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Preface

Next-generation sequencing (NGS) is a recently developed technology enabling
us to generate hundreds of billions of DNA bases from the samples. We can
use NGS to reconstruct the genome, understand genomic variations, recover
transcriptomes, and identify the transcription factor binding sites or the epi-
genetic marks.

The NGS technology radically changes how we collect genomic data from
the samples. Instead of studying a particular gene or a particular genomic re-
gion, NGS technologies enable us to perform genome-wide study unbiasedly.
Although more raw data can be obtained from sequencing machines, we face
computational challenges in analyzing such a big dataset. Hence, it is impor-
tant to develop efficient and accurate computational methods to analyze or
process such datasets. This book is intended to give an in-depth introduction
to such algorithmic techniques.

The primary audiences of this book include advanced undergraduate stu-
dents and graduate students who are from mathematics or computer science
departments. We assume that readers have some training in college-level bi-
ology, statistics, discrete mathematics and algorithms.

This book was developed partly from the teaching material for the course
on Combinatorial Methods in Bioinformatics, which I taught at the National
University of Singapore, Singapore. The chapters in this book are classified
based on the application domains of the NGS technologies. In each chapter, a
brief introduction to the technology is first given. Then, different methods or
algorithms for analyzing such NGS datasets are described. To illustrate each
algorithm, detailed examples are given. At the end of each chapter, exercises
are given to help readers understand the topics.

Chapter 1 introduces the next-generation sequencing technologies. We
cover the three generations of sequencing, starting from Sanger sequencing
(first generation). Then, we cover second-generation sequencing, which in-
cludes Illumina Solexa sequencing. Finally, we describe the third-generation
sequencing technologies which include PacBio sequencing and nanopore se-
quencing.

Chapter 2 introduces a few NGS file formats, which facilitate downstream
analysis and data transfer. They include fasta, fastq, SAM, BAM, BED, VCF
and WIG formats. Fasta and fastq are file formats for describing the raw
sequencing reads generated by the sequencers. SAM and BAM are file formats

xi
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for describing the alignments of the NGS reads on the reference genome. BED,
VCF and WIG formats are annotation formats.

To develop methods for processing NGS data, we need efficient algorithms
and data structures. Chapter 3 is devoted to briefly describing these tech-
niques.

Chapter 4 studies read mappers. Read mappers align the NGS reads on
the reference genome. The input is a set of raw reads in fasta or fastq files.
The read mapper will align each raw read on the reference genome, that is,
identify the region in the reference genome which is highly similar to the read.
Then, the read mapper will output all these alignments in a SAM or BAM
file. This is the basic step for many NGS applications. (It is the first step for
the methods in Chapters 6—9.)

Chapter 5 studies the de novo assembly problem. Given a set of raw reads
extracted from whole genome sequencing of some sample genome, de novo
assembly aims to stitch the raw reads together to reconstruct the genome.
It enables us to reconstruct novel genomes like plants and bacteria. De novo
assembly involves a few steps: error correction, contig assembly (de Bruijn
graph approach or base-by-base extension approach), scaffolding and gap fill-
ing. This chapter describes techniques developed for these steps.

Chapter 6 discusses the problem of identifying single nucleotide variations
(SNVs) and small insertions/deletions (indels) in an individual genome. The
genome of every individual is highly similar to the reference human genome.
However, each genome is still different from the reference genome. On average,
there is 1 single nucleotide variation in every 3000 bases and 1 small indel in
every 1000 bases. To discover these variations, we can first perform whole
genome sequencing or exome sequencing of the individual genome to obtain
a set of raw reads. After aligning the raw reads on the reference genome, we
use SNV callers and indel callers to call SNVs and small indels. This chapter
is devoted to discussing techniques used in SNV callers and indel callers.

Apart from SNVs and small indels, copy number variations (CNVs) and
structural variations (SVs) are the other types of variations that appear in our
genome. CNVs and SVs are not as frequent as SNVs and indels. Moreover, they
are more prone to change the phenotype. Hence, it is important to understand
them. Chapter 7 is devoted to studying techniques used in CNV callers and
SV callers.

All above technologies are related to genome sequencing. We can also se-
quence RNA. This technology is known as RNA-seq. Chapter 8 studies meth-
ods for analyzing RNA-seq. By applying computational methods on RNA-seq,
we can recover the transcriptome. More precisely, RNA-seq enables us to iden-
tify exons and split junctions. Then, we can predict the isoforms of the genes.
We can also determine the expression of each transcript and each gene.

By combining Chromatin immunoprecipitation and next-generation se-
quencing, we can sequence genome regions that are bound by some transcrip-
tion factors or with epigenetic marks. Such technology is known as ChIP-
seq. The computational methods that identify those binding sites are known
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as ChIP-seq peak callers. Chapter 9 is devoted to discussing computational
methods for such purpose.

As stated earlier, NGS data is huge; and the NGS data files are usually
big. It is difficult to store and transfer NGS files. One solution is to com-
press the NGS data files. Nowadays, a number of compression methods have
been developed and some of the compression formats are used frequently in
the literatures like BAM, bigBed and bigWig. Chapter 10 aims to describe
these compression techniques. We also describe techniques that enable us to
randomly access the compressed NGS data files.

Supplementary material can be found at

http://www.comp.nus.edu.sg/~ksung/algo_in ngs/.

I would like to thank my PhