result.

1) We have to assume the curves have no common components.
2) We have to assume the base field k& is algebraically closed.

3) We have to work in projective space.

4) We have to count intersections with multiplicities.

We still need to deal with this last point. As multiplicity is a local concept
we start with affine spaces.

1 Intersection multiplicities

a. Finite schemes

We start with a very simple example.

We intersect the parabola C' = V(Y — X?) and the line Dy = V(Y — \).
The intersection variety is C N Dy = V(Y — X2 Y — )). Consider the ideal
In=(Y -X%2Y - )) = (Y =\, X% — ) and let us calculate the quotient
ring Ay = k[X,Y]/I,. Sending Y to A we see that this ring is isomorphic to
k[X]/(X? — X). There are two cases to consider.

a) If A # 0, set A = a?. Then A is isomorphic to the product ring k x k
via the homomorphism sending X to (a, —a). This ring is reduced, so I is
equal to the ideal I(C'N Dy) and the variety C'N Dy has ring Aj. It is formed
of two distinct points and at each of these points the local ring is k.

b) A = 0: Dy is tangent to C. We have Ag = k[X]/(X?) = kle] (the ring
of dual numbers). The quotient is not reduced and hence I(C N Dy) is the
radical of Iy, or, alternatively, the ideal (X,Y"). The variety C' N Dy is a point
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with local ring k. Of course, to get the intersection multiplicity of Dy and C—
namely 2—we simply don’t pass to the radical. It is the ideal Iy = (Y, X?),
the limit of the ideals I, when A tends to 0, not its radical, which contains
the information we seek. Our solution is to define C'N Dy not as a variety, but
as a scheme. In other words, we equip the unique point P = (0,0) of C'N Dg
with the ring I'(P) = k[X]/(X?) = k[e], not k. The point P then possesses
an unusual “function” e, which is non-zero but nilpotent. The above suggests
the following definition.

Definition 1.1 (Finite schemes). A finite scheme (Z,Oz) is a ringed space
such that Z is a finite discrete set and the ring Oz ({P}) at each (open) point
P € X is a local k-algebra which is finite dimensional as a k-vector space
(i.e., a finite k-algebra). This dimension is called the multiplicity of Z at P.
We denote it by pup(Z).

Remarks 1.2.
1) The ring Oz ({P}) is also the local ring of Z at P, Oz p (in the sense
given in Chapter III, 5.1).

2) The unique prime ideal of Oz p is its maximal ideal mp (indeed, if I is a
prime ideal, then its quotient is an integral domain which is finite dimensional
over k and is hence a field, so I is maximal and equal to mp). It follows that
mp is the nilradical of Oz p (cf. Summary 1.2.d) and hence its elements are
nilpotent and, being of finite type, mp itself is nilpotent, i.e., there is an
integer n such that m% = 0.

3) A finite variety is a finite scheme such that all the local rings are equal
to k and hence all the points are of multiplicity 1.

Proposition 1.3. Let (Z,0z) be a finite scheme. For any subset V in Z,
I'(V,0z) = [Ipey Oz,p. Conversely, if we assign to every point of a finite
set Z a local finite k-algebra, then the above formula defines a finite scheme
structure on Z.

Proof. This is clear: we associate to any section over V' its restriction to each
of the (open) points P € V, and the gluing condition is empty in this case.

Definition 1.4. If Z is a finite scheme and A = I'(Z,0z), then we write
Z = Spec A.

We note that A is a finite k-algebra (i.e., a k-vector space of finite dimen-
sion) since it is a product of local rings Oz p which are finite dimensional
(¢f. 1.11.4). The scheme Z is a variety if and only if A is reduced.

Ezample 1.5. Even a single point has many possible scheme structures, such
as k[X]/(X™) or k[X,Y]/(X?, XY,Y?), for example.
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b. The finite scheme structure on the intersection of two plane
affine curves

Let F,G € k[X,Y] be two non-zero polynomials without common factors. We
recall (¢f. Chapter 1,5) that the set Z = V(F,G) is finite and the algebra
k[X,Y]/(F,G) is finite. We seek to define a finite scheme structure on Z. To
do this, we recall that given a closed subset Z in an affine variety X such that
R=TI(X)and I =1(Z), we have Oz = R/I (cf. Chapter III, 7.4). We will
therefore define Oz using a similar formula, replacing I(Z) with (F,G), as
the above example of C'N Dy suggests. We will need a detailed description of

the sheaf R/I, which we give in full generality.

Proposition-Definition 1.6. Let X be an irreducible affine algebraic variety
and set R =T'(X). Let I be an ideal of R and let Z be the closed set V(I) (we

do not assume I = I(Z)). Let i be the inclusion of Z in X and set F = R/I.
Let D(f) be a standard open set in X. The following results hold.

1) IfD(f)NZ =@, then I'(D(f),F) = 0.
2) If D(f) N Z = {x}, then T(D(f),F) = Ox./IO0x ».
3)If D(f)yNZ ={z1,...,zn}, then

F(D<f)7~7:) = HOX,:ri/]OX,J:i~
i=1
4) The set Z =V (I) is finite if and only if R/I is a finite k-algebra; Z is

then discrete and we can define a sheaf of rings Oz on Z by setting, for any
UcZ:

IU,0z) = [[ Ox.2/10x..

zeU

We then have F = i,Oz. In particular,

I(2,07) =I(X,F) = R/I = [ Ox.a/10x..-

rEZ
The ringed space (Z,0yz) is a finite scheme, denoted by Spec(R/I) as in 1.4.
Proof. We certainly have
I(D(f),F) = (R/I); = Ry /IR;.

1) We have Z C V(f), and hence f, which vanishes on Z, is in the radical
of I, so f7 € I. But f" is then both invertible and zero in the ring R;/IRy
and hence this ring is the zero ring.

2) The point x corresponds to the maximal ideal m, in R. Saying that

x € D(f) means exactly that f ¢ m, and hence m, defines a maximal ideal
of Ry. Saying that x € Z means exactly that I C m, and hence m, gives
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us a maximal ideal of Ry/IRy. Saying that « is the only point in Z N D(f)
means that the ideal corresponding to m, is the only maximal ideal in the
ring Ry/IRy, which is therefore local and hence Ry /IRy = (R¢/IR¢)m, =
R, /IR, , which is the result we seek.

3) There are elements f1,..., f, € R such that, for all ¢, f;(z;) # 0 and
fi(z;) = 0 for j # i. We therefore have x; € D(ff;), but =; ¢ D(ff;) for
j # i. We calculate I'(D(f), F) by covering D(f) with the sets D(ff;) and
D(g;), which are disjoint from Z. We deduce an injective homomorphism

L(D(f),F) — [ F(D(f ). pr
=1

The last rings vanish (c¢f. 1) and so only the sets D(ff;) remain. As
D(ffifj) N Z = @, there is no gluing condition and ¢ is an isomorphism,
which, together with 2), proves the result.

4) We start by proving the first statement. Assume first that R/I is fi-
nite dimensional. Then, since I C I(Z), the ring I'(Z) = R/I(Z) is finite
dimensional, and hence Z is finite (¢f. Chapter I, 4.8).

Conversely, if Z is finite the ring I'(Z), which is the reduced ring associated
to R/I, is finite dimensional by Chapter I, 4.8. Moreover, the formula from
3) applied to f = 1 shows that R/I is a product of local rings, and hence
the same is true of I'(Z), but in the latter all the local rings are equal to k
(¢f- 1.2). The local rings of R/I therefore all have nilpotent maximal ideals,
and we will be done if we can prove the following lemma.

Lemma 1.7. Let A be a local k-algebra with maximal ideal m and residue
field k. We assume m™ = 0. Then A is finite dimensional over k.

Proof. Tt is enough to consider the sequence of subspaces

nle...cmcA

0)=m"Cm
and note that the quotients m’/m! are all finite dimensional over k = A/m
(since the ideals m* are of finite type).

Let us return to 4). The fact that the sheaves i,Oy are equal to F follows
from 3). And finally, (Z,Oz) is a finite scheme if and only if the local rings
Ox,5/IO0x , are finite dimensional over k and this follows from the finiteness
of R/I.

Remark 1.8. The sheaf of rings Oz defined above is called the inverse image
of the sheaf F under the map ¢ and is denoted by i*(F).

Returning to the beginning of paragraph b), we define a finite scheme
structure on V(F,G) as a special case of 1.6 in the following way.
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Proposition-Definition 1.9. Consider two polynomials F,G € k[X,Y]
without common factors and let Z be the finite set V(F,G). We set
R = k[X,Y] and I = (F,G). We equip Z with a ringed space structure
by defining Oz as in 1.6 (Oz = i*(R/I) in the notation of 1.8). The ringed
space (Z,0z) is then a finite scheme. The local ring Oz p of Z at P is equal
to Oz, p/(F,G) and

k[Xv Y}/(Fv G) = H Ok2,P/(Fa G) = F(Z, 02)7
PeZ

so Z = Spec(R/I) = Speck[X,Y]/(F,G).

Definition 1.10. With the notation of 1.9, we define the intersection multi-
plicity pp(F,G) of F and G at P to be the multiplicity of the finite scheme
Z =V (F,G) at P: alternatively

,LLP(F, G) == dlmk OkZ’p/(F, G)
Corollary 1.11. With the notation of 1.9,

> wp(F,G) = dimy k[X,Y]/(F,G) = dimy, I'(Z, Oy).
PeV (F,G)

We note that this formula already contains a large part of the informa-
tion we seek, namely the sum of the multiplicities of the intersection points.
However, we need to be careful: this formula may miss out some points at
infinity—think of the case F = X, G =X — 1.

Remarks 1.12.

1) In definition 1.10 the polynomials F' and G can have multiple factors. In
other words, we allow ourselves to consider intersection multiplicities of curves
which may themselves have multiple factors (this is important for certain
calculations, cf. Problem VII).

2) Definition 1.10 is meaningful even if P ¢ V(F,G). The multiplicity is
then zero because either F' or G is non-zero at P and is therefore invertible
in the local ring, so the quotient is zero.

3) For an axiomatic definition of multiplicity and an algorithm for calcu-
lating it (which is indispensable in practice), ¢f. Problem VII or [F] Chapter 3.

4) We saw in Proposition 1.6 that any finite k-algebra is isomorphic to
a product of finite local k-algebras. From this it is easy to deduce that the
functor from the category of finite schemes to the category of finite k-algebras
given by Z +— I'(Z,Oz) is an equivalence of categories.

Example 1.13. Let us calculate the intersection multiplicity of X3 — X2 — Y
and Y at the point P = (0,0). Let O be the local ring Oz p. The ideal 1O
is equal to (X3 — X2 -Y,Y) = (X3 - X2)Y) = (X3(X - 1),Y) = (X?2)Y),
since X — 1 is invertible in O. The quotient O/IO therefore has a basis given
by the images of 1 and X and the multiplicity is 2.
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2 Bézout’s theorem

Throughout the following, we consider two homogeneous non-zero polynomials
F,G in k[X,Y, T] without common factors and of degrees s and t respectively.

a. Intersection multiplicity in projective space

Consider P = (z,y,t) € P2. One of its coordinates is non-zero: we can assume
that t is non-zero or even that t = 1. We then consider the dehomogenised
(with respect to T') polynomials F, and G, (that is, F,(X,Y) = F(X,Y,1),
¢f. Chapter III, 8.b), and we define the intersection multiplicity of F and G
in P by pp(F,G) = pi(zy) (£, Gy).

We now show that this definition does not depend on the choice of line
at infinity (7" = 0 in this case). Let I(P) be the (prime, homogeneous) ideal
of the point P in P2. The local ring Op:z p can be obtained as the subring
of the localised ring k[X,Y,T];(p) consisting of elements A/B, where A, B
are homogeneous of equal degree and B(P) # 0 (¢f. Chapter 111, 8.7). If J is
an ideal of k[X,Y,T], we denote by Jp the restriction to Opz p of the ideal
generated by J in k[X,Y, T];(p).

The fact that multiplicity is well defined follows from the following lemma.

Lemma 2.1. With the above notations, there is a ring isomorphism
Opfz)p/(F, G)P ~ Ok2’p/(Fb,G|,).

Proof. Note that in the case at hand (i.e., P = (z,y,1)) the ideal (F,G)p
is the ideal generated by F/T* and G/T*. We consider the homomorphism
b: k[X,Y,T] — k[X,Y] sending T to 1. This homomorphism induces a map
D k[X,Y,T|rpy — k[X,Y]mp = Op2,p (here, mp is the ideal of the point P
in k2). The restriction of @ to Op2 p is an isomorphism sending Op2 p to
Oyj2 p (cf. Chapter III, 8.7). Since the image under @ of (F,G) is the ideal
(F,, Gy), the result follows on passing to the quotient.

b. Statement of the theorem

Theorem 2.2 (Bézout). Let F,G € k[X,Y,T] be two homogeneous polyno-
mials without common factors of degrees s and t respectively. We have

PEV(F)NV(G)

(We could also take this sum over all points of P2 since if P ¢ V(F) NV (G),
then its multiplicity is zero, ¢f. 1.11.2.) The proof of Bézout’s theorem takes
up the rest of this chapter.
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c. The link with the affine case
Lemma 2.3. The set V(F)NV(G) C P? is finite.

Proof. Take T = 0 to be the line at infinity and denote it by Dy.. The re-
striction of V(F) (resp. V(QG)) to D« is a projective algebraic subset of Dy,
and is hence either finite or equal to D.. If it is equal to D, then T di-
vides F' (resp. T divides G). Since F' and G have no common factors, the set
V(F)NV(G) N Dy is finite.

We identify P2 — D, with k2 in the usual way. We then have V (F)Nk? =
V(F,) (c¢f. Chapter III, 8.b) and likewise V(G) Nk? = V(G}). But F, and G,
still have no common factors and hence V(F)NV(G)Nk* = V(F,) NV(G,),
which is finite. The intersection is therefore finite.

Lemma 2.4. There is a projective line D which does not meet the intersection

V(E)NV(G).

Proof. Let Z C P? be a finite set. We want to show that there is a line which
does not meet Z. Take a ¢ Z and consider the lines passing through a. There
are infinitely many such lines, and only a finite number of them meet Z. QED.

d. Description of the structure sheaf of the intersection

Let D be a projective line which does not meet Z = V(F,G). After homog-
raphy (which does not change the intersection multiplicities of the polynomi-
als F' and G or their degrees) we can assume that D is the line ' = 0 and
take it to be the line at infinity. On identifying P? — D, and k? we have
V(F)NV(G) =V(F,)NV(G,) C k?. We equip Z = V(F},,G,) with its finite
scheme structure as in 1.9. We know that

> wp(F.G) = Y pp(F,G,) =dimg I'(Z,0y)

PeV(F,G) PeV(F,,G,)
and it remains to show that
dimk F(Z, Oz) = dimk k[X, 3/]/(]'%7 Gb) = st.

We set S = k[X,Y,T], J = (F,G) (a homogeneous ideal) and B = S/J (a
graded S-module). In affine space, we set R = k[X,Y] and I = (F},,G,). We
denote by i the inclusion of Z in k? and by j the inclusion of Z in P2. We
then have the following description of Oy.

Proposition 2.5. There are isomorphisms i,(Oz) =~ f/é/vl and j.(Oz) ~
S/J = B. In particular, I'(Z,0z) = ['(P%,S/.J).
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Proof. The first isomorphism was proved in 1.6. The second can be proved
by the same method, replacing the open set D(f) by DT (f) everywhere. (We
will reconstruct this isomorphism using another method in 2.11.)

Given 2.5, it is enough to prove the formula I'(P?,S/J) = st. In fact, we do
not really need to calculate this space of sections (¢f. 2.13), but this notation
enables us to better understand what is going on. The great advantage of
working in projective space is that all the spaces of sections of sheaves are
finite dimensional (c¢f. Chapter VII, 4.4). As we will see in Chapter VII, the
following arguments contain a certain amount of hidden cohomology.

e. Description of B = S/J

Lemma 2.6. There is an exact sequence of graded S-modules,

Y

0— S(—s—1) (—8) ® S(—t) 2 § — §/J — 0,

where (W) = (WG, —WF) and (U, V)=UF + VG.
Proof. This was proved in Chapter III, 10.1.
Corollary 2.7. We have the following exact sequences of sheaves.

0 — Opz2(—s —t) — Op2(—s) ® Op2(—t) — J — 0,
0— J — Opz — §/J — 0.

The second exact sequence is to be understood as follows. Using j., we can
identify the sheaves S/J and Oyz. The sheaf J is therefore a sheaf of ideals of
Op2 which we can denote by Jz, and the second sequence is the analogue for
the subscheme Z in P? of the fundamental sheaf associated to a closed subset
of a variety (cf. Chapter III, 9.5).

The problem with calculating I" (P2, E) is that, although we have an exact

sequence " _
0 — I'(P?,J) — I'(P? Op:) — I'(P%B),

the last map is certainly not surjective: the dimension of I'(P?, Op2) is 1 and
we hope that the dimension of F(PQ,E) will turn out to be st. We would
have had exactly the same problem with the other exact sequence: remem-
ber that surjectivity of sheaves does not imply surjectivity of global sections
(¢f. Chapter III, 6.7).

The idea for getting round this problem—due to the lack of sections of
Op2—is to work with the shifted sheaves Opz(d) (cf. Chapter III, 9.7), which
have many sections for large d.
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f. Comparison of B and EZ(T) (or Oz and Oz(d))

The fact that Z does not meet the line at infinity will imply that shifting does
not alter j.(Oz) = B.

Proposition 2.8. Multiplication by T induces an injection « of graded
S-modules from B(—1) to B. Moreover, for n > s+t — 1 the map
Qan : Bn,_1 — B, is surjective.

Proof.

1) Injectivity. Consider H € B(—1) such that a(H) = 0. This
means that TH = UF + VG in §. We set T = 0 and obtain
UX,Y,00F(X,Y,0) + V(X,Y,0)G(X,Y,0) = 0. But F(X,Y,0) and
G(X,Y,0) are coprime since F' and G have no common point at infinity
and hence G(X,Y,0) divides U(X,Y,0), U(X,Y,0) = G(X,Y,0)C(X,Y),
and hence V(X,Y,0) = —F(X,Y,0)C(X,Y). Returning to S we see that
U=GC+TU" |V =—-FC+TV',soTH =T(U'F+V'G)and H =U'F+V'G
therefore vanishes in the quotient S/J.

2) Surjectivity of «;, follows from its injectivity and the following lemma.
Lemma 2.9. Ford > s+t — 2, dimy By = st.
Proof. In degree d, the exact sequence 2.6 shows that
0—Sqs5—t — S4—s ®Sq—¢t — Sq — Bg — 0,

and therefore dim By = dim S3—dim Sy_s—dim Sy_;+dim Sy_s_¢. A straight-
forward calculation using the formula

dim S, — (”;2) — (n+2)(n+1)/2,

which is valid for n > —2 (which explains the condition d > s+ ¢ — 2) then
gives us the result.

(If we wanted to avoid the calculation, we could also have noted that the
previous formula depends only on s and ¢ and calculate the dimension of By
in the special case where F' = X*, G = Y*. In this case, there is a basis of By
consisting of the images of the monomials X*Y7T9~*=7 where 0 < i < s — 1,
0<j<t—1l,andd—i—j > 0. For d > s+t — 2 the last condition is
unnecessary, so the required dimension is indeed st.)

—_—~—

Corollary 2.10. Multiplication by T induces a sheaf isomorphism B(—1) ~
B. (1t follows that for every integer d there is an isomorphism B(d) ~ E)

Proof. This follows from 2.8 and Chapter 111, 9.4 (since surjectivity for n large
is enough).
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Remark 2.11. Using 2.8 we can give another proof of 2.5. Let H € S be a
homogeneous polynomial of degree > 0. Then Dt (H) N D*(T) = D(H,) and
ZNDY(H)=ZnD(H,). We want to prove there is an isomorphism

[(D*(H),S/J) ~ I'(D(H,), R/1).

(By 1.6 this last group is isomorphic to I'(Z N DY (H),0z).) The careful

reader will easily establish the existence of such an isomorphism using the flat

(i.e., b) operation and the ideas of the proof of Proposition 2.13 below.
Identifying j.(Oz) and B , Corollary 2.10 can be stated as follows.

Corollary 2.12. Multiplying by T induces a sheaf isomorphism Oz(—1) ~
Oz, and hence for all integers d we have an isomorphism Oz ~ Oz(d).

g. Conclusion

It only remains to establish the equalities
dimy, I'(Z, 04(d)) = dimy, (P2, B(d)) = dim k[X, Y]/(F}, G,) = st.

In fact, as dimy By = st for d large enough, it will be enough to find an
isomorphism of By with k[X,Y]/(F,,G,). (We can also, ¢f. Chapter VII, 4.3,
prove that for d large enough there is an isomorphism I'(P2, B(d)) ~ By, but
this is not useful here.)

We consider the ring homomorphism

b k[X,Y,T] =S — k[X,Y] =R

sending T to 1. As the image of the ideal J under this homomorphism is I, it
factors through a homomorphism which we also denote by b, b: B =5/J —
A = R/I. After restriction we obtain a linear map vg : B4 — R/I. It remains
to prove the following result.

Proposition 2.13. The map v = vq : By — R/I = k[X,Y]/(F,,G,) is an
isomorphism for d > s+t — 2.

Proof.

1) We show first that v is injective. Let P € By be the image of P € Sy
and assume v(P) = 0. Then P, € I, i.e., B, = aF, + bG,, a,b € k[X,Y].
Applying the sharp map we get T*P = TPa*F + T7b¢G (cf. Chapter II1I, 8.b)
and hence TP € J, but as multiplication by T is injective in S/J (cf. 2.8),
it follows that P € J, and hence P = 0.

2) We now prove that v is surjective. Consider f € k[X,Y]/I, the image of
the polynomial f. We consider f # which is homogeneous of a certain degree n,
and we consider its image f? in B,,. If n < d, then the element T9 " f# in By
is sent to f by v. If n > d > s+t — 2, then we know that multiplication
by T~ ¢ gives an isomorphism between By and B,, and hence f# = T"~¢P,
where v sends P € By to f.

This completes the proof of Bézout’s theorem.
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Exercises

The following exercises deal with projective plane curves, particularly applications
of Bézout’s theorem.

1 Linear systems of curves

Let d be a strictly positive integer. We denote by V; the vector space of homogeneous
polynomials of degree d in X,Y,T.

a) Prove that dimy(Vy) = (d+1)(d + 2)/2.

b) For all P € P? we set Vy(P) = {F € V, | F(P) = 0}. Prove that V4(P) is a
hyperplane in Vj.

c) For all 7 € N and P € P? we set Vy(rP) = {F € V3 | up(F) > r}. Calculate
dimk(Vd(rP)).

d) For all r1,...,r, € N and Pi,..., P, € P? we set

Vd(T‘1P1,...,TnPn) = {FG Vd|Vi: 1,...,n /Lpi(F) > m}.

Prove that

n

dimy, Va(ri Py, ..., mnPo) 2 (d+1)(d+2)/2 = > ri(ri +1)/2.

1=1

e) Using the above notation, prove that if
> ri(ri+1)/2 < d(d+3)/2,
i=1

then there exists a curve (in the most general sense of the word: a polynomial,
which may have multiple factors) with multiplicity > r; at each pointP;.

2 Degree and singular points

Let F be a homogeneous polynomial of degree d > 1 in X, Y, T. We denote by up(F)
(or simply pp) the multiplicity of F' at P.

a) Assume that F' has no multiple factors. Prove that

> me(pe —1) <d(d—1).
PeP?2
(Apply Bézout’s theorem to F' and 0F/0X.)
b) Assume that F is irreducible. Prove the following strengthening of the above
inequality:
> pp(pp —1) < (d—1)(d—2).
PeP?
(Prove as in 1.e that there is a polynomial G of degree d—1 which has multiplicity
up — 1 at each of the the singular points of F' and which vanishes at a certain
number of suitably chosen points elsewhere on F. Apply Bézout’s theorem.)
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The (positive or zero) integer

g=(d-1)d~-2)/2= Y up(ur—1)/2

Pep?

is called the genus of the curve V(F') (whenever V(F') has no multiple points with
multiple tangents).

3 Applications

a) Re-prove the fact that an irreducible conic is non-singular and an irreducible
cubic has at most one double point (cf. Exercise V, 1).

b) Prove that a quartic with more than three double points or a more-than-triple
point is reducible.

¢) Prove that a quartic with a unique double point with distinct tangent lines is
irreducible.

d) Set F(X,Y.T) =3, hes X'YITk. Prove that V(F) is smooth (and hence
irreducible). (Note that V(F') is stable under the action of the symmetric group
S3 which permutes the coordinates. Calculate the cardinal of the orbits of points
of P2 under the action of this group, paying careful attention to the special cases,
and examine the orbits of the singular points.)

4 The tricuspidal quartic
We set F(X,Y,T) = Y?*T? + T?X? + X?Y? - 2XYT(X +Y 4+ T).

a) Prove that C' = V(F) has three cusp points at P = (0,0,1),Q = (0,1,0),R =
(1,0,0).

b) Consider a conic I" passing through P, @, R and tangent to C' at P. Prove that
C and I" have at most one other point in common.

¢) Prove that all conics I' of the above form have equations of the form pu(Y7T —
XT) 4+ AXY with (\, ) € P'(k). Calculate explicitly the intersection points of
C and I'. (Carry out your calculations in affine space.)

d) Prove that this gives us a birational parameterisation of C. We first calculate
this parameterisation in affine space. We then homogenise and get a morphism
@ : P! — C given by the formula o(\, p) = (4> (A-p)?, 4p*(A—p)?, (A2 —p?)?).
Prove that this morphism is an isomorphism except at the points (1,0), (—=1,1)
and (1,1) whose images are the points P,@ and R and that the inverse of ¢
outside of P,Q, R is given by the map ¢~ (z,y,t) = ((x — y)t, zy).

e) Construct the real part of C' in the affine plane T' # 0.



VII

Sheaf cohomology

0 Introduction

We return for a moment to the proof of Bézout’s theorem. Given Z = V(F, G)
we had to calculate the dimension of I'(Z,Oz). The method used was to
consider the exact sequences

0 — Jz — Op2 — Oz — 0,
0 — Ops(—5— 1) — Opa(—s) & Ops (—t) — Tz — 0

and apply the global sections functor I' to them. The difficulty is that I" is
not right exact: given an exact sequence of Ox-modules on a variety X

there is an exact sequence
(+%) 0 — I(X,F) — ['(X,G) " I'(X,H),

but 7 is not generally surjective.

This situation often arises in algebraic geometry: we often need to calculate
the dimension of a space of global sections I'( X, F) (which in projective space
is always finite dimensional if F is coherent, cf. 4.6). For example:

1) If X is a variety, dim I'(X, Ox) is the number of connected components
of X.

2) If C'is a curve in P3, dim I'(P3, Jc(s)) is the number of (independent)
degree s surfaces containing C.

The method used to calculate these numbers is to insert the sheaves in
question into some exact sequence as in the proof of Bézout’s theorem, and
we always come across the problem of the non-exactness of I'. (In a sequence
of type (**) two dimensions are not enough to calculate the third.)
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Cohomology was invented (partly) to get around this problem. We intro-
duce new groups associated to F, which we denote by H* (X, F) (or H'(F) if
there is no ambiguity), defined for i > 0 and such that H is simply I". Their
most important property is that given an exact sequence of sheaves () there
is a long exact sequence

0— HO(F) — HO(G) " HOH) -

HY(F) — HY(G) — H'(H) — H2(F) — -

which we hope will allow us to calculate the image of 7. (In practice we can
only do this if some of the spaces H® are zero.)

The existence and uniqueness of these groups H'F is a very general fact
proved using the theory of derived functors, ¢f. [H] or [Tohoku]. We will con-
struct them explicitly, using Cech cohomology (but will have to admit their
uniqueness).

To understand the origin of this Cech cohomology we return to the example
of the exact sequence of Ox-modules (x) and the sequence (x*) of global
sections. Our aim is to characterise the image of 7.

Consider h € I'(H). A priori h is not in the image of 7, but it is locally
in the image of 7 because 7 is surjective. There is therefore an open cover
(U;) of X and sections g; € I'(U;, G) such that p(¢g;) = h|y,. The problem is
whether or not the sections g; can be glued together (after possibly changing
each g; by an f; € I'(U;, F), which doesn’t change p(g;)). Over each of the
open sets U;; = U; N Uj, we consider the sections f;; = g; — g;. As g; and g;
have the same image in H, f;; is a section of F. What is more, over the open
set Ujr = U; N U; NUy, we have fi; + fjr = fir: this is called the cocycle
relation. We say that the sections f;; form a cocycle.

The sections g; can be glued together if and only if there are elements
fi € I'(U;, F) such that f; + ¢, = f; + g; or fi; = f; — fi (NB: we are now
talking about sections of F). We then say that the family f;; is a coboundary.
(Of course, a coboundary is a cocycle.)

The obstruction to h being in the image of 7 is that a cocycle is not always
a coboundary. We are therefore led to define H'(X, F) to be the quotient of
the group of cocycles by the group of coboundaries, the map ¢ : H*(X, H) —
H'(X,F) being the map which associates to h the class of the cocycle f;;
defined above. We then have h € Im7 < h € KerJ.

1 Some homological algebra

Definition 1.1. A Complex (of abelian groups, for example, but it could also
be a complex of A-modules or Ox-modules) is a sequence A®:

) i e .
. Azfl d Al d Az+1 ...
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of abelian groups A indexed by Z or N such that d+'od' = 0 for alli. The ho-
momorphisms d* are called differentials (or coboundaries). NB: this sequence
is not exact: Imd® is contained in Ker dt', but equality does not necessarily
hold. The quotient group Ker d*1/Imd’ is called the ith cohomology group of
the complex and is denoted by H'(A®).

We can also define complexes whose differentials are degree-decreasing.

The quotients of such a complex are called its homology. When dealing with
cohomology (resp. homology) we generally write the terms of the complex
with upper (resp. lower) indices.
Ezxample 1.2. Over any open set U in R™ we have a complex of differential
forms with the usual differential d (¢f. [Go]). The kernel of d consists of closed
forms, its image consists of exact forms and the vanishing of the cohomology
groups encodes topological information on U. For example, if U is a star
domain, Poincaré’s lemma says that the cohomology groups H*® vanish. This
is also the case if n = 2 and U is simply connected.

Definition 1.3. Let A® and B* be complexes whose differentials are, respec-
tively, d and §*. A morphism of complexes from A® to B* is given by the data
of homomorphisms f': A® — B such that the following diagram commutes:

] di+1 ]
Az —_ Az+1

fil J/fi“rl
5i+1

Bi —_ Bi+1
We write f : A* — B*®. An exact sequence of complexes
0 aLop 9oy
1s the data of two morphisms of complexes f, g such that for all i, the sequence
0 — A" —B"—(C"—0
18 exact.

It follows immediately from the definition of a morphism that f? sends
the kernel and image of d* to the kernel and image of 6* and hence induces a
morphism f7 : H'(A®) — H'(B*).

We have the following fundamental proposition on exact sequences.

Proposition 1.4. Let 0 — A* L, B* 45 0* = 0 be an exact sequence of
complexes. There are homomorphisms, called connecting morphisms,

o H"C® — H" 1 A°

such that there is a long exact sequence

n - n n+1
ograr L g I e O i ge S pgripe
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Proof.
1) We consider the following commutative diagram, whose lines are com-
plexes and whose columns are exact sequences:

0 0 0
n+1 n—+2 J
An d An+1 d An+2
fn fn+1 anJrQ
6n 5n+1 5n+2
e Bn—l 5 BrL Bn+1 Bn+2
lgn—l gn gn+1
n n+1
e — Cn—l A cn A C7L+1
0 0 0

2) Possibly the hardest part of the solution is defining the homomorphism
o" : H"C* — H"'1A®. By definition H"C* = Ker A"*!/Im A". Consider
7 € H"C": T is the class of some x € C™ such that A"*!(z) = 0.

Consider such an x. As g™ is surjective, z = ¢"(y), y € B™ and A"} (z) =
Antlgn(y) = gntlentl(y) = 0, so 6" (y) € Im f™*!: there is therefore a
unique z € A"*! such that 6"*1(y) = f"*1(2). We have z € Ker d"*2. Indeed,
frr2dnt2(z) = gnt2frtl(z) = 7267+ (y) = 0 since B* is a complex and
the result follows since 12 is injective. Let Z be the image of z in H"T1A°".

We check first that Z does not depend on the choice of the lifting y of z.
Given another y' lifting « we have y' = y + f™(t) for some t € A", and hence
Sy ) = 6" (y) + frHidn (1), As f7HL s injective, 2/ = 2z +d"T1(t), but
then zZ/ =% in H"™.

We have therefore constructed a map D : Ker A"T1 — HnH14°,

We now have to show that:

a) D is a homomorphism. (This is clear: we can lift x + 2’ to y + ¥/'.)

b) D vanishes on Im A™. Indeed, if z = A™(u), u € C™!, then we lift u
to v € B! and we have z = g"¢"(v). We can therefore lift = to y = §"(v),
but then §"*1§"(v) = 0 and hence z = 0.

We deduce that D factors through a map 8" : H*C* — H"t1A*, given
by 0™(%) = Z with the above notation.

3) It remains to prove that the sequence is exact. This is an easy diagram
chase. We will prove exactness at H"C"®, the two other cases being left to the
reader.

1) We have 0"g"™ = 0, so Img™ C Ker0". Indeed, consider § € H"B",
coming from y € B™ such that 6"+ (y) = 0. We have g™ (y) = g"(y) = T. By
definition of 9", we have 9"(T) = z, where f""1(2) = 6,41(y) = 0, and since
f™t s injective, z = 0.
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2) Conversely, consider T € Ker 9. With the above notation z = 0, i.e.,
z = d"Tl(t) with t € A" and hence f"*1(z) = §"F1(y) = 6"+ f(¢), so that
y — f*(t) € Ker 6"t but then z = g"(y — f"(t)), so T € Img.

2 Cech cohomology

a. Definition

Let X be a topological space and let F be a sheaf of abelian groups on X.
Let U = (U;)ser be a finite open covering of X indexed by the ordered set
I=1{0,1,....n}
We denote the intersections U;; = U; N Uy, ..., Uy, = Uiy N - N U,
We now define a complex of abelian groups C* (U, F).
For all 0 < p < n we set
H F(Uig-wi,)

=<ip

If p > n, we set CP(U,F) =0.
An element of CP(U,F) is called a cochain. It consists of the data of a
section of F, Siy.-i,, Over each intersection Uj,...;,. For example, CY consists

of sections s; over U;, C! of sections 535 over Uy, ...
We now define the differential dP*! : C? — CP*! by the formula

p+1

(dp+18)i0"'ip+l = Z(*l)ksiomfk“'iml

k=0

U.

W0 ipt1?

where the symbol 73 means that we leave out the index 4.

Proposition-Definition 2.1. We have d?*! o d? = 0 for all p > 0. The
complex thus constructed is called the Cech complex of F relative to the open
cover U. Its cohomology groups are called the Cech cohomology groups of F

relative to U. They are denoted by I;Tp(UJ:).
Proof. Set t = dP(s). We calculate

p+1
p+1liy). _§ 1k
d (t)ZO“'Zerl - ( 1) tzgmzk---zp_,_l UiO.A.l-erl
k=0
p+1 p+1
E E _1yelkl) .
— 1) 510~~~1k~~u~~zp+1 Ui()"'ip+1’

1=0,1%k

where the integer a(k,l) islifl < kand [+ 1if > k.

Consider the term s, - 5 . o < 3 in the total sum. It appears twice,
0@ Brrip g

once for | = a, k = 3 with the sign (—1)®(—1)#*!, and once for k = a, | = 3
with the sign (—1)®(—1)”. These two terms cancel each other and the result
follows.
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Example 2.2. If s € C°, then s = (s;), where s; € F(U;) and ds is given by
(ds)ij = (s; — si)|v,,- If t € C*, t = (t;;) € F(Uy;), then its image under d is
(dt)ijr = (tjk — tix + tij)|vU,,.- We see that in this example, d o d does indeed
vanish. We recover the description of cocycles and coboundaries given in the
introduction.

We will now show that the cohomology groups we have defined have all
the properties claimed for them in the introduction. The group H° is what
we expect.

Proposition 2.3. We have PVIO(Z/{,}') =I'(X,F).

Proof. The group HY is simply the kernel of the first differential. It therefore
consists of those s; € F(U;) such that ds = 0, i.e., such that s; = s; over
Uij. As F is a sheaf the s; can be glued together to form a global section
seI'X,F) = F(X).

Remarks 2.4.

1) Cech cohomology is functorial: given a homomorphism of sheaves of
groups u : F — G there is an associated homomorphism of complexes
from CP(U,F) to CP(U,G) and group homomorphisms H?(u) : HP(U,F) —
HP(U, G).

2) It is immediate from the definition of Cech cohomology that it commutes
with direct sums, i.e.,

HP (X, @ Fi) = @ HY (X, F).
icl icl
3) When X is an algebraic variety over a field £ and F a Ox-module, the
groups F(Uj,...;, ) have natural k-vector space structures and the same is true
of the groups CP(U, F). As the differentials are k-linear, all the sets il Uu,F)
are also k-vector spaces.

b. The cohomology groups H? vanish in affine geometry

Theorem 2.5. Let X be an affine variety, let A = I'(X) be its ring, let M

be an A-module, let F = M be the associated quasi-coherent sheaf and let
U=U,;) (i=0,...,m) be an open cover of X by standard affine open sets.

Then for all p > 0 we have IYIP(Z/I,}") =0.

Proof. We will basically only deal with a doubly special case: 1) we set p =1
and 2) we assume A is an integral domain and M is torsion free. We will also
give an idea of the general proof. It is not conceptually more difficult but is
rather long.

We recall that M is torsion free if, for all a € A and x € M such that
axr=0,a=0o0r xz=0.
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We set U; = D(f;), with f; € A, f; #0.
Let o = (v;) be a 1-cocycle. A priori a; is only defined for ¢ < j and the
cocycle relation

(%) Qi — aip +ag; =0

only holds for ¢ < j < k. It will be convenient to extend this definition to all
pairs 4,j by setting a;; = 0 for all 7 and o;; = —ay; if ¢ > 7. We can then
check that the relation (%) holds for all triplets 1, j, k.

We have Q5 € F(U”,M) = Mfifj' We write a;; = ﬂ,]/fln ]n, where
Bij € M. (We can use the same n for all pairs ¢, j because the open cover is
finite.)

The relation (x) can then be written over Ujj;;, as

Bik Bk i Bij  _
N T
or, alternatively, f;"8;x — f]'Bik + fi!Bij = 0. A priori this holds in My, ¢,

but as M is torsion free, it also holds in M.
Alternatively, we can write this relation in the form

ﬂ]k ﬂik
T

() frouj =

which holds over the open set U;;.

We note that this relation is not very far from what we seek: we want to
show that a;; is a coboundary, i.e., that it can be written as a;; = v; — .
The relation (s*) says that c;; is a coboundary after inverting fy, i.e., on U.
To glue all this together we will use a partition of unity.

Indeed, as we saw in Chapter III, 2.3, the fact that the sets D(f;) = D(f")
cover X means there is a partition of unity: there are elements a; € A such
that 1 =>";" ;arf;. For all j we set

Za @ e I(U;, M),
and over U;; we have

G Bk Bik S n
’Yj%'zak( n*% :Zakfkaij:aija
k=0 fi fJ' k=0

and hence « is indeed a coboundary.

The proof without assuming A is an integral domain and M is torsion free
is very similar. The only thing we need to be careful of is that the relation
IBix — [7'Bir + fiBi; = 0 over Uijy, (i.e., in My, 5, ) means that there is
an integer N (which can be taken to be the same for all triples) such that
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lef]Nf]iV(leﬂjk =[] Bir + fiBi;) = 0 in M. The rest of the proof is more or
less the same. We have to use the exponent n + NN in the partition of unity
and replace ax by ay f,ﬁv in the expression of the sections g;.

To deal with the group HP (when A is an integral domain and M is torsion
free), we set

a o ﬁio,...7ip
205-0tp T pen o £n?
0 ip

io,....i, 18 our cocycle. There is a partition of unity 1 = 221:0 ap fi It
is then enough to set

m
Z k 1805 Jp 1
..... n
and we check (using the fact that da = 0) that a = d.

Corollary 2.6. Let X be an affine algebraic variety and let 0 — F — G —
H — 0 be an exact sequence of quasi-coherent sheaves. There is then an exact
sequence of global sections

0—TI'X,F) —I'(X,6) —I'(X,H) — 0.
Proof. By the calculations given in the introduction (using standard open

sets, which is possible since these form a basis of open sets) this is exactly 2.5.

c. The exact sequence of Cech cohomology
We now need the concept of a separated variety (cf. Problem I, Part 4).

Definition 2.7. Let X be an algebraic variety. We say that X is separated if
the diagonal A = {(z,y) € X x X | x = y} is closed in the product X x X.
If X is separated and U and V are open affine sets of X, then UNYV is an
open affine set of X.

Proposition 2.8. Affine, projective, quasi-affine and quasi-projective vari-
eties are separated.

We then have the following theorem.

Theorem 2.9. Let X be a separated algebraic variety, let U be a finite affine
cover of X and let 0 — F — G — H — 0 be an ezact sequence of quasi-
coherent sheaves. There is then a long exact sequence of Cech cohomology:
0 — H'U,F) — H'WU,G) — HU,H) —
H\U, F) — H'U,G) —
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Proof. We consider the Cech complexes associated to F, G, H. They form an
exact sequence

0— C"(U,F) — C"(U,G) — C" (U, H) — 0.

Indeed, as the sets U; are affine and X is separated, the intersections Uio,m,ip
are also affine. But as these sheaves are quasi-coherent we have by 2.5 an exact
sequence

0 — F(Usi,...i,) — G(Ui,...i,) — H(Us,...i,) — 0.

We get the exact sequence of complexes by taking the finite product of these
sequences for ig < --- < i) and the result follows by 1.4.

Remark 2.10. We can prove that under the hypotheses of 2.9 (i.e., X sep-
arated, F quasi-coherent and U affine) Cech cohomology is the correct co-
homology (which is unique if we require that H° = I', that the long exact
sequence should exist and a certain vanishing theorem should hold). See [H],
Chapter III, 4.5 for more details. In particular, and we will use this fact with-
out proof, Cech cohomology does not depend on the choice of affine covering.
(This can also be proved directly using spectral sequences, cf. [G], 5.9.2.)
Henceforth, under the above hypotheses we will denote this ith cohomology
group by H'(X, F), omitting the open cover and the sign V.

Proposition 2.11. Let X be a separated algebraic variety, let' Y be a closed
subvariety of X and let j : Y — X be the canonical injection. Let F be a
quasi-coherent sheaf over Y. Then, for all i, H (Y, F) = H(X, j.F).

Proof. The hypotheses on X, Y and F allow us to calculate the cohomology
groups using Cech cohomology. We take an affine cover U; of X. The sets Y NU;
form an affine cover of Y and we are done by the formula F(UNY) = 5. F(U),
which is the definition of j,.

Remark 2.12. As in Chapter III we will often identify F and its direct im-
age j«JF, and by abuse of notation we will denote the cohomology group
HY(X, j.F) by H'(X, F).

3 Vanishing theorems

The usefulness of cohomology (and particularly the long exact sequence) de-
pends largely on our ability to prove that certain cohomology groups vanish.
We already have Theorem 2.5 which says that on an affine algebraic variety
there is no cohomology in degree > 0.

Here is another vanishing result linked to dimension.

Theorem 3.1. Let V' be a separated variety of dimension n and let F be a
quasi-coherent sheaf. Then H'(V,F) =0 for all i > n.
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Proof. We will prove this only for a projective algebraic variety. For the gen-
eral case, see [H] Chapter III, 2.7 or [H] Exercise III, 4.8. In the projective
case we have the following lemma.

Lemma 3.2. Let V be a closed subvariety of PN of dimension n. There is a
linear subvariety W C PN, of codimension n+ 1, such that VN W = @.

Proof (of 3.2). We proceed by induction on N. This is clear for N = 1. To
pass from N — 1 to N we prove that there is a hyperplane H in PV which
does not contain any component of V. The restriction of the said components
to H are then empty or of dimension < n — 1, and we apply induction to H.

Set E = k"*!. To prove the existence of H we note that the projective
hyperplanes correspond to linear forms which do not vanish on F, two pro-
portional forms giving rise to the same hyperplane. In other words, the space
of hyperplanes is the projective space P(E*). In terms of coordinates, the
plane H defined by the equation agXy + --- + any Xy = 0 corresponds to the
point in P(E*) with homogeneous coordinates (ag,...,an).

IfV=V,U---UV,, then we choose z; € V;, x; = (x;0,...,2;n). In the
space of hyperplanes, the set of hyperplanes not containing x; is a non-empty
open set §2; (defined by Z;iv:o Zigax # 0). But then (2, the intersection of the
sets §2;, is non-empty and any H € (2 will do.

We return to 3.1. Up to homography we may assume W = V (X, ..., X,,). As
V NW is empty, V C DT (Xo)U---UD'(X,) and V is therefore covered by
the n+ 1 open affine sets V N DT (X;). But in the Cech complex associated to
this covering all the groups C* vanish for ¢ > n and a fortiori all the groups H*
vanish.
Remark 3.3. The above proof also shows that if F is a quasi-coherent sheaf
on a variety V supported on a subvariety W of dimension d (i.e., such that
F(U) = 0 for any open set U which does not meet W), then for all p > d,
HP(V,F) = 0. In particular, this is the case if F is a sheaf of the form j.(G),
where G is a sheaf over W and j is the canonical injection of W into V.

For example, if Z is a finite scheme contained in P™ (¢f. Chapter VI), then
HP(Z,04) = HP(P",§,04) = 0 for p > 0.

4 The cohomology of the sheaves Opn(d)

The cohomology of the sheaves Opn(d), which play a fundamental role in
algebraic geometry, is particularly simple.

Theorem 4.1. Let n be an integer > 1 and consider d € Z. We denote by Sy
the space of homogeneous polynomials of degree d in n + 1 variables. (Con-
ventionally, if d < 0, Sq=0.)

a) We have HO(P™, Opn(d)) = Sy for all d.

b) We have H' (P™,Opn(d)) =0 for 0 <i <n and all d.

¢) The vector space H"(P™, Opn (d)) is isomorphic to the dual of the vector
space HO(P"™, Opn(—d —n — 1)) for alld € Z.
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Example 4.2. It is easy to remember the dimensions of these cohomol-
ogy groups. Firstly, they all vanish except H® and H". Secondly, H° for
given d is composed of homogeneous polynomials of degree d and is hence
of dimension (”Zd). For n = 3, for example, the possible dimensions are
1,4, 10,20, 35,56, ... Finally, the dimensions of the spaces H™ are the same
but inverted (increasing as d tends to —oo), and it is enough to remember
that the first d for which H"(P", Opn(d)) does not vanish is —n — 1. The
dimension of H™ for given d is (_i_l). Note that the sheaves Opn(—i) such
that 1 < 4 < n have particularly simple cohomology groups!

Proof. Set S = k[Xo,...,Xpn] = Pyen Sa- We will prove the theorem for
all integers d € Z simultaneously using the sheaf 7 = @ .4 Op~(d). This
sheaf is quasi-coherent (but not coherent) over P” and is associated to the
graded S-module M = P ., S(d). As cohomology commutes with direct
sums (cf. Remark 2.4.2), if we calculate the cohomology of F we get the
cohomology of each of its factors.

Of course, we are going to calculate the cohomology of F using the stan-
dard open cover of P™ by open affine sets U; = DV (X;) for i = 0,1,...,n.
We know (cf. Chapter III, 9) that I'(Ui,,....i,, Opn(d)) = S(d)(x,,-x;,), the
set of homogeneous degree d elements of the local ring Sy, ... Xy and we de-
duce from this the Cech complex of Opn(d). The Cech complex of F, which
is the direct sum of the above, consists of the localised rings of S: we have

CP=CPU,F) = H¢0<...<¢p Sx;,-x,, , from which we obtain a complex
n n 6
n
HSXi H Sx,x; HSXOMZMXTL > SXo Xy X -
i=0 0<i<j<n i=0

We note that the group CP with its natural decomposition as a direct sum is
a graded S-module, and hence the same is true of H?(P™, F). The degree d
homogeneous part of this group is simply H?(P", Opn(d)).

As the functor HY is equal to I' (cf 2.3) we have already calculated
H°(P", Opx(d)) in Chapter III, 9.

To calculate H", we note that Sx,x,...x, is an infinite dimensional space
with a basis formed of all the monomials X --- X" with o; € Z. We then
note that H™ is the cokernel of §,, and that the image of this map consists of
all fractions of the form

YV e m T xy T Xy

We therefore have a basis of the image of 9§, formed of monomials
Xg° - X2 as above, such that at least one of the integer o; is > 0. It
follows that the cokernel H"(P™, F) has a basis consisting of the images of
the monomials all of whose exponents are strictly negative, H"(P", Opn(d))
corresponding to monomials whose degree Y., ; = d. We note that this
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space is 0 for d > —n. For d < —n — 1 we have to count the degree d mono-
mials in the variables X; all of whose exponents are < 0. This is equivalent to
counting the monomials of degree —d — (n + 1) in variables 1/X;, and there
are therefore (ﬂf:l) of them.

In the special case d = —n — 1 the space H"(P"™ Opn(—n — 1)) is of di-
mension 1 with a basis consisting of the image of the monomial 1/(Xg - - X,,).
Identifying this space with the base field we obtain a non-degenerate bilinear
form

¢ H"(P", Opn(d)) x H(P",Opn(~d —n—1)) — H"(P",Opn(—n — 1))

associating to the monomials X7 --- X% and Xg“ o XPn where 307 oy =
dand > (3i = —d —n — 1, the image of the monomial Xgotho L X onthn
in H*(P™, Opn(—n — 1)). As ¢ is non-degenerate (with a suitable choice of
ordering on monomials its matrix is the identity), it induces an isomorphism
between H™ and the dual of H°.

It remains to prove b). We argue by induction on n. For n = 1 there is
nothing to prove.
We consider the element X in S and the complex C(' Xo) obtained by taking

the homogeneous degree zero part of the localisation of the Cech complex of F
with respect to Xjg.

The proof of the following easy lemma (which follows from the fact that
the localisation functor is exact) is left to the reader.

v

Lemma 4.3. Let M* = M’ - M — M" be a complez of graded S-modules
and let H(M*®) be the associated cohomology group (which is a graded S-
module). Let f € S be a homogeneous element of degree d > 0 and M('f) =

M(’f) 20, My 2! M(’}) the complex obtained on taking the degree O elements
of the localisation and let H(M(f)) be its cohomology group. Then H(M('f)) =
H(M?*) ).

The lemma shows that the cohomology groups of C'(' xp) Can be obtained
by localising the cohomology groups of C*: HP(C('XO)) = HP(C")(x,)-

Moreover, we know (c¢f. Chapter III, 8.5) that the operator b gives us an
isomorphism S(x,) ~ R = k[X1,...,X,] = I'(D"(Xy), Opn) and this isomor-
phism induces isomorphisms on the localisations: (SXiO"'Xip )(Xo) = Rx,,.-x,,
(replacing X, by 1 wherever necessary); in other words the complex C(' Xo) is
isomorphic to the Cech complex C’* of the sheaf F restricted to Dt (Xj), with
respect to the (affine) open cover of this open set by the sets D1 (X;)ND*(X,),
fori=0,...,n.

As D% (Xp) is affine and F is quasi-coherent, the cohomology of
C’* vanishes for p > 1, as does that of C('XO), and we therefore have
HP(P", F)x,) = 0 for p > 1. This simply means that for all x € HP(P",F)
(or z € HP(P",Opn(d))) x vanishes on multiplication by a power of Xj.
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To prove that HP(P™,Opr(d)) vanishes for p > 1 it will therefore be
enough to prove the following lemma.

Lemma 4.4. Multiplication by Xo induces an isomorphism
H?(P",Opn(d)) ~ HP(P",Opn(d + 1)).

Proof (of 4.4). Consider the exact sequence of sheaves induced by multiplica-
tion by Xo (¢f. Chapter III, 10.a):

X
0 — Opn(d) =% Opn(d+1) — Oy(d+1) — 0,

where H is the closed set V(Xp), which is isomorphic to P"~1 (using the
conventions of 2.12 above). We write the cohomology sequence associated to
this exact sequence. It starts as follows;

0 — HO(Op (d)) 2 HO(Opn(d + 1)) = HYOu(d + 1)),

and on calculating the dimension of the vector spaces appearing in this se-
quence we see that 7 is surjective. The long exact sequence ends with

H™ Y (Op(d + 1))~ H(Opn(d)) —2s H"(Opn(d+ 1)) — 0

(we have H"(Op(d+1)) = 0 since H is of dimension n—1, ¢f. 3.1). Moreover,
i is injective for dimension reasons. Since all the spaces H?(Op(d + 1)) van-
ish for 1 < p < n — 2 by the induction hypothesis, we obtain the required
isomorphism for all p between 1 and d — 1.

4.5. Application: back to Bézout. If F is a sheaf on X we denote by h'F the
dimension of the vector space H* (X, F).

We recall that our aim is to calculate h°O, where Z is the finite scheme
V(F,G). We have the following two exact sequences:

0 — Op2(—s—t) — Op2(—s) ® Op2(—t) — Tz — 0,
0— Jz — Op2 — Oz — 0.
We write out the exact cohomology sequences (remembering that the
numbers h'Opz2(n) are zero). The second sequence gives us an equality
ROz =1+ h'Jz (since h°Jz = 0). This also gives us h?Jz = h?Opz = 0

(since h'!Oyz = h?0Oz = 0 for dimension reasons). The first sequence then
gives us

h'Ty = h?*Op2(—s —t) — h?Op2(—5) — h2Op2(—t)
<s+t—1> <s—1> <t—1>
— — — =st—1,
2 2 2

and the result follows.
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Another method for proving Bézout’s theorem (which is essentially the one
used in Chapter VI) is to calculate h°Oz(d) using the above exact sequences
(shifted by d). The key point in the proof is to show that H'J(d) vanishes
for d large enough (which is immediate using the resolution of Jz and Theorem
4.1). We then calculate h°Jz(d) and h°Oz(d) using the exact cohomology
sequences associated to the above exact sequences. The calculations are easy
because both of the long sequences terminate at the H° terms.

The vanishing of the groups H'Jz(d) for large enough d is a special case
of a general theorem. It is a result due to J.-P. Serre, as is the finiteness of the
dimensions of projective cohomology groups which we have already mentioned
several times.

Theorem 4.6 (Serre). Let X be a projective algebraic variety and let F be
a coherent sheaf on X. Then

1) For alli >0, HY(X,F) is a finite-dimensional k-vector space.

2) There is an integer ng depending on F such that, for all d > ng and all
i>0, H(X,F(d)) = 0.

Proof.

1) Assume that X is embedded in P™ and let ¢ be the canonical injection.
By 2.10, on replacing F by . we can assume X = P”. We note that the
sheaves Opn(d) verify Properties 1 and 2 above.

2) We set S = k[Xo, ..., X,]. We know that F = M, where M is a graded
S-module of finite type (c¢f. Chapter III, 9.8.2). If the generators x1,...,x,
of M are homogeneous of degrees nq,...,n,, then there is a surjection

T
p: L= S(—n;)) — M
i=1
associating the element x; to the ith vector of the basis of L. Introducing the
kernel N of p (which is also a graded S-module of finite type) and passing to
sheaves, we have an exact sequence of coherent sheaves

0—N —L—F—0,

where £ = @._, Opn(—n;) is a sheaf whose cohomology satisfies 1) and 2)
by 4.1.

3) We will now prove 1) by descending induction on i. For i > n + 1 we
know that H'F = 0 for any coherent sheaf (cf. 3.1). Assume that the result
is known for i + 1 and any coherent sheaf and let us pass to i. We have an
exact sequence

mic g L gy
and hence hF = dimIm f+dimIm g < h*L+h" TN these last two quantities
are finite. For h*t!H this is our induction hypothesis and the other term is
the special case dealt with in 4.1.
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4) For 2) we also proceed by descending induction on i by proving the
following property P(i):

(P;): Let i be a strictly positive integer. For any coherent sheaf F there is
an integer ng such that, for any p > i and d = ng, h?F(d) = 0.

It is clear that (P,41) holds. Let i be an integer such that 1 < ¢ < n,
assume that P;y; is true and let us prove P;. Let F be a coherent sheaf and
let £ and P be defined as in 2) above. There is an integer dy such that, for
d>doand p =i+ 1, PN (d) = h?F(d) = 0. We take ng to be the sup of dy
and the differences n; —n (where i = 1,...,7). For d > ng there is an exact
sequence:

e HL(d) L ) L BN () — -
As d—n; > —n we have h'L(d) = 0 by 4.1. As d > dy, we have h* TN (d) = 0.
It follows that h'F(d) = 0.

Exercises

1 In which we meet a non-affine variety

Let S be the open set k* — {(0,0)} in affine space k® with its variety structure.

Calculate the Cech cohomology group Igl LU, Os) relative to the covering of S by
the open sets D(X) and D(Y) and prove that this group is non-trivial. Deduce
that S is not an affine variety (cf. Exercise I1I, A.2).

2 A non-separated variety

1) Let X; and X2 be two varieties and let U; be an open set of X;. We assume
that the open sets U1 and Uz are isomorphic as varieties. Let ¢ : Uy — Uz be an
isomorphism. Prove that we can define a variety X (which we say is constructed
by gluing X1 and X5 along Uy and Us) in the following way:

We take the disjoint union ¥ = X; U X2, and we consider the equivalence
relation R identifying U; and Uz (i.e., the only non-trivial equivalent pairs are
the pairs (x,¢(x)) with € U1). We denote the quotient space Y/R with its
quotient topology by X. In other words, if we consider the natural (injective)
maps 71 : X1 — X and i2 : Xo — X, a subset V C X is open if and only if
Vi =47 (V) and Va = iy ' (V) are open. The sheaf of rings Ox is then defined
by

Ox (V) = {(s1,52) | 51€O0x, (), 52€ Ox, (V2) and ¢" (s2|vonvy) =s1|vinw, }-

2) With the above notation, we set X1 = X2 = k* and U; = Uz = k% — {(0,0)}.
Prove that the variety obtained by gluing is not separated. (Produce two open

affine sets whose intersection is not affine.) Intuitively, this variety is simply the
plane with a double origin.

The aim of the following exercises is to calculate some cohomology groups in
projective space. If X is a projective variety, we denote by h*(X,F) (or h'(F) if
there is no risk of confusion) the dimension of the k-vector space H* (X, F).
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3 Hypersurfaces

Let F € S = k[Xo, ..., Xn] be a degree t homogeneous polynomial and let Q = V(F')
be the associated hypersurface. Assume I(Q) = (F'). There is an exact sequence

0 — S(—t) -5 S — S/(F) — 0, where j denotes multiplication by F, and this
gives us an exact sequence of sheaves

0 — Opn(—t) — Opn — Og — 0.

Use this exact sequence to calculate h'(Q, Og(d)) for all d € Z.

Remark. This calculation is valid even if I(Q) # (F'), which corresponds to F' with
multiple factors. In this case, the calculated cohomology groups are those of the
scheme @), considered with multiplicities.

4 Complete intersections

We assume n > 2. We consider two polynomials F,G € S = k[Xo,...,Xn], ho-
mogeneous of degrees s and t respectively, and without common factors. We set
Z = V(F,G) and assume I(Z) = (F,G) (or simply work with schemes without
knowing it!) and we then have (cf. Bézout’s theorem) exact sequences

0—Jz — Opn — 0Oz — 0
and 0 — Opn(—s—1t) — Opn(—s) ® Opn(—t) — Jz — 0.

Calculate h'Oz(d) and h'Jz(d) for all d € Z. (Note that dim Z = n — 2.)

5 The space cubic

We use the notations and results of Exercise 4 of Chapter II.
We have an exact sequence

0— R(-3)2 2 R(-2)* L 1(C) — 0

which can be translated into sheaves as
0 — Ops(—3)? — Ops(-2)> — Jo — 0.
Moreover, we have an exact sequence
0— Joc — Ops — Oc — 0.

Calculate h*Oc(d) and h'Jo(d) for all d € Z. (Note that h*Oc(d) vanishes for i > 2.
Deduce the value of h*Jc(d), then that of h2Jc(d). The rest is easy.)
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6 Two disjoint lines

We use the notations and results of Exercise 5 in Chapter II. We have an exact

sequence
0 — R(—4) — R(-3)* — R(-2)* — I(C) — 0.

We deduce from this an exact sequence of sheaves
0 — Ops(—4) — Ops(—3)" — Ops(—2)" — Jo — 0.

As always, our aim is to calculate h'Oc(d) and h‘Jc(d). We start by noting that
as C'is a union of disjoint lines D; and D5 there is an isomorphism O¢ ~ Op, ®Op,,
which allows us to calculate h'O¢c(d) directly.






VIII

Arithmetic genus of curves and the weak
Riemann-Roch theorem

We work over an algebraically closed base field k.

0 Introduction: the Euler-Poincaré characteristic

If F is a coherent sheaf over a projective variety X, then we have seen that
H'F = H'(X, F) is a finite-dimensional k-vector space. Our aim is to calculate
its dimension h!F. We will see below that this situation often arises in practice.
This is not an easy problem in general. There is, however, an invariant of F
which is much easier to calculate than the numbers k', namely the Euler-
Poincaré characteristic x(F) = Y_,5¢(=1)"h*F. (This sum is finite because
hiF =0 for i > dim X.)! Indeed, given an exact sequence of sheaves

0—F —F—F" —0,

then x(F) = x(F') + x(F"), hence, if the Euler? characteristics of two of the
sheaves are known, so is the third. Using the cohomology exact sequence, we
reduce the proof of this additivity property to the following lemma, which the
careful reader will prove by induction on n using the rank-kernel theorem.

Lemma 0.1. Given an exact sequence of k-vector spaces
0—Ag— A —---— A, — 0,
we have Y ;_,(—1)" dimy 4; = 0.

In its weakest form, the famous Riemann-Roch theorem for curves simply
calculates a certain Euler characteristic. (In its strongest form it also contains
a duality theorem.) For a more general version of the Riemann-Roch theorem
(which is still an Euler characteristic calculation, given in terms of Chern
classes) see, for example, [H] Appendix A.4.1.

! The first example of this kind of alternating sum was doubtless the Euler formula
v—e+f = 2 linking the number of vertices, edges and faces of a convex polyhedron.
2 And Poincaré!
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1 Degree and genus of projective curves,
Riemann-Roch 1

a. Theory

Let C C P be an irreducible projective curve (i.e., an algebraic variety of
dimension 1). We set S = k[Xo, ..., X,]and A = I,(C) = S/I(C). Thering A
is a graded integral domain and the associated sheaf Ais simply O¢. Our aim
is to calculate the Euler characteristic x(Oc(n)) = h°Oc(n) — h'Oc(n) for
all n € Z. (We note that the numbers ht are zero for i > 2 because C is
of dimension 1.) Our method is to study the intersection of the curve with
a sufficiently general hyperplane: this is a standard technique in projective

geometry.

Proposition 1.1. Let H be a hyperplane not containing C. We denote its
equation by h and the image in A of h is denoted by h. The multiplication
by h in A induces an exact sequence of graded S-modules

(%) 0— A(-1) —E>A—>A/(E) — 0.

Proof. The only thing we need to check is that multiplication by h is injective.
As Ais an integral domain, this follows from the fact that C' ¢ H and hence
h ¢ I(C),s0h#0in A.

We now consider Z = C N H. As H does not contain C, this intersec-
tion is finite. We endow it with its finite scheme structure (c¢f. Chapter VI,
1.1) by defining Oz as the sheaf associated to the graded k-algebra A/(h)
(¢f. Chapter VI, 1.6 and 2.5). We note that, as in the proof of Bézout’s the-
orem (cf. Chapter VI, 1.6 and 2.5), there is an isomorphism Oz ~ Oz(n)
for all n, obtained (for example) by multiplying by the linear form Xy if the
hyperplane Xy = 0 does not meet Z.

At the level of sheaves, the sequence (x) then gives us an exact sequence

h
0— Oc(-1) —— O0¢c — 0z — 0

or, alternatively, after shifting

0 — Oc(n—1) — 0p(n) — Oz(n) — 0.

Taking the Euler characteristics in this sequence we get
x(Oc(n)) = x(Oc(n —1)) + x(Oz(n)).

The last term is simply h°Oz(n) (since dim Z = 0) and it is also equal to
hPOz. We set d = h°Oz = h°Ocng. This is an integer > 1 (since Z is non-
empty, cf. Chapter IV, 2.9), which is simply the number of points, counted
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with multiplicity, in C N H (c¢f. Chapter VI, 1). We then have xOc¢(n) =
xXOc(n — 1) + d and by induction xOc¢(n) = nd + xOc.

It follows that xOc(n) is a polynomial of degree 1 in n. (This result is
already a sort of Riemann-Roch theorem.) Incidentally, this proof also shows
that the number d of points in C'N H does not depend on H.

Definition 1.2. Let C C P be an irreducible projective curve. The number d
of intersection points of C with a hyperplane H not containing C, counted with
multiplicity, is called the degree of C'.

We still have to calculate YOc = h°O¢c — h'Og. We have already estab-
lished the following (c¢f. Chapter 111, 8.8 or Problem II):

Lemma 1.3. If X is an irreducible projective algebraic wvariety, then
H°(X,0x) = k (the only global functions are the constants) and hence
hO(X,0x) = 1.

Proof. The ring R = H°(X,0x) = I'(X,Ox) is an integral domain. Indeed,
if fg = 0 in this ring, then fg = 0 still holds after restriction to an open affine
set U. But U is irreducible and its ring is an integral domain by Chapter I,
3.2. Tt follows that without loss of generality f|y = 0, and hence f = 0 by
density.

We also know that R is finite dimensional over k (c¢f. Chapter VII, 4.6)
and is hence a field (¢f. Chapter IV, 4.5), which is algebraic over k, but as k
is algebraically closed, R = k.

We still have to deal with the h'O¢ term. Unable to calculate it, we will
give it a name.

Definition 1.4. Let C' be an irreducible projective curve. We call the positive
integer g = h'O¢ the arithmetic genus of C. (We will sometimes denote this
number by p,, where a stands for arithmetic.)

The following theorem summarises the above.

Theorem 1.5 (Riemann-Roch 1). Let C C P¥ be an irreducible projective
curve of degree d and genus g. Then, for alln € Z,

h'Oc(n) — h*Oc(n) =nd +1 —g.
Moreover, for large n, h°Oc(n) =nd +1 — g.

Proof. This follows from the above, plus (for the statement for large n), Chap-
ter VII, 4.6.



134 VIII Arithmetic genus of curves

Remarks 1.6.

1) There is a fundamental difference between the two invariants d and g.
The genus g = h'O¢ depends only on C' and not on the choice of embed-
ding into PY. However, the degree d depends fundamentally on the choice of
embedding. This is clear on examining the definition involving hyperplanes
in PV it is also clear on examining the Riemann-Roch theorem (which can be
used as an alternative definition of degree) since the sheaves O¢(n) are only
defined relative to an embedding in PV (cf. Chapter 111, 9.8.0). For example,
a line (which is a degree 1 subvariety of P3) is isomorphic (cf. Chapter III,
11.6) to a conic or a space cubic, which are of degrees 2 and 3 respectively
(¢f 1.7 and 1.12 below).

2) In 1.5, if C' is smooth, then we can show that h'Oc(n) vanishes if
nd > 2g — 2 (cf. 2.14 below).

3) If C' is smooth, there are hyperplanes H such that C' N H consists of d
distinct points. Indeed, this is the case for “general” H (cf. Exercise VIII, 1).

4) If C is an irreducible curve, then h°O¢(n) = 0 for n < 0. To see this,
consider the exact sequence

0 — H°O¢(n —1) — H°Oc(n) — H°Oz(n).

For n = 0, as H°O¢ is a field and H°Oz # 0, the ring homomorphism
H°Oc — H°Oy is injective, so H’Og(—1) vanishes. The vanishing of the
other spaces H'O¢(n) for n < 0 follows by induction.

5) We can extend the above to more general curves—non-irreducible or
non-connected curves, for example, or even non-reduced curves (schemes). If
the curve C is not connected, h°O¢ is no longer 1, but the number of connected
components of C. To have a Riemann-Roch formula (xO¢(n) =nd+ 1 — g)
we have to set g = 1 — x(O¢). Warning: g can then be negative. For example,
if C' is the union of two disjoint lines in P?, then g = —1.

b. Examples and applications

There are two natural questions at this point:

1) What is the use of these invariants?

2) How can they be calculated?
i) Use of d and g.

1) A first use for these invariants is the one that justified their introduction:
calculating cohomology groups. We will give just one example: our aim is to
calculate whether or not a given curve C' C P3 lies on a surface of degree d or,

alternatively, whether or not h°Jc(d) > 0. The answer can often be calculated
using Riemann-Roch (along with 1.6.2) and the following exact sequence:

0 — Jo(d) — Ops(d) — O¢(d) — 0.
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Hence, if C' is a smooth curve of degree 7 and genus 5, then h’Og(2) =
2-7+1—5=10= h%0ps(2), so C is not a priori on a surface of degree 2 (it
remains possible that this might be the case if h'Jc(2) > 0). On the other
hand, as h’O¢(3) = 3.7+ 1 -5 = 17 < h°Ops(3) = 20, any such curve
lies on a surface of degree 3 (and we can even conclude that it lies on three
independent such surfaces).

2) Another use of these invariants is in the classification of curves by
genus, for example. We will see in the following chapter what happens when
g = 0 (such curves are rational curves, if g is the geometric genus). Likewise,
curves of genus 1 are elliptic curves. If the base field is C, the genus has a
simple topological interpretation. A smooth projective algebraic curve is also
a differentiable variety of dimension 1 over C and dimension 2 over R. It
is therefore a compact orientable surface, and we know (cf. [Gr]) that it is
homeomorphic to a sphere (for ¢ = 0) or a torus (¢ = 1) or a torus with
g holes (genus g).

Closer to home, if we consider curves in P? or P3 with invariants d and g,
then many natural questions arise. What degrees, genuses and pairs (d, g) are
possible (for smooth curves, say)? If these questions are easy to solve in P2, the
same is not true in P? (especially for the last question, which was definitively
solved in 1982 ¢f. [GP]). Finally, if d and g are fixed, we can study the family
Hg 4 of curves of degree d and genus g. This family can be equipped with
an algebraic variety structure (or, more exactly, a scheme structure) and we
can ask whether it is smooth or irreducible and what its dimension is. This
question is still essentially open in P3 (cf. for example [MDP]).

3) The reader may be wondering why the author has such an obvious
penchant for curves in P3. This is not only because, apart from plane curves,
they are the most easily accessible curves. Consider a curve C in PV and a
point P not contained in C. We can consider the projection 7 centred on P to
a hyperplane H which does not contain P (the image of a point @ € C is the
intersection of H and the line (PQ)). Let C’ be the image of C' under m. This
operation enables us to map C into H, but for C and C’ to be isomorphic
under 7 the map 7 must be injective on C, or, in other words, P must not be
collinear with any two distinct points of C. (That is, P should not be on any
secant line of C.)

It is easy to see that the union of all the secant lines of C is a three-
dimensional subvariety of P?, so we can always find a suitable point P if
N > 4. We can therefore prove (c¢f. [H] Chapter IV, 3.6) that any smooth
projective curve is isomorphic to a curve in P?, and hence all smooth curves
can be embedded in P3. On the other hand, we cannot generally project a
curve in P3 isomorphically onto a plane curve: moreover, we will see below that
the genuses of plane curves are very special (c¢f. Chapter IX, 2.9, however).

it) Calculating d and g: resolutions. The basic idea used to calculate d and g
(and more generally dimensions of cohomology groups) is the resolution. If F
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is a coherent sheaf on P, then a resolution of F is an exact sequence
0—L,— - — L — Ly — F—0,

where the sheaves £; are of the form

L= @ Opw(ni), n; € 4.
i=1

fF=M , where M is a graded S-module of finite type, then to do this it is
enough to find a free graded resolution of M:

0—L,— - —I1L1 —Ly— M —0,

with L; of the form

T
i=1
We saw in the proof of Chapter VII, 4.6 how to construct the first term
of such a resolution, @;_, S(n;) 2, M — 0, using the generators of M.
We continue by applying the same method to the kernel of p and so on.
A theorem of Hilbert’s (which goes under the pretty name of the “syzygies
theorem” c¢f. Chapter X) says that this method stops after a finite number of
steps, and hence every graded module of finite type has a resolution.

Ezxample 1.7: plane curves.

Theorem 1.7. Let F € k[X,Y,T] be an irreducible homogeneous polynomial
of degree d > 0, and let C = V,,(F) C P? be the projective curve defined by F .
We have:

1) The degree of C is d.

2) The arithmetic genus of C is

(d—1)(d—2)
5 .
Proof.
1) This is simply Bézout’s theorem: a hyperplane is just a line, and the
number of intersection points of C' and D, counted with multiplicity, is equal
to d.

2) We use the usual exact sequence
(*) 0— Jo — Op2 — Oc — 0
which gives us x(O¢) =1—g = x(Op2) — x(Jo) =1 — x(Jc). Since C is a

hypersurface in P2, we know (cf. Chapter I1I, 10.a) that J¢ is isomorphic to
Op:(—d) and hence g = x(Opz2(—d)) = h?(Op2(—d)) = (dgl). QED.
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Remark 1.9. This allows us to answer the question in i) above for plane curves:
there are smooth curves of all degrees d > 0 (¢f. Chapter V, 2.7.3), and their
arithmetic genus depends only on their degree. We note that the possible
genuses are rare: 0,1,3,6,10,15,.... In particular, there are no plane curves
of arithmetic genus 2 or 4.

Ezample 1.10: complete intersections in P3. Let C = V,(F,G) C P? be
a complete intersection (c¢f. Chapter III, 10.b). We assume that F,G €
k[X,Y, Z,T] are homogeneous polynomials of degrees s and ¢ and we assume
I,(C) = (F,G). (We then say that C' is a scheme-theoretic complete inter-
section: its ideal is generated by two generators, which obviously implies that
it is a set-theoretic complete intersection of the two corresponding surfaces,
but the converse is false, cf. 1.13.) To calculate the genus g = h'!O¢ we once
again use the exact sequence (x). On expanding the long exact cohomology
sequence of (x), we note that h'O¢ is equal to h?Jo. But we have a resolution
of Jo (c¢f. Chapter 111, 10.1):

0 — Ops(—s—t) — Ops(—s) ® Ops(—t) — Jc — 0
and we deduce an exact sequence
0 — H?Jc — H3Ops(—s —t) — H3Ops(—s) ® H*Ops(—t) — 0;

indeed, the cohomology group H? of the sheaves Ops(n) vanish, as does H3J¢
(consider (x)). We have the formula:

s+t—1 s—1 t—1

= (") 03)- (%)
(with the convention that the binomial coefficient (;) vanishes if n < p) and
we get g = %st(s +t—4)+ 1. To calculate the degree we could calculate in a
similar way x(Oc¢(1)) = d+1—g, but it is easier to intersect C' with a general
plane H (for example, T = 0). We are reduced to calculating the intersection
in H of two curves with equations F'(X,Y, Z,0) and G(X,Y, Z,0) of degrees s
and t. Bézout’s theorem tells us that there are st intersection points, so the
degree of C is st.

Remarks 1.11.

1) There are smooth complete intersection curves for all s,¢ (¢f. Exercise
VIII, 2).

2) For s = 2 and t = 3 we obtain by this method smooth curves of genus 4
(which are therefore not isomorphic to plane curves, ¢f. 1.3 above) but we do
not get any curves of genus 2 (¢f. Exam January 1992).

Ezample 1.12: The space cubic. We refer to Exercise 11, 4 for the definition
and properties of this curve. Intersecting with an arbitrary plane, we see that
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its degree is 3. For the genus, we use the method given above. This time we
have the following resolution of J¢:

0 — Ops(—3)? — Ops(—2)®> — Jo — 0

giving an exact sequence 0 — H2Jc — H3Ops(—3)? — ---. As the H3
term vanishes, g is zero. (For the degree we can alternatively, calculate
X(Oc(1)) = 4, which gives us d = 3.)

Remark 1.13. The space cubic is not a scheme-theoretic complete intersection.
Indeed, we would otherwise have 3 = st, so without loss of generality s = 1
and t = 3, but the genus would then be 1 and not 0. On the other hand, it is a
set-theoretic complete intersection of two surfaces of degrees 2 and 3, Z2—-YT
and Y3 —2XYZ + X?T =Y (Y? - XZ) + X(XT — YZ). What happens is
that C' is double in this intersection (which is a scheme of degree 6). Let us
mention that the question whether or not any curve in P3 is a set-theoretic
complete intersection is still open.

2 Divisors on a curve and Riemann-Roch 2

If C is a curve in PV and H is a hyperplane which does not contain C, we
have seen there is a exact sequence given by multiplication by H:

0 — Oc(-1) — Oc — Ocnu — 0,

where C'N H is equipped with its finite scheme structure. We will generalise
this situation to all finite subschemes of C' by introducing divisors. Conversely,
using these divisors we can reconstruct the sheaves O¢(n) associated to certain
embeddings of C' in projective space. This study of C using divisors, indepen-
dently of a choice of projective embedding of C', is known as the study of the
“abstract” curve C.

Before talking about divisors, we need to define rational functions.

a. Rational functions

Proposition-Definition 2.1. Let X be an irreducible algebraic variety. We
consider pairs (U, f), where U is a non-empty open set in X and f €
I'(U,0x), and we consider the relation on these pairs given by (U, f) ~
(V,9) & flunv = glunv. This is an equivalence relation. A rational func-
tion on X is an equivalence class for this relation.

Proof. This is clearly an equivalence relation. (Transitivity follows from the
irreducibility of X.)
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Remark 2.2. A rational function is therefore a function which is defined only
on a part of X. It has a largest possible domain of definition, namely the
union of all the open sets U of all its representatives (U, f).

Proposition 2.3.

1) Rational functions on X form a field, denoted by K(X).

2) For every open affine set U in X, K(X) is the field of fractions of
I'(U,Ox) and is hence the field of rational functions of U as defined in Chap-
ter I, 6.15.

3) For every point P € X, K(X) is the field of fractions of the local ring
Ox,p.

4) If X is projective, K(X) is the subfield of Fr(I', (X)) consisting of de-
gree 0 elements.

Proof.

1) This is easy: after taking small enough open sets, we can always add,
multiply and take inverses.

2) Clearly, I'(U, Ox) is contained in K(X) by definition. K(X) therefore
also contains the field of fractions of this ring. Conversely, consider f € K(X),
which is defined over an open set V. After restriction, we may assume that V' is
contained in U and even that V is a standard open affine set in U: V' = Dy (g),
where g € I'(U,Ox). But f = h/g™ is then contained in the fraction field of
rw.

3) We use 2) to reduce to the case where X is affine, and the result is then
clear, since the local ring is a localisation of I'(V) and hence has the same
field of fractions.

4) Consider f/g € Fr(I},), homogeneous of degree 0. It defines a section
of Ox over D" (g) and hence defines a rational function. The converse follows
from the fact that the sets D¥(f) form a basis of open sets.

Ezamples 2.4.
i) The projective line. By 2.3.4 a rational function on P! is of the form

P(X,T)
QX,T)’

where P, () are homogeneous of the same degree d and can be assumed to be
coprime. Up to multiplication by a non-zero constant we have

f=

P(X, X“T”H —a;7)% and Q(X,T)= XBT‘SH —b,T)?

where the elements a; and b; are non-zero and distinct, o, 3; > 0 and
a,B3,7v,6 20, but af =~6 =0.

We study first the open set T' # 0. We can set ¢ = 1, and we see that f,,
which is a rational function in X, has a zero of order «; at a;, a pole of order §;
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at b; and at 0 a zero of order & — 3 or a pole of order § — a according to
whether « or 3 is larger.

If now we look at the open set X # 0 we find, besides the points ¢t = 1/a;
and 1/b; already considered, a zero of order v — § or a pole of order § —
at the point (1,0) 4.e., at infinity. On summing the multiplicities of the zeros
(respectively of the poles) we see that a + v+ ) . o (resp. B+ 0 + >, 3i),
and both of these quantities are equal to d: the number of zeros of a rational
function on P! is equal to the number of its poles. We will see a generalisation
of this in 2.7.

ii) The cuspidal cubic. This is the curve C = V(Y2T — X3) c P2. Cal-
culating K(C) on the open set t # 0, we get a field generated over k by two
elements  and y such that y? = 3. But if we calculate over the open set U
given by y # 0, we see that I'(U) = k[X,T]/(T — X?) ~ k[X], and hence
K(C) is a field of rational functions in one variable k(X) and C' is rational
(¢f. Chapter IX).

b. Divisors on curves

The definition of a divisor generalises the situation arising in Example i) above:
we have a finite number of points to which are assigned positive or negative
multiplicities (like the zeros and poles of f, respectively).

Definition 2.5. Let C be an irreducible smooth projective curve. A divisor D
on C is a formal sum
D= Z Ng T,

zeC

where the n, € Z are almost all zero.> The support of D is the set of x € C
such that ny # 0. We denote by Div(C) the set of all divisors on C. It is
equipped with an obvious addition (adding the coefficients n, ), which turns
it into an abelian group. A divisor D is said to be positive (or effective),
and we write D > 0 if Vo € C, n, > 0. Any divisor D can be written
in the form D = Dy — Do, where the divisors D; are positive with disjoint
supports. The degree of a divisor D is the integer deg D = ) _~ng. The
map deg : DivC — Z is a surjective homomorphism.

Ezxample 2.6. This example generalises the example seen above for P!. Let
f € K(C) be a non-zero rational function on C'. We will define a divisor (called
a principal divisor) div(f) = Z(f)— P(f), where Z(f) (resp. P(f)) represents
the zeros (resp. the poles) of f with multiplicities. More precisely, consider
P € C and let Op be the local ring of C at P. This is a discrete valuation
ring (c¢f. Chapter V, 4.1 and Problem IV), and let vp be the valuation in
question. As f is contained in K(C) = Fr(Op) and is # 0, the valuation
vp(f) is defined and is a (possibly negative) integer.

3 In sophisticated language, a divisor on C is a member of the free Z-module whose
basis consists of the points in C.
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Moreover, this integer vanishes for almost all P. Let U be an open affine
set of C' and write f = g/h with g,h € I'(U), g,h # 0. We have vp(f) > 0
exactly when g € mp, i.e., when g(P) = 0 (and hence P is a zero of f,
of order vp(f)); we have vp(f) < 0 exactly when h € mp, i.e., h(P) = 0
(and hence P is a pole of f, of order —vp(f)). As V(g) and V(h) are finite,
there are only a finite number of points of U such that vp(f) # 0. And
finally, C' — U is a proper closed set of C, and is hence finite. We note that
f e HOc & VPeC, vp(f) >0.

We can now define the divisor div(f):

div(f) = Y vp()P

PeC

Proposition 2.7. Consider f € K(C), f # 0. We have degdiv(f) =0, or, in
other words, the number of zeros and poles of [ (counted with multiplicities)
are the same. We have:

feHOp = div(f) 20 <= divf =0

Proof. For a proof of this result in full generality see [F] Chapter 8 Prop. 1
or [H] Chapter II, 6.10. We will only deal with the case where C is a smooth
plane curve.

Let C be V(F), where F € k[X,Y,T] is a homogeneous irreducible poly-
nomial of degree d, and consider u € K(C). We know that u can be written
in the form v = G/H, where G, H € I,(C) = k[X,Y,T]/(F) are the images
of homogeneous polynomials of the same degree n which are not multiples
of F. Our aim is to calculate vp(u) for u € K(C). After homography we may
assume the point P is in the open affine set T' # 0 and the local ring of C' at P
is then Op(C) = Op/(F,), where Op is the local ring of P? (or k%) in P and
u = G, /H,. We then use the formula for the valuation given in the following
lemma.

Lemma 2.8. Let A be a k-algebra which is a discrete valuation ring with

valuation v. We assume k is isomorphic to the residue field A/m. Then v(a) =
dimg(A/(a)) for all a € A.

Proof (of the lemma).. If 7 is a uniformising parameter, we write a = un™,
where n = v(a) and it is easy to see that (1,n,..., 7" 1) is a basis for A/(a).

We now return to 2.7. We know that vp(u) = vp(G,) —vp(H,) and by the
lemma vp(G,) = dim Op/(F,, G)). We recognise this as being the intersection
multiplicity pp(F,, Gy) = pp(F, G) of the curves F' and G at P. It follows that

deg div(u) = Z up(F,G) — Z wp(F, H),
pPeC peC

but, after Bézout’s theorem, each of these sums is equal to nd, hence their
difference is zero.
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It remains to the prove the claim on functions without poles. Let f €
K (C) be a non-zero function without poles (i.e., such that div(f) is > 0) and
consider P € C. As f € Oc,p there is a representative of f defined on an affine
neighbourhood of P. By definition of a rational function, these representatives
can be glued together and hence define a regular function. But f is then a
constant function and div(f) = 0.

Remark 2.9. The set P(C') of principal divisors of C' is a subgroup of DivC.
Two divisors which differ by a principal divisors are said to be equivalent.
The quotient group DivC/P(C) is called the group of divisor classes of C
or the Picard group of C. By 2.7, the degree homomorphism factorises through
the Picard group. Its kernel is called the Jacobian of C and is denoted Pic® C'.
It is a key invariant of the curve C.

c. The invertible sheaf associated to a divisor

Let C' be an irreducible smooth projective curve. We will associate to every
divisor D on C' a sheaf on C denoted by O¢(D) (or sometimes £(D)).

To understand where this sheaf comes from, let us start by considering a
divisor D = Y- npP > 0. We can associate to D a closed finite subscheme
of C, also denoted D, whose support consists of those points P such that
np > 0 and which has the property that the multiplicity of D at P as a
finite scheme is exactly np. To do this we take the local ring of the scheme D
at P to be Oc p/(m"") (cf 2.8). We then have np = pp(D). Conversely, a
finite subscheme X in C defines a divisor > up(X)P. We note that h°Op =
XOp =3 pup(D) =3 pnp=degD.

If D is a divisor > 0, then there is an exact sequence

0— Jpjc—0Oc— Op —0,

where Jp,c is the ideal of functions which vanish on D (with prescribed
multiplicities). We denote this sheaf by Oc(—D), and its sections over an
open set U in C are simply the rational functions in C which are defined on U
and which vanish at every point P with multiplicity at least np:

[(U,0c(~D)) = {f € K(C) | VP € U, vp(f) > np}.

(The fact that the np are > 0 implies f € I'(U, O¢).)
Let D now be an arbitrary divisor. The sheaf O¢ (D) is defined in a similar
way, but the signs have changed:

[(U,0c(D)) = {f € K(C) | VP € U, vp(f) > —np}.

NB: these functions are not defined everywhere on U since they can have
poles at points where np < 0. However, at such P the order of the pole must
be < —np. We are considering rational functions with poles and zeros whose
orders are controlled by the divisor D.
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Remarks 2.10.

0) If D =0 it is easy to see that O¢(D) = Oc¢.

1) We will be especially interested in global sections of the sheaf O¢(D),
which can be written in the following way:

H°(C,0c¢(D)) = I'(C,0c(D)) = {f € K(C) | div(f) + D > 0}.

(In particular, a divisor D is equivalent to a divisor > 0 if and only if the sheaf
O¢ (D) has non-zero sections.) The purpose of the Riemann-Roch theorem is
to calculate the dimension h°(C, O¢ (D)) of this space. We already know that if
deg D < 0, then I'(C, O¢(D)) = 0. Indeed, if f # 0, then degdiv(f)+deg D =
deg D by 2.7 and this degree must be > 0, which is impossible.

2) If D and D’ are equivalent, i.e., if D’ = D + div(g), then there is an
isomorphism of associated sheaves O¢(D) ~ O (D’) given by f — f/g.

3) Assume C C P", let H be a hyperplane which does not contain C' and
let D = C'N H be the finite intersection subscheme (cf. 1). We can think of D
as a positive divisor on C. Then the sheaf O¢ (D) is simply O¢(1). Let U
be an open set in C: a section of Ox(1) over U is a fraction f = A/B such
that A, B € I',(C) are homogeneous, deg A = deg B + 1 and B # 0 over U
(NB: this object is not a rational function). We associate to it the section
f/H = A/BH which is a rational function whose poles are the points of
C N H = D which are contained in U and which appear with the required
multiplicity. This gives us a section of O¢ (D).

Likewise, O¢(n) ~ O¢(nD). When C is embedded in P”, the sheaves
Oc¢(n) are special cases of sheaves corresponding to divisors: they correspond
to multiples of the hyperplane divisors C' N H. It is clear that if H and H'
are two hyperplanes not containing C, then their corresponding divisors are
equivalent: they differ by a principal divisor div(H/H').

4) It is possible to see that Oc(D + D’) ~ O¢(D) ®o, Oc(D") for all
divisors D, D’. In particular, Oc ~ O¢(D) @0, Oc(—D): Oc(—D) is the
“inverse” of O¢(D). The Picard group of C is isomorphic via the map D —
O¢ (D) to the group of invertible (i.e., locally free of rank 1, ¢f. Exercise III,
A.7) sheaves over C' with the tensor product law.

d. The Riemann-Roch theorem

We now try to calculate h®(C, Oc(D)). (See e. below for an application of this
calculation.) We have the following crucial lemma.

Lemma 2.11.
1) Let D be a positive divisor (which we consider as a finite subscheme
of C). There is an exact sequence

0 — Ou(~D) “ 0¢ L= 0, — 0.
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2) Let D be an arbitrary divisor, which we assume written in the form
D = D1+ Dy, where Dy > 0. There is an exact sequence

0 — Ou(Ds) = 0a(D) 2= 0p, — 0.

Proof. We have already proved 1), which is also a special case of 2). To
prove 2), let U be an open set in C. It is clear from the definition that
I'(U, O¢(Dy)) is contained in I'(U, O¢(D)), which gives us the injective map i.
To define p, recall that

ru,op)= [[ Ocr/mp",

PeDNU

where 7wp is a uniformising parameter for O¢ p and the integers n; p are
the coefficients of D;. Given f € I'(U,O¢(D)), we associate to f the image
of 7P f in Oc p/mp"" at the point P (which is meaningful because 77 f
is in O¢,p since vp(f) + np is > 0 by definition). Let us check that p is a
surjective sheaf morphism. This question is local so we can choose an open
set U containing a unique point P in D;. Consider g € OC’P/WZLP. We can
assume g € I'(U,O¢). Then f = g/mp" is in I'(U, Oc(D)) and p(f) = 3.

Finally, we check that Kerp = Imi: if f € I'(U, Oc(D2)), then vp(f) >
—ng p and hence np + vp(f) = ni p, so the image of 7"7 f in Oc,p/ﬂ';?"p
vanishes. The converse is immediate.

There is an alternative proof of 2) using 1) applied to D; and tensoring
by Oc(D).

We can now prove a second version of the Riemann-Roch theorem.

Theorem 2.12 (Riemann-Roch 2). Let C be an irreducible smooth pro-
jective curve of genus g and let D be a divisor on C.
1) We have

xOc (D) = hOOc<D> - hloc<D> =degD+1—g.

2) There is an integer N such that if deg(D) > N, then htOc(D) = 0,
and hence h°O¢(D) = deg D + 1 — g.

Proof.

1) We set D = Dy — Dy, where D; > 0. By Lemma 2.11.2 xO¢(D) =
XOc(—D2) + xOp,, and 2.11.1 applied to Do gives us that xOc(—D3) =
XOc¢ — xOp,. By definition of the genus xOc = 1 — g. For the finite scheme
D; we know that xOp, = h%Op, = deg D; (cf. ¢) above), and the formula
follows.

2) We can assume C' is embedded in P". If H is the hyperplane divi-
sor (cf. 2.10.3), then h'Oc(nH) = h'Oc(n) = 0 for n > ng by Serre’s
theorem (c¢f. Chapter VII, 4.6). Let D be a divisor. By 1), we know that
hPOc(D — ngH) > deg(D — ngH) + 1 — g and this is > 0 as soon as
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deg(D) > N = ngdeg(H) + g. If this holds and f € I'(C,Oc(D — noH))
does not vanish, then D > noH — div(f) (cf. 2.10.1), or, alternatively,
D = Dy + (noH — div(f)), where Dy > 0. Writing the long exact sequence
associated to 2.11.2 we get an exact sequence

- — H'Oc(noH — div(f)) — H'O¢(D) — H'Op, — 0.

As noH — div(f) is equivalent to noH, the associated sheaves are the same
(cf. 2.10.2) and hence their cohomology groups H! vanish. As D is finite,
H'Op, =0, and hence H'O¢(D) = 0.

Of course, 2.10.3 implies that the first version of the Riemann-Roch theo-
rem is a special case of the second version.

The third version of Riemann-Roch is in fact a duality theorem. We quote
it without proof.

Theorem 2.13 (Riemann-Roch 3). Let C be a smooth irreducible projec-
tive curve of genus g. There is a positive divisor K on C, called the canonical
divisor, such that for any divisor D on C the vector space H'(C,Oc (D))
is isomorphic to the dual of the vector space H°(C,Oc(K — D)). Moreover,
K has degree 2g — 2. In particular,

h°O¢(D) = deg D+ 1 — g+ h°Oc(K — D).

Proof. See [F] Chapter 8 §8 or [H] Chapter IV, 1.3. The canonical divisor is
of the form div(w), where w is not a function but a differential form.

The following corollary gives us an explicit integer N which works in 2.12.2.

Corollary 2.14. With the above notation, if degD > 29 — 2, then
h'Oc(D) =0, and hence h°O¢ (D) = deg D + 1 — g.

Proof. Indeed, we then have deg(K — D) < 0 and hence (cf. 2.10.1)
hOOC(K —D)=0.

e. An application

Proposition 2.15. Let C be an irreducible smooth projective curve. The fol-
lowing are equivalent:

1) C is isomorphic to P*.

2) C is of genus 0.

3) There is a point P € C such that h°Oc(P) > 2.

4) There are two distinct points P,Q € C such that the divisors P and Q
are equivalent.

5) The fraction field K(C) is isomorphic to the field of rational fractions
in one variable k(T).
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Proof. The fact that 1 = 2 follows from Chapter VII, 4.1 and the definition
of the genus. For 2 = 3 we take an arbitrary P and the result follows by
Riemann-Roch (2.12). Let us show that 3 = 4. Consider a non-constant f €
H°O¢(P). The function f necessarily has a pole (since otherwise it would be
in H'O¢, hence constant) and this pole must be a simple pole at P; hence f
must have a unique simple zero @, so div(f) = (Q) — (P) and (P) ~ (Q).

We now prove that 4 = 5. Consider f € K(C) such that div(f) =
(Q) — (P). We then have f € H°Oc(P) and f non-constant (which, inci-
dentally, proves 3).

Let us prove that 1, f is a basis for H'O¢(P). Let 7 be a uniformising
parameter for Oc p. We have f = u/m with u € O¢ p invertible, so u(P) # 0
and we can assume u(P) = 1. Consider g € H°O¢(P). At P, g = vr~ !, where
v € Oc,p. We set A = v(P) and consider h = g— Af. We have h = (v—Au)/m,
where (v — Au)(P) = 0, s0 h € O¢,p and as h has no other pole, it is an
element of HYO¢. The function h is therefore a constant y, so g = A\f + p. It
follows that h°O¢(P) = 2 and by Riemann-Roch h'O¢(P) = g.

We now consider HO¢(nP). This space obviously contains the functions
1, f, f2,..., f". These functions are independent (if they were linked by a
linear relationship, we could multiply it by f~" and evaluate at P). It follows
that h’O¢(nP) > n+1. By Riemann-Roch h°O¢ (nP) = n+1—g+h'Oc(nP).

Consider the exact sequence (cf. 2.11)

0 — Oc¢c((n—1)P) — O¢(nP) — Op — 0.

From the long exact sequence it follows that h'Oc(nP) < h'Oc((n — 1)P),
and by induction h!Oc(nP) < h*Oc(P) = g. In other words, h°O¢(nP) <
n + 1 and equality holds. (We note that this implies h!O¢(nP) = g for all n,
so g = 0 by 2.12.2: this proves 2.) It follows that 1, f,..., f™ is a basis for
HOOC (nP)

Let us now consider K (C'). This contains the element f, which is transcen-
dental over k (since otherwise it would be a constant) and hence, since C is
a curve, f is a transcendental basis for K (C) over k. Consider v € K(C). We
will show that w is contained in the subfield k(f). We will have proved that
K(C) = k(f), which is exactly 5.

To do this, note that u is algebraic over k(f): on replacing u by ua(f),
where a is a polynomial in f, we can even assume that u is integral over the
ring k[f]. We then have

(%) "+ an_ 1 (Hu"t + - Fap(f) =0,

with a;(f) € k[f]. It follows that u has no poles in any point @ different
from P. Indeed, as f € Og(C), u is integral over Og(C), and as this ring
is a discrete valuation ring, and is hence integrally closed, u is contained in
Og(C). But this implies that u is contained in H°O¢(nP) for some n, and is
hence a polynomial in f. QED.
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It remains to prove that 5 = 1, which will be done in Chapter IX
(¢f. Chapter IX, 2.5.1).

See Exercises VIII, 4 for similar results on elliptic curves (i.e., of genus 1).

Exercises

In what follows we work over an algebraically closed base field k& of characteristic
Z€ro.

0 Back to theory

Let I C R = k[Xo,...,Xn»] be a homogeneous ideal and assume that Z = V(1)
is finite. Let h be a non-zero linear form such that V(h) N Z = @. We are going
to give an algebraic proof of the existence of the multiplication by A isomorphism
Oz(—1) ~ Oz, denoted pp.

a) Prove that, for large n, up : (R/I)n—1 — (R/I), is surjective. (Use the Null-
stellensatz to prove that the ideal I + (h) contains a power of the irrelevant
ideal.)

b) Assume that I is saturated (cf. Chapter X, 1.1). Prove that uj is injective (use
the Nullstellensatz again). Use this to complete the proof of the theorem.

1 General hyperplane sections of a curve

Let C be an irreducible smooth curve in PV of degree d.

Prove that for a general hyperplane H the scheme Z = C'N H contains d distinct
points. (Useful hints are to be found in Problem VI, Theorem 3 and Summary 4.5).
Prove that this result still holds if C' is not assumed to be smooth.

2 Existence of smooth complete intersections

We work in P23, but this exercise can be easily generalised to arbitrary dimensions.
We fix two positive integers s and t. Our aim is to prove that if F' and G are
sufficiently general homogeneous polynomials in X, Y, Z, T of degrees s and ¢, then
the complete intersection curve C' = V (F, G) is smooth and irreducible.
We consider the spaces Ls = H°(P%,0Op(s)) and L; = H°(P® Op(t)) and the
projective (why?) variety V = P*xP(Ls) x P(L;), whose points are triples (P, F, G),
given by coordinates P = (z,y, 2z,t), F = (ai,j,k,1) and G = (b; j,k,1), such that

F= Y amXYZ"" and G= > b XY/ 2T
it+j+k+l=s i+j+k+i=t

We set

M ={(P,F,G) e V| F(P)=G(P) =0}.
We consider the projections w1 : M — P3 and 2 : M — P(Ls) x P(L;). What are
the fibres of 75?7
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1) Prove that M is a closed subvariety of V' (and is hence a projective variety).
(Give explicit equations for M in open affine sets of the form = # 0, a; # 0,
bj #0.)

2) Prove that the fibres of 71 are irreducible projective varieties of constant di-
mension. Deduce that M is irreducible and of codimension 2 in V.

3) Prove that M is smooth. (Calculate the tangent space T(p r c)(M): it is the
kernel of a matrix with 2 lines and many columns and we have to show that its
rank is 2.)

4) Applying the generic smoothness theorem (c¢f. Problem VI) to w2, prove that
for (F, @) in a non-empty open set of the product P(Ls) x P(L¢), V(F,G) is a
smooth curve.

Prove that V(F, G) is then irreducible (prove first that it is connected and then
use Chapter V, 3.6).
5) Study the following example: F = X? + Y2 + 72?2 + T2 G = X3+ Y3 + Z3.

3 Some degree and genus calculations

Determine the degrees and genuses of the curves in P® whose ideal Ic has the
following graded resolution:

0 — R(—a—1)* — R(—a)*"" — Ic — 0, where a € N,
0— R(—s—t—1)> — R(—s —t —2) & R(—t) & R(—s) — Ic — 0,
where s,t € N,
0 — R(—5) — R(—4)* — R(—2) ® R(-3)* — Ic — 0.

4 Elliptic curves

The aim of this exercise is to prove that any curve of genus 1 is isomorphic to a
plane cubic.

We assume that the base field k is of characteristic different from 2. Let C be a
smooth irreducible projective curve of genus 1, and set Py € C and C' = C — {Po}.

1) Prove that for all n € N*, h°O¢(nPy) = n.

2) Prove that we can find z,y € K(C) such that 1,z (resp. 1,x,y) are a basis of
H°Oc(2Py) (resp. of H'Oc(3P)) over k.

3) Prove that the quantities 1, z, y, x?, zy, y?, 2% are linearly dependent over k. Let
P(z,y) be the dependence relation. Prove that the coefficients of y? and 2% in P
are non-zero.

4) Prove that up to change of basis we can assume that P(z,y) is of the form
y* — z(z — 1)(z — )\), where A # 0, 1. (Start by eliminating the terms in y and
xy by completing the square and then use an affine transformation of k£ to get
a cubic polynomial with roots at 0,1 and \.)

5) Consider the map ¢ : C' — k? sending P to x(P),y(P). Prove that ¢ is an
isomorphism from C” to the affine curve whose equation is y* = z(z —1)(z — \).

6) Prove using Chapter IX, 2.4 that C is isomorphic to the plane curve whose
equation is YT = X (X — T)(X — AT).

For more information on the extensive and beautiful theory of elliptic curves,
c¢f. [H] Chapter II, 6.10.2 and Chapter IV, 4 (and references therein) or [F] Chap-
ter V, 6 and VIII.



IX

Rational maps, geometric genus and rational
curves

We work over an algebraically closed base field k.

0 Introduction

We saw in the book’s introduction how useful it can be to have rational
parameterisations of curves (notably for resolving Diophantine equations or
calculating primitives). We then say the curve is rational. The aim of this
chapter is to give a method for calculating whether or not a curve is rational.
We will prove that this is equivalent to the (geometric) genus of the curve
being zero and we will give methods for calculating this geometric genus.

1 Rational maps

These are generalisations of the rational functions seen in Chapter VIII
(¢f. also Problem V).

Proposition-Definition 1.1. Let X and Y be irreducible algebraic varieties.
We consider pairs (U, ), where U is a non-empty open set of X and ¢ :
U — Y is a morphism and we consider the relation on these pairs given by
(U, 9) ~ (V,¥) & ¢lunv = Y|lunv. This is an equivalence relations on such
pairs. A rational map from X to Y is an equivalence class for this relation.
By abuse of notation, it is also denoted ¢ : X — Y.

Remark 1.2. As for rational functions, rational morphisms are morphisms
which are not defined everywhere. There is a largest possible open set U on
which ¢ is defined and which is called the domain of definition of .
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Ezxamples 1.3.
i) A morphism is a rational map.

ii) A rational function on X is a rational map from X to k.

iii) The parameterisation of the affine plane curve C = V(X3 - Y3 — XY)
obtained by intersecting with the line y = tz is a rational map ¢ from k to C'
defined on £ minus the cube roots of unity by

t t2
D= (it ),
=\ iop
Proposition-Definition 1.4.
a) Let o : X — Y be a rational map. We say that ¢ is dominant if the
image of ¢ is dense in'Y . (It is possible to prove that this does not depend on
the choice of element representing ¢.)

b) Let X 2, v Y. Z be dominant rational maps. Then the composition
Yo is a rational map defined as follows. Consider (U, ) and (V 1) repre-
senting @ and 1. The inverse image ¢~ (V) is a non-empty open set in U.
Replacing U by o= 1(V) we can assume o(U) C V. Then 1y is well defined
and defines a dominant rational map. (We check that the composition does
not depend on the choice of representations of ¢ and 1.)

¢) We say that a dominant rational map ¢X — Y is birational if there
s a dominant rational map ¢ : Y — X such that o = Idx and pv = Idy.
(These equalities are equalities of rational maps, i.e., they hold on some non-
empty open subset).

d) Two irreducible algebraic varieties X and Y are said to be birationally
equivalent if there is a birational map ¢ : X — Y. This means that X andY
have isomorphic non-empty open sets. X and Y are therefore of the same
dimension. If C is a curve, C is said to be rational if it is birationally equiv-
alent to P! (or k, which is obviously the same thing): this means that C has
a rational parameterisation which is an isomorphism on some open set.

Proof. The proofs of the above statements are immediate. The claim concern-
ing the dimensions follows from the fact that a non-empty open subset has
the same dimension as the ambient variety.

Ezxample 1.5.
i) Of course, the inclusion of an open subvariety U in X is birational: from
the birational point of view, we can always restrict ourselves to affine varieties.

ii) All the examples of rational parameterisations of the form y = tx are
birational since there is an inverse rational map (x,y) — t = y/z (for example:
the curves of equations X2+Y?2~Y, X3 —Y3 - XY, Y2 - X3 ... are rational).

iii) For a trickier example, consider the tricuspidal quartic, cf. Exer-
cise VI, 4.

The following theorem is the analogue for rational maps of Chapter I, 6.13.
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Theorem 1.6. There is an equivalence of categories X — K(X) between
wrreducible algebraic varieties with dominant rational maps on one hand and
finite-type extensions K of k with field homomorphisms which are trivial on k
on the other.

Proof.

1) The functor is obtained as in the affine case: given a rational map ¢ :
X — Y we obtain a field homomorphism ¢* : K(Y) — K(X) by associating
to the rational function f on Y the composition f¢ € K(X). (Here we have
used the fact that f is dominant.) We hence obtain a contravariant functor
X — K(X) and our aim is to show that this functor is fully faithful and
essentially surjective (c¢f. Chapter I).

2) The functor is faithful. Let ¢ and 1 be two rational applications from X
to Y such that ¢* = ¢*. We take open affine sets U and V in X and Y such
that ¢ and v define morphisms from U to V (which is possible on restrict-
ing U). This yields ring homomorphisms ¢* and ¢* from I'(V') to I'(U) which
have the same extensions to the fraction fields. These homomorphisms are
therefore the same and we are done by Chapter I, 6.7 (faithfulness for regular
maps.)

3) The functor is fully faithful. Let 6 : K(Y) — K(X) be a homomorphism
of fields which restricts to the identity on k. Choose open affine subsets U, V' of
X,Y . Their algebras I'(U) and I'(V') have generators &1, ..., &, and 01, ..., 1
respectively. The images of the elements 7; under 6 are contained in some local
ring I'(U) 4, so 6 induces an algebra homomorphism from I'(V') to I'(U) s. By
Chapter I, 6.7 this homomorphism comes from a morphism ¢ : Dy (f) — V,
i.e., a rational map from X to Y, and it follows that 6 = *.

4) Tt remains to prove that the functor is essentially surjective. Let K be
a finite-type extension of k, let &1, ...,&, be generators of K and let A be the
k-algebra generated by the elements &. The ring A is then both an integral
domain and a finite-type k-algebra, and hence A is isomorphic to an algebra
I'(X) for some affine irreducible X, and as K = Fr(A), K ~ K(X).

Corollary 1.7. Two irreducible algebraic varieties are birationally equivalent
if and only if their functions fields are isomorphic. In particular, a curve is
rational if and only if its field of functions is isomorphic to the field of rational
fractions in one variable, k(T).

Example 1.8. This gives us a new proof of the fact that V(Y2 —X3) is rational:
on considering the open set Y # 0 in projective space we see that K(C) =
k(X) (cf. Chapter VIII, 2.4)

Proposition 1.9. Let X be an irreducible algebraic variety of dimension n.
Then X is birationally equivalent to a hypersurface in k"t (or P"H1). In
particular, every curve is birationally equivalent to a plane curve.
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Proof. See Problem V: in characteristic 0 it is enough to take a transcendence
basis &1, . . ., &, of K(X) over k and note that by the primitive element theorem
K(X) is an extension of k(&1,...,&,) generated by a unique element.

2 Curves

We now come to the heart of the problem. Our aim is to study what bi-
rational equivalence says about curves, particularly whether or not a given
irreducible curve is birationally equivalent to a “nicer” curve. What do we
mean by “nice”? There are three fairly natural criteria: being smooth (a nice
curve should not have singular points), being projective (a nice curve should
be “complete,” c¢f. Problem II), and being plane (a “nice” curve should be
embedded in a small projective space), and there are many natural questions
to be asked, depending on whether we want one, two or all three criteria to
be satisfied. We start by summarising known results: proofs of most of them
will be given in the coming paragraphs.

We note that the answer to the question of whether every curve is bira-
tionally equivalent to a nice curve is yes if we only require that one of our
criteria be satisfied.

1) As the singular locus S of C'is finite (¢f. Problem V), C is birationally
equivalent to its open smooth locus C' — S.

2) Given an arbitrary C, take an affine open set U in C', embed U into k"
and consider the closure U of U in P". Then C' is birationally equivalent to
the projective curve U.

3) The “plane curve” criterion was dealt with in 1.9.

Things become more complicated with two criteria.

1) Plane and projective is easy: we consider an equivalent affine plane
curve and take its closure.

2) For plane and smooth the answer is yes if we consider any open set of a
projective plane curve to be a plane curve. A more delicate (but probably not
very interesting) question is whether or not there exists a smooth plane curve
which is closed in k% and which is birationally equivalent to the given curve C
(if C is a plane curve of degree 5 with three non-collinear double points, for
example). The author does not know the answer to this question.

3) For smooth and projective the answer is yes, but the proof is difficult
enough to make it a theorem (cf. 5.11).

Theorem 2.1 (Desingularisation). Any irreducible curve is birationally
equivalent to a smooth projective curve. More precisely, if C is an irreducible
projective curve, then there is an irreducible smooth projective curve X and
a morphism w : X — C which is finite (and hence surjective, cf. 3.4) and
birational. We say that X is the desingularisation or normalisation of C.



2 Curves 153

Remark 2.2. The analogous theorem for surfaces is true in all characteristics
(Abhyankar). In arbitrary dimension the result has only officially been proved
in characteristic 0 (Hironaka), but it seems that a proof of the general case
has been announced.

And finally, if we want all three criteria to be satisfied, the answer to the
question is generally no (cf. 2.6).

Having determined whether there is a nice birational model, we can ask
whether it is unique. The answer is yes for the smooth projective model.

Theorem 2.3. Let C,C" be two irreducible smooth projective curves. Assume
that C and C' are birationally equivalent. Then they are isomorphic.

Proof. The proof relies on the following lemma.

Lemma 2.4. Let C' be a smooth irreducible curve, consider P € C' and let
p: C —{P} — X be a morphism towards a projective variety X. Then there
is a unique morphism @ : C — X extending .

Proof.
1) Uniqueness. We reduce to the case of an affine C, and uniqueness follows
immediately from the irreducibility of C.

2) Existence. As the variety X is embedded in P", we can assume X = P".
We note that if U is an open set in C' containing P and we know how to extend
¢lu—1py, then we are done (we simply glue this extension to ¢ on U — {P}).
We can therefore replace C' by any open set U C C' containing P. We can
thus suppose that C' is affine with associated ring A. Moreover, let Uy be the
open set xg # 0 in P™. We can assume that the image of ¢ meets Uy, and
after shrinking C' we can assume it is contained in Uy. Let 7 be a uniformising
parameter for C' at P (we know that C' is smooth).

After again shrinking C' if necessary we can assume that 7 comes from a
function f which is regular on C' and has no other zeros than P on C. We
have therefore reduced to the case where C' — { P} is the open affine set D(f)
in C. As the image of ¢ is contained in Uy, ¢ = (1, h1,..., hy), with h; € Aj.
After shrinking C for the last time we can assume that the elements h; are of
the form h; = u; f~% with u; € A, u;(P) # 0 and «; € Z.

If all the integers «; are < 0, then ¢ can be extended in the obvious way.
Otherwise, let o = a be the largest of the integers «;: as the image of ¢ is
in P, we can write ¢ = (f*, uy f*~*, ..., ug, ), or, alternatively, as uy, is
non-zero in a neighbourhood of P, ¢ = (f*/ug, u1 f*"* Jug,...,1,...), 80 ¢
can indeed be extended to P.

We now return to the proof of Theorem 2.3. We have a morphism ¢ :
U — C’ defined on an open set of C or, in other words, defined on C minus
a certain number of points. As C' is smooth and C’ is projective, we see by
Lemma 2.4 that ¢ can be extended to C. Likewise, we extend the (rational)
inverse of ¢, i.e., 1, to the whole of C’. We are therefore done by comparing
@ (resp. ¥p) and the identity on C’ (resp. C), according to uniqueness.
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Remarks 2.5.

1) Theorem 2.3 allows us to finish the proof of Chapter VIII, 2.15 (5 = 1):
as K (C) is isomorphic to k(T'), C is birationally equivalent to P! (cf. 1.7); as C
and P! are irreducible, smooth and projective, they are isomorphic by 2.3.

2) Theorem 2.3 allows us to talk about the normalisation of C': this nor-
malisation is unique up to isomorphism. We call it the projective model of C'
or of K(C). As far as birational geometry goes, we can restrict ourselves to
studying smooth projective curves. We can hence define the geometric genus
of C' as follows.

Definition 2.6. Let C be a curve and X its normalisation. We call the arith-
metic genus of X the geometric genus of C.

We note that for a smooth projective curve the two genuses coincide. For
the rest of this chapter we will denote the geometric genus of C by ¢(C') and
the arithmetic genus of C' by p,(C).

Proposition 2.7. If two curves are birationally equivalent, then they have the
same geometric genus. The converse is true if g = 0: a curve is rational if
and only if its geometric genus is zero.

Proof. The first statement is trivial. The second follows from Chapter VIII,
2.15, ¢f. Remark 2.5.1.

Remarks 2.8.

1) If g > 1, then the irreducible smooth curves of genus g are not all iso-
morphic. It is possible to show that the set of such curves (up to isomorphism)
forms a variety of dimension 1 (resp. 3g — 3) if g =1 (resp. g > 1).

2) We can now show that the answer to the question of whether a triply nice
(projective plane and smooth) curve birational to a given curve necessarily
exists is no. Indeed, a smooth plane curve has genus equal to 0,1,3,6,...,
but not to 2 or 4. However, there are curves of genus 2 or 4 (c¢f. Exam 1992
and Exercise VIII, 2) and indeed of any genus (cf. [H] Chapter III, Exercise
5.6). (On the other hand, we can show that any curve is isomorphic to a curve
in P? (¢f. Chapter VIII, 2.i.3 or [H] Chapter IV, 3.6).)

The birational-classification-of-curves problem is therefore directly linked
to the problem of calculating genuses. This is not an easy problem, especially
for curves in P3. One way of advancing is to use another type of curve which
represents an acceptable compromise, namely projective plane curves with
only ordinary singularities (¢f. Chapter V, 4). This is justified by the following
theorem, whose proof is contained in Problem VIII.

Theorem 2.9. Let C' be an irreducible curve. Then C' is birationally equiva-
lent to a projective plane curve with only ordinary singular points (i.e., with
distinct tangents).
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And finally, we know how to calculate the genus of such curves (which we
call “ordinary” curves).

Theorem 2.10. Let C be an irreducible projective plane curve with only or-
dinary singularities of degree d. We denote by pp the multiplicity of C' at P
(cf. Chapter V, 4.4). The following formula holds:

pPeC

In fact, the method for calculating the genus suggested by 2.9 and 2.10 is
not very satisfactory in practice and we will give another one which is much
more efficient (¢f. 5.12 and 5.15).

3 Normalisation: the algebraic method

We will now tackle the problem of desingularising curves (Theorem 2.1), ini-
tially using an essentially algebraic method. We will need several auxiliary
results whose statements are simple but whose proofs are not always easy: we
will mainly give only sketch proofs or references for these results.

a. Some preliminaries

a.1. Some results on finite morphisms.

Definition 3.1. Let ¢ : X — Y be a dominant morphism of irreducible al-
gebraic varieties. We say that o is affine if it satisfies one of the following
equivalent properties.

1) For any open affine subset of Y, U, ¢~ Y(U) is an open affine subset
of X.

2) There is a covering of Y by open affine subsets U; (i =1,...,n) such
that ¢~Y(U;) is an open affine subset of X for every i.

For the equivalence of the above two properties, which is not obvious, see
[M] Chapter II, 7.5 and Chapter III, 1.5.

Definition 3.2. Let ¢ : X — Y be a dominant morphism of irreducible alge-
braic varieties. We say that o is finite if it is affine and for every open affine
set U in'Y the ring morphism ¢* : I'(U) — I'(¢~1(U)) is integral (and hence
finite). It is enough to check this property on some open affine covering of Y.

To show that it is enough to check this property on an open covering we
reduce to the affine case and then prove that I'(X) is a I'(Y)-module of finite
type; this follows from the following lemma.

Lemma 3.3. Let A be a ring, let M be an A-module and let f1,..., f, € A be
elements which generate the unit ideal. We assume that for all i the localised
module My, is of finite type over Ay,. Then M is of finite type over A.
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Proof. Exercise. (Consider the submodule M’ of M generated by the genera-
tors of all the localised rings and the conductor

I={a€A|laM cCc M'})

Proposition 3.4. Let ¢ : X — Y be a finite morphism.
1) We have dim X = dimY'.
2) The morphism ¢ is surjective and its fibres are finite.
3) The morphism ¢ is closed (i.e., transforms closed sets into closed sets).
4) If Y is a complete variety (cf. Problem II), then so is X.
5) If Y is a separated variety (cf. Problem I), then so is X.

Proof.
1) We restrict ourselves to the affine case and the result is clear by the
transcendence degree characterisation of dimension.

2) We may assume that X and Y are affine with rings B and A. Surjectivity
then follows by Chapter IV, 4.2. If y € Y corresponds to the maximal ideal m
of A, then the points of the corresponding fibre correspond to maximal ideals
of the finite k-algebra B/mB and hence there are a finite number of them.

3) Closedness is a local property, so we may restrict to the affine case. If F
is a closed subset of X, then consider the restricted morphism ¢ : F' — o(F).
It is again finite, and is hence surjective, so ¢(F) = ¢(F).

4) Tt will be enough to prove that ¢ is proper, i.e., that if Z is a variety,
¢ x Idz is closed. By 2) it will be enough to show that this morphism is finite.
We reduce to the case where X,Y and Z are affine with rings A, B and C,
and it remains to prove that if A is integral over B, then A ®; C' is integral
over B ®;, C, which is immediate.

5) We have to prove that the diagonal in X x X is closed, or, alternatively,
that its complement is open. Consider (z,2’) € X x X such that z # «'. If
p(xz) # p(2'), then we are done because Y is separated. If p(z) = ¢(2'), then
since ¢ is affine, x and x’ are contained in the same open affine set and we
are done because any affine variety is separated.

Proposition 3.5. Let ¢ : X — Y be a finite morphism. Assume that Y is a
projective curve and X is smooth. Then X is a projective curve.

Proof. See [H] Chapter I, 6.8 for the details of the argument. The idea is the
following: we note that X is a complete curve so it would be enough to find an
embedding of X in a projective variety (cf. Problem II). We cover X by open
affine sets Uy, ..., U,. We embed each U; in a projective space and we denote
by Y; its closure in this space: Y; is a projective curve. There is a morphism
@; : Uy — Y; which extends to a morphism on X (again denoted by ;) by 2.4.
A priori, this morphism is not an embedding, but we can take the diagonal
embedding ¢ = (g1, ..., ,) into the product of the curves Y;. We then prove
(using the smoothness of X) that ¢ is an embedding and we are done.
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Remark 3.6. The above claim is actually true even for non-smooth X (cf. [H]
Chapter III, Exercise 5.7.d). We will assume this to be the case throughout
the following discussion, especially in Paragraph 5. See Appendix 6 for a proof
of the theorems in Paragraph 5 which does not use Proposition 3.5.

Proposition 3.7. Let X, Y be separated varieties, p : X — Y an affine mor-
phism and F a quasi-coherent sheaf over X. For all integers i

HY (X, F) ~ H(Y, 0. F).

Proof. We note first that ¢.F is quasi-coherent. For i = 0 the statement
of 3.7 is simply the definition of the direct image. For ¢ > 0 take a finite
affine covering Vi,...,V, of Y and consider the covering U; = ¢~ 1(V;) of X
(which is also affine) and calculate the associated Cech cohomologies. The
respective complexes are obtained by taking products of spaces of sections
I'(Vig,....ip» 05 F) and I'(Uy,,...i,, F), but these spaces are equal by definition
of ¢, so the Cech complexes are identical.

a.2 Some results on gluing varieties. Let X; and X5 be two varieties and
let U; be an open subset of X;. We assume that the open sets U; and U, are
isomorphic as varieties. Let ¢ : U — Us be such an isomorphism. We define
a variety X (obtained by gluing X; and X together along U; and Us) in the
following way.

We take the disjoint union Y = X; U X5 and we consider the equivalence
relation R which identifies U; and Uy (i.e., the only non-trivially equivalent
pairs are the pairs (x,p(x)), where z € U1) and we denote the quotient set
Y /R with its quotient topology by X. This means that, considering the natural
(injective) maps i1 : X1 — X and is : Xo — X, a subset V C X is open if
and only if V; = i7}(V)) and Vi = i5 *(V) are open. The sheaf of rings Ox is
then defined by

Ox (V) = {(s1,52) | 51 € Ox,(V1), 52 € Ox, (V2)

and ¢*(s2|vynr,) = S1|V1mU1}.

(This is an exercise, cf. Exercise VII, 2.)

b. Normalisation

We now sketch a first (brutal but efficient) method for desingularising curves.
If C is an irreducible curve, we know that C' is smooth if and only if its local
rings are discrete valuation rings (¢f. Chapter V, 4.1). If, moreover, C is affine,
this simply means that I'(C) is integrally closed (cf. Chapter V, 4.2).

We therefore start with an affine curve C. Let K (C') be the field of rational
functions on C. If C' is not smooth, the ring A = I'(C) is not integrally closed.
Let A’ be the integral closure of A in K(C). The ring A’ is integrally closed
and is an A-module of finite type (¢f. Summary 1.7) and is hence a k-algebra of
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finite type. There is therefore an affine algebraic variety C’ such that I'(C") =
A’ and a morphism ¢ : ¢’ — C corresponding to the inclusion of A in A’
and which is therefore a finite morphism. It follows that C’ is an irreducible
smooth curve and that ¢ is finite and birational. The map ¢ is hence an
isomorphism away from the singular points of C' (¢f. midterm 19911T). We
have therefore found a desingularisation of C' (in the sense given in 2.1).

In the general case, we cover the curve C with affine open sets Uy, ..., U,
such that each U; contains at most one singular point of C. We set A; =
I'(U;) ¢ K(C) and we consider the integral closure A} of A; and the corre-
sponding affine curve C;. There is a morphism ¢; = C; — U; which is finite
and birational, and which is an isomorphism except possibly at one point. We
glue C; and C; together along the open sets ;' (U; N U;) and gp}l(UZ- nU;).
We then iterate this method until we get a map ¢ : ¢’ — C which is finite
and birational and has the property that C’ is smooth and irreducible, so we
have desingularised C. By 3.5, if C' is projective the same is true of C’.

This method, which is pleasingly simple, has a disadvantage: we have little
control over the morphism ¢. For genus calculations in particular, we need
detailed information on the local behaviour of ¢. This is what we will now
obtain using blow-ups.

4 Affine blow-ups

a. Introduction

In this course we will study the blow-up of a point in the plane only. For
generalisations see (for example) [H] Chapter II, 7 (for the general case) and
Chapter V, 3 (for the blow-up of a point on a surface).

The blow-up is a method for desingularising a plane curve C' at a point.
As the problem is local, we can restrict to the case of an affine curve C C k2.
We assume that C' is singular at a point P and, after change of coordinates,
we can assume P = (0,0). The idea of the blow-up for a double ordinary
point (C = V(X3 + Y2 — X?), for example) is to separate the two branches
of the curve passing through P by replacing P by two points, corresponding
to the two tangents of C' at P (c¢f. Figure 1). To do this we have to pass into
three-dimensional space and modify the plane by replacing the point P with
the set of all the tangent lines passing through P. The algebraic translation
of this principle is easy: the lines passing through P are the lines y = tx and
we consider the affine algebraic set

B = {(z,y,t) € ¥* | y = tx}.

This is an irreducible surface in k% admitting a morphism 7 : B — k2 which
associates (z,y) to (z,y,t) and whose fibres 7= 1(z,y) are as follows.

1) If  # 0, the fibre contains a unique point (z,y,y/x).



4 Affine blow-ups 159

2) If £ = 0 and y # 0, the fibre is empty.

3)If x =y =0 (i.e., over P), the fibre is the line L (called the exzceptional
line) consisting of points (0,0,¢) with ¢ € k.

We say that (B, ) is the blow-up of the plane at the point P.

We note that if B’ (resp. U) is the open subset of B (resp. k?) given by
2 # 0, then 7 induces an isomorphism of B’ and U whose inverse is given by
(z,y) = (z,9,y/2).

The inverse image of C' = V(X3 + Y2 — X?) under 7 is the set of points
(x,9,t) such that y = tz and 2 + y? — 2% = 0, or, alternatively, y = tz and
2?(x+t%>—1) = 0. We see that 7—1(C) is reducible and can be decomposed into
the line L defined by z = y = 0 and a curve C’ whose equations are y = tx and
x+1t?—1 = 0. This curve is called the strict transform of C and is smooth. To
see this it is enough to project B onto the (z,t) plane by 7’ : B — k? (this is
an isomorphism whose inverse is given by (x,t) — (z,t,t)): C’ is isomorphic
under this projection to the plane curve C” = V(X +7T? —1), which is smooth
(it is a parabola). The curve C’ (or C”) is indeed a desingularisation of C as
m : C' — C is birational. We note that there are two points of C’ over P
corresponding to the two tangent lines of C at P: (0,0, +1).

In fact, in what follows, we will forget the surface B and study directly
the transformation ¢ = wn'~1 from the (z,t) plane to the (x,y) plane.

Fig. 1. The blow-up of the affine plane

b. Modification of the plane

We consider the morphism 1 : k? — k2, which associates (z,y) = (z,xt)
to (z,t). This is a birational map whose image is U U {P}, where U is the
open set 2 # 0 and P is the point (0,0). Over U the inverse of ¢ is given
by (x,y) — (z,y/r), which is an isomorphism of U on the open set ¢~1(U)
(also defined by = # 0). The fibre L = ¢y~ (P) is the (exceptional) line whose
equation is x = 0.
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Let C be a curve in the (z,y)-plane, set Co = CNU, C} = ¥ ~1(Cp) (which
is isomorphic to Cy via ) and let C’ be the closure of C{,.

Proposition 4.1. Assume C = V(F), where F' € k[X,Y] is irreducible. We
write F = F,.+-- -+ F,, wherer = up(C) < n = deg F' and F; is homogeneous
of degree i. Then C' = V(F"), where

FI(X,T) = F,(1,T) + XFr 1 (1,T) + -+ X" " Fo(1,T)

and ¥|cr is a birational morphism from C’ to C inducing an isomorphism
from C§ to Cp.

Proof. We have ¢~1(C) = V(FY), where F¥(X,T) = F(X,XT) =
X"F.(1,T) + --- + X"F,(1,T) = X"F'(X,T). We write this equation
in the form F(X,Y) = X"F/(X,Y/X), and it follows that F’ is irreducible.
Consider (z,t) € k% such that z # 0: (z,t) is in C}, if and only if F(x,zt) = 0,
or, alternatively, F’(z,t) = 0, since x # 0. In other words, C} C V(F’) and
hence C’ C V(F'), but as F’ is irreducible, equality holds. The rest of the
proposition is obvious.

Remark 4.2. It r = 0, id.e., if the point P is not in C, then F/'(X,T) =
F(X,XT) and C} = V(F’) is closed in k2.

Proposition 4.3. Assume that the line X = 0 is not tangent to C at P
(we can always reduce to this case by an affine isomorphism). We can then
write Fr = [[;_, (Y — N\ X)", where the A\1,...,\s € k are distinct and r =
S ri = r. We then have v =Y (P) = {P,..., P}, where P; = (0,);) and
1< pp,(C") < pp,(C',L) = r;. Moreover, if P is an ordinary multiple point
(i.e., r; =1 for all i) every P; is a smooth point of C' and the line X =0 is
not tangent to C' at P;.

Proof. From the definition of F' it follows that

S

FI(X,T)=[(T = X)" + XFopr (1,T) + -

i=1

We now determine the points over P: these are the points (0,t) such that
F'(0,t) = 0, i.e., the points P; = (0, ;). We compare the multiplicity of C’
at P; and the intersection multiplicity of C’ and L at this point: pp, (C") <
up, (C' N L) (¢f. Problem VII, Axiom 5), but pp, (C' N L) = pup,(F', X) =
wp, (IT—, (T —X;)", X) = r; (cf. Problem VII, loc. cit.). If ; = 1, the point P
is therefore smooth, and as the intersection multiplicity of C’ and the line
X = 0 at this point is 1, this line is not tangent to C (c¢f. Problem VII,
loc. cit.).
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Remark 4.4. The example F(X,Y) = Y2~ X3 shows that 4.3 is false if r; > 2:
the line X = 0 is tangent to F'(X,T) =T? — X at the point (0,0).

Summarising, the situation is as follows. 1) We have a transformation
¥ : 0" — C which is an isomorphism over the open set x # 0. 2) If P is an
ordinary multiple point of order r of C, then it is replaced in C’ by r smooth
points.

Be careful, however: using this method we lose control of the points of C
such that = = 0, which can produce singular points of the projective curve
V (F'*) at infinity. For example, if we start with F = X4+Y?+Y2— X2 and we
blow up the origin (which is the only singular point of C, including infinity),
we get a curve of equation X2+ T3X + T2 —1 which has no singular points in
affine space but has one singular point at infinity, (1,0,0). To get around this
problem we will have to use projective blow-ups and gluings (cf. Theorem 5.7).

In any case, we will need a better understanding of the local structure of
blow-ups, which is the object of the next paragraph.

c. Local structure of a blow-up

We use the notations of the above section. The point P = (0,0) is assumed
of multiplicity » > 1 in C. Once again, we assume that the line V(X) (i.e.,
X = 0) is not tangent to C' at P.

We denote by .,y (resp. x,t) the coordinate functions on k2. The fields of
rational functions are K(C) = k(z,y) = K(C') = k(z,t), and the elements
x,y (resp. x,t) are related by an equation F(x,y) = 0 (resp. F'(z,t) = 0).
Moreover, y = tx. We start by showing that the element ¢ satisfies an algebraic
equation with coefficients in the ring k[x,y] generated by = and y whose
dominant coefficient is # 0 at P.

Lemma 4.5. With the above notation t satisfies an equation of the form
he(y)t" + Zz;é hi(x,y)tF = 0, where the coefficients hy, are polynomials.
Moreover, if we set h = h,(y), then h(P) # 0, and if Do (h) is the affine open
subset of C' defined by h # 0, then De(h) NV (X) = {P}.

Proof. Set F(X,Y) =Y"_, Z?:o ag—j j X4IYJI. We have F(z,y) = 0 and
Fl(z,t) =Y _ a%" Z?:o aq—jt? = 0. The monomials 29"/ can be re-
duced using the equation y = tx.

1) If < d—r, then 29 "t7 = 297 "=JyJ which does not contain .

2) If 5 > d —r, then 297"t/ = y4="tJ=4+" and the degree in ¢ of this
monomial is < r and equal to r for j = d.

We therefore have an equation of the desired form with h = h,(y) =
S a0,ay?~". We note that h(P) = ap, = 1 (as V(X) is not tangent to C
at P, F, = [[;_;(Y — \;X)"). Moreover, the formula F(0,y) = h(y)y" shows
that the line V(X)) does not meet the open set D (h) other than at P.

We then have the following corollary.
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Corollary 4.6. We use the above notation and set W = D¢g(h) and V =
=Y (W) = Di(h). Then W and V are affine varieties, W contains P and
B = I'(V) = klx,t]p is finite over A = I'(W) = k[x,y]n. The morphism
WV — W is finite and birational and is an isomorphism outside of 1)~*(P).

We now calculate the dimension of the quotient space B/A.

Lemma 4.7 (Gorenstein’s lemma). With the above notation and denoting
by m the ideal [x,y] in A the following hold.
1) The ideal z"1B € B is contained in A and is equal to

mr—l —_ (1,7“—17337”—2y7 o ,yr—l).

2) We have dimy, B/z" 1B =r(r — 1).
3) We have dimy A/m"~1 = r(r—1)/2, and hence dimy B/A = r(r—1)/2.

Proof.
1) The A-module B is generated by 1,¢,...,t""!, but 2" 1t/ =
"It = iyl € mt so 2"T1B € m™Tl As m™ ! is gener-

ated by the monomials "~ 1777, the converse is clear.
2) We calculate the quotient ring k[x,t]/(z). This is the quotient:

B T)/(F/(X,T), X) = K{T1/(F'(0, 7)) = K{T] / TI;(T = A",

and as F’'(0,T) is unitary of degree r, this quotient is of dimension r over k.
Moreover the image of h in this ring is equal to the image of h,.(tx) = 1 +
ap1tx +- -+ agn—r(tx)"~", and as z = 0 in the quotient, this image is equal
to 1 and is hence invertible, so the quotient ring is isomorphic to B/xB.
It follows that dimy B/xB = r. Continuing, we consider the filtration of B
by the ideals z°B: 0 C 2" 'B C ---zB C B. We have dim; B/z""'B =
S27—2 dimy 2’ B/ B. There is an isomorphism B/zB — z'B/z'"' B given
by multiplication by x* (which is injective because B is an integral domain),
and hence dimy 2'B/x'"'B = dimy B/xB = r, so dimy, B/2" " 'B = r(r — 1).
3) Denoting the ideal (X,Y) of k[X,Y] by mp, the quotient ring
A/m"V is simply (k[X,Y]/(m’s *, F))s, but as F € m)p ' and h, ¢ m) ',
this is just k[X,Y]/m’> ', which is of dimension r(r — 1)/2 as we saw
in Chapter V, 4.6. (A basis of this space is given by the elements
1’ x? y7 x2’ xy’ y27 e xriQ’ xr73y3 R 7yr72')
Remark 4.8. A priori, the open set W may contain singular points P, ..., P,
other than P: however, we can eliminate them by replacing W with a smaller
open affine set. Indeed, if P; = («;, 8;) is such a point, then «; # 0 because W
only meets V(X) in P. We set a = «;. We localise A and B along g = = — a.
The open sets obtained are again affine and the restricted morphism is again
finite. The only thing we need to check is that the dimension of B/A has not
changed. To do this we need the following lemma.

Lemma 4.9. With the above notation the multiplication by g = © — a induces
an automorphism of B/A.
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Proof. As B/A is finite dimensional over k it will be enough to prove injectiv-
ity. Consider b € B such that (x —a)b € A. It will be enough to show that b is
contained in A. We know that " ~'b € A. Let i be the smallest integer such
that 2'b € A. If i > 0, then '~} (z — a)b € A, so 2" Lab € A, and as a € k*,
2'~1b € A, which is a contradiction, so ¢ = 0, and we are done.

Returning to 4.8 we have an isomorphism B,/A, ~ (B/A), and as multi-
plication by g is an automorphism of B/A, we also have B/A ~ (B/A),, so
the dimension of the quotient has not changed.

We can now define what we mean by a standard local blow-up.

Definition 4.10. A standard local blow-up with centre P is a morphism v :
V — W satisfying the following conditions:

1) V and W are isomorphic to affine open subsets of irreducible plane
curves,

2) P is a point of W with multiplicity pp > 1 and W — {P} is smooth,

3) ¢ is finite and birational and is an isomorphism away from the fibre

4) If P is an ordinary singular point of W, V is smooth,

5) If * : I'(W) — I'(V) is the (injective) homomorphism induced by the
morphism 1, then dimg I'(V')/T'(W) = pup(up — 1)/2.

Remark 4.11. In particular, the last condition of 4.10 shows that if P is a
smooth point of W (i.e., pp = 1) then the morphism ¢ is an isomorphism.

The following theorem summarises all the results of this section.

Theorem 4.12. Let C be a variety which is isomorphic to an open affine
subset of an irreducible plane curve and consider P € C. There is an open
affine set W in C containing P and a standard local blow-up ¢ : V — W.

Remark 4.13. In the local blow-up of the variety W we replace the ring A =
I'(W) by B =I'(V), which is integral over A and has the same fraction field,
and hence is contained in the integral closure A’ of A. When the singularity
at P is not ordinary the ring B is not generally equal to A’ and hence V is
not the normalisation of W, but Property 5) says that its “distance” from
the normalisation has decreased. To obtain the normalisation it is enough to
repeat this operation a finite number of times (c¢f. 5.11).

5 Global blow-ups

a. Definition

Not having defined blow-ups of points of a surface (other than the plane) we
will have to limit ourselves to rather special curves throughout the following
discussion.
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Definition 5.1. Let X be an irreducible curve. We say that X s locally planar
if for any P € X there is an open affine subset of X containing P which is
isomorphic to an open affine subset of a plane curve.

Remark 5.2. We will see further on (c¢f. 5.13) that every irreducible smooth
curve is locally planar but (cf. 5.14) there are curves in P® which are not
locally planar.

Definition 5.3. Let X and C be irreducible curves and let m : X — C be a
morphism. We say that 7 is a global blow-up if there is an affine open cover
Uy, ...,U, of C such that each U; is isomorphic to an open affine set of a
plane curve and the restriction m : 7= Y(U;) — U; is either a standard local
blow-up with centre P; € U; or an isomorphism.

Remarks 5.4.

1) It follows from the definition of local blow-ups that ==!(U;) is also
isomorphic to an open affine subset of a planar curve: in a global blow-up the
curves X and C are locally planar.

2) In a global blow-up all the singular points of X necessarily lie over
singular points of C' and their multiplicities are equal to or less than the
multiplicities of the points of C.

Proposition 5.5. Let m : X — C be a global blow-up. Then 7 is a finite
birational morphism, which is an isomorphism away from the blow-up centres.
(In particular, this is the case away from the singular points of C.) If C is
projective, then so is X.

Proof. This follows immediately from the definitions, except for the last part
which, follows from Proposition 3.5 when X is smooth and from the result
quoted in Remark 3.6 otherwise (cf. also [H] Chapter II, 7.16).

b. Existence of a desingularisation of an ordinary curve

Definition 5.6. An ordinary curve is a projective irreducible plane curve hav-
ing only ordinary multiple point singularities.

For an ordinary curve desingularisation by blow-up is easy.

Theorem 5.7. Let C' be an ordinary curve. There is a global blow-up 7 :
X — C whose blow-up centres are the singular points of C such that X is
smooth and projective.

Proof. We will give two proofs of 5.7, first by gluing and then by projective
blow-up.
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Proof of 5.7 by gluing. In fact, by 4.10.4, Theorem 5.7 follows from the fol-
lowing slightly more general statement.

Proposition 5.8. Let C' be a projective curve which is locally planar. There
is a global blow-up m : X — C, whose blow-up centres are the singular points
of C such that X is projective and locally planar.

Proof (of 5.8). We proceed by gluing as in 3.2 above. We isolate each singular-
ity P; of C' in an open affine subset U; which is isomorphic to an open subset
of an affine plane curve. We blow up U; at P; and we obtain a variety V;. After
shrinking U; and V; we may assume that m; : V; — Uj is a standard local blow-
up. We then glue together all the sets V; and the open set C — {Py,...,P.}
to form a variety X which is the global blow-up we seek. The fact that X
is projective follows from Proposition 5.5 (which depends on Remark 3.6).
When C is ordinary, X is smooth, and we are done by Proposition 3.5.

Proof of 5.7 by projective blow-up. We start by blowing up a single point. The
method is similar to that used in the affine case, but we have to pay a bit
more attention to the denominators. Indeed, we have seen that the problem
with the transformation y = ta (or, alternatively, ¢t = y/x) is that we lose the
points = 0 which correspond to infinite ¢. The idea is to replace the point ¢
of the affine line by the point (u,v) of the projective line, with ¢ = u/v when
v # 0. This is equivalent to replacing the surface B given by y = tz by a
surface of equation vy = ux: more precisely, we consider the product variety
P2 x P! (which is a projective variety via the Segre embedding into P°) and
the closed subvariety! B C P2 x P! consisting of points (z, ¥, z; u, v) such that
vy —ux = 0. It can be checked that this is an irreducible smooth projective
surface.

There is a morphism 7 : B — P2, which is the restriction of the first
projection from P2 x P! onto P?. Let P be the point (0,0,1) in P2. The
fibre of 7 over a point Q@ = (z,y,2) # P is a single point (z,y, z;y, ) and
the fibre over P is the exceptional line E formed of points (0,0, 1;u,v) with
(u,v) € PL. The morphism 7 is the projective blow-up of the point P of P2.
It is surjective and induces an isomorphism of V = B—E and U = P2 — { P}.

The link with affine blow-ups can be obtained on considering the open
sets 2 in P2 defined by z # 0 (or, alternatively, z = 1) or, more precisely,
the open set {2 in 2 defined by z, z # 0.The inverse image of {2y under 7 is
contained in the open set z # 0, v # 0 of B, and on setting z = v = 1 we
obtain an affine blow-up. (NB: if we consider points (z,y) such that z = 0
and y # 0, then the preimage of (0,y,1) is (0,y,1;1,0), which is “at infinity”
in P1.)

! In a product space P™! X - - - x P™ the closed subsets are defined by polynomials
which are homogeneous with respect to each set of variables corresponding to a
projective space (cf. Problem 1).
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Let C be a curve in P2, set P = (0,0,1) and assume (at least to begin
with) that P is the unique singular point of C' and that P is ordinary. Set
Co = CNU and let C’ be the closure of 771(Cp). Then C” is a projective curve,
the restriction of m to C’ is a finite birational map which is an isomorphism
except at P (so C’ is non-singular away from the fibre over P). Moreover, if C
is not tangent to the line X = 0 at P (which we may assume to be the case
after homography), then = is isomorphic in a neighbourhood of P to an affine
blow-up. In particular, since P is ordinary, C’ is non-singular over P, so C" is
non-singular everywhere and we have desingularised C.

Let us now deal with the general case of an ordinary curve C with sev-
eral singular points Pi,...,P, € P2. We may assume these points have
homogeneous coordinates P; = (a;,b;,1). We consider the product of the
plane P2 with n copies of the line P! with (partially homogeneous) coordinates
(z,y,z;u1,v1; "+ ;Un,Vy). In this product we consider the closed subvariety B
defined by the n equations u;(z — a;z) —v;(y —b;z) for i = 1, ..., n. We check
that B is an irreducible surface and the projection of B onto P? is an isomor-
phism except at the points P;. At P; the fibre E; is a line (called the excep-
tional line) the coordinates of whose points are given by = a;,y = b;, z = 1,
uj = b; —bj,v; = a; —a; if j # i and arbitrary w;,v;. If U (resp. V) is
the open subset of P2 (resp. B), which is the complement of the points P;
(resp. the lines E;), then 7 induces an isomorphism of V' onto U and there is
a neighbourhood of P; in which 7 is isomorphic to an affine blow-up. If we
set Chp = CNU and C’ = 771(Cp), then we can prove as above that C’ is the
desingularisation of C' we seek.

c. Genus of ordinary curves

The following theorem allows us to calculate the change in the arithmetic
genus of a curve under a global blow-up.

Theorem 5.9. Let C and X be irreducible projective curves and let
m: X — C be a global blow-up. Then

Pa(X) = pa(C) =Y pp(up —1)/2,
the sum being taken over all blow-up centres.

(Recall that p, denotes the arithmetic genus and pp the multiplicity of P
in C.)

Proof. We recall that x(Ox) =1—pe(X) and x(O¢) = 1 —p,(C). Moreover,
3.7 implies x(Ox) = x(7mOx). But by definition of a morphism there is a
sheaf morphism 7 : Oc — w,Ox. This morphism is injective because 7 is
dominant. Let 7 be the cokernel of 7, so there is an exact sequence

(*) OHOCLW*OXLT—»O,
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and hence x(7.0x) = x(O¢) + x(7T). As 7 is an isomorphism away from the
blow-up centres Py, ..., P,, the sheaf 7 is supported at {Py,..., P.}, and it
follows from Chapter VII, 3.3 that its only cohomology group is H°. Moreover,
if we cover C' with open affine sets W;, i = 1,...,r corresponding to local
blow-ups V; — W, with centre P;, there is an isomorphism:

H(C,T) — [[H'W:, T)
i=1
(gluing being automatically possible because 7 vanishes on the intersec-
tions). Since W; is affine, over each W; there is an exact sequence 0 —
rw;) — I(V;) — H°(W;,T) — 0 deduced from (x), so h®(W;,T) =
dim,(I'(V;)/T'(W;)) = pup,(pp, —1)/2 by 4.10.5. We have therefore proved
that

X(T) =BT = pp(up, = 1)/2,

i=1

and the theorem follows immediately.

Corollary 5.10. Let C' be an ordinary curve of degree d. We denote by up
the multiplicity of C at P (cf. Chapter V, 4.4). The geometric genus of C is
given by the formula

pPeC

Proof. This follows from 5.7 and 5.9.

d. General desingularisations

Corollary 5.11 (General desingularisations). Let C be a locally planar
projective irreducible curve. There is a sequence of global blow-ups

X:CHL nfl_)'”—)ClL)CO:C
such that X is smooth, irreducible and projective.

Proof. If C' is not smooth we blow up its singular points to obtain C;, which
is locally planar and projective with 0 < p,(C1) < pa(C) (¢f. 5.9). If Cy is not
smooth, we repeat the procedure and as the arithmetic genus of an irreducible
curve is > 0, this process terminates after at most p, blow-ups.

Corollary 5.12 (calculating the geometric genus). Let C be an irre-
ducible projective plane curve of degree d. Let

X=0, . C | — —C, gy =C
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be a sequence of blow-ups as above with X smooth and projective. Then

where the sum is taken over all the points P of all the curves C =
Co,C1,...,Cp (we say that the sum is taken over all the “infinitesimal
neighbours” of C').
Considering only the singular points of C we get
(d—1)(d—2) pp(pp —1)
pPeC

Proof. This is clear by induction on n using 5.9.
Corollary 5.13. Any smooth irreducible curve is locally planar.

Proof.

1) If C is projective, consider a curve I" which is planar and projective
and birationally equivalent to C. There is then a sequence of global blow-ups
which desingularises I" to X. As the fact of being locally planar is preserved
under blow-up, X is locally planar. But X and C are then projective, smooth
and birationally equivalent, so they are isomorphic, and we are done.

2) If C is not projective, we can assume C' is affine. We embed C in a pro-
jective curve C and we construct a desingularisation X of C which is smooth
and projective. There is therefore a finite birational map 7 : X — C which
is an isomorphism over the smooth locus of C' and is hence an isomorphism
over C. As X is locally planar by 1), we are done.

Remark 5.14. A singular curve C, on the other hand, is not gener-
ally locally planar. Indeed, the tangent space at a point of a plane
curve is of dimension < 2. Consider the curve C in k3 whose equations
are X2 -Y3=Y?2_-273=0. It is easy to see that C is irreducible and
I(C) = (X2 -Y3,Y2 ~ Z3) (use the parameterisation z = t°,y = t6, 2 = t1)
But the tangent space to C at (0,0, 0) is of dimension 3 because the Jacobian
matrix vanishes, so C' is not locally planar.

5.15. Algorithm for calculating the geometric genus of a plane curve. Let C
be an irreducible projective plane curve of degree d. (We know that any curve
is birationally equivalent to such a curve, cf. 1.9). The method for calculating
the geometric genus of C' is as follows.

0) Calculate p,(C) = (d — 1)(d — 2)/2.

1) Determine the singular points of C'.

2) For each singular point P of C, do a local blow-up of centre P to
obtain points Py, ..., P. (the infinitesimal neighbours of P). If these points

are smooth (which happens if P is ordinary), we are done. Otherwise, we do
local blow-ups centred at each of the singular points P;. We carry on until all
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the infinitesimal neighbours of P are smooth. Theorem 5.11 guarantees that
this process stops after a finite number of steps. We note that this stage of
the calculation is local (we work only with P and its successive fibres.)

3) Calculate the multiplicity of each singular infinitesimal neighbour of C
and apply 5.12.

Ezample 5.16. 1) By 5.12 a cubic with a singular point is of genus 0 and hence
is rational. Likewise, a quartic with a triple point or three double points is of
genus 0. This is the case of the trefoil defined by F(X,Y,T) = (X? +Y?)? +
3X2YT — Y3T (which has a triple point at the origin) or the tricuspidal
quartic defined by F(X,Y,T) = Y?T? + T?X? + X?Y?2 —2XYT(X +Y +71)
(three cusp points at (0,0, 1), (0,1,0) and (1,0,0)) or the regular trefoil given
by

F(X,Y,T)=4X?*+Y?? —4X(X? - 3YHT — 27(X* + Y)T? + 277"

(which has three double ordinary points). The curious reader will find more
beautiful curves in the special edition number 8, July 1976, of the magazine
Revue du Palais de la Découverte. To get an explicit parameterisation of these
quartics, we intersect the curve with a varying line passing through the triple
point or a pencil of conics passing through the three double points (plus a
fixed fourth point, cf. Exercises VI, 4).

2) Consider the curve C in P3 given by the equations
XT-YZ X?Z+Y3+YZT, XZ?> +Y*T + ZT>.

It is easy to show that C is an irreducible smooth curve (cf. the problem
on the January 1992 exam paper). To calculate its genus we project C' into
the [x,y,t] plane. We obtain a curve Cy whose equation is F(X,Y,T) =
Y4 4+ X3T 4 XYT?, which is birationally equivalent to C' and has a unique
double ordinary point at the origin, and which therefore has geometric genus 2
by 5.10. The initial curve therefore also has genus 2.

3) Consider C' the quadrifoil whose equation is (X2+Y?2)3—4X2Y?T? = (.
Its arithmetic genus is 10 and it has a quadruple point P at the origin of
the z,y affine plane, (0,0, 1), with two double tangents, plus two cusp points
at infinity, the cyclic points (1,4,0) and (1, —i,0) (the easiest way to see this
is to perform the homography given by U = X 4+iY and V = X —4Y, which
transforms the initial equation into 4U3V? + (U? — V2)2T? = (). The genus
of C is therefore < 2. To calculate this genus we blow up the origin. NB: as
the two axes are tangent to C' at P, it is preferable to use the second form of
the equation. On setting © = vw the blow-up gives a curve having equation
4w3v? + (1 — w)?(1 + w)?, with two points over P, (0,1) and (0, —1) which
are ordinary double points. These two points are therefore to be counted as
infinitesimal neighbours with multiplicity 2, so the genus of C' is 0.

It is easy to find a parameterisation of C' using polar coordinates and the
rational parameterisations of the functions sine and cosine.
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4) We finish with the example of the plane curve C defined by the equation
F(X,Y,T) = (X2 -YT)? 4+ Y3(Y —T). This curve has arithmetic genus 3
and a unique double point (a cusp) at P = (0,0,1). Its geometric genus is
therefore < 2. We will show that it is in fact zero. We work in the affine (x,y)
plane: in this plane the equation of C' is 2* +y* — 222y — 4> +y2. We perform a
blow-up y = tx. We obtain a plane curve whose equation is t*2? —t3z+(z—t)2.
Over P there is a unique point P; = (0,0), which is again a cusp. We perform
a blow-up x = zt, which gives us a curve t*2% — t22 4+ (z — 1)%2. Over P; there
is a unique point P, whose coordinates are z = 1, t = 0.

We study the nature of this point by setting v = z — 1. We obtain the
equation t*u? + 2t*u + t* — t?u + t2 — u?, which proves that P, is a double
ordinary point. It follows that blowing up P, yields two smooth points and
completes the desingularisation of C. There is therefore a sequence of blow-ups
C3 — Cy — (7 — C, where (3 is smooth, and there are three infinitesimal
neighbours which are double points, P € C, P, € C7 and P> € (s, and hence
the arithmetic genus of Cjs is the genus of C' minus 3 which is zero.

To find an explicit parameterisation of C' we use the osculating conics of C
at P, i.e., the polynomials G of degree 2 such that up(F,G) > 7. It is easy
to prove that these are conics with affine equations of the form G, (z,y) =
2?2+ xy —y + \y?, with X € k. These conics form a pencil, i.e., a linear family
of dimension 1 in the projective space of conics. If we intersect F' and G,
then the resulting scheme contains P with multiplicity 7 plus another point
in C' whose coordinates depend linearly on A. More precisely, z(1 — 2\) =
y(A2 — A+ 1), which gives us a parameterisation

1-20)(\2 —A+1) -2\
Miox—a+2 YTy _—ant2

6 Appendix: review of the above proofs

In the preceding paragraph, we have freely used the fact (which was quoted
without proof, cf. 3.6) that any curve, even singular, which is finite over a
projective curve is projective (or, more generally, any complete curve is pro-
jective). We now sketch how to avoid using this result.

We note first that if C is a complete irreducible curve, then H(C,O¢) = k
(¢f. Problem II, 3.b). We can therefore reformulate 3.9 as follows.

Theorem 6.1. Let C be a locally planar irreducible separated complete curve
such that h*Oc = p,(C) is finite and let 7 : X — C be a global blow-up.
Then X is a locally planar irreducible separated complete curve, h*Ox =
pa(X) is finite and

Pa(X) =pa(C) =D pplup —1)/2,

where the sum is taken over the centres of all the blow-ups.
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Proof. We apply 3.4 to establish the separatedness and completeness of X:
the rest of the proof is identical to that of 5.9. The finiteness of h'Ox =
W7, Ox comes from the long exact sequence associated to the exact sequence
(*) in 5.9. In fact, the finiteness of cohomology holds for complete varieties
(¢f. [EGA], II0).

The rest of Paragraph 5 is unchanged. In 5.11 we can no longer assert a pri-
ori that the intermediate curves C; are projective, but X is indeed projective
(since it is smooth).






X

Liaison of space curves

We assume that the field & is algebraically closed. We will use the following
notation:

1) If F is a coherent sheaf on P", we set

H.F = @ H'F(k)
keZ

for any ¢ € N;

2) By a split sheaf we will mean a sheaf over P" of the form
F = P Opn(—n;),
i=1

where the numbers n; are integers. If F is such a sheaf, then H:F = 0 for any
i such that 1 <7< n—1 (¢f Chapter VII, 4.1).

0 Introduction

In this section, a space curve means a curve in P (cf. below for more details).
A space curve C is said to a be a scheme-theoretic complete intersection if
its ideal I(C) is generated by two generators (cf. Chapter III, 10.b). We saw
(¢f. Chapter VIII, 1.13) that space curves are not generally scheme-theoretic
complete intersections. For example, the space curve C' defined by the ideal
I =(XT-YZ,Y?-XZ, 7Z?>-YT) (cf ExerciseIl, 4) is not a scheme-theoretic
complete intersection: the ideal I cannot be generated by only two generators.
However, this curve is close to being a complete intersection in the following
sense.

If we consider the two quadrics whose equations are XT-YZ =Y?—-XZ,
for example, their intersection is the union of the cubic C and a line D =
V(X,Y). We then say that C' and D are linked by the given quadrics. The
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curve C', whilst not a complete intersection, is linked to a complete intersec-
tion. In what follows, we will study this liaison operation and characterise
the curves which, like C, are linked (possibly in several steps) to complete
intersections. We will characterise such curves both in cohomological terms
and in terms of resolutions.

1 Ideals and resolutions

In this paragraph R denotes the polynomial ring k[Xy, ..., X,].

a. Subschemes of P™

Even if we are mainly interested in varieties (particularly smooth curves),
using liaison requires us to work with schemes. A smooth curve can be linked to
a singular or even non-reduced curve (cf. Examples 2.7). We refer the reader to
the appendix on schemes and the references its contains for more details of this
concept. We recall simply that if I is a homogeneous ideal of R and S = R/I
is the quotient ring, then we define the closed subscheme X = Proj(S) in
P™ = P} to be the ringed space (X, Ox) whose underlying topological space!
X is the closed subspace V(I) in P™ with its Zariski topology and whose sheaf
of rings is given over a basis of standard open sets DV (f) of X by setting
(DT (f),0x) = S (¢f. Chapter III, 8.1). If ¢ denotes the inclusion of X
in P", then the sheaf i,Ox is simply S.If I is not a radical ideal, then these
rings are not necessarily reduced, contrary to the rings of the variety V(I) (for
which, ¢f. Chapter III, 8.a, we take I to be the ideal I(X) of all the polynomial
functions which vanish on X).

Let J = I be the sheaf associated to the ideal I. This is a sheaf of ideals
on Op~ and by definition of the sheaf of rings Ox we have the following exact
sequence:

0 —J — Op» — Ox — 0,

so writing J = Jx is compatible with Chapter III, 6.10. We say that Jx is
the sheaf of ideals defining the scheme X = Proj(R/I).

It follows from the above that the ideal I (which we say is a defining ideal
for X)) determines X entirely. Conversely, X entirely determines the sheaf
Jx = I but does not uniquely determine the ideal I (¢f. Chapter 111, 9.8.3).
We will need more details of what’s going on. We start with a definition.

Definition 1.1. Let I be a homogeneous ideal of R. We set
sat(l)={f€R|3INEN Vi=0,....,n XNfel}.

sat(I) is then a homogeneous ideal containing I, which is called the saturation
of I. We say that I is saturated if it is equal to sat(I).

! In fact, by abuse of notation, we will often use the same notation for the scheme X
and the underlying topological space X.
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Ezxamples 1.2.

1) The saturation of the ideal (X2, XY, XZ XT) in k[X,Y, Z,T] is the
ideal (X).

2) If T is a radical homogeneous ideal of k[Xy,...,X,] (i.e., equal to its
radical), then sat(I) = I, unless I is the irrelevant ideal m = (Xy,..., X,) in
which case sat(I) = R. This is clear if I = R or m. Otherwise, consider f €
sat(I) homogeneous of degree > 0 (if f is a constant, then we are in the above
case). There is an N such that, for all i, X f € I. But as f is homogeneous
of degree > 0, we can write it as a linear combination f = Z?:o a; X; and
using the (n + 1)-omial formula we see that f* € I for k > nN + N —n, and
hence, as I is radical, f € I.

We have the following proposition.

Proposition 1.3.

1) Let I be a homogeneous ideal of R and J = sat(I). Then Proj(R/I) ~
Proj(R/J).

2) Set X = Proj(R/I). We have

sat(l) = H(Jx) = [.(Jx) = @ I'(P", Ix(d)).
deN
This ideal depends only on X (and not on the choice of defining ideal I of X ).
We call it the saturated ideal of X and we denote it by Ix. It is the largest
ideal which defines X .

Proof.

1) We have already proved the set-theoretic equality V(I) = V(J). As
I C J, we know that V(J) ¢ V(I). Conversely, if P = (xq,...,z,) € V(I),
then one of the coordinates of P is non-zero: for example zy # 0. Consider
f € V(J). There is an N € N such that X} f € I, and hence z{} f(P) = 0, so
f(P)=0and P e V(J).

To prove equality of sheaves we consider the canonical surjection R/I —
R/J given by @ ~— @. This induces a surjection of local rings (R/I)s) —
(R/J)(s) which associates a/f" to @/ f" for homogeneous a, f with deg f >0
and dega = rdeg f. It will be enough to show that this map is also injective.
But if @/ f" = 0, then f™a is in J. There is therefore an integer N such that
XN fma,..., XN fma € I and for k large enough (cf. Example 1.2.2) fka € I,
soa/f" =0isin (R/I)(y.

2) We consider the natural homogeneous degree 0 map I — I (Jx)
(¢f. Chapter III, 9.8.3). This map is injective because it is induced by the
map from R to I,(Opr) which was proved in Chapter III, 9.9 to be an iso-
morphism. It remains to show that I'.(Jx) is indeed the saturation of T.
Consider f € I'(P", Jx(d)). The restriction of f to D¥(Xy) is in I(x,), s0
f = fo/ X with fy € I. We therefore have X' f € I, and the same holds for
the other variables, so f is in the saturation of I.
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Remark 1.4. In what follows we will systematically use the saturated ideal Ix
as defining ideal of X. We note that this ideal is determined by the sheaf Jx,
which therefore also determines X. For varieties, the ideal I(X) of polynomial
functions which vanish on X is automatically saturated and is hence equal to
Ix (c¢f. 1.2.2). In the non-reduced case, on the other hand, we generally have
Iy C I(V) but Iy # I(V).

b. Resolutions

Notations 1.5. Let E and F be graded free R-modules

T

E- J@ R(-m;),  F=@ R(—ny),

=1

where the numbers m; and the n; are integers such that n; < --- < n, and
m1 < -+ < ms. The degree of E' (resp. F) is defined to be the integer » , —m;
(resp. >, —n;). Let w : E — F be a graded R-linear homomorphism of degree
zero (i.e., sending an element of degree n to an element of degree n). We
denote by e; (j =1,...,s)and ¢ (i =1,...,r) respectively the vectors of the
canonical bases of F and F. The homomorphism w is given in these bases by a
matrix A = (a;;) of size r x s whose coefficient of index 4, j is a homogeneous
polynomial of degree m; —n;. In particular, this polynomial is zero if m; < n;
and is a constant (i.e., an element of k) if m; = n,.

We have seen (cf. Exercise III, B.2) that every graded module of finite
type M over a graded Noetherian ring S has a free graded resolution (we will
say a resolution for short):

-—Lyg—Ljy 11— - — Ly— M — 0,

where the modules L; are free graded modules, that is, modules of the form
@D._, S(n;), and the maps are homogeneous of degree 0.

In general this resolution is not finite, but if R is a polynomial algebra,
every graded module of finite type has a finite resolution. More precisely:

Theorem-Definition 1.6 (Hilbert’s syzygies). If R = k[Xo,...,X,] and
M is a graded R-module of finite type, then M has a resolution of the form

0—Lyg—Lg-y— - —Lo— M —0,

with d < n+ 1. If Ly is non-zero, the resolution is said to be of length d.
The smallest integer d such that M has a resolution of length d is called the
projective dimension of M and is written dp(M). If M = 0, then dp(M) = —1
by convention.
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Proof. See Problem XI or [Pes] §13.

Definition 1.7. With the notations of 1.5 a homomorphism u : E — F is
said to be minimal if its constant coefficients are zero. A resolution is said to
be minimal if all the homomorphisms which compose it are minimal.

Proposition 1.8. Every graded R-module of finite type has a finite minimal
resolution. Moreover, this resolution is unique up to isomorphism, its length
s equal to the projective dimension of M and the rank of Lg is the minimal
number of generators of M.

Proof. Here we will prove the existence of the minimal resolution: for its
uniqueness and the other claims of 1.8, see Problem IX. Let M be a graded R-
module of finite type. We know that it has a finite resolution. If this resolution
is not minimal, then one of the maps of the resolution has a constant coefficient
A € k* in its matrix. After change of notation, let w : E — F be the map
in question. We will prove that we can replace the free modules E and F by
modules F’ and F’, which are free of rank one less than E and F respectively,
and u by u’, without the coefficient A, such that the kernel and cokernel of u
and u’ are the same. This means that we can replace u by u’ in the resolution
without changing the other terms and the theorem follows easily by induction
on the number of constant coefficients.

The situation is therefore as follows: we have a homomorphism v : E =
R(—a)® E' — F = R(—a) ® F’ whose block matrix is of the form

A v
wu/ 9

with A € k*. Let e; be the first vector of the basis of E. We note that after
performing a change of basis ] = u(ey), €, = g; for i > 1 in F we can
assume w = 0 and A = 1. We then easily check that we have the following

commutative diagram:

Ker v/ E' F’ Coker v/

T

Keru — R(—a) & E’ SN R(—a)® F' —— Coker u

in which we have set i(y) = (—v(y),y) and j(z) = (0, z). The maps ip and ¢
are induced by ¢ and j respectively, and it is easy to see that these are indeed
isomorphisms. We say we have “simplified” the resolution by R(—a).

Corollary 1.9. Let I be a homogeneous ideal of k[Xo, ..., Xn].

1) The ideal I is of projective dimension < n.

2) The ideal I is saturated if and only if it is of projective dimension <
n—1.

3) Set d = dp(I). Let Z be the subscheme defined by I. If d = 0, Z is
empty or a hypersurface, if d > 1, then dim(Z) > n —d — 1.
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Proof.

1) The case I = Ris trivial. Let 0 — Lg —% Lg_y — --- — Lo — I — 0 be
the minimal resolution of I # R. The exact sequence 0 — I — R — R/I — 0
then gives a minimal resolution of R/I:

0—>Ld&>Ld,1—>--~—>L0—>R—>R/I—>O.

As R/I has projective dimension < n + 1 (¢f. 1.6), it follows that I has pro-
jective dimension < n.

2) Let J = I be the sheaf associated to I and consider the exact sequence
of sheaves obtained from the above minimal resolution of I:

0— Ly py | — e My — T —0.

We introduce the modules F; which are defined to be the cokernels of the
morphisms u; (or the kernels of the morphisms wu;_; if you prefer) and the
associated sheaves &;. We therefore have exact sequences:

(1) 0—& — Ly— T —0,
(2) 0— &1 — L — & —0, forl1<i<d—2,
(3) 0— Ly — Lg1—E3_1 — 0.

Consider the natural map j : I — H?J. We saw in the proof of 1.3 that
this map is injective and the hypothesis that I is saturated means that it is
also surjective. We consider the following diagram:

0 Ey Lo I 0
[ I
0 HO¢, HLy s HOg HLE —— 0

obtained from the resolution of I, the long exact sequence associated to the ex-
act sequence (1) and Chapter III, 9.8. As ¢ is an isomorphism (c¢f. Chapter 111,
9.9), we see that j is surjective if and only if g is, that is to say, if and only
if H!&, vanishes.? By induction using the long exact sequence associated to
the exact sequence (2) we also obtain isomorphisms Hl& ~ H!E = 0 for
1 <7< d-1. And finally, I is saturated if and only if Hf‘lé'd,l vanishes,
or, alternatively, if the map H¢Ly; — H?L4_; arising from the exact sequence
(3) is injective. If T is of projective dimension d < n — 1, thend —1 < n —2
and the space H? in question vanish because the modules L; are free, so the
sheaves L; are split, and the result follows by Chapter VII, 4.1. Conversely,
let us assume that I is saturated and argue by contradiction, assuming that
d=n and L, # 0. We are done by the following lemma.

2 The careful reader will doubtless have noticed that the above only really applies
for n > 2. Indeed, for n = 1 the term H!L, has no reason to vanish. However,
the proof of the case n = 1 is very similar and we leave it as an exercise for the
reader, as a reward for his or her astuteness.
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Lemma 1.10. Let u : E — F be a minimal graded homomorphism between
two free modules, let u : € — F be the map induced by u on the associated
sheaves and let h(u) : HYE — HIF be the map induced by u on cohomology
groups. If h(u) is injective, then E is trivial.

Proof (of 1.10). Assume E # 0. We use the notations of 1.5. We consider the
restriction v of u to R(—m;). This can be written as v = vy +- - - +v,., with v;
taking values in R(—n;). The elements v; are therefore homogeneous polyno-
mials of degree m; —n;. It will be enough to show that h(v) is non-injective or,
alternatively, that its homogeneous part h(v,m; —n—1) = &h(v;,m; —n—1)

h(v,mj —n—1): H*Opn(—n—1) — @ H"Opn(—n; + m; —n —1)
i=1

1=

is not injective. As the group H"Opn(—n— 1) does not vanish, this will follow
if we can show that h(v,m; —n — 1) = 0. But as u is minimal, v; is trivial if
n; > mj, and hence h(v;,mj —n — 1) = 0 in this case. On the other hand, if
n; < m; the group H"Opn(—n; + m; —n — 1) vanishes, and, once again,
h(vi,m;j —n —1) =0. QED.

3) It remains to prove the final claim of 1.9. We use the above notation. If
d = 0, I isisomorphic to L and is hence a free R-module which is only possible
for an ideal if it is principal (since two elements f, g in I are always linked by
the relation fg—gf = 0). We therefore have I = (f), where f is homogeneous
of degree s and Z = V(I) is empty if s = 0 and is a hypersurface if s > 0.
Assume now that d > 1. After replacing I by its saturation we can assume
I = Iz. Lemma 1.10 shows that H'E;_1 # 0, and it follows recursively that
Hr &y s #0fori=1,...,d—1,50 H' =47, # 0, and finally H*~4~10, # 0.
It follows that Z is of dimension at least n — d — 1 by Chapter VII, 3.3.

2 ACM curves

Henceforth we will work in P?. We set R = k[X,Y, Z, T).

Definition 2.1. By a space curve we mean a closed subscheme of P? of di-
mension 1.3

We saw in 1.9 that the saturated ideal of a curve C' has projective dimen-
sion < 2. We now study curves whose ideal is of projective dimension 1. Of
course, there are many others (cf. Exercise II, 5 or 3.d below).

3 This definition is not reasonable in general. There are good reasons, some of
which will appear below (cf. 3.6), for imposing extra conditions on space curves,
notably that the curves should be equidimensional and have no embedded com-
ponents. However, for the ACM curves we will be dealing with these conditions
are automatically satisfied.
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Proposition-Definition 2.2. Let C be a space curve, I¢ its saturated ideal
and Jo = I¢o the sheaf of ideals defining C. The following conditions are
equivalent:

i) H*Jo(n) = 0 for alln € Z.

it) The ideal Ic has projective dimension 1.

We then say that C is arithmetically Cohen-Macaulay (ACM for short).

Proof. Assume first that I has a free resolution of length 1: 0 - F — F —
Ic — 0. There is an exact sequence of sheaves 0 — & — F — Jo — 0,
and passing to cohomology we deduce the existence of an exact sequence

- — HIF — H}Jo — H2E — ---. But as the sheaves £ and F are split
(see the notations at the start of this chapter), their cohomology groups H*
and H? vanish, so the same holds for the cohomology groups H!Jc(n).

Conversely, we note that dp(I¢) > 1 by 1.9.3.

Moreover, we have seen (¢f. 1.9) that I has a minimal resolution of length
at most 2: 0 — Ly — L1 — Ly — I — 0. We pass to sheaves and introduce
the cokernel 0 — Lo — £; — & — 0. We then have H!Jo = H2E = 0 and
we are done by Lemma 1.10.

The simplest ACM curves are the scheme-theoretic complete intersections
(¢f. Chapter III, 10.2).

Definition 2.3. A curve C in P3 is said to be a scheme-theoretic complete
intersection if its saturated ideal Io is generated by two generators (which
necessarily have no common factors).

It follows from Chapter III, 10.1 that such a curve is ACM. The Peskine-
Szpiro theorem, which we will see below, studies the converse of this statement.

The following proposition gathers together some important properties of
ACM curves.

Proposition 2.4. Let C be an ACM curve, d its degree, g its arithmetic genus
and 0 — E - F 25 I — 0 the minimal resolution of its saturated ideal.*
With the notations of 1.5 the following hold.

0) C is connected (and hence has no isolated points).

1) We have s =1 — 1 andz 1m] Soi_yni (ie., deg E = degF).
2) We have 2d = 377~ 1m HED DY L
3) We have
r—1 T
- mj—l ni—l
-2 ()2 (")
j=1 i=1

T

1 r—1
= 1—2d+6(;m§?—;n?).

4 We will sometimes write a resolution (resp. a minimal resolution) of the curve C
to mean a resolution (resp. a minimal resolution) of its saturated ideal Ic.
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4) We have n1 < my, and ny is the smallest degree of a surface contain-
ing C':
ny = so = inf{n € N | h°Jc(n) > 0}.

In particular, nq > 0.
5) We have n,. < my._1 and m,_1 = e+4, where e is the index of speciality
of C:
e=sup{n € Z | h'Oc(n) > 0}.

Proof. 0) follows from Chapter VIII, 1.6.5. We recall (¢f. Chapter VII, 4.1)
that the Euler characteristic of the sheaf Op(n) is xOp(n) = B(n), where B
is the polynomial given by

B(n) =

(n+3)n+2)n+1) _ [("37) if n >0,
6 (Y ife<o.

1) 2) and 3) then follow by calculating the Euler characteristic xJo(n) in
two different ways, firstly using Riemann-Roch, which gives us

xJc(n) = xOp(n) = xOc(n) = B(n) —nd =1+,

for all n € Z, and secondly using the exact sequence of sheaves associated to
the resolution of I

0—&—F —Jo—0,

which gives us

T S

xJe(n) = xF(n) = xE(n) =Y B(n—mni) =Y Bln—m).

i=1 j=1

It is then enough to identify the terms of degrees 3,2,1,0 to obtain the four
formulae we seek.

To prove 4), assume m; < 11 and hence my < n; for all 4. The coefficient
ay; of the matrix u then vanishes for all 7 (it is of degree < 0 and the resolution
is minimal). But this contradicts the injectivity of w. It is easy to check that
Sop = Nq.

The proof of 5) is a little more subtle. If m,_1 < n,, then m; < n, for
all j and hence a,; = 0 for all j. The canonical basis for F' being denoted
by €1,...,&,, this means that the image of u is contained in the submodule
generated by €1,...,6,—1. Let f be the image of ¢, in I under p and let
g € Ic be arbitrary. We will show that ¢ is contained in the ideal (f) and
hence I = (f), which gives a contradiction (C' would then be a surface).

We have g = p (>, gici) with g; € R. We write the obvious relation-
ship fg — ¢gf = 0 in the form fp(3>"._, gici) — gp (e,) = 0 or, alternatively,
p(f>oi_; giei — ger) = 0. As the kernel of p is simply the image of u and this
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latter is contained in the submodule generated by €1, ...,&,_1, the coefficient
of &, in this sum is zero, so g = fg, € (f). QED.

To determine the speciality index e we note first that h*Oc(n) = h2Jc(n)
(this follows from the long exact sequence associated to the exact sequence
0— Jo — Op — O¢ — 0). Using the resolution, we have

0 — H?*Jo(n) — H3E(n) — H3F(n) — -

If n > m,_1 —4, then H3€(n) = 0 and hence H>Jc(n) =0, so e < m,_1 — 4.
If n = m,_1 — 4, then H3E(n) # 0 and H3F(n) =0, so H*Jc(n) # 0 and e
is therefore equal to m,_; — 4.

Example 2.5. The curve C' whose minimal resolution is given by
0 — R(—4)> — R(-3)* — Ic — 0

is of degree 6, genus 3 and satisfies s = 3 and e = 0.

Resolutions and minors: two lemmas. The following two lemmas will be par-
ticularly useful for dealing with ACM curves. Their proof is essentially an
application of the expansion of a determinant along a row, which here reveals
its full power.

Reminders and notation 2.6. We use the same notation as in 1.5, with R =
k[X,Y,Z,T]. Let E and F be graded free R-modules,

E= éR(—mj), F= Ei}lR(—ni).

We assume r > 2, s =7 — 1 and deg £ = —Zg;i m; =degF =—->"_n
(¢f. 2.4). Let u: E — F be a graded R-linear homomorphism of degree zero
and let A = (a;;) be its (r x (r — 1)) matrix in the canonical basis. For
i=1,...,r we let A; be the matrix obtained from A by removing the line
of index i. The (r — 1)-minors of A are, up to sign, the determinants of the
matrices A;: more precisely the ith minor, ¢;, is given by

Y; = (—1)i+1 det Az

It is easy to check that ¢; is a homogeneous polynomial of degree n;. If B is
the matrix obtained by adding a column of the form (ai,...,a,) to the left
of A, then

T
det B = Z a;QP;.
i=1
Let 41,43 € [1,7] be two distinct integers and let j be an integer satisfying
the inequalities 1 < j < 7 — 1. We denote by A;, ;,.; the matrix obtained on
removing from A the lines of index i; and io and the column of index j. The
corresponding r — 2nd minor is then defined by

A B (_1)i1+i2+j det Ail,iz;j if i1 < g,
i1,42;] (_1)i1+i2+j+1 det Ai1,i2;j if 41 > is.
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We extend this definition to the case iy = 4o by setting A;;; = 0. The
formula for expanding a determinant along column applied to A; gives us

T
(1) Zaiji,k;l = Zaiji,k;l = 0j1p;
ki k=1

whenever 1 < i < r and 1 < 4,1 < r— 1. Here §;; denotes the Kronecker
delta symbol. We can interpret this formula in matrix terms by defining A;
to be the (r — 1) x r matrix whose term of index (I, k) is A; ;. We then have
A;A = @;1,._1, where I,._; is the identity matrix.

On the other hand, the formula for expanding a determinant along a row
applied to A;, and A;, gives us

r—1
(2) D ki iy = Okin iy — Oy Pi
j=1

for all iy,42,k € [1,7]. In matrix terms, if A is the matrix r? x (r — 1) with
general term A;, ;,.;, then this equation means that the product matrix A4
of size 7% x r has the general term &y i, i, — Ok i, Pis-

Lemma 2.7. With the notation of 2.6 the following hold.

1) w is injective if and only if all the (r — 1)-minors p1,...,¢, of A are
not all zero.

2) If the minors @; are not all zero, then the following are equivalent:

i) The polynomials ¢; have no common factor.

ii) Let J be the ideal generated by the polynomials p;. We have an exact

sequence
¥

0—E-YFp 2,5 0,
where ¢ = (p1,...,¢r). In particular, Cokeru = J.
i11) Coker u is the saturated ideal of an ACM curve or is equal to R.
iv) Cokeru is a torsion free R-module (i.e., if ax = 0 with a € R and
x € Cokerwu, then a or x is zero).

Proof.
1) After passage to the fraction field k(X,Y, Z,T) we reduce to the case
of vector spaces, which is well known.

2) Let us prove that pu = 0. We have to show that, for all j,
i aije; = 0. We introduce a matrix B obtained by adding to A on the
left a column of entries a;j, i = 1,...,r. We then have det B = >"|_, a;;;,

but as this matrix has two identical columns, its determinant is 0.

i) = ii): we have to show that Ker ¢ C Imwu. Consider a = (a1,...,a,) €
Ker . We then have Y _'_, a;¢; = 0. Let B be the square matrix r X r obtained
by adding to A the column of elements a;. The above relation proves that
det B = 0 and hence B is not injective. Let (Ag, A1,..., Ar—1) be a non-zero
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vector in Ker B and let A be the column vector *(Aq,...,A\-_1). We have
a matrix equality AA = —MXga. If we can show that A\g divides the other
components \;, then we are done since the vector (ai,...,a,) is then in the

image of u. Multiplying the above equality on the left by the matrix A; and
applying Formula (1) of 2.6 we get the following equation

AZA)\ = QOi)\ = —)\oAia.

We see that g divides all the products ¢;A;, and hence divides their gcd. As
the polynomials ¢; have no common factor their ged is 1, and hence the ged
of the products ¢;); is A;, and we are done.

(Remember that the coefficients are contained in the polynomial ring R
which is factorial. In particular, the ged is well defined.)

ii = i): let g be the ged of the polynomials ¢;: ¢ is a homogeneous poly-
nomial and we denote its degree by d. Our aim is to show that d is zero. Set
i = gyl let J' be the ideal generated by the polynomials ¢} and let ¢’ be the
degree zero homogeneous homomorphism ¢ : F(d) = @;_, R(—n; +d) — J'
given by the formula ¢'(a1,...,a,) = Y ;_; a;;. As R is an integral domain,
it is clear that the kernel of ¢’ is the same as that of ¢, so we have the following
exact sequence:

0 — E(d) A—>F(d) —J —0.

Let C be the scheme defined by J'. As J’ is saturated (c¢f. 1.9) J' = I(C).
As the polynomials f/ have no common factor and r > 2, dimC < 1. By
1.9.3 the scheme C is either an ACM curve with saturated ideal J’ or empty.
If C is a curve, we apply 2.4.1 to the degrees of E(d) and F(d) and we
get Er_l(m] +d) =Y"._,(n; +d), which, since Z 1 m; =Y .._, n;, implies
d=0. If C'is empty, then Ic = J' = R, and an Euler characteristic calculation
similar to the one given in the proof of 2.4.1 shows that d vanishes.

We note that the above proof also shows that ii) = iii). The fact that iii)
= iv) is obvious, and it remains to show that iv) = ii). The fact that pu =0
implies there is a surjective map w : Cokeru — J such that the following
diagram commutes:

F4>COkeru4>O

It remains to show that 7 is injective. Consider @ € Kerw such that @ =
p(a), a € F. We therefore have Y_._, a;p; = 0, and, as in the proof of i) = ii),
it follows that there exists a A\g € R and A € E which are not both zero such
that Aga + u(A) = 0, so Aga € Imu and Aga = 0 in Cokeru. As Ao does not
vanish (because u is injective) and Coker u is torsion free @ = 0.

0
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Remark 2.8. In the above lemma, the case J = R (corresponding to the
empty set) arises if and only if one of the minors ¢; is a non-zero constant.
Of course, this can only happen if v is not minimal (otherwise the entries a;;
and hence also the polynomials ¢; are of degree > 0). This also implies that
the corresponding integer n; is zero, and on setting

F/ = @ R(—nk),
ki

u induces an isomorphism from E to F’. In particular, the integers m; and
the integers ny, for k # i are the same.

Our second lemma will play a key role in calculating resolutions by liaison.
We start by recalling some results on the duality of graded modules.

We recall (cf. Chapter II, 7.5) that if £ = @, ., B, and F' = @, .4 F
are two graded R-modules, then a homomorphism u : £ — F is said to be
homogeneous of degree d if u(E,) C F,1q. We say that u is graded if u is a
finite sum of homogeneous homomorphisms. When E is an R-module of finite
type (which we will assume henceforth is the case), every homomorphism
is automatically graded. This provides a natural grading on the R-module
Hompg(FE, F).

If F is a graded R-module, then we denote by EV the dual R-module to F,
i.e., the graded R-module Homg(E, R) of graded homomorphisms from E
to R. Let E¥ be a graded free R-module with basis ey, ...,es, with e; of de-
gree m;. We then have F' = @jzl R(—m;). The module EY is also free, and
more precisely we obtain a basis of £V by taking the dual basis ej,...,e:
defined by €; (ei) = 0i;, where ¢;; is the Kronecker delta: e; is then of de-
gree —my, so that E¥ = j_; R(m;).

The duality operation is functorial and contravariant: given a homomor-
phism w : E — F' which is homogeneous of degree 0 we deduce the existence
of a homomorphism  : EY — F" called the transposition of « and defined
by the formula *u(f) = fu. This homomorphism is homogeneous of degree 0
and we have (uv) = w'u. If E and F are free with bases (e;) and (¢;) and u is
given with respect to this basis by a matrix A, then u is given by the matrix 4
with respect to the dual bases.

Lemma 2.9. We use the notation of 2.6. We assume that the minors p; are
not all zero and have no common factors. Let J be the ideal generated by
the minors ;. Let u (resp. %) be the transposition of u (resp. ¢). (Here, we
consider ¢ as a homomorphism from F' to R.) There is an exact sequence

t,

¥

t
0—>R—>FVL>EV—>Cokertu—>0,

and the annihilator of the R-module Coker u is equal to J.
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Proof. We prove first that the sequence is exact. It is clear that % is injective
and 'l = 0. (This follows by functoriality of duality from the equation ¢u = 0
seen in 2.7.)

It remains to show that the sequence is exact at FV. Set x = >\, z;e} €
Ker ', which we represent by a column matrix z = {x1,...,2,). We have a
matrix equality 4z = 0 and, multiplying on the left by the matrix A (cf. 2.6),
we see that for every pair (i1, i2)

(*) TiyPiy — Tiy iy = 0.

We fix an index 41 € [1,7]. If ¢;, is zero, then so is z;,. Otherwise, as we are
in the (factorial) ring R we can decompose ¢;, as a product of irreducible
elements, ¢;; = [[p%m, where the elements p,, are prime and distinct. As
the elements ¢, have no common factor, for any given m there is an ¢;, such
that p,,, does not divide p;,. But then (%) shows that p&m divides z;,, and
applying this for every m it follows that ¢;, divides z;,, and hence x € Im ‘p,
QED.5

Let us now calculate the annihilator Ann(Coker ). Transposing (1) from
2.6 (that is, A;A = @;1,._1), we get AA; = p;I._1. We can interpret ; as
being a degree 0 homomorphism from EY(—n;) to F¥ and the above formula
shows that the vectors p;e] in EY are in the image of fy, and hence vanish
in Coker fu, so ¢; annihilates Coker fu and J is contained in the annihilator of
Coker .

For the converse, we consider the following diagram:

t
p
0 R Ld FY u EY Coker iy — 0
Va alpv algv Ha
t t
® U
0 R > FY EY Coker 'y ——— 0

in which the vertical maps are induced by multiplication by the element a € R.
Consider a € Ann(Coker ‘u). We then have p, =0, and hence p,p=palpv =0,
so the image of algv is in Kerp = Imfu. As EV is free, this implies there is a
homogeneous homomorphism f : EV — FV such that algv = uf.

Multiplying this equation on the right by u we get alpviu = ualpv =
fuftu, or, alternatively, w(alpv — ffu) = 0, so the image of alpv — ffu is in
Keru = Im%p. As FV is free, thereis a g : F¥ — R such that alpv — flu = Ypg.
We multiply this equation on the right by % and we see that alpvi = flulp+
toglo = Ypv,. As Wl = 0 and Y is injective, it follows that v, = g%, which
means exactly that a is in J = Im .

5 We could also have passed to the fraction field of R and reduced the problem to
ordinary linear algebra.
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Remarks 2.10. The following remarks may shed some light on the above proof
for those readers who are familiar with commutative algebra.

1) The sophisticated reader will have recognised Coker®u as being the
module Ext(J, R) ~ Exth(R/J, R). The exactness of the above sequence
follows from the fact that R/J has projective dimension 2 and is hence of
depth 2 by the Auslander-Buchsbaum formula (¢f. [H] Chapter III, 6.12A), so

Extkp(R/J,R) =0, i.e., Ker'u =Imp.

2) It is clear that the annihilator of Ext%(R/.J, R) contains .J by the func-
toriality of Ext. The converse follows from the formula Ext%(Ext}(J, R), R) =
R/J, which follows from the exact sequence 2.9. Indeed, if a annihilates
Extp(J, R), then it annihilates the Ext® of the module in R, hence it an-
nihilates R/.J, hence® it is in J.

3 Liaison of space curves

In this section we will study the liaison operation. We will essentially restrict
ourselves to ACM curves. For the general case, which requires levels of com-
mutative algebra which we prefer to avoid, we refer the reader to [PS], which
also contains the case of liaison in arbitrary dimension.

a. Introduction and definition

Definition 3.1. Let C' and I be two space curves, with saturated ideals Ic
and Ip. The ideal Ic N I is the saturated ideal of a curve X which is called
the scheme-theoretic union of C' and I'.

Remark 3.2. Set-theoretically, the scheme-theoretic union is simply the union
of C' and I'. This set-theoretic union can also be defined by the product ideal
IcIr, but from a scheme-theoretic point of view, the intersection ideal is a
kind of sup of the two structures, whereas the product ideal is a sum (consider
the extreme example where I = Ir).

Definition 3.3. Let C and I' be two space curves with saturated ideals I¢
and Ir. We assume the following:

1) C and I' have no common irreducible component.

2) The scheme-theoretic union X of C' and I' is a schematic complete
intersection curve, i.e., (cf. 2.83) the ideal Ic NI is generated by two elements
I

We then say that C and I' are geometrically linked by X (or by the surfaces
with equations f,g).

5 This proof, and its elementary version, was pointed out to me by Mireille Martin-
Deschamps.
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Proposition 3.4. Let C' and I be two reduced space curves without isolated
points, with saturated ideals Ic = I(C) and Ip = I(I"), geometrically linked
by X. We have

Ir={a€R|alc CIx},
IC:{CLGR|U,IFCI)(}.

We say that I, for example, is the transporter of Io in Ix and we write
Ip = (IX . Ic).

Proof. Tt will of course be enough to prove the formula for Ic. As IcIp is
contained in Io NIy = Ix, it is clear that I¢ is contained in the transporter.
To prove the converse we decompose C' into irreducible components, C' =
CyU---UC: Ie = Ie, N--- N Ig,, where the ideals I, are prime (which
would no longer be the case if C' were not reduced). Consider a ¢ Ic: our
aim is to show that a is not in the transporter of I in Ix. As a ¢ I, there
is an index k such that a ¢ I¢,. As C and I" have no common components
Ir ¢ Ic,, so there is an f € I such that f ¢ I, . As this last ideal is prime,
af ¢ Ic,, so af ¢ Ic and a is not contained in the transporter.

We will use Proposition 3.4 to give a more general definition of liaison.

Proposition-Definition 3.5. Let C' be a space curve with saturated ideal I¢
and let X be a scheme-theoretic complete intersection containing C' (i.e., such
that Ix C I¢c). Let J be the transporter of I in Ix. Then the ideal J is satu-
rated and the subscheme I' in P? defined by J is a space curve (or empty) and
we say that I' is algebraically linked to C by X (or by the surfaces defining X ).

Remarks 3.6.

0) Proposition 3.4 shows that two reduced space curves (i.e., varieties)
which are geometrically linked are also algebraically linked. In fact, this prop-
erty holds for arbitrary curves in the sense of 3.15 below, i.e., with no point
components, embedded or otherwise. In particular, it holds for ACM curves.
The proof is similar, using a primary decomposition of the ideals I and Ip
(cf. [Pes] §3 or [Bbki] AC Chapter IV).

1) The geometrical linking relation is obviously symmetric but with no ex-
tra hypotheses on C, the algebraic linking relation may not be. This difficulty
comes from our unwise choice of definition of space curves. To get around this
problem we have to assume the curves satisfy the conditions of Definition 3.15.

2) We will see below (cf. 3.9) that if C' is ACM, this problem vanishes.

3) It is immediate that I" is empty if and only if C' = X (this follows from
the fact that Ix is saturated).

Ezxamples 3.7 (Explicit calculation of a liaison).
1) If we link the smooth conic C of ideal (Y, X% — ZT') using the surfaces
with equations YZ and X2 — ZT, the curve we get is the double line with
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ideal (X2, 7). We want to find all the a € R such that aY € (YZ, X% — ZT)
or, alternatively, aY = bY Z + ¢(X? — ZT). It is immediate that Y divides c:
¢ =Y and it follows that a = bZ + /(X2 — ZT) € (X?,Z). This example
shows that even if we start with a smooth curve, we can get a non-reduced
curve by liaison.

2) We start with the curve C which is a disjoint union of two conics
Z=P=0and T = @ = 0, where P and @) are two homogeneous polynomials
of degree 2, and we assume that Z (resp. T') does not divide P (resp. Q). That
these conics are disjoint means that on writing P = Py(X,Y) + ZP, + TP,
and Q = Qo(X,Y)+ ZQ1 +TQ2 the polynomials Py and @ have no common
zeros. The ideal I is (ZT, ZQ, TP, PQ).

We link C to I' via the surfaces ZT and Z@Q + T P. We leave it as an
exercise for the reader to show that Ir = (ZQ+ TP, Z%, ZT,T?). Once again,
even though the initial curve is (in general) smooth, the linked curve is not
reduced. This time, the curves in question are not ACM.

b. Changing resolutions by liaison: the ACM case

Theorem 3.8. Let C be an ACM curve and, using the notations of 2.6, let
(%) 0—E-Yr P 1.0

be a (not necessarily minimal) resolution of its saturated ideal. Let A be the
matriz of u in the canonical bases. By 2.7 Ic = (f1,..., f»), where the poly-
nomials f; are the (r—1)-minors of A. Let X be a complete intersection curve
of two surfaces f,g of respective degrees s and t which contains C and is not
equal to C. We set f=>""_ Nifi and g = _, pifi. Let I be the scheme
which is algebraically linked to C by X, defined by the ideal J which is the
transporter of Ic in Ix. Then the following hold.
1) The ideal J has projective dimension 1, with resolution

0— FY(—s—t) —» E¥(—s —t) ® R(—t) ® R(—s) — J — 0,

where the matrix B of v in the dual bases of the canonical bases is the
(r+ 1) x r matriz obtained by adding the rows formed by the coefficients \;
and the coefficients p; to the bottom of A.

2) The ideal I is equal to J.

3) The scheme I' is an ACM curve.

Proof. Tt is enough to prove 1) since J will then be saturated by 1.9 and I,
which is non-empty because X is not equal to C, will be an ACM curve by
2.7. Let us therefore calculate the transporter ideal J of Io in Ix. Consider
a € J. This means that, for all i = 1,...,7, af; € (f,g), or in other words
afi =a;f+Big. Set X\ ="1_; Mex and p = >, _, prek. The above equation
can be written as p(ag; — a;\ — B;1) = 0. The exact sequence (x) proves that
there is an z° € F such that ag; = u(x?) + a;\ + Bip.
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Let v’ : E(s+t) @ R(t) ® R(s) — F(s +t) be the homomorphism defined
on blocks by v’ = (u, A, ) (we leave it to the reader to check that the degrees
are compatible with the given shiftings). The above calculation shows that
a € J & Viag; € Imu/, which means exactly that a annihilates Cokeru’.
Let us now consider the transposition homomorphism v = ' : F¥(—s —t) —
EY(—s—t) @ R(—t) ® R(—s).

We note that the degrees of the modules are the same, so we can apply
2.7 and 2.9. The polynomials f and g are already contained (up to sign) in
the set of r-minors of the matrix B of V, obtained by suppressing one of the
last two rows. As f and g have no common factor, the same is true of the
r-minors of B, and it follows from Lemma 2.9 that J is the ideal generated
by the r-minors of B and by 2.7 we have a resolution

0— FY(—s—t) U B (s~ 1) & R(—1) & R(—s) <2 21),

J —0,
where ¢ = (p1,...,9r—1), the polynomials ¢; being the r-minors of B ob-
tained by removing a line of .

Corollary 3.9. With the above notations, the curve C is algebraically linked
to I' by X.

Proof. We calculate the resolution of J, the transporter of Iy in Ix, by the
method given in the theorem. The matrix A” we are interested in is an
(r+2) x (r 4+ 1)-matrix, and as f and g are in the set of generators of I, it
can be written in the form

AXp
A'=(010
001

The generators of J’ are the r 4+ 1-minors of this matrix, which can be easily
calculated; the minors obtained by removing one of the last two lines are f
and g, and those obtained on removing one of the first r lines are simply the
r-minors of A, i.e., the polynomials f;. Hence the ideal J’ is equal to Ic. QED.

Remark 3.10. Even starting with the minimal resolution of C' the resolution
of I' given in 3.8 is not necessarily minimal. This is the case if one of the
coefficients A; or p; is a non-zero constant (we then say that f or g is a
minimal generator of I¢). For example, if we start with a space cubic and
link with two quadrics, then we obtain a line, but the above resolution is not
minimal (it has four generators rather than two).

Proposition 3.11 (Calculating invariants). With the notations of 3.8, if
d,g (resp. d',g') are the degrees and genus of C (resp. I'), then

1)d+d = st,

2) g —g=(3(s+1t)—2)(d —d).
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Proof. This follows from the calculation of the resolution of the linked curve
and the formulas in 2.4.

c. The Peskine-Szpiro theorem
We can now answer the question asked in the introduction.

Theorem 3.12 (Apéry-Gaéta-Peskine-Szpiro). Let C be a curve in P?,
1o its saturated ideal and Jo the ideal sheaf defining C. The following are
equivalent.

1) There is an integer n > 0 and a sequence of curves Cy,Cy,...,Cp =C
such that C; and Ci11 are algebraically linked” and Cy is a complete intersec-
tion.

2) C is an ACM curve (i.e., H*Jc(n) =0 for alln ordplc =1, cf. 2.2).

Proof. The fact that 1) implies 2) follows from the description of the resolution
of a complete intersection (¢f. Chapter III, 10.1) and the calculation of the
resolution of the linked curves (3.8).

The converse is proved by induction on r, the minimal number of genera-
tors of I (that is to say, the rank of F' in the minimal resolution (x) of I¢).
If r = 2, C is a complete intersection and the result follows. Otherwise, let
(f1,..., fr) be the generators of I, i.e., the images of the basis vectors of the
free module F'. We have the following lemma.

Lemma 3.13. With the above notation, assume that (f1,..., f.) are of de-
grees ny < --- < n, respectively. There are then homogeneous polynomials
a; fori = 2,...,7, of degree n,. — n; such that a, € k™ and f = f1 and
g=>i_saif; have no common factor.

Proof. Let h be a prime factor of f;. One of the polynomials f;, ¢ =1,--- ,r,
is not a multiple of h since otherwise C' would contain the surface V(h). We
consider the subspace W, of H°Jc(n,) formed of multiples of h. It is not
equal to the whole of H°J7x(n,.) (if f; is not a multiple of h and [ is a linear
form I # h, then f;l"~~" ¢ W}). It follows that the union of the sets W, is
a proper closed subset of Ic <, = @'~ , H’Jc(n), so its complement meets
the open set of all polynomials g of the form g = Z:Zl a; f; with a, € k* and
the result follows.

We now complete the proof of 3.12. Lemma 3.13 proves that up to change
of the basis vector ¢, in F to 2222 a;e; we can assume that fi; and f,. have
no common factor. We link C' to I" using f; and f,. Calculating I, as in 3.8
we can show (cf. above) that I has r — 1 generators and we are done by the
induction hypothesis. To see that I is generated by r — 1 elements we note
that it is generated by the r-minors of the r + 1 X r matrix B obtained by
adding the rows (1,0,...,0) and (0,...,0,1) to A. On writing A = (u A" v),

" As all the curves are ACM, the algebraic liaison relation is symmetric (cf. 3.9).
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where A’ is a r — 1 x 7 — 2 matrix and u and v are column vectors, we note
on expanding the minors of B that the generators we seek are in the ideal
generated by the » — 2 minors of A’. There are r — 1 such generators. Using
the non-zero constant coefficients in the matrix B, we can also simplify two
terms in the resolution of I as in the proof of 1.8.

Remarks 3.14.

1) NB: it really is sometimes necessary to change the set of minimal gener-
ators. This is the case if we start with the curve C of ideal Ic = (XY, Y Z, X Z)
and three generators XY,Y Z, ZX. An arbitrary pair of these generators have
a common factor. To carry out a liaison we have to replace one of them by a
linear combination: XY and Z(X +7Y), for example.

2) Moreover, Lemma 3.13 is not generally true if g is of degree < n —r,
of. Ic = (XZ,YZ, XT? YT?).

d. Discussion of the non-ACM case

In this section we will give a sketch (without proof) of what happens in the
non-ACM case. The interested reader will find more details in the references.

We begin by giving a more suitable definition of space curves for our
purposes.

Definition 3.15. A space curve is a subscheme of P3 which is of dimension 1
and which has no (embedded or not) point components (cf. the Appendiz be-
low).

Proposition 3.16. Let C be a space curve (in the above sense), X a complete
intersection containing C and I" the subscheme algebraically linked to C' by X,
which is the complete intersection of two surfaces of degrees s and t. Then:

1) I is a space curve (in the above sense).

2) C is linked to I' by X,

3) The ideal I is the transporter of I in Ix,

4) Formulae 3.11 for the degrees and genus are still valid,

5) For alln € Z,

' Je(n) =h'Tr(s+t—n—4),
P Te(n) — h°Tx(n) = h*Op(s +t —n — 4),
ROTr(n) — h°Tx (n) = h'Oc(s +t —n — 4).

Proof. See [PS] or [Rao].

Remark 3.17. We have a formula for resolutions which is similar to, but more
complicated than, the formula given in 3.8. In particular, we have to con-
sider separately two different types of resolutions (resolutions of E-type and
resolutions of N-type cf. [MDP]).
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The liaison relation is symmetric and generates an equivalence relation
(“step-by-step” liaison). The main problem is describing the liaison classes.
The class of ACM curves is one such equivalence class (this is essentially the
Peskine-Szpiro theorem). For non-ACM curves a fundamental invariant was
introduced by R. Hartshorne and studied by A.P. Rao; it is the module

M = P H' T (n),

nez

which we call the Rao module of C'. This is a graded R-module with only a
finite number of non-zero terms (this is clear for n > 0 by Serre’s Theorem
VII, 4.6, and for n < 0 this can be proved by Serre duality, ¢f. [H] Chapter 111,
7.6) and every component is finite dimensional. This module transforms in a
very simple way under liaison; if I" is linked to C' by two surfaces of degrees s
and ¢, then Mp = M} (4 — s —t). (The star indicates the graded dual module
of M¢.) A theorem of Rao’s shows that any such module is, up to shift, the
Rao module of a curve which can be assumed to be smooth, and that two
curves are in the same liaison class if and only if they have the same Rao
module, up to duality and shift.

A possibly even more interesting relation is the biliaison (or even liaison)
relation: in this case the relevant invariant is simply the Rao module up to
shift only. Hence in a biliaison class all the curves have shifted Rao module M,
i.e., M(n) with n € Z. It can be shown that there is a minimal such n, and
the curves corresponding to this n are called the minimal curves of the class.
They are essentially unique and allow us to determine all the other curves in
the class. For more information see ¢f. [MDP] or [BBM]. For information on
the use of the Rao module in classifying space curves problems, cf. [MDP].

e. Appendix: embedded points on curves

We will here explain via an example the phrase “embedded component,” which
appears in Definition 3.15.

Let C be a curve in P? (in the weak sense of the word: a one-dimensional
subscheme). This curve can have irreducible point components, which may or
may not be reduced. It can also have special points called embedded points
(or components) which, as we will see, play a role very similar to that of point
components.

Definition 3.18. Let C be a curve in P and let x € C be a (non-isolated)
point. We denote by Oc,, the local ring of C at x and by mc , its mazimal
ideal. We say that x is an embedded point of C if there is an a € Oc¢ z, a # 0,
such that the annihilator of a is the ideal mg 5. (We say that me , is a prime
ideal associated to Oc¢ y, cf. [Bbki] AC Chapter IV or [Pes] §3. In a reduced
ring only the minimal prime ideals, corresponding to irreducible components,
are associated. )
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Example 3.19. Consider C' = Projk[X,Y,T]/(XY, X?). This plane curve is
the intersection of two curves, V' which is the union of two lines, X = 0 and
Y =0, and W, which is the double line X2 = 0. Set-theoretically, C' is simply
the line X = 0, but it has a singular point at (0,0, 1). Indeed, it is immediate
that the maximal ideal (z,y) is the annihilator of y. We note that C' is not
reduced (22 = 0) but C' —{(0,0, 1)} is, so the nilpotents of C' are concentrated
at the embedded point. Another way of understanding this is to note that the
ideal (XY, X?) is the intersection of the ideal (X) and (X2,Y), so C is the
scheme-theoretic union of a line X = 0 and the double point whose equations
are (X2,Y) and which, as a scheme, is not contained in the line and plays the
part of an extra point component.

This embedded point can also arise as the “limit” of a real point compo-
nent. Indeed, consider the scheme C) defined by the ideal (XY, X (X — \T)),
with A € k. For A # 0 this scheme is the disjoint union of a line X = 0 and
an isolated point (A, 0,1). For A = 0 we obtain C, which is therefore the limit
of the schemes C, the embedded point being the limit of the isolated points.

And finally, if we carry out an (algebraic) liaison on C' (resp. Cy) (con-
sidered as a curve in P? on adding the equation Z = 0) with respect to the
surfaces XY, Z, we get in either case I", whose equations are I- = (Y, Z). If we
now carry out liaison on I" using the same surfaces, we do not obtain C' or C
but the curve X = Z = 0: in other words, double liaison forgets the embedded
or isolated point. We see on this example that without the hypothesis in 3.15
(that the curves should not have point components, even embedded ones) the
liaison operation is not generally symmetric.

Exercises

1 Resolutions

1) Let R be a graded k-algebra, R = @, . Rn, with Ry = k. Let m = R* be the
maximal ideal of elements of degree > 0, so R/m is isomorphic to k. We equip k
with the quotient graded R-module structure. Determine the minimal resolution
of the R-module k in the following cases: R = k[g], with ¢ = 0 (the ring of dual
numbers), R = k[T], R = k[X,T], R=k[X,Y,T], R=k[X,Y, Z,T].

2) Determine the minimal resolution of the (non-saturated) ideal I =
(X?,XY,XT) in k[X,Y,T]. Compare this resolution with that of the as-
sociated saturated ideal.®

2 Constructing curves by liaison

1) Prove that there exist in P? curves C' which are ACM of degree d and genus g
for the following choices of d and g: d = 7,9 =5;d =8,9 =7; d = 24,9 = 64;
d=s>—1,9 =5 —2s> — 25 + 4, for any integer s > 2.

8 There is a program, called Macaulay, which enables us to calculate without any
effort more or less all the resolutions we might possibly want.
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Give the resolution of the ideals of the given curves. (Use Riemann-Roch to
determine the degrees of the surfaces on which such curves could lie, then use
liaison to reduce d and g via the formulas in 3.11).

2) Let n be an integer > 1. Prove by induction on n using liaison that there is an
ACM curve whose ideal has resolution

0 — R(-n—1)" — R(-n)""" — T —0.

3) Let D be a line.

a) Prove that there exist two surfaces S1 and Sa of degrees 2 and 5 containing
D which have no common components.

b) Let C be the curve linked to D by S1 and Sz. Prove that C' is an ACM curve
whose degree is 9 and whose genus is 12 and give its minimal resolution.

c) Prove there are surfaces S] and S5 of degrees 3 and 6 containing C' which
have no common components.

d) Let C’ be a curve linked to C by S{ and S5. Prove that C’ is an ACM curve
of degree 9 and genus 12 whose minimal resolution is different from that of

C.

3 The rational quartic

Let I" be the union in P? of the lines of equation (X,Y") and (Z, T). We link I using
the surfaces XT — Y Z and XZ? — YT to a curve C. Prove that the curve C has
degree 4 and genus 0. Is it ACM? Calculate its ideal Ic and prove that C' is smooth
and connected. (The ideal I¢ contains, besides the equations of the above surfaces,
the equations YT? — Z® and ZX? — Y?3))
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Summary of useful results from algebra

The contents of this summary are used throughout this book, even in the very
first chapters. They must therefore be rapidly mastered. We will mostly need
only the definitions and the statements of the theorems, but it may be useful
to try to prove them for exercise’s sake. Those theorems whose proof is not
obvious have been marked with a §. In this case the reader may refer to the
bibliography.

1 Rings

We assume the reader is familiar with rings (which will always be assumed
commutative with a unit), polynomial rings, ideals, quotient rings, fields, and
modules. We denote by (z) or A the ideal generated by z in A, i.e., the set
of all elements of the form za with a € A.

1.1 Rings

a. The isomorphism theorem. Let f : A — B be a ring homomorphism and
set I = Ker f. Let J be an ideal of J contained in I and let p: A — A/J be
the canonical projection. Then:

1) There is a unique homomorphism f : A/J — B such that f = fp (we
say that f factors through A/.J),

2) [ is injective if and only if J = I,

3) f is surjective if and only if f is.
In particular, Im f ~ A/ Ker f.

b. Universal property of rings of polynomials. Let A and B be two rings.
Giving a homomorphism f : A[X;,...,X,] — B is equivalent to giving its
restriction to A (i.e., a homomorphism from A to B) and the images of the
variables X; (i.e., n elements in B) (cf. [L] Chapter V).
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¢. Euclidean division. Let A be a ring and consider a polynomial P € A[X],
P # 0, whose leading coefficient is a unit. For all F' € A[X] there are Q, R €
A[X] such that FF = PQ+ R and deg R < deg P or R = 0 (cf. [P] Chapter II,
[L] Chapter V).

For example, in k[X,Y] we can divide by Y2 — X3 with respect to Y, but
not by XY — 1.

As an application of a,b and c, prove that the ring of Gaussian integers
Z[i] is isomorphic to the quotient ring Z[X]/(X? + 1).

d. Products of rings. The direct product of two rings A and B is the product
set A x B (i.e., pairs (a,b) with product laws: (a,b) + (a/,0") = (a+a’,b+ 1),
(a,b)(a', V') = (ad’,bb")).

Example: if p and g are two coprime integers, prove that Z/(pq) ~ Z/(p) x
Z/(q) (Chinese remainder theorem) (cf. [L] Chapter II).

1.2 Ideals

a. Operations on ideals. An arbitrary intersection of ideals is an ideal.

The sum of a family Ij of ideals of A is the set of finite sums ) ), with
xy € I. This is an ideal which is the upper bound of the ideals I}, for inclusion.
We denote it by > I. In particular, if I = (fx), then we obtain the ideal
generated by the elements fi. In Z the sum of the ideals generated by (z)
and (y) is the ideal generated by the ged of = and y.

The product of two ideals I and J is the ideal denoted by IJ generated
by products zy with z € [ and y € J. We have IJ C I N J, but the converse
is false: in Z the product ideal (resp. intersection) of (z) and (y) is the ideal
generated by zy (resp. by the lem of = and y).

b. Prime ideals. An integral domain is a ring A # {0} such that Va,b € A,
ab=0=a=0o0rb=0.

For example, a field is an integral domain, a subring of an integral domain
is an integral domain, and a ring of polynomials over an integral domain is
an integral domain.

An ideal p of A is said to be prime if A/p is an integral domain. We note
that the inverse image of a prime ideal under a homomorphism is a prime
ideal.

An ideal min A is said to be maximal if it is maximal for inclusion amongst
the ideals of A different from A. Equivalently, A/m is a field, called the residue
field of m. It follows that any maximal ideal is prime, but the converse is not
generally true. (The maximal ideals of Z are the ideals generated by a prime
number p, whereas the prime ideals are all these ideals plus the ideal (0).)

It can be proved using Zorn’s lemma that any ideal is contained in a
maximal ideal.
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c. Ideals of a quotient. Let A be a ring, I an ideal and p the canonical projec-

tion from A to A/I. The ideals of A/I are in (increasing) bijection with the

ideals of A containing I via the maps p and p~'. Moreover, the prime ideals

(resp. maximal ideals) correspond under this bijection (cf. [P] Chapter II).
Application: describe the ideals of Z/nZ.

d. Nilpotent elements. An element a € A is said to be nilpotent if there is an
integer m > 0 such that a™ = 0. The set of nilpotent elements form an ideal
called the nilradical of A. This ideal is the intersection of all the prime ideals
of A (9 ¢f. Exercise 4.2).

A ring without non-zero nilpotent element is said to be reduced. Example:
which ones of the rings Z/nZ are reduced, are integral domains, are fields?

1.3 Noetherian rings

An ideal I in a ring A is said to be finitely generated if it is generated by a
finite number of elements, i.e., if we can find z1, 23, ..., 2z, € I such that any
x € I can be written in the form z = 3 a;2; with a; € A.

A ring A is said to be Noetherian if it satisfies one of the following three
equivalent properties (cf. [P] Chapter II, [L] Chapter VI):

1) Any ideal in A is finitely generated.

2) Any increasing sequence of ideals in A is eventually stable.

3) Any non-empty set of ideals in A has a maximal element for the inclusion
relation.

Ezamples. A field, Z and more generally any principal ring (i.e., a ring all
of whose ideals are principal), and any quotient of a Noetherian ring are all
Noetherian. If A is Noetherian, then A[X] is also Noetherian () (and hence
so is A[Xy,...,X,] and all its quotients).

In a Noetherian ring the set of minimal prime ideals is finite (§ ¢f. Exercise
4.3).

1.4 Factorial rings

In this paragraph all rings are assumed to be integral domains. We denote
by A* the set of invertible elements of A.

An element p € A is said to be irreducible if p ¢ A* and p = ab = a € A*
orbe A*.

For example, the irreducible elements in Z are the prime numbers.

An integral domain is said to be factorial if every element in A can be
written uniquely as a product of irreducible elements.

A principal ring is factorial, so Z and k[X] (where k is a field) are factorial
rings.

If A is factorial, then so is A[X] () (and A[X4,...,X,]). For example,
if k is a field, then k[X,Y] is factorial but not principal (¢f. [P] Chapter II).
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1.5 Finite type algebras

Let A be a ring. An A-algebra is a ring B equipped with a homomorphism
f+ A — B (which is often but not always injective). It is said to be of finite
type if it is generated as an algebra by a finite number of elements x1 ..., z,
of B, i.e., if every element of B is a polynomial function of the elements z;
with coefficients in A. This is equivalent to asking that (c¢f. 1.b) B should be
isomorphic to a quotient of a polynomial ring A[X1,..., X,].

NB: “of finite type” as an A-module and as an A-algebra are not the same
thing. In the first case, every element can be written as a linear combination
of the elements x;, in the second as a polynomial function of the elements x;.
We can also talk about being “of finite type as a field,” in which case we allow
ourselves rational fractions in the elements x;. In each case, the structure
generated by the elements x; is the smallest substructure containing them.

1.6 Localisation

a. Local rings. A ring A is said to be local if it has a unique maximal ideal m,
called its Jacobson radical. Every element of A — m is then invertible.

Example: the ring of formal series k[[X]]. The maximal ideal consists of
series with vanishing constant terms.

b. Localisation: definition. A subset S in A is said to be multiplicative if 1 € S
and Va,b € S,abe S.

Let A be an integral domain and S a multiplicative subset of A — {0}. We
define the ring Ag (or ST1A), called the localisation of A along S, to be the
quotient of the set A x S by the equivalence relation R defined by

(a,8)R(d',s") < as' = d's.

The class of (a, s) is written a/s and we define the laws of composition on the
quotient to be like those on the field Q of rational numbers. Moreover, when
S = A—{0}, Ag is the field of fractions Fr(A), just as Q = Fr(Z). Otherwise,
Ag is a subring of this field.

There is a homomorphism i : A — Ag into the localisation given by
i(a) = a/1. The image under i of an element of S is invertible and Ag is
universal for this property (intuitively, Ag is the smallest ring containing A
and inverses for all the elements of \S).

When A is not a domain, we can still use this construction, but
the equivalence relation must be modified as follows: (a,s)R(d/,s’) <
dt € S, t(as’ — a’s) = 0. The homomorphism ¢ is no longer injective in
general: its kernel consists of all those elements which are annihilated by an
element of S. There is no fraction field in this case (cf. [L] IL.3).
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c. Examples.

1) Consider f € Aand S = {f" | n € N}. We write Ag = Ay and we have
Ay ~ A[T]/(fT — 1). Example: what is Z1o?

2) Let p be a prime ideal of A and set S = A—p. Then S is a multiplicative
subset of A and we set Ag = A,. This is a local ring whose maximal ideal is
pA, = {a/s | a € p}.

The prime ideals of Ag are in bijective correspondence via i~! with the
prime ideals of A, which do not meet S. In the case of A, these are exactly
the prime ideals of A contained in p.

1.7 Integral elements

Let f: A — B be an A-algebra and consider z € B. We say that z is integral
over A if it satisfies a unitary equation

"+ flan—1)a" "+ -+ flag) =0,

with a; € A. (If f is the inclusion of A in B, we omit f.)
Example: i and v/2 are integral over Z, but 1/2, 1/v/2 and 7 are not.

The algebra B is said to be integral over A if all its elements are integral
over A. It is enough to check this for a system of generators of B (as an
algebra) (9). In all cases, the set of elements of B which are integral over A is
a subring of B () called the integral closure of B over A (cf. [L] Chapter X,
2.3.4).

Example: the integral closure of Z in Q(iv/3) is Z[j] (1, cf. [S] 2.5).

If B is an A-algebra of finite type, then B is integral over A if and only
if B is an A-module of finite type. We then say that B is a finite A-algebra.

An integral domain is said to be integrally closed (or normal) if the integral
closure of A in its field of fractions is simply A. Otherwise, the integral closure
in question A’ is called the integral closure of A (or the normalisation of A)
and is an integrally closed ring. If A is an algebra of finite type over a field,
the integral closure A’ is an A-module of finite type (¢f. [S]).

Example: what is the integral closure of Z[i/3]?

Any factorial ring is integrally closed. The converse is false; see, for example

Z[i\/5).

1.8 Some topology, for a change

Let X be a topological space and let U be a family of open sets of X. We say
that U is a basis of open sets of X if every open set of X is a union of open
sets in the family U.

Let X be a topological space. We say that X is quasi-compact if any open
cover of X has a finite subcover. (This is simply compactness without the
Hausdorff condition.)
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2 Tensor products

2.1 Definition: modules

Let A be a ring and M, N two A-modules. The tensor product of M and N
over A is an A-module which we denote by M ® 4 N (or M ® N when there is
no ambiguity) generated by the symbols  ® y with z € M and y € N (that
is to say, any element of M ®4 N is a finite linear combination ), a;(x; ® y;)
with coefficients in A), with the following rules of calculation: (z + 2’) @ y =
T ®1y+ 2’ ®vy, the same relation holds on exchanging the roles of x and y and
(ar)@y=2® (ay) =a(r®y), fora € A,z € M andy € N.

We do not need to know how to construct this object. On the other hand,
it is important to know that it has the following universal property.

Given an A-bilinear map f: M x N — P between A-modules, there is a
unique A-linear map f: M ®4 N — P such that f(z ®y) = f(z,y).

2.2 Properties

We recall that an A-module M is said to be free if it possesses a basis (just
like a vector space: the difference is that modules are not always free).

Proposition. If M and N are free A-modules with bases (e;) with i € I and
(f;) with j € J, then M @ N is free with basis e; X f;, where (i,7) € I x J.
In particular, this is the case if A is a field.

The tensor product is functorial. This means, that given a homomorphism
f: M — M’, there is an induced homomorphism f®@Id: M @ N — M' @ N
given by the formula (f®Id)(z®y) = f(z)®y. (This follows from the universal
property.)

The tensor product is right eract: given an exact sequence 0 — M’ —
M — M" — 0, there is an induced exact sequence

M@N-—MN —M' N —O0.

NB: in general, the first map is not injective. It is, however, injective if N
is free.

2.3 Extension of scalars

Let A be aring and f: A — B an A-algebra. We note first that if N is a B-
module, then we can also consider it as an A-module on setting, ay = f(a)y for
all a € A and y € N. We will sometimes denote the A-module thus obtained
by restriction of scalars from B to A, by N4

Conversely, if M is an A-module, then the tensor product M ® 4 B has a
canonical B-module structure given by b(z®c¢) = x®bc. We say that M ® 4 B
is obtained from M by extension of scalars from A to B.
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The module M ®4 B has the following universal property: if N is a
B-module, then any A-linear homomorphism f : M — N{4j induces a unique
B-linear homomorphism f®4 B : M ®4 B — N defined by (f®4 B)(x®b) =
bf(x). In other words, we have an isomorphism

Hom4 (M, Nj4)) ~ Homp(M ®4 B, N).

This universal property often enables us to calculate modules M ® 4 B.
For example, there are isomorphisms

M®a AJI~ M/IM

(IM is the submodule of M generated by elements of the form axz, where
a€landxe M),
ST'AQA M ~S™'M

(where S™1M is defined in a similar way to S—1A).

2.4 Tensor products of algebras

Let A be a ring and B,C two A-algebras. In particular, B and C are
A-modules, and we can construct their tensor product B ® 4 C, which is
equipped with an algebra structure on setting (b ® ¢)(0' ® ¢/) = bb' ® cc'.
This tensor product has the following universal property: given two homo-
morphisms of A-algebras v : B — D and v : C — D, there is a unique
homomorphism u ® v: B® C — D given by (u® v)(b® ¢) = u(b)v(c).

As above, we calculate most tensor products of algebras using this univer-
sal property. For example, there are isomorphisms

AlX, . X, @ AV, Y] = ALXy o, X Vs, Yo,
B®a A/l ~ B/IB.

(Examples: calculate C ®g C and Z/pZ ®z Z/qZ. Show that

S~'A®sB~S'B)

2.5 Exercise: Nakayama’s lemma

a) Let A be a ring, M an A-module and z1,...,x, elements of M. We
assume that the elements x; are solutions of a linear system

n
VjZL...,’I’L, Zuijxi:(),
i=1

where the coefficients u;; are in A. If U is the matrix with entries u;;, then
det Uz, = 0. (NB: even if det(U) does not vanish, it does not follow that the
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elements x; are zero: a module can have torsion, i.e., we can have ax = 0 for
a,z such that @ # 0 in A and = # 0 in M. Consider the Z-module Z/nZ.)

b) Let A be a local ring with maximal ideal m and set k = A/m. Let M
be an A-module of finite type. We assume M ®4 k (= M/mM) = 0. Prove
that M = 0 (Nakayama’s lemma). (Take generators z1, ..., 2, in M and write
that they are in mM: now use a).)

c) Let A be a ring, m a maximal ideal in A and M an A-module of finite
type. Assume M/mM = 0. Prove that M,,, = M ® 4 A,,, = 0 and there is an
feA f¢msuchthat My =M ®4 Ay =0.

Application: if z; ..., z,, are elements of M whose images generate M /mM
over k = A/m, then there is an f, f ¢ m, such that the elements x; generate
My as an Ag-module.

3 Transcendence bases

3.1 Definitions

The notions below are analogous to the notions of linear independence and
basis for vector spaces.

Let K C L be a field extension. A subset B in L is said to be algebraically
free over K (we also say that its elements are algebraically independent) if for
any finite subset {x1,...,2,} C B and any polynomial P € K[X;,...,X,],
the equality P(z1,...,2,) = 0 implies P = 0. (Otherwise, we say that the
elements of B are algebraically dependent.) For example, if B = {z}, B is
free if and only if z is transcendental over K.

Let K C L be a field extension. A subset B C L is said to be an algebraic
generating set over K if L is algebraic over the subfield K (B) generated by B.
(We note the difference with vector spaces: as far as transcendence bases are
concerned, algebraic elements don’t count.)

Let K C L be a field extension. A subset B in L is a transcendence basis
for L over K if it is both algebraically free and an algebraic generating set.

a. Ezistence. Let K C L be a field extension. There are transcendence bases B
for L over K. These bases all have the same cardinality, called the transcen-
dence degree of L over K. We denote it by dx (L).

The proof of existence is identical to that for vector spaces: we use Zorn’s
lemma to construct a maximal free subset.

b. Examples.
1) If L is algebraic over K, then B = @ and 9k (L) = 0.

2) If L = K(Xi,...,Xp), a field of rational fractions in variables
X1,...,Xp, then we can take B = {X3,..., X, } and Ok (L) = n. When n is
equal to 1, any element of L — K is a transcendence basis.
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3) If A = K[X,Y]/(F), where F is non-constant in Y and L = Fr(A4),
then it is easy to see that if z is the image of X in A, {z} is a transcendence
basis for L over K.

c. Other results. There are a certain number of other results which resemble
basic results in linear algebra.

Extending base theorem. If x1...,x, is a free subset of L over K, then
it can be extended to a transcendence basis, and hence n < Ok (L).

Conversely, if z1, ...z, is a generating set (in the above sense: L is alge-
braic over K(x1,...,2,)), then we can extract from it a transcendence basis.
It follows that n > dk (L).

Of course, in both cases equality holds if and only if the subsets are both
free and generating.

Given three fields K C L C M, 0x (M) = 0k (L) 4+ 0r(M) on taking the

union of two transcendence bases.

4 Some algebra exercises

4.1 Prime ideals: exercises

a) Let A be a ring and p a prime ideal of A. Assume that p contains a
product I - - - I, of n ideals. Show that p contains one of the ideals If.

b) (The avoiding prime ideals lemma.)

Let A be a ring and let I be an ideal. Assume that [ is contained in the
union p; U---Up, of n prime ideals of A. Prove that I is contained in one of
the ideals pg. (Argue by contradiction: assume that n is minimal and consider
a suitable element of the form aq + as - - a,.)

4.2 Nilradical and prime ideals

Let A be a ring and N its nilradical (¢f. 2.d).

a) Prove that N is an ideal contained in the intersection I of all the prime
ideals of A.

b) We will now show that conversely I C N. We consider an element s ¢ N
and the set S = {1,s,s%,...,5",...}. We note that 0 ¢ S.

Show using Zorn’s lemma (or the ring S~ A) that there is an ideal p which
is maximal amongst the ideals of A not meeting S.

Prove that p is prime (if ab € p consider the ideals p + (a) and p + (b)).
Complete the proof of the theorem.
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4.3 Minimal prime ideals of a Noetherian ring

Let A be a Noetherian ring.

a) Let I be an ideal of A. Prove that there are a finite number of prime
ideals p1,...,p, such that the product p;...p, is contained in I. (Argue by
contradiction; assume there exists an I which does not have this property and
take a maximal such I.)

b) Show that A has only a finite number of minimal prime ideals. (Use a)
in the case where I = (0) plus Exercise 1.a.)

4.4 A non-Noetherian ring

Let A = H(C) be the ring of holomorphic functions on the complex plane.
a) Prove that A is an integral domain. What is its fraction field? Deter-
mine A*.
b) Prove that A is not Noetherian (consider the ideals

Li={feA|VzeN—{0,1, -k} f(z) =0}

for all £ € N and the function sin 27z).

c¢) Prove that f € A is irreducible if and only if f has a unique zero z in C
and this zero is a simple zero (i.e., f'(z) # 0).

d) Deduce that A is not factorial. Prove that A is, however, integrally
closed.

(It is possible to show that A satisfies Bézout’s theorem: every ideal of A
of finite type is principal, ¢f. [R] Chapter 15.)



Schemes

The aim of this chapter is to present a partial (in both senses of the word)
introduction to scheme theory. NB: the theory of schemes developed here is
not exactly the theory developed by Grothendieck, for which we refer the
interested reader to [H], Chapter II. However, in the case we are interested
in (schemes of finite type over an algebraically closed base field k) the two
theories are essentially equivalent (c¢f. [EGA] IV, 10.9). The power of the more
general definition is important in arithmetic, for example, but this is another
story.

Throughout the following discussion we will be working over an alge-
braically closed base field k.

0 Introduction

When discussing Bézout’s theorem we used finite (i.e., zero-dimensional)
schemes. We will now define schemes in any dimension. The essential dif-
ference between varieties and schemes is the presence of nilpotent elements
in the rings associated to schemes (as we already saw for finite schemes).
Schemes are useful because they enable us to take multiplicity into account.
For example, the line in the plane of equation X = 0 (resp. X?) is a simple
(resp. double) line and in scheme theory this difference will be visible in their
rings, which are k[X,Y]/(X) and k[X,Y]/(X?), respectively. In the second
ring, the image of X is not zero, but its square is. One way of understanding
this nilpotent element x is to think of it as being infinitely small, as in the
definition of the tangent space.
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1 Affine schemes

a. Definition

Let A be a k-algebra of finite type. We can write A = k[X1, ..., X,,]/I, where I
is an ideal. We consider the algebraic set X = V(I) C k™ with its Zariski
topology. There is a standard basis of open sets D(f) with f € A. We de-
fine a sheaf of rings Ox on X by setting I'(D(f),Ox) = Ay. In particular,
I'X,0x)=A.

NB: this sheaf Ox is not exactly the sheaf used to define the usual variety
structure on X. The difference is that we have used the ideal I and not rac(I).
If I is not equal to its radical, then the ring A is not reduced—in other words,
it contains nilpotents.

The affine scheme associated to the ring A is then defined to be the
ringed space (X, Ox). We denote it by Spm(A) (or Spec(A) if we are sure
Grothendieck is not listening).

b. Examples

Using this method we can construct a scheme Spm(k[X,Y]/(F)), for example,
which describes the plane curve of equation F = 0 without neglecting the
multiplicities of the factors of F. Alternatively, if F' and G have no common
factors we can construct Spm(k[X,Y]/(F,G) which is the intersection scheme
of F' and G with multiplicities (cf. Bézout’s theorem).

2 Schemes

a. Definition

A scheme is a ringed space (X, Ox) which is locally isomorphic to an affine
scheme. We suppose moreover that X is quasi-compact.

A scheme is said to be reduced if for any open set U in X the ring I'(U, Ox)
is reduced (i.e., does not contain any non-zero nilpotent element). A reduced
scheme is simply a variety. If X is a scheme, then we associate to X in a
canonical way a reduced scheme denoted by X,;eq which has the same under-
lying topological space as X and whose rings Ox,_,(U) are the reductions of
the rings Ox (U).

b. Examples

1) Projective schemes. Let I be a homogeneous ideal of R = k[Xq, ..., X,]
and let S = R/I be its quotient ring. Let X = V(I) be the projective algebraic
set defined by I with its Zariski topology. In particular, we have as usual
a basis of open sets DV(f), where f € S is a homogeneous element. We
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define a sheaf of rings on X by setting I'(D*(f),Ox) = S(y). We check as
for varieties that (D*(f),Ox|p+(f)) =~ SpecS(y), so (X,0x) is a scheme
which (by abuse of notation, ¢f. Grothendieck) we denote by Proj(S) and call
the projective scheme associated to S. If I = 0, then Proj(S) is simply P";
for other choices of I we get the closed subschemes of P™. Once again, the
difference between projective varieties and projective schemes is that the rings
of projective schemes may contain nilpotent elements.

2) Finite schemes. With the above notation we assume in addition that X
is finite. There is then a hyperplane H which does not meet X and we can
assume H = V(Xjo). We then have X = Proj(S) ~ Spec S(x,), so the finite
scheme X is both projective and affine. Conversely, it is possible to prove that
the finite schemes are the only schemes which are both affine and projective.
The ring R = S(x,) is a finite-dimensional k-vector space which is a direct
product of its local rings Ox, p with P € X. These local rings are also finite
dimensional and their maximal ideals are nilpotent (cf. the rings of type k[n]
with 9™ = 0, for example). If a local ring is reduced, then it is simply k and
we say that the associated point is a simple point.

3 What changes when we work with schemes

First of all, nothing changes at all when we work with reduced schemes: they
are simply varieties. Furthermore, most of the notions (such as irreducibility,
components, dimension, products, separatedness, morphisms, subschemes and
cohomology. ..) which we have defined for varieties can also be defined for
schemes. This is obvious for topological properties such as the number of
components or the dimension, since the topological properties of a scheme X
are the same as those of the variety X, eq.

The tangent space of a scheme can be calculated just like the tangent
space of a variety: we consider (for an affine scheme, say) the (infinitesimal)
deformations of the algebra I'(X,Ox) at the point in question. Of course,
a priori this ring might not be reduced. In particular, we can describe the
tangent space in the following way.

Let I be an ideal of k[X7,...,X,] (which is not necessarily radical), set
A=k[Xy1,...,Xn]/1,set X = Spm(A) and let = be a point of X. We suppose
that I = (Fy,...,F.). Let d(F1,...,F.) : kK — k" be the Jacobian matrix
of the polynomials F; at the point . Then T,(X) = Kerd,(F1, ..., F}.).

We have the following smoothness criterion which is analogous to the cri-
terion for smooth varieties.

Theorem 1. Let I be an ideal of the ring k[Xi,...,X,] and set X =
Spm(k[X71,...,X,]/I). Assume that X is irreducible and of dimension n.
Let x be a point of X and let T,(X) be the tangent space to X at x. As-
sume dim T, (X) = n. Then X is a variety, X is smooth at x and I(X) = 1.
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It is easy to give a refined version of this criterion for non-irreducible X.
Moreover, the same result holds for X = Proj(k[Xo, ..., X,]/I) when I is
a homogeneous ideal. Finally, we note that if X is a finite scheme, then it
is smooth if it is reduced, i.e., if it is a variety. Indeed, this implies that
the tangent space at every point vanishes, so m, = 0 for every x € X by
Nakayama’s lemma.

4 Why working with schemes is useful

There are several types of problems in which schemes are indispensable.

a. Intersection problems

We saw a lot of scheme-theoretic intersections when talking about Bézout’s
theorem. More generally, given two subschemes X and Y in P™ (for exam-
ple) defined by homogeneous ideals I and J, their intersection scheme is the
subscheme defined by the ideal I + J. Even if X and Y are varieties, the
scheme structure on the intersection is fundamentally important: it explains
intersection multiplicities and all contact phenomena.

b. Fibres

Let ¢ : X — Y be a morphism of schemes (or varieties). We have proved
several results on the fibre ¢! (y) at a point of Y, considered as a variety. The
dimension theorems are the same whether we work with schemes or varieties,
but certain more subtle results can only be proved using the scheme structure
on the fibre. This can be done in the following way. Assume Y is affine with
ring A (which we are allowed to do) and that X is affine with ring B. There
is therefore a map ¢* : A — B and y corresponds to a maximal ideal m in A.
We have seen that set-theoretically ¢~ !(y) = V(mB). We define the scheme
¢ 1(y) to be Spm(B/mB). (The variety ¢~ !(y) corresponds to the radical of
the ideal mB.)

If X is not affine, then we glue together the fibres obtained by this method
in each of the open affine sets of X (cf. Exercise VII, 2.1).

Using this definition of a fibre it follows that, for z € X and y € o(z),
T. (9o~ (y)) = Ker T, (). (Compare this result with Problem VI, 1.2.)

Let’s look at an example to understand why this construction is useful.
Consider the morphism ¢ : V. — W, where V =V (Y3+ XY +X) C k2, W =k
and p(x,y) = x. Looking at rings, we get a map ¢* : k[X] — k[X,Y]/(Y3 +
XY + X) given by ¢*(X) = X. Consider & € k. The point x corresponds to
the maximal ideal (X — z) in k[X] and hence (as a scheme) the fibre over z
has associated ring k[Y]/(Y? +2Y + ).
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Set-theoretically, this fibre has three distinct points if z # 0, —27/4 (and
in this case its ring is isomorphic to k x k x k), two points if z = —27/4 (but
with ring k x k[Y]/(Y?), i.e., with one double and one simple point) and one
point if z = 0 (whose ring is k[Y]/(Y3), so this point is a triple point). In
every case, the dimension of the ring of the fibre as a k-vector space is always
equal to 3 (which cannot be seen looking only at the variety structure): we
say that ¢ is a degree 3 covering of Y ramified at the points 0 and —27/4
(cf. [H] Chapter IV, 2).

c. Differential calculus

We have already seen how to use the scheme Spec k[g] with €2 = 0 to calculate
tangent spaces. We can generalise this to higher-order differential calculus
by copying the techniques of differential geometry (jets and so forth) using
nilpotent elements of order > 2.

5 A scheme-theoretic Bertini theorem

We will use the notations of Problem VI. Using the above remarks on tangent
spaces it is easy to prove the following theorem.

Theorem 2. Let ¢ : X — Y be a dominant morphism between irreducible
varieties. Assume that X is smooth. There is a non-empty subset V. €'Y
such that ¢|,-1vy 1 =1 (V) — V is smooth. In particular, the fibres ¢ (y)
(which a priori have a scheme structure) are smooth varieties for ally € V.

When the dimensions of X and Y are the same, the general fibres are finite
and formed of simple points, as in Example 4.b.

We also have the following version of Bertini’s theorem, which is proved
using the methods of Problem VI

Theorem 3. Let X C P™ be an irreducible smooth projective variety. If H
is a general hyperplane of P™, the scheme X N H is a smooth (projective)
variety.

When X is a curve, this shows that in general X N H is finite and consists
of d simple distinct points (where d is the degree of the curve X). In the plane,
for example, this means that we can always find lines which are not tangent
to a given curve. The notion of a scheme is indispensable for understanding
these phenomena as X N H, which is finite, is always smooth as a variety, so
the version of Bertini’s theorem given in Problem VI does not help us.
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Problems

Problem I

The aim of this problem is to study products of algebraic varieties. We work over
an algebraically closed base field k.

1 Products of affine algebraic sets

)

Let V C k™, W C k™ be two affine algebraic sets. Prove that V x W is an affine
algebraic set in k™T™. Prove that the projections p and ¢ from V x W to V
and W are regular maps and give the associated ring morphisms.

We denote by x (resp. y) a point in k™ (resp. k™) and by k[X] (resp. k[Y]) the
rings of polynomials k[X1, ..., Xy] (resp. k[Y1,...,Yn]).

Prove that the formula ¢}, fi ® gi)(z,y) = >, fi(x)g:(y) defines a k-algebra
homomorphism ¢ : I'(V) @, I'(W) — I'(V x W) (cf. Summary 2). Prove that ¢
is an isomorphism. (To prove the injectivity of ¢, consider bases for the k-vector
spaces I'(V) and I'(W).)

Deduce that the ideal I(V x W) is generated by polynomials f(X) and g(Y)
such that f € I(V) and g € I(W). (Reduce the problem to calculating the
kernel of the natural map from k[X] ® k[Y] to I'(V) @, I'(W).)

Prove that the projections p and ¢ are open with respect to the Zariski topologies
(i.e., the image of an open set is open). (Consider an open set D(f) in the
product and write f = ¢(>, fi ® gi), where the elements g; are part of a basis
of I'(W) over k. NB: the Zariski topology on the product is not the product of
the Zariski topologies.)

Prove that if V and W are irreducible, then so is V' x W (use c)).
Deduce from d) the following purely algebraic result: if A and B are two integral

domain k-algebras, then the algebra A ®j B is an integral domain. Prove that
this is not the case if k is not algebraically closed (c¢f. Summary 2.3).
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2 Products of varieties

Let C be a category (i.e., in simple terms, a collection of objects and maps). Let X
and Y be two objects in C. A product of X and Y in C is an object Z in C with
two maps in C, p: Z — X and q : Z — Y (called projections) with the following
(universal) property: for any object T in C and maps p' : T — X and ¢’ : T — Y
there is a unique map f from T to Z such that p’ = pf and ¢’ = qf.

a) Prove that if X and Y have a product in C, then this product is unique up to
canonical isomorphism. We denote this product by X x Y.

b) Prove that if X and Y are affine algebraic sets (from which it follows that they
are affine algebraic varieties), then the affine algebraic variety X XY is a product
in the category of algebraic varieties.

¢) Prove that products exist in the category of algebraic varieties: if X and Y are
algebraic varieties, then their product is defined as follows:

i) The underlying set is the product set X x Y.
ii) A basis of open sets of X x Y is given by considering all open affine sets U
in X and V in Y, and then taking all the affine open sets in the product
U x V (NB: this topology is finer than the product topology).
iii) The sheaf of rings is defined on this basis of open sets in the only reasonable
way.

d) Generalise c¢) and d) of 1 to products of arbitrary varieties.

3 Products of projective varieties

a) Prove that we can define a morphism (called the Segre morphism) ¢ : P" xP* —
P7TTTS by setting

w((xov . 'ax"‘)v (y07 . '7y5)) = (moyov sy TiYge e 7x7“y5)'

(Here 7 and j vary from O to r and 0 to s respectively.)

b) Prove that the image of ¢ is the closed subvariety V(I) in P™*""* where I
is the kernel of the homomorphism from k[Z; ;] (i = 0,...,7, 7 =0,...,s) to
k[X;,Y;] (with the same indices) associating X;Y; to Z; ;.

¢) Prove that ¢ is an isomorphism from P" x P® to V(I). (Prove first that ¢ is
injective, then restrict to the open affine sets Z; ; # 0, X; #0, Y; #0.)

d) Deduce that the product of two projective varieties is a projective variety.

e) Give the equations of the Segre embedding of P* x P! in P3.
4 Separated varieties
Let X be an algebraic variety.

We say that X is separated if the diagonal A = {(z,y) € X X X | z = y} is
closed in X x X.

a) Prove that any affine algebraic variety is separated.
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b) Let X be an algebraic variety. We suppose that for any z,y € X there is an
open affine set U containing x and y. Prove that X is separated.

¢) Prove that any projective variety is separated.

d) Let X be a separated algebraic variety. Prove that the intersection of two open
affine sets of X is an open affine set.

e) Let f: X — Y be a morphism and let Y be separated. Prove that the graph of
5L G)={(z,y) e X xY |y=f(x)}is closed in X x Y.

Problem II

The aim of this problem is to study complete (or proper) algebraic varieties and
in particular to show that projective varieties are complete. We work over an alge-
braically closed base field k.

1 Generalities on complete varieties

An algebraic variety X is said to be complete if for every variety Y the second
projection p : X x Y — Y is closed, i.e., sends closed sets to closed sets. (See
Problem I for the definition of the product.)

a) Let f : X — Y be a morphism. We assume that X is complete and Y is
separated. Prove that the image f(X) is closed and that it is a complete variety
(¢f. Problem I, 4.e).

b) Assume that X and Y are complete. Prove that X x Y is complete.

¢) Assume that X is complete. Let Y be a closed subvariety of X. Prove that Y is
complete.

d) Let n be greater than or equal to 1. Prove that the affine space A™(k) is not
a complete variety (use a)). More generally, it is possible to prove that any
complete affine variety is finite.

2 Completeness of P™

In this section we will prove that P™ is a complete variety. Let Y be a variety, let p
be the projection p: P x Y — Y and let Z be a closed set in P" x Y. We have to
prove that p(Z) is a closed set in Y.

a) Prove that we can reduce the problem to the case where Y is an affine variety
with associated ring R.

b) Set U; = DT (X;)xY. Prove that the sets U; form an open affine cover of P" x Y
and that I'(U;) = R[Xo/Xi, ..., Xn/X;i]. (We will denote this ring by A;.)

¢) Let J be the homogeneous ideal generated in S = R[Xy, ..., Xy] by the homo-
geneous polynomials F' such that for all ¢

F(Xo/Xi,...,Xn/Xs) € (ZNUy).

Let S, (resp. J») be the degree r homogeneous part of S (resp. J). Prove that
for all ¢ and all f € I(Z NU;) there are integers k,r such that F = XFf € J,.
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d) Consider y € Y — p(Z) corresponding to the maximal ideal m in R. Determine
the closed set V(mA;) in U;. Prove the equality A; = mA; + I(Z N U;). (Use
the Nullstellensatz.)

e) Prove there is an integer ¢ such that, for all i, X! € J; +m.S;. Prove there is an
integer r such that S, = J, + mS;.

f) Deduce that there is an f € R, f ¢ m such that fS, C J,. (Use Nakayama’s
lemma, cf. Summary 2.4.c, applied to the ring R and the module S,/J:).

g) Prove that f is contained in I(Z N U;) for every 4. Complete the proof of the
theorem.

3 Applications

a) Prove that every projective variety is complete.

b) Let V be an irreducible projective variety. Prove that I'(V,Ov) = k or, alter-
natively, every morphism f : V — k is constant (use 3.a, 1.a and 1.d).

Problem III

1 Notation

If A is an integral domain, we denote its fraction field by Fr(A).

If K is a field extension of a field k, we denote its transcendence degree over k
by Ok (K). We refer to Summary 3 for more information on algebraic independence,
transcendence degree and so forth.

If Ais a ring we denote the set of its prime ideals by Spec(A4) and its Krull
dimension by dimg (A).

If z1,...,x, are elements of a k-algebra A, we denote the subalgebra of A gener-
ated by the elements x; by k[z1,...,2n], but we reserve the notation k[ X1, ..., Xy]
with capital letters for the ring of polynomials in the variables Xj;.

2 Noether’s normalisation lemma

The aim of this section is to prove the following result.

Theorem 1. Let k be a field and let A be a k-algebra of finite type which is an in-
tegral domain. Set K = Fr(A) and n = 0x(K). There exist elements x1,...,xn € A,
algebraically independent over k, such that A is integral over k[z1,...,Zn].

a) Write A as a quotient k[Y1,...,Y:]/I. Prove that m > n and prove the theorem
when m = n.

b) Assume m > n. Let y1,...,ym be the images of the variables Y; in A. Prove
that they satisfy an algebraic equation F'(y1,...,ym) = 0, where F is a non-zero
polynomial with coefficients in k.
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¢) Choose positive integers 72, ..., Tm and set
— T2 _ Tm
2=Y2 =Y .- Zm =Ym — Y1 -
Prove that y1, 22, . .., 2m also satisfy a non-trivial algebraic equation with coef-

ficients in k.
9 Prove that, for large enough r; with large enough growth (i.e.,
0Kre<K - Krm), Y1 is integral over the subring of A generated by the
elements z;.

d) Complete the proof of the theorem by induction on m.

3 The Cohen-Seidenberg going-up theorem
We aim to prove the following theorem.

Theorem 2. Let A and B be two rings such that A C B and B is integral over A.
The following properties hold.

1) The map q — qN A from Spec B to Spec A is surjective. Moreover, the following
hold.
For all p,p’ € Spec A such that p C p’ and all q € Spec B such that qN A = p
there is a q' € Spec B such that ¢ NA=9p" and q C q'.

2) The map q — qN A is “almost” injective: given q,q € Spec B such that q C ¢’
andqNA=qgNA q=¢q".

3) dimK(A) = dlmK(B)

a) We use the notations and hypotheses of Theorem 2; moreover, we assume that B

is integral over A. Prove that the following are equivalent: A is a field and B is
a field.

b) Let J be an ideal of B and set I = J N A. Prove that A/I is a subring of B/J
and that B/J is integral over A/I.

¢) We now further assume that A is local and its maximal ideal is m. Prove that
the prime ideals of B over m (i.e., the ideals q such that g A = m) are exactly
the maximal ideals of B (use b)).

d) Let p be a prime ideal of A and set S = A — p. We denote by A, and B, the
localisations S™'A and S™'B. Prove that A, is local and contained in B, and
that By is integral over Ay.

e) Prove 1) and 2) of the theorem using d) and c).
f) Complete the proof of the theorem.

4 Dimensions of k-algebras of finite type

Our aim is to prove the following fundamental theorem on dimensions.

Theorem 3. Let k be a field and let A be a k-algebra of finite type which is an
integral domain. Set K = Fr(A). Then dimg (A) = Ox(K).
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)

C Problems

Prove that

Ok Fr(k[X1,...,Xn]) =n and dimg (k[X1,...,Xn]) > n.

Let p be a non-zero prime ideal of k[X1, ..., X,]. Prove that

O Fr(k[Xq,..., X,]/p) < n—1.

Prove Theorem 3 when 0y (K) = 0.

Prove Theorem 3 by induction on Jx(K). (Use the normalisation lemma and
going-up to reduce to the case where A = k[X1,...,X,]. Then take a chain of
prime ideals (0) C p1 C --- C pr of k[X1, ..., Xy] and use b), plus the induction
hypothesis.)

5 Applications to the Nullstellensatz

Let

K be a k-algebra of finite type. Assume K is a field. Prove that K is alge-

braic over k (use theorems 1 and 2.a). Deduce a proof of the weak Nullstellensatz
(c¢f. Chapter I, 4.1) in the general case.

Problem IV

1 Discrete valuation rings

1)

Let A be an integral domain and K its fraction field. Assume A # K. Prove
that the following are equivalent.
i) A is local and principal.
ii) A is local and Noetherian and its unique maximal ideal m is principal.
iii) There exists an irreducible m € A, w # 0 such that Vo € A, x # 0, z = un",
where n € N and u € A™.
iv) There is a map v : K — Z U {00} such that:
e v(0) = oo,
eVa,y€ K, v(zy) = v(z) +v(y),
e Va,y € K, oz +y) > mf(o(x); v(y)),
e v(K) # {0, 00},
and such that A = {z € K | v(z) > 0}. (Arithmetic in Z U {co} is as one
would expect: n + oo = oo, etc.)

A ring satisfying the above properties is said to be a discrete valuation ring; v
is its valuation and 7 is said to be a uniformising parameter.

Prove that any regular (local Noetherian integral domain) ring of dimension 1 is
a discrete valuation ring. Prove that the ring of formal series k[[T7] is a discrete
valuation ring.

Assume that A is both a k-algebra and a discrete valuation ring and the natural
map from k to A/m is an isomorphism. Consider a € A. Prove that dimy A/(a) =

v(a).
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2 The link with Dedekind rings

Our aim is to prove the following theorem.

Theorem. Let A be a Noetherian domain. The following are equivalent.

1) A is one-dimensional and is integrally closed.
2) For any mazimal ideal m in A, An is a discrete valuation ring.

We then say that A is a Dedekind domain.

A) We prove that 2) = 1). Assume that all the rings Ay are discrete valuation
rings.

Al)
A2)
A3)

Prove that A is one-dimensional.
Prove that any discrete valuation ring is integrally closed.
Prove the formula

A= ) An.

meMax A

(To prove AD (] Am, consider the conductor of an element z in K,
mEMax A

I, ={a€ Alazx € A}.)

Deduce that A is integrally closed.

B) We now prove 1) = 2). Assume A satisfies 1). Let m be a maximal ideal in A.

B1)

B2)

B3)

B4)

Prove that Ay is a local domain of dimension 1 and that it is integrally

closed.

Let R be a non-zero Noetherian ring. Prove there is an a € R such that

Anna = {z € R | ax = 0} is a prime ideal of R (called an associated prime

ideal of R). (Take a maximal element amongst the annihilating ideals of R.)

Let M be an n x n matrix with coefficients in an integral domain R and let

P(X) = det(XI — M) be its characteristic polynomial. Prove that P(X)

is a unitary polynomial with coefficients in R and P(M) = 0 (the Cayley-

Hamilton theorem). (Pass to fraction fields to reduce to the usual Cayley-

Hamilton theorem.)

We now prove that if A is a local Noetherian domain with maximal ideal m

which is one-dimensional and integrally closed, then it is a discrete valuation

ring.

We consider an element f € m, f # 0.

a) Prove there is a g € A, g ¢ fA such that (g/f)m C A. (Apply B2 to
the ring A/fA.)

b) Prove (g/f)m C m or (g/f)m = A. In the latter case, prove that m is
principal and complete the proof of the theorem in this case.

¢) Prove that (g/f)m C m is impossible. (Otherwise, g/f would define an
endomorphism of the finite-type A-module m: writing out the Cayley-

Hamilton equation for this endomorphism we can show that g/ f is then
integral over A and produce a contradiction.)
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3 An example

Set A= C[X,Y]/(Y? - X3+ X).

1)

Prove that the plane curve of equation Y2 — X2 + X is irreducible and non-
singular. Deduce that A is integrally closed.

2) Prove that A is not factorial. (Denoting the images of X and Y in A by = and v,
prove that y is irreducible but the ideal (y) is not prime because y? = z% — z =
z(x —1)(z+1).)

Problem V

The aim of this problem is to prove the following theorem.

Theorem. Let X be an irreducible variety.

1)
2)

For every x € X, dimT,(X) > dim X.
There is a non-empty open set in X on which equality holds (i.e., X has a
smooth open set).

(If X is not irreducible, then dimT,(X) > dim, X.)

1)

2)

Prove that the map from X to N which associates dim 7, (X) to z is upper

semi-continuous (i.e., if dim7,(X) = n, then dim7,(X) < n for z close to a)

(¢f. Exercise 1V, 3).

Prove that the theorem holds for an irreducible hypersurface V(F) in k™. (NB:

the proof is somewhat trickier in positive characteristic.)

Let X and Y be two irreducible varieties. We say that X and Y are birationally

equivalent if there is a non-empty open set of X, U, and an open set of Y, V,

which are isomorphic. Prove that if X and Y are affine, then they are birationally

equivalent if and only if their rational fraction fields K(X) and K(Y) (i.e., the

fraction fields of I'(X) and I'(Y)) are k-isomorphic.

We recall the primitive element theorem: if K C L is a separable (which is always

the case if K is of characteristic zero, for example) finite algebraic extension,

then there is an « € L (called the primitive element) such that L = K(z).

Prove that X is birationally equivalent to a hypersurface V in k™. (Reduce

to the case where X is affine and consider the field of functions K (X). Take a

transcendence basis 1, ..., Zn in K (X) over k and then take a primitive element

for the extension k(z1,...,2») C K(X). The reader may prefer to consider only

the characteristic zero case and refer to Shafarevitch p. 29 for the general case.)

Complete the proof of the theorem.

Application to algebraic groups. Let G be an algebraic group (i.e., an algebraic

variety equipped with a group structure such that the multiplication p : GXG —

G and the inverse o : G — G given by u(z,y) = 2y and o(z) = ™" respectively

are morphisms). For example, the usual classical groups—the linear group, the

orthogonal groups and so forth—are algebraic groups.

a) Prove that the translations z +— ax are variety isomorphisms from G to
itself.

b) Prove that if G is connected, then it is irreducible (argue by contradiction
assuming that G is not irreducible and using a)).

c¢) Prove that G is a smooth variety. (Reduce to the case where G is connected
and use both a) and the above theorem.)
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Problem VI

The aim of this problem is to study smooth morphisms between irreducible smooth
varieties and in particular to prove the generic smoothness theorem and one of the
many versions of Bertini’s theorem. An integral morphism will always be assumed
to be dominant and hence surjective.

1 Smooth morphisms

Let X and Y be smooth irreducible varieties and let ¢ : X — Y be a dominant map.
We say that ¢ is smooth if for any x € X the linear tangent map T (p) : T»(X) —
T,(Y), where y = ¢(x) is surjective.

NB: if X and Y are not smooth this definition is not the right one (cf. [H]
Chapter III, 10). In what follows we will only consider smooth morphisms between
smooth varieties.

1) Prove that the composition of two smooth morphisms is again a smooth mor-
phism. Prove that if Z and Y are smooth, then the projection from Y X Z to Y
is smooth. If U is an open subset of a smooth variety X, prove that the inclusion
of U in X is smooth.

2) Let ¢ : X — Y be a morphism. We denote by ¢~ *(y) the fibre of y € Y with
its variety structure. Prove that for all 2 € ¢~ '(y), Tu( " (y)) C Ker Ty (¢).

3) Deduce that if ¢ is smooth, the non-empty fibres of ¢ are smooth of dimen-
sion dim(X) — dimY and that T,(p ' (y)) = KerTx(p) for all z € X. (Use
Problem V and the dimension of fibres theorem.)

2 An example

Let ¢ : X — Y be a dominant morphism of irreducible affine varieties. We set
A=T(Y) and B = I'(X): there is then an injective map ¢* : A — B. We suppose
that B = A[¢] ~ A[T]/(P), where P(T) = T" + an_1T" " + - 4 ao with a; € A.
The morphism ¢ is then integral. Furthermore, we assume that f = P’(¢) = n&" !+
(n— 1)0Ln,1§"72 +--++ajis#0in B.

1) Prove that if x € D(f), then the linear tangent map T%(¢) : To(X) — Ty (Y),
where y = ¢(z), is surjective. (Lift a deformation x : A — Ek[e] of the form
x(a) = a(y) + v(a)e to a deformation 3 of B of the form ¥ (§) = £(z) + w(§)e;
the trick is to find w(§).)

2) Deduce that if D(f) and Y are smooth, then the morphism ¢|psy : D(f) = Y
is smooth.

3 The generic smoothness theorem, first version

Henceforth we assume the field k is of characteristic zero. We will prove the following
theorem.
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Theorem 1. Let ¢ : X — Y be a dominant map between irreducible varieties (which
are not assumed to be smooth). There are non-empty (smooth) open sets U in X
and V in'Y such that o(U) CV and ¢l : U — V is smooth.

1) Prove that we can assume that X and Y are affine and smooth (¢f. Problem V).
2) Prove that after replacing X by one of its open sets we can write ¢ = piy :
X L0y xkr 2 Y, where v is integral, i is the inclusion of the open
set £2in Y x k™, and p is projection. (Use the arguments seen in the proof of
the dimension of fibres theorem given in Section 3 of Chapter IV.)
Deduce that it will be enough to prove the theorem for integral ¢.

3) Assume that ¢ is integral. Using the primitive element theorem (cf. Problem V:
this is where we need the hypothesis that & is of characteristic zero) prove that,
after possibly modifying X, we can reduce to the case where ¢ is of the form
given in Example II. Complete the proof of the theorem.

4 The generic smoothness theorem, second version

Theorem 2. Let o : X — Y be a dominant morphism between irreducible varieties
such that X s smooth. There is then a non-empty open set V in Y such that
@lo-100 0 H(V) = V is smooth. In particular, the fibres o~ *(y) are smooth for
ally e V.

1) Prove that it is enough to deal with the case where Y is smooth.

2) Set X, = {z € X | rank(T»(p)) < r}. Prove that dim¢(X,) < r. (Consider
the restriction of ¢ to suitable irreducible components of X, and »(X;) and use
Theorem 1 and the dimension of fibres theorem.)

3) Complete the proof of the theorem.

5 Bertini’s theorem

Let E be a vector space of dimension n+1. A hyperplane H in P(E) ~ P" is defined
by a non-zero linear form f € E* and two such forms define the same hypersurface
if and only if they are proportional. The set G of hyperplanes in P(FE) is therefore
in canonical correspondence with the projective space P(E*) ~ P". Henceforth we
identify these two spaces.

Let X C P" be an irreducible smooth projective variety. Our aim is to prove
Bertini’s theorem.

Theorem 3. If H is a general hyperplane in P™, X N H is a smooth (projective)
variety.

(Here, the word general means that there is a dense open set U in G such that
if H € U, then X N H is smooth.)

We consider the incidence variety V C X x G:

V={(z,H) |z € H}
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1) Prove that V is a closed subset of X x G or P" x G and give its equations in
terms of the equations for X.

2) Prove that V is irreducible (use Exercise 7 of Chapter IV) and smooth (calculate
its dimension and the dimension of its tangent space).

3) Complete the proof of the theorem by applying Theorem 2 to the projection
from V to G.

We refer to the appendix on schemes for more details of these two theorems.

Problem VII

The aim of this problem is to establish the existence and uniqueness of the intersec-
tion multiplicity of two plane curves in a point. This multiplicity will be constructed
as a function verifying certain natural properties. The following is largely inspired
by Fulton [F], Chapter 3, Section 3.

1 Statement of the theorem

There is a unique map p : k2 x (k[X,Y]—{0})? — NU{oo} associating to the point
P ¢ k? and the non-zero polynomial F,G € k[X,Y] a number pp(F,G) called the
intersection multiplicity of F' and G at the point P satisfying the following seven
axioms.

1) up(F,G) = oo if and only if F and G have a common factor H passing through P
(i-e., such that H(P) = 0).

2) up(F,G)=0if and only if P ¢ V(F) NV (G).

3) pp(F,G) = pup(G,F) for all P, F,G.

4) If w : k> — k? is a bijective affine map, then for all P,F,G: up(F,G) =
Hu—1(py(F*,G*). (Recall that F'* is the polynomial such that for all z,y € k,
F(z,y) = F(u(x,y)).)

5) We have up(F,G) > pp(F)up(G) with equality if and only if F' and G have no
common tangents at P.

5’) Variant: if P = (0,0), then pp(X,Y) = 1.

6) If F=[[, F* and G = [[}_,G}’, then pp(F,G) =3, .risjup(F;, Gj).

7) We have up(F,G) = up(F,G + AF) for any polynomial A € k[X,Y] (in other
words pp(F,G) essentially depends only on the ideal (F,G)).

Moreover, when F' and G have no common factor passing through P this number
is given by the formula

pup(F,G) = dimg Oz p/(F,G).
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2 Uniqueness

Let p and p' be two maps satisfying Axioms 1) to 7) (with variant 5°). Our aim is
to show that u = p'.

a) Prove that if up(F,G) = oo, then u’p(F,G) = co.

b) Prove that if up(F,G) = 0, then pp(F,G) = 0.

¢) Set P = (0,0) and let m,n be positive integers. Prove that pup(X™,Y") =
pp(X™,Y") = mn.

We now proceed by induction on pp(F,G). Consider n € N such that n > 0.
We assume that uniqueness has been proved for pp(F,G) < n. Consider P, F, G
such that pp(F,G) = n. We will show that up(F,G) = n.

d) Prove that F and G have no common factors passing through P and P €
V(F)NV(G). Prove we can assume P = (0,0).
We consider the polynomials F'(X,0) and G(X, 0); let the integers (r, s) be their
respective degrees. We proceed by induction on inf(r, s).

e) Assume inf(r,s) = 0. Prove that up(F,G) = n. (Factorise one of the polyno-
mials by Y and use Axioms 6) and 7), ¢) above and the induction hypothesis
on n.)

f) Assume inf(r, s) > 0. Prove that we can assume r < s. Prove there is a polyno-
mial A such that if H = G + AF the degree of H(X,0) is < s. Prove further
that there is an A such that the degree of H(X,0) is < r and complete the proof
by applying the induction hypothesis on inf(r, s) to F' and H.

We note that this uniqueness proof gives us an algorithm for calculating
up(F,G) in a finite number of operations. Of course, the calculation is much
easier using 5) than 5’).
g) Apply the above to calculate pup(F,G) in the following cases:
1) P =(0,0) and F,G are arbitrary polynomials in the following list
Y2 - X3 X34 Y34+ XY, (X24+Y?)? +3X3%Y - Y3,
(X2 4+7Y?)3 —4X2Y? 2X* +Y* - Y (3X% +2Y?) +Y?
XYV X242 Y2+ X2 4 X2Y? —2XY(X +Y +1).

2) P =(1,i,0) and F,G are homogeneous polynomials
(X2 + Y22+ TBXYY - Y3, (X% +Y?)? —4ax?y?T2

(Use the affine open set X # 0.)

3 Existence with variant 5’

When F and G have no common factors passing through P, we set up(F,G) =
dimg Oz p/(F,G) (otherwise we set up(F,G) = o0o). Our aim is to prove that
satisfies the seven axioms (with variant 5’). We will occasionally write Oy2 p = O
for short.
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a) Assume F = FiF, and Fi(P) # 0. Prove there is an isomorphism
Ok2.p/(F,G) ~ Oz p/(F2,G). Deduce that pp(F,G) is unchanged if we
multiply F' or G by a polynomial which does not vanish at P.

b) Prove that p satisfies Property 1). When F and G have no common factor
passing through P, use the isomorphism

k'[va]/(FvG) =~ H OkQ,P/(FaG);

PEV(F)NV(G)

otherwise, if H is an irreducible factor of F' and G such that H(P) = 0, prove
that Ok2 p/(F,G) is of dimension larger than I'(V(H)) and this latter ring is
of infinite dimension.

c) Prove Properties 2), 3), 4), 5'), 7). (For 4), note that if u is a morphism from k?
to itself it induces an isomorphism of the local rings Oz p and Oz ,-1(p)-)

d) To prove 6) reduce the problem first to establishing the formula pp(F,GH) =
up(F,G) + pup(F, H) when F and GH have no common factor and then prove
there is an exact sequence

0 — O/(F,H) v, O/(F,GH) - 0/(F,G) — 0,

where 7 is the canonical projection and % is induced by multiplication by G.

4 Existence: Property 5)

We define p as in 2. We will prove 5), which is somewhat trickier. We set m = up(F)
and n = up(G).

a) Prove we can reduce to the case where P = (0,0).
b) Let I be the ideal (X,Y) in k[X,Y]. Calculate dimy(k[X,Y]/I") for all r € N.

¢) Prove there is an exact sequence

KX, Y1/ % kX, Y]/I™ —Y kX, Y]/ =2 BX, Y]/ F,G) — 0,

where ¢ is the canonical projection and 1 is given by ¥(A, B) = AF + BG.
Deduce that dimy, k[X,Y]/(I"™"", F,G) > mn with equality if and only if 4 is
injective.

d) Prove there is an isomorphism « : k[X,Y]/(I™t", F,G) — O/(I"™™ F,G).
(Start by proving that the first ring is local.) Deduce that up(F,G) = mn.
Prove that equality holds if and only if we have the following two conditions:

1) ) is injective;
2) the projection 7 : O/(F,G) — O/(I™™, F,G) is an isomorphism, or, al-
ternatively, I"™*™ C (F,G)O (the ideal generated by F and G in O).

We now assume that F' and G have no common tangent at P.

e) Prove that % is injective. (If (A, B) = AF + BG = 0, then consider the lowest
degree terms of A, B, F,G.)
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f) Prove that, for large enough r, I" C (F, G)O (use a polynomial H which vanishes
at all the points of V(F) N V(G) except P and apply the Nullstellensatz).

g) Let L1,..., Ly (resp. Mi,...,M,) be the tangents to V(F) (resp. V(G)) at P
(some of the L; (resp. Mj) can be equal, but L; # M; for all 4, j). For all 4,j > 0,
we set A; ; = L1 -+ L; My - - - M; with the convention that if i > m (resp. j > n),
L; = Ly, (vesp. M; = M,).
Prove that for ¢t > 0 the set of polynomials A; ; such that i 4+ j =t form a basis
for the vector space of homogeneous polynomials of degree t.

h) Prove that if i +j > m +mn — 1, then A;; € (F,G)O (use f) and g)).

i) Complete the proof of the theorem.

Problem VIII

The aim of this problem is to establish the following theorem.

Theorem. Let C' be an irreducible projective plane curve. The curve C is then
birationally equivalent to an irreducible projective plane curve X which has only
ordinary singular points (i.e., singular points with distinct tangent lines).

As we know that every irreducible curve is birationally equivalent to a projective
plane curve (cf. Problem V, for example), we see that every irreducible curve is
birationally equivalent to a projective plane curve with ordinary singularities.

What follows is taken from Fulton [F], Chapter 7, paragraph 4.

We work in the projective plane P? = P?(k) over an algebraically closed base
field k of characteristic zero. (For the characteristic p case, see Fulton [F], appendix.)
The homogeneous coordinates of the plane are denoted x, y, z. We consider the three
points (called the fundamental points)

P=(0,0,1), P '=(0,1,0) and P" =(1,0,0)
and the three lines (called the exzceptional lines)
L=V(Z), I'=V() and L"=V(X).

These three lines form a triangle whose vertices are the fundamental points. We
denote the open set P> — V(XY Z) in P2 by U.

If F is a homogeneous polynomial on P? and S is a point in P2, we denote by
us(F) the multiplicity of F' at S. If F and G are two homogeneous polynomials
and S is a point of P? we denote the intersection multiplicity of the curves whose
equations at S are F and G by us(F,G). Finally, if d is the degree of the curve
C = V/(F), then we call the integer

g (C)=(d-1)(d—2)/2— > pp(pr—1)/2  where pp=pp(F)
PeP?
the expected genus of C. Recall that if C' is irreducible, then g*(C) > 0 (cf. Exercises
VI).

We define the map Q : P? — {P,P',P"} — P? by the formula Q(z,y,2) =
(yz, zz, zy). This map is called the standard quadratic transformation on P2
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1) Prove that Q is a morphism of varieties (and is hence a rational map from P?
to itself). Why do we have to restrict the domain of this map?

2) Prove that @Q is an involution of the open set U (i.e., @* = Idy). Deduce that Q
is a birational map of P2. Determine the image of the exceptional lines and the
image of Q.

We consider an irreducible projective curve C' = V(F) C P? of degree d. We
assume that C is not one of the exceptional lines. We denote by C’ the closure
in P2 of Q71 (C' NU).

3) Prove that C’ is an irreducible projective curve which is birationally equivalent
to C and (C") = C.

4) Weset FO(X,Y,Z)=F(YZ,ZX,XY). We assume pp(C)=r (resp. pp/ (C)=1",
resp. upr(C) = r"). Prove that Z" (resp. YT/7 resp. XT”) is the highest power
of Z (resp. Y, resp. X) dividing F©.

We set F@ = X"y 2" F'.
5) Prove that F’ is a homogeneous polynomial of degree 2d — r — v’ — r”’. Prove

that pup(C’) =d —r' — 7" and establish similar formulae for P’ and P”. Prove
that (F') = F, F' is irreducible and C' = V(F").

We say that C' is in good position if no exceptional line is tangent to C at a
fundamental point.

6) Assume that C is in good position. Prove that C’ is also in good position.
(Consider pp/ (F', Z).)

7) Prove that if C' is in good position and Pi,...,Ps are the non-fundamental
points in C’ N L, then

pe,(C') < pp(C', L) and > pp(C' L) =T
i=1

We say that C is in ezcellent position if C is in good position, L meets C'
(transversally) in d distinct non-fundamental points and L’ and L' both meet C'
(transversally) in d — r non-fundamental points.
In questions 8), 9) and 10) we assume that C is in excellent position. We denote
the non-fundamental points of C' N L by Pi,..., Ps.
8) Prove that the singular points of C’ are the following:
a) The points in ¢’ N U whose image under Q is a singular point of C N U.
Show that these are of the same kind (i.e., ordinary or otherwise) and have
the same multiplicity in C and C’ (cf. Fulton, Problem 3.24).
b) The points P, P', P  which are ordinary singular points of C’ with multi-
plicities d, d — r and d — r respectively.
c¢) Possibly some of the points P;.
9) Prove that C' N L' and C' N L” contain no non-fundamental points.
10) Prove that we have the following formula for expected genuses:

s

g (Ch=g"(C) - Zri(ri —-1)/2, where 7; = pup, (C").

=1
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11) Let C = V(F) be an arbitrary irreducible curve in P? and let A be a point
of C. Prove that there is a homography h of P? such that h(C) is in excellent
position and h(A) = P. (Prove that if P is a point of C of multiplicity r, there
are an infinite number of lines passing through P meeting C in d — r distinct
points (cf. Fulton, Problem 5.26): at this point we need to use the fact we are
in characteristic zero.)

We call the composition Qh of a standard quadratic transformation and a ho-
mography h a quadratic transformation. This is a birational transformation
of P2

12) Prove Theorem 1. (Use quadratic transformations and proceed by induction on
N + g*(C), where N is the number of non-ordinary singular points of C'.)

13) 9 Prove that the curve of equation (X2 — Y Z)? + Y3(Y — Z) is rational.

Problem IX

The aim of this problem is to prove certain results quoted in Chapter X.

1 The snake lemma
This is an algebraic lemma which is extremely useful in many diagram chases.
We assume given a commutative diagram

i

0—- A A2 4" >0
0B - B4 B -0

where the objects are commutative groups, the maps are group homomorphisms and
the two horizontal rows are exact.

Prove there is an exact sequence
/ " ! "
0 — Keru — Keru — Keru' — Cokeru' — Coker u — Cokeru" — 0.

(Start by defining the maps: the only problematic one is the map linking Ker v” and
Cokeru'.)

Give a version of this lemma for exact sequences with more than three terms.

(Of course, this statement also holds for exact sequence of A-modules, Ox-
modules, etc.)

2 Projective dimension of modules over polynomial rings

In this section our aim is to prove by induction on n + 1, the number of variables,
Proposition X, 1.6—or, more precisely, to prove the following proposition.
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Proposition. Set R = k[Xo, X1,...,Xn] and let M be a graded R-module of finite
type. We assume given an exact sequence of graded R-modules (with degree zero
homomorphisms):

0— Bpp1 —> Ly — o+ — Ly —2 s L — e
—>L1LL0&>M—>O.

If the modules L; are free graded R-modules, then so is Eny1.

1) We start by proving a graded analogue of Nakayama’s lemma. Let R be a
graded ring, M a graded R-module of finite type, N a graded submodule of M
and f € R a homogeneous element of degree d > 0. Assume M = N + fM.
Prove that M = N.

2) Prove that Proposition 1 is true if n +1 = 0.

3) Assume the proposition holds for n variables: we now prove it for n+1 variables.
We set E;11 = Keru,.

a) We recall that an R-module F is said to be torsion free if the equation
ar =0 for a € R and x € F can only be satisfied if a or z is zero. Prove
that for ¢ = 0,...,n the R-modules L; and E;;; are torsion free.

b) Let F be a torsion free R-module. Prove that multiplication by X, induces
an exact sequence of graded modules

0 — F(-1) ~Xn

F—>F/XnF—>O.

c) Set R=R/(X,) = k[Xo,...,Xn-1]. If I is a graded R-module, then set
F = F/X,F. Prove that F is a graded R-module and that the R-modules

L; are free. -
d) Using the snake lemma, prove there is an exact sequence of graded R-
modules
00— FEps1 — Ly — o — Ly T — e

— I LE1 — 0.

e) Deduce that En+l is a free graded ‘R-module.
We consider a basis e1,...,€. of En+1 over ﬁ, where €; is the image of
e; € E,4+1 which is homogeneous of degree d;.

f) Prove that the elements e; generate Ent1 over R (use Nakayama’s lemma).

g) Prove that the elements e; are independent over R. (Argue by contradiction
using an equation of minimal degree linking the elements e;.)

3 Minimal resolutions

We now return to Proposition 1.8 in Chapter X.

Let R be a graded Noetherian ring, R = @, Ri- We assume R = k is a field
and we set m = RT = @i>0 R;. This is a maximal ideal of R whose quotient is
isomorphic to k. (The classical example of such a ring is k[Xo, ..., X]. The reader
may restrict him or herself to this case if he or she wishes.)
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Let M be a graded R-module of finite type. A minimal cover of M is a homoge-
neous degree zero map ¢ : Lo — M such that Lo is free and graded, ¢ is surjective
and the induced homomorphism

P=¢pQ®rk:Lo®rk=Lo/mLo — M Q@rk=M/mM

is an isomorphism.

0) Let ¢ : Lo — M be a minimal cover. Prove that the rank of L¢ is the minimal
number of generators of M.

1) Given an R-module, M, prove that there exists a minimal cover ¢ : Lo — M.
(Lift a k-basis of M ®r k.)

2) Let ¢ : Lo — M be a minimal cover and let ¢y : L — M be a surjective
homomorphism such that L is free. Prove that ¢ is a “direct summand” of 1,
i.e., that there is a direct sum decomposition L = L{ @ L{j with L{ and L{ free
and an isomorphism 6 : Lo ~ L{ such that ¢ = (¢|L6)6’. Deduce that if ¢ and
are two minimal covers of M, then there is an isomorphism 6 : Ly — L such
that ¢ = 0.

3) Let L 2 Lo =% M — 0 be an exact sequence of graded R-modules such
that the modules L; are free. Prove that uo is a minimal cover if and only if u;
is minimal in the sense of definition 1.7 of Chapter X. (We note that this is
equivalent to saying that u; ® g k vanishes.)

4) We consider a free resolution L* of a graded module M:
U; Ul uo
0—L,— —L;——L;i1—++—L ——Ly—— M —0

and we set E;41 = Kerwu;. Prove that this resolution is minimal if and only if
for all ¢ = 1,...,n the natural map L; — FE; induced by u; is a minimal cover
of E;. Prove that this establishes the existence of minimal resolutions.

5) Let L* and L'* be two minimal resolutions of M. Prove that these resolutions
are isomorphic or, more precisely, that there exist isomorphisms 6; : L; — L
such that 6;_ju; = u0;.

6) Assume that M is of finite projective dimension. Prove that dp(M) is the length
of any minimal resolution of M.

Midterm, December 1991

The two parts of the exam paper are independent.

Problem 1

Let k be an algebraically closed field and let p, q,r be integers > 1. We denote by
M, 4(k) (or M, 4 for short) the space of p X ¢ matrices (i.e., matrices with p lines
and ¢ columns) with coefficients in k. This is an affine space of dimension pg which
we equip with its affine algebraic variety structure, particularly its Zariski topology.
We recall that the rank function is then a lower semi-continuous function of M, 4:
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in other words, the set of matrices of rank > n is open. In particular, the set GL, (k)
of p X p invertible matrices is an open subset of M, (k). We recall also that the
closed set K, of matrices of rank < n is irreducible.

A p X g matrix is said to be of maximal rank if it is of rank inf(p, q).

It will occasionally be convenient to identify a linear map from k¢ to kP and its
(p x ¢) matrix with respect to the canonical bases.

‘We consider the set
Chp,q,r = {(A, B) € Mp 4(k) X Mg, (k) | AB = 0}.

This set is an affine algebraic variety, and the aim of this problem is to study its
properties: irreducible components, dimension and singular points.
We denote by 71 (resp. m2) the projection from Cj 4, onto My 4 (resp. Mg ).

1) Prove that if (A, B) € Cyp,q,r, then rank(A) + rank(B) < g.

2) Prove that any irreducible component of Cp 4, is of dimension > pq + qr — pr.
Determine the fibre of m (resp. m2) at the point A (resp. B) and calculate its
dimension as a function of the rank of A (resp. B).

3) Assume ¢ < p + r. Prove that Cj 4 is reducible. (Consider the inverse images
under m; and w2 of the open sets of M, , and M, , consisting of matrices of
maximal rank.)

4) Assume g > p+r. Let 2 be the open set of M, , consisting of matrices of rank p
and let U be the open set (contained in (2) of matrices written in block form
A= (A1As), where Ay € GLy(k) and Az € My q—p.

a) Determine the inverse image 77 ' (U) by writing the matrices B in the form

B
7= ()
where B; € M, and Ba € M,_,, . Prove that 7; '(U) is isomorphic to
an open subset of M, , X M,_, .. Deduce that 77 *(U) is irreducible and
then that m;'(£2) is irreducible. (Start by proving that a finite union of
irreducible open sets whose intersection is non-empty is irreducible.)

b) Prove that 71 '(£2) is dense in Cp 4. (Prove that for any (A4, B) € Cpq,r
there is an Ag € {2 such that (Ag, B) € Cpq,» and work in the fibre of 7
over B.)

¢) Prove that Cp g, is irreducible and calculate its dimension.

d) Consider (A, B) € Cpq,r. Assume A is of rank p and B is of rank r. Prove
that (A, B) is a smooth point of Cp 4. (Determine the tangent space at
this point.)

5) We now again assume g < p + r. Let (m,n) be integers such that 0 < m < p,
0<n<r,m+n=q. We set:
Frn ={(A,B) € Cp,q,r | rank(A) = m, rank(B) =

1
Gmn ={(A, B) € Cpq,r | rank(A) < m, rank(B) < n}.

n
n

a) Prove that F,,,, is a non-empty open set of Cp g,
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b) € Using an argument similar to that given in 4), prove that F, , is irre-
ducible. (Consider first those matrices A whose top left-hand m x m minor,
Ay, is invertible and calculate the fibre of m over A using the block form
expression.)

¢) Prove that the irreducible components of Cp 4, are the varieties Gy, and
calculate their dimensions.

d) Prove that every point of Fy, , is a smooth point of Cj 4,. (Give the tangent
space of Cp q,» at this point.)

Problem II

We recall that an integral domain A with fraction field K is said to be integrally
closed if Vo € K, x integral over A = x € A.

We recall further that a local Noetherian domain of dimension 1 is regular if and
only if it is integrally closed.

0) Let A be an integrally closed ring and let S be a multiplicative subset of A.
Prove that S™' A is integrally closed.

Let X and Y be two irreducible affine algebraic varieties defined over an al-
gebraically closed base field £ and let ¢ : X — Y be a dominant map. We set
A=1TI(Y)and B =I'(X), and we therefore have an injective map ¢* : A — B. We
identify A and its image under p*. We assume that B is integral over A and that
A and B have the same fraction field (i.e., ¢ is an integral birational map). We set
I={a€cA|aB C A}.

1) Prove that I is a non-zero ideal of A.

2) Set V =Y — V(I). This is a non-empty open set in Y and we set U = ¢~ (V).
Prove that the restriction of ¢ to U is an isomorphism from U to V.

3) Let y be a point of Y, my the corresponding maximal ideal of A and A, = Oy,
the associated localised ring. Assume that A,,, is integrally closed. Prove that
yeV.

4) Assume that B is integrally closed. Prove that, conversely, if y is contained in V/,
then the ring A, is integrally closed.

5) Assume Y is a curve (i.e., dimY = 1) and B is integrally closed. Prove that X
is a smooth curve and ¢ is an isomorphism away from the singular points of Y.

Exam, January 1992

The aim of this problem is to study some properties of certain curves in P? which
are linked to graded resolutions of their ideals. The hardest questions are marked
with one or more symbols €.
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Notation

In what follows k is an algebraically closed field. We denote the ring of polynomials
k[X,Y,Z,T] by R and the vector space of degree n homogeneous polynomials by R,,.
We denote by R(d) the graded R-module which is equal to R with a shifted grading,
R(d)n = Rg4n. This is a free rank-1 R-module having the constant polynomial 1
as a basis: this polynomial has degree —d. If F is a coherent sheaf over P, then
we denote by h'(F) the dimension of the k-vector space H'(P?, F). We denote by
(Fi,..., Fy) the ideal of R generated by the polynomials Fi,..., F,.

Let C be a curve in P3 (i.e., a closed subvariety all of whose components are of
dimension 1). We denote by O¢ the structure sheaf of C' and by I the homogeneous
ideal of O, (Ic = {F € R|VP € C F(P) = 0}). We denote by Jo the sheaf Ic
associated to Ic, d the degree of C' and g its arithmetic genus. We recall there is an
exact sequence

0— Joc — Ops — Oc — 0.

1 Cohomological study of ACM curves

We now assume that C'is a curve whose ideal has a resolution of the following form:

(%) 0—E 2 r P .o,
where E and F are free graded R-modules, £ = P;_, R(-m;), F' = @;_, R(—n).
Here, the integers m; and n; are such that 0 <n; < --- <nmrand 0 <m; < -+ <
ms, and ¢ and p are R-linear graded maps of degree zero (i.e., sending an element
of degree n to an element of degree m). We denote the elements of the canonical
bases of E and F by e; (j=1,...,s) and g; (i =1,...,r) respectively.

Such a curve will be called an ACM (arithmetically Cohen-Macaulay) throughout
the following discussion.

We also have an associated resolution of sheaves

(x%) 0—>€i>.7:i>\70—>0,
where £ = P;_, Ops(—m;), and F = @;_, Ops(—m:).

0) Prove that the Euler-Poincaré characteristic of Opa(n) is a polynomial function
of n to be determined.

1) Prove that h'Jc(n) = 0 for all n € Z. Deduce that the curve C' is connected.

2) Calculate the Euler-Poincaré characteristic x(Jc(n)) as a function of d and g,
then as a function of the integers n; and m;. Prove that s = r—1 and ijl mj; =
>, mi; calculate d and g as a function of the integers n; and m;.

3) Prove that ¢ is given by an 7 X (r — 1) matrix whose ¢;; term is a homogeneous
polynomial whose degree is to be determined. What is ¢;; when m; < n;?

We say that the resolution (%) is minimal if ¢;; is zero whenever n; = m;.

4) 9 Prove that if the resolution (x) is not minimal, then there is a resolution

0—EFE —F —Ic—0
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of the same form with ' < r. (Hint: there is a term n; = m; = n such that
©ij = A # 0. Perform a change of basis on E to obtain E = R(—n) & E,
F = R(—n) ® F' in such a way that ¢ is in block form

L

5) Assume that the resolution (*) is minimal. Prove that n; < mi. Let so be the
smallest degree of any surface containing C'.

so = inf{n € N | h°Jc(n) > 0}.

Calculate so as a function of the integers n; and the m;.
6) Assume the resolution (%) is minimal.

a) 9§ Prove that n, < m,_1.
b) Let e by the speciality index of C, i.e.,

e =sup{n € N | h'Oc(n) > 0}.

Calculate e as a function of the integers n; and the m;. Prove there is no
smooth ACM curve such that the integers n; are (2,2,4) and the integers
my; are (3,5).

7) Calculate d, g, so,e when r = 4 and the integers n; (resp. the integers m;) are
all equal to 3 (resp. 4).

2 Curves linked to complete intersections

Let C and I" be two curves without common components. Assume W = I'U C
is a scheme-theoretic complete intersection, which means that Iy = (F,G) (and
hence in particular, W = V(F,G)) for two homogeneous polynomials F' and G of
degrees s and t respectively). We then say that C and I" are linked by the surfaces
whose equations are F' and G.

1) Prove that F' and G are non-zero, non-constant and have no common non-
constant common factors. Prove that Iy = Ir N Ic.

2) Prove that Ic = {U € R | VK € Ir,UK € Iw} and that the analogous
equation in which the roles of C' and I" are interchanged also holds.

We now assume that I" is also a scheme-theoretic complete intersection: in
other words, Ir = (A, B), where A and B are two homogeneous polynomials of
degrees a and b respectively. We note that A and B are non-zero, non-constant
and have no common non-constant factors. We set F' = F'A+ F”B and G =
G'A+ G"B and H = F'G" — F"G’'. Give the degrees of the homogeneous
polynomials F', F"',G',G" , H.
3) Our aim is to prove that Ic = (F,G, H).
a) Prove that (F,G,H) C Ic.
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5)
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b) 9 Let U be a polynomial such that UA = oF + G and UB = ~vF + 0G.
Prove there are polynomials ¢ and v such that

ﬁF/-‘r(SFH:(pF and U—aF/—’yFﬂchG7
aG' +~9G" =G  and U - BG" —6G" =yF.

Prove that U € (F,G, H). (Start with the case where F’ and F" have no
common factors.) Complete the proof of the proposition.
c) Prove that C = V(F,G, H).

Our aim is to prove there is a resolution of I¢ of the following form:

0— R(—s—t+a)®R(—s—t+) £,
2 R(~s—t+a+b)@®R(—t) ® R(—s) - I — 0.
a) Determine the map p and prove that it is surjective.
b) Give a reasonable guess for ¢ (our aim is to find all the relations between
H, G and F; they have already appeared above). Check that ¢ is injective.
c) 9 Let a,3,v be polynomials such that oF + 8G + vH = 0. Prove that
v € (A,B), v = 1A + 72 B. Expressing the fact that vH is contained in
the ideal (F, @) in two different ways, prove that « is contained in (G, G")
and f3 is contained in (F’, F") and complete the proof of the proposition.

€9 Assume k is of characteristic zero. Let I' be the line whose equations are
A =X and B =Y and let s =t be an integer > 1. Using the notations above,
prove that for a suitable choice of polynomials F', F”', G’, G'' of degree s—1, the
curve C = V(F,G, H) is irreducible and smooth. (Use the generic smoothness
theorem.)

3 An example

1)

Let Coy be the plane curve of equation Y4 + X3T + XYT?. Prove that Cp is
irreducible. Determine its singular points and its geometric genus. (Assume that
the characteristic of k£ is not 5. § What happens when the characteristic of k
is 57)

Set C = V(F,G,H), the subvariety of P*® defined by the equations
F=XT-YZ, G = X*Z+4+Y3>+YZT and H = XZ? + YT + ZT
Prove that C' is an irreducible curve (use the projection onto the (z, z,t) plane,
for example). Using the projection 7 onto the (z,y,t) plane, prove that C
and Co are birationally equivalent. (Give the morphisms and their domain of
definition carefully.)

Assume the characteristic of k is not 5. Prove that C is a smooth curve. (You
may use 7 to shorten the calculations.) Prove that V(F,G) = C U T, where I"
is the line V(X,Y). Prove ({9) that C and I" are linked by the surfaces of
equations F' and G. Deduce the ideal I and prove that C' is ACM. Calculate
the invariants d, g, so and e. (You may either use the results from Parts I and
IT or prove this result directly.)
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Exam, June 1992

The two parts of the exam paper are independent.

Problem I

We work over an algebraically closed base field k.
Recall that a variety X is said to be separated if the diagonal

A={(z,y) e X x X |z =y}

is closed in the product X x X. We also recall that every projective variety is
separated and complete: for any variety Y the second projection p: X XY — Y is
closed, i.e., sends closed sets to closed sets.

1) Let X,Y, Z be three varieties. We assume that X and Y are irreducible, that X
is projective and that Z is separated. We denote by 7, p and ¢ the projections
T: XXYXZ—->X,p: XXYXZ—-YXxZandq:Y xZ—-Y.

Let ¢ : X XY — Z be a morphism. We assume there is a point yo in Y such
that (X x {yo}) is a point. Our aim is to prove that for any y € Y, (X x {y})
is a point.

Let I' be the graph of ¢,

I'={(z,y,2) e X XY X Z| z=p(z,y)}

a) Prove that I' is closed in X x Y x Z, I = p(I') is closed in Y x Z and I"
is irreducible.

b) Prove that dim I'" = dimY (use the projection q).

¢) Complete the proof of this result. (Consider, for any zo € X, the subvariety
Iy =7 "({xo}) NI in I' and its image under p.) Is this result still true if
X is not assumed to be projective?

2) Let G be an algebraic group (i.e., an algebraic variety with a group structure
such that multiplication p : GX G — G and inverse s : G — G given respectively
by u(z,y) = zy and o(z) = ' are morphisms).

a) Assume G is an irreducible projective variety. Prove that G is a commutative
group. (Use the map ¢ : G x G — G given by ¢(g,h) = g~ hg.) Is this
result still valid if G is not assumed to be projective? If G is not assumed
to be irreducible?

b) Let G and H be two irreducible projective algebraic groups and let ¢ :
G — H be a morphism of varieties. Prove there is an element ¢ € H and a
morphism 1) : G — H which is both a morphism of varieties and a morphism
of groups such that for all g € G, ¢(g) = ay)(g).

Problem II

We work over an algebraically closed base field k. If X is a variety, we denote its
structure sheaf by Ox.
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1) Let F be a finite subset of P2. We equip F with its natural algebraic subvariety
of P? structure and we denote by Jr the sheaf of ideals of Op2 defining F.
Prove there is a line A which does not meet F'. We denote the equation of this
line by §. Prove that multiplication by & gives us an exact sequence of sheaves

0 — Jr(-1) .—5>;7F — Oa — 0.

(Work in standard open affine sets.)
Deduce that if H*(P?, Jr(n)) = 0 for some n > —2, then

Hl(PZ,JF(k)) =0
for all k > n.

Throughout the following problem, we work in projective space P3.

2) Let C be an irreducible smooth curve of degree d in P? and let H be a plane
of equation h. We assume that C' N H is finite and consists of d distinct points.
We denote the sheaf of ideals defining C' in P? by Jc and that defining C N H
in H by Jonm,m- Prove that multiplication by h gives us an exact sequence of
sheaves

0 — Jo(-1) = Jo — Jenmn — 0.

Assume that for some integer n > —2
H'(P?, Jc(n)) = H'(C,0c(n — 1)) = 0.

Prove that, for all k > n, H'(P?, Jo(k)) = 0.
Let ¢ : P' — P? be the map given by

o(u,v) = (u*, vPv, uw® v?).

3) a) Prove that ¢ is an isomorphism from P! to an irreducible smooth projective
curve C in P3. Determine the degree and genus of C.

We denote the ideal sheaf defining C' in Ops by Jc.

b) Prove that H'(C,Oc(n)) = 0 whenever n > 0. Calculate the dimensions of
the spaces H'(C, Oc(n)) for all n € Z.

¢) Determine explicitly the spaces

H°(P?, Jc(1)) and H°(P?, 7o (2)).

Calculate the dimensions of H'(P?, Jo(n)) for n € Z. (Start with n = 1
and 2 and use 2).)

d) Calculate the dimensions of the spaces H'(P®, Jo(n)) for i = 0,1,2,3 and
n € Z.
€ Determine explicitly the space H°(P?, Jc(3)).

Exam, January 1993

The aim of this problem is to prove a theorem of Castelnuovo’s which gives an upper
bound for the genus of a curve in P? in terms of its degree.
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Notations

Throughout the following problem, k is an algebraically closed field and P is
projective space of dimension N over k. We denote by R the space of polynomials
E[X,Y,T)]. If F is a coherent sheaf on a closed subvariety Z of P and j : Z — PV
is the canonical injection, then we identify F and its direct image j.(F). We know
that this identification does not alter the cohomology of the sheaf in question. If F
is a coherent sheaf over PV, we denote by h*(F) the dimension of the k-vector space
H{(PN,F).

If X is a closed subvariety of P, we denote by Ox the structure sheaf of X,
Ix the homogeneous ideal of X and Jx the ideal sheaf in Opn~ which defines X.
On identifying Ox and its direct image we have an exact sequence

0 — Jx — Opn — Ox — 0.
For all n € Z there are also analogous exact sequences
0 — Jx(n) — Opn~(n) — Ox(n) — 0,

obtained by shifting.
The cardinal of a finite set A is denoted by |A|. The integral part of a real
number z > 0 is denoted by [z].

1 Cohomological study of finite sets in P2

Let Z be a finite set of points in P? of cardinality d > 0. We equip Z with its natural
algebraic variety structure. The structure sheaf Oz of Z is then simply the sheaf
of functions from Z to k. We recall that d = h°Oz and that Oz is isomorphic to
Oz(n) for all n.

Let D be a line in P? whose equation is §. Weset Z' = ZNDand 2" =Z -7’
and we equip Z’ and Z” with their natural algebraic variety structures. We denote
by Iz /p the ideal of Z’ in R/(8) and by Jz/,p the sheaf of ideals defining Z’ in D.

0) Calculate h'Jz(n) for n < 0.
1) Consider n € Z. Prove that multiplication by ¢ induces an exact sequence

0— Jzv(n—1) — Jz(n) — Jz/p(n) — 0.
(Start by showing there is an exact sequence of graded R-modules

0 — Ipn(n—1) —2% Ip(n) — I p(n).)

2) Assume | Z’ |= 1 > 0. Prove that h' 7z /p(n) vanishes for n > [ — 1. (Prove
that Jz/,p(n) is isomorphic to the sheaf Op1(n — 1), for example.)

3) Prove that the function n — h'Jz(n) is decreasing in N. (Apply 1) to a line
which does not meet Z.)

4) Prove that, for n > 0, h'Jz(n) < sup(0,d — n — 1). (Argue by induction on d,
applying 1) to a line D containing only one point of Z.)

5) Assume Z has no trisecant (i.e., no three distinct points of Z are ever collinear).
Prove that for n > 0, h' Jz(n) < sup(0,d — 2n — 1).
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2 Existence of good plane sections

Let C be an irreducible smooth curve in P* of degree d. We assume that C' is not
a plane curve. The aim of this section is to prove the following result.

There is a plane H such that Z = C' N H is a finite set of cardinal d without a

trisecant (cf. Chapter I, 5).

We denote the vector space k* by E. We have P(E) = P*. We consider the

projective space P(E™) associated to the dual space. The points of P(E™) correspond
to non-zero linear forms on E up to multiplication by a scalar or, alternatively, to
planes in P3.

1)

Assume that Z = CNH contains d distinct points. Prove that Z is not contained
in a line.

You may quote the result that there is a non-empty open set {2 in P(E™) such
that any plane H € (2 has the following two properties.
a) Z = C N H consists of d distinct points (cf. Exercise VIII, 1).
b) There are two distinct points P, Q of Z = C'N H such that the line (PQ) is
not a trisecant of Z.

Weset F'={(P,Q,R) € CxCxC | P,Q, R collinear}. Prove that F is a closed
set of C' x C' x C.

Let V be the open subvariety of C' x C' consisting of those points P, @ such that
P # Q. Let V' be the subset of V corresponding to the trisecants of C'

V' ={(P,Q) eV ||ICN(PQ)| >3}
Prove that if V' is not contained in a proper closed set of V, then it contains a

non-empty open set of V. (Write V' as the projection of an open set in F.)

Prove that V' is contained in a proper closed subset of V. (If V' contains a
non-empty open subset of V, then we get a contradiction by considering the
closed subvariety of V' x {2

W={(P,Q.H) eV xQ|PQeH}

and its projections p and 7 to V and {2 respectively.)

We denote by M the set of planes of {2 whose intersection with C contains
three collinear points. Prove using W that dim M < 2. Complete the proof of
the theorem.

3 The upper bound on the genus of a curve in P3

Let C be an irreducible smooth curve in P? of degree d and genus g. We set

e(C) = sup{n € Z | k' Oc(n) # 0}.

Let H be a plane not containing C' and let h be its equation. We assume that

Z = CNH contains d distinct points. We identify H and P? and we use the notations
of the first section.
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1) Prove that, for all n, h'Oc(n) = h*Jc(n).
2) Prove that multiplication by h induces the following commutative diagram of
exact sequences

S+——o
«—o
—o

0— Jo(n—1) — Jo(n) — Jz(n) —0
| | |

0 — Opz(n—1) — Ops(n) — Op2(n) — 0
| | |

0— O¢c(n—1) — O¢(n) — Oz(n) — 0
| | |
0 0 0

3) Prove that hloc(n —-1)— hloc(n) < hljz(n). Deduce that for all n € Z

h'Oc(n) < Y h'Jz(k).

k>n+1

4) Prove that g < (d — 1)(d — 2)/2. Prove that equality holds if and only if C is a
plane curve.

5) Assume that C is not a plane curve. Prove that

< (m—1)% ifd=2m;
m(m—1), ifd=2m+ 1.

(This is Castelnuovo’s theorem.)
6) Prove that e(C) < d— 3 (resp. e(C) < [d/2] — 2 if C is not a plane curve). For

which curves is e(C) = d — 37
4 An example

Let a,b be integers > 0 such that a + 2 < b. Let C be an irreducible smooth curve
in P3 whose ideal sheaf has a resolution

0 — Ops(—b—2)""""1 — Ops(—=b—1)>"
— Op3(—2) ® Ops (—b)b_a+1 — Jc — 0.

Calculate the degree and genus of C'. Compare this calculation with the bounds
given in 3, 5). Propose resolutions for curves for which these bounds may be sharp.

Exam, June 1993

The problem and the two exercises are independent.
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Problem

We work over an algebraically closed base field k and denote by PV the projective
space of dimension N over k. We denote by R the ring of polynomials k[X,Y, Z, T].

We recall the following result (c¢f. Exercise IV, 7): let ¢ : X — Y be a dominant

morphism of projective varieties. If Y is irreducible and the fibres of ¢ are irreducible
and of constant dimension, then X is irreducible.

1 Constructing the variety of lines in P3

Let P = (z,y, 2, t) and P’ = (2,9, 2',') be two distinct points of P®. We denote
by I,m,n,l’,m’,n' the six 2 x 2 minors of the matrix

urry = (5020

'y 2t

more precisely, we set

0)

! / ! ’ / / /
l=zy —xy, ' =2t —2't, m=zz —x z,

m = yt/ — y/t, n=uxt — a:'t, n = yz/ — y/z.

Prove that I’ — mm' +nn’ = 0.

We consider projective space P® with homogeneous coordinates I, m,n,l’, m’,n’.
Let G be the subset of P® defined by the equation

W —mm' +nn =0.

Prove that G is a smooth irreducible projective variety of P® and give its di-
mension.

Let ¢ be the map associating to two distinct points P, P’ of P? the six minors
I,m,n,l';m’,n’ of u(P, P') defined as above. Let A be the diagonal in P? x P?
(i.e., the set of pairs (P, P) for P € P®). Prove that ¢ induces a morphism from
P3 x P? — A to P® whose image is contained in G. Prove that ¢(P, P') only
depends on the line D = (P, P') (if Q,Q’ are two different distinct points of D,
then compare u(Q, Q') and p(P, P")). Prove that ¢ induces a bijection from the
set of projective lines in P? to G. (Consider the intersection points of lines and
coordinate planes.)

Henceforth we will identify the set of projective lines in P® and the vari-
ety G (called the Grassmannian). The coordinates I,m,n,l’,m’,n’ are called
the Plicker coordinates of the line (P, P').

Study the fibres of the morphism ¢ and, in particular, determine their dimen-
sion.
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2 The incidence variety and applications

Let d be a positive integer and let Rg = H°(P® Ops(d)) be the vector space of
homogeneous polynomials of degree d in X, Y, Z, T. We identify the space of degree d
surfaces in P? with the projective space P(Rq).

0) What is the dimension of P(Rq)?

We set Vg = {(D,F) € G x P(Rq) | D C F} and denote by 7 (resp. p) the
projection of Vg onto P(Ry) (resp. onto G).

1) Let H be a plane of equation aX + 8Y +~vZ + 6T = 0 and let D be a line
which is not contained in H. Determine both the homogeneous coordinates of
the point of intersection of D and H as a function of «, 3,7,§ and the Pliicker
coordinates of D. What happens when D C H?

2) Prove that Vj is a closed subvariety of G x P(Ry), called the incidence variety
(use 1), for example, and let the plane H vary). Prove that the projections 7
and p are closed maps (i.e., they send closed sets to closed sets).

3) Determine the fibres p~*(D) for any D € G (use Riemann-Roch). Deduce that p
is surjective and Vj is irreducible. Calculate the dimension of V.

4) Assume d > 4. Prove that 7 is not dominant. Deduce that there is a non-empty
open set in P(Ry) consisting of surfaces which do not contain any line. (We say
that the “general” surface of degree > 4 does not contain a line.)

5) Assume d = 3. Prove there are only a finite number of lines in the surface
XY Z —T? = 0. (You may either use a direct argument or use 1) and 2) above.)
Deduce that 7 is surjective and that a general cubic surface contains a finite
number of lines. Study the surface XY Z + T(X? +Y? + Z%) — T3 = 0. (Start
by proving that the lines which do not meet the line X = T = 0 are defined by
equations of the form Y = aX + 0T, Z = ¢X +dT.)

6) What happens when d = 17

7) We take d = 2. Determine the Pliicker coordinates of the lines contained in the
quadric of equation XY — ZT = 0. Prove they form a closed one-dimensional
subset of GG. Deduce that 7 is surjective. Are the fibres of 7 all of the same
dimension?

Exercise 1

We work over an algebraically closed base field k.

Let n be an integer > 2. We consider the two polynomials FF = XY — ZT and
G = aZ? 4+ bZ + ¢, where a,b, ¢ are homogeneous polynomials in X,Y,T of degrees
n — 2, n — 1 and n respectively such that a is not a multiple of T. Let C' be the
subvariety of P} given by the equations F = 0 and G = 0. We assume that C is an
irreducible curve and I(C) = (F, G).

1) Calculate the degree d and the arithmetic genus p, of C.

2) Prove that C is birationally equivalent to the plane curve G whose equation is
aX?Y?+bXYT+cT? = 0. Deduce that the geometric genus g of C' is such that
g < n(n —1)/2. Prove that, if n > 5, C is not smooth.

3) Determine the geometric genus of the plane curve of equation X Y24 XY T+T4
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Exercise 2

We work over an algebraically closed base field k.

Let n be an integer > 0, R the ring k[Xo, ..., X,] and P™ the projective space
of dimension n over k. Let r be an integer > 0. We consider for all ¢ = 0,...,r a
homogeneous polynomial F; € R of degree d; > 0. Let

v: P R(—d;) — R
i=0
be the R-linear map given by the formula

¢(Go,...,Gr) =Y FGs

and let R
Y @ Opn(—d;) — Opn
i=0

be the associated map of sheaves.

1) Prove that 1 is surjective if and only if the subvariety V(Fo,...,Fy) in P" is
empty. For what values of r is this possible?

We now assume 7 = n and that v is surjective. Let N be the kernel of 1.

2) Determine the dimension of V(Fy,...,F;) fori=0,...,n.

3) Prove that for all ¢ such that 2 < i< n—1and alld € Z, H'(P",N(d)) = 0.
Calculate the dimension of H™(P", N'(d)).

4) Prove that the groups H*(P™, N (d)) are not all trivial and give the smallest
value of d such that H'(P", N (d)) is non-trivial.

5) Assume F; = X7 for all i. Calculate the dimension of H*(P", N (d)) for all
deZ.

Exam, February 1994

Question 5 is not part of the exam. The symbol § indicates a difficult question.

0 Revision and notations

Throughout the following problem we will work over an algebraically closed base
field k. We denote the ring of polynomials k[X,Y, Z,T] by R.

If p is an integer > 1 we denote the binomial coefficients by (7): by convention,
this coefficient vanishes if n < p.

We denote the vector space of p x ¢ matrices with coefficients in k£ by M, 4.
This space is naturally an affine variety isomorphic to affine space kP?. We denote
by Cs the subset of M, 4 consisting of matrices of rank < s. We recall that Cs is an
irreducible closed set of codimension (p — s)(¢ — s) in M, 4 (cf. Exercise IV, 3).

We recall the following result.
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Intersection Theorem 1. If X and Y are two irreducible affine algebraic vari-
eties in k™ of dimensions r and s, then every irreducible component of X NY is of
dimension = r + s —n (cf. Chapter IV, 2.5).

(NB: if X NY is empty this theorem gives us no information on their respective
dimensions.)

Let r be an integer > 2 and let E and F be two free graded R-modules
r—1 T
E= @1 R(-mj;),  F= _EBlR(—niL
j= i=

where the (possibly negative) integers m; and n; are such that ny < --- < n, and
my1 < -+ < mp—1. Moreover, we assume mj # n; for all pairs 4, j and

r—1 s
E m; = E Mng.
J=1 i=1

Let u : E — F be a graded degree zero (i.e., sending an element of degree n
to an element of degree n) R-linear homomorphism. We denote the vectors of the
canonical bases of E and F bye; (j=1,...,r—1)ande; (i =1,...,r) respectively.
The homomorphism u is given in these bases by an r x (r — 1) matrix A = (as;)
whose coefficient of index ¢, is a homogeneous polynomial of degree m; — n;. In
particular, this coefficient vanishes if m; < n;.

The aim of this problem is to give conditions on the integers m; and n; under
which there exists an injective homomorphism v : E — F as above such that its
cokernel is the ideal of a curve (resp. of a smooth curve) in P2,

We recall (cf. Chapter X, 2.7) that the following results hold:

1) w is injective if and only if all the » — 1 minors ¢1,. .., ¢, of A are all non-zero.
2) If we assume the minors ¢; are all non-zero, the following are equivalent:

i) The polynomials ¢; have no common factor.
ii) Cokerw is the saturated ideal of an ACM curve whose ideal is generated by
the polynomials ;.

1 Preliminary results

1) Let n and p be integers > 1 and M an n X p matrix with coefficients in an
arbitrary commutative ring S. We assume that M is written in block form

(M M
= (i)

where M; is a k X | matrix, 1 < k < n, 1 <1 < p. Let I (resp. I1) be the
ideal generated by the p-minors of M (resp. by the I-minors of M1). If p > n
(resp. I > k), then by convention these minors are zero. Prove that I C I4.
(Reduce to the case p = n and then argue by induction on n.)
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2) Let D be the subspace of M, ,_1 formed of matrices M = (u;j;), pij € k, such
that w;; =0 for i > j+2and i < j—1 (i.e., matrices with only two non-zero
diagonals: we will call them bidiagonal matrices).

a) Prove that DN C,_2 is non-empty and all its irreducible components are of
codimension 2 in D.

b) Let V be a subspace of M, ,._; containing D. Prove that all the irreducible
components of V N Cr_y are of codimension 2 in V. (Use the intersection
theorem applied to D and an irreducible component Z of V N C)_2, noting
that the zero matrix is in Z.)

2 Necessary conditions
Let u: E — F be a graded homomorphism.

1) Assume that u is injective. Prove that m; > n; for all j =1,...,r — 1. (Study
the restriction of u to the submodule B, ; R(—mx).)

2) Assume that u is injective and the cokernel of u is the ideal of a curve in P3.
This curve is connected (¢f. Chapter X, 2.4) but not necessarily reduced.
Prove that Vj=1,...,7—1, m; > nj41. (Use 1.1.) Deduce that n; > 0.

3) We assume in addition that C' is smooth (and is hence an irreducible variety
c¢f. Chapter V, 2.2).
Prove that Vj =1,...,7 — 2, mj > njt2. (Use 1.1 to show that otherwise C
would contain a curve other than C'.)

3 Sufficient conditions, 1

We assume that Vj=1,...,7r — 1, m; > nj41.
Let H be the set of homogeneous degree 0 homomorphisms u : E — F. We
identify H with the set of corresponding matrices A = (a4;).

1) Prove that H is a k-vector space and determine its dimension, which we will
denote by N.

We consider the map o : H x (k*—{0}) — M,._; defined by (A, P) = A(P) =
(aij(P)) and we set ¥p(A) = (A, P).
2) a) Prove that 9 is a morphism. Prove that for all P € k* — {0}, ¥p is a linear
map from H to M, ,._1 whose image is the subspace

V ={M = (pi;) € Myr—1 | m; <ni = pi; =0}

We set v = dim V. Determine the fibres of ¥ p and give their dimension.
b) Prove that V is also the image of ¢ and that V contains the space D of
bidiagonal matrices.
3) Consider M € M,.,.—1. The fibre ¢y~ (M) is a closed subset of H x (k* — {0}),
which we equip with its variety structure. Calculate the dimension of ¥~ (M).

We set W = ~*(C,_2). This is a closed subset of H x (k* — {0}), which we
equip with its variety structure.
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4) Prove that
W ={(A,P) € Hx (k' —{0}) | p(P) = - = ¢,(P) = 0},

where the polynomials ¢; are the (r — 1)-minors of the matrix A.
Prove that W is a variety of dimension N + 2.

5) Prove there is a non-empty open set {2 in H such that for any u € 2, u is
injective and the cokernel of u is the ideal of an ACM curve in P, (Study the
fibres of the projection 71 from W to H.)

Such a property, which holds for w in some non-empty open (and hence dense)
set in H, will be said to hold for a “general” wu.

4 The genus of ACM curves

The aim of this section is to prove that for any integer g > 0 there is a (not
necessarily smooth) ACM curve of arithmetic genus g. Let C be an ACM curve with
a resolution 0 — F — F — Ic — 0, where E and F are as above. It follows that,
for j=1,...,7 —1, m; > njy1. We recall that the arithmetic genus g of C' is given

by the formula
r—1 T
o mj—l ni—l
=5 (")-5()

j=1 i=1

1) Prove that

2 ()6

nj

1Sn<m
(You may use the formula (”;3) = o<k<n (kf))

The integers of the form (%) = n(n — 1)/2 for n > 2 are called triangular
numbers. In the following problem, you may use the following result: any positive

integer is the sum of at most three triangular numbers.*

2) Prove that r < n1 + 1. Give the possible values of the integers n; and the
m; when n1 = 1 (resp. 2). Prove that the genus of C is then either zero or a
triangular number (resp. the sum of at most two triangular numbers). Prove
that by this method we can construct curves of all genuses which are sums of
at most two triangular numbers.

3) Assume n; = 3. Prove that g is the sum of three triangular numbers. Study the
converse and complete the proof of the theorem.

4) We set n, = s. Prove that

o))

€ Prove there is no smooth ACM curve of genus 8.

! This result is due to Gauss (cf. Serre, Cours d’arithmétique, Chapter IV) but had
been previously mentioned by Fermat in the famous (and famously too small)
margin of his copy of the works of Diophante.
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5 Sufficient conditions, 2

The aim of this section is to prove the following theorem.

Theorem (Gruson-Peskine, 1976). Assume that k is of characteristic 0. With
the notations of Section 0 above the following conditions are equivalent.

7,) Vi=1,...,7r =2, mj > njto,
1) Ifu: E — F is general enough, u is injective and its cokernel is the ideal of a
smooth connected ACM curve.

1) 9 We use the above notation, particularly those in Section 3. However, we con-
sider W with its scheme structure. Assume m1 > n, (which implies Condition i).
We set S = 1 (Cr_3).

a) Prove that dimS < N and W — S is a smooth variety.

b) Consider the restriction of the projection 71 to the open set W —S. Apply-
ing the generic smoothness theorem (cf. Problem VI and the appendix on
schemes), prove there is an open set of H over which the fibres of 71 are
smooth. Complete the proof of the theorem.

2) 99 Prove the Gruson-Peskine theorem in general.
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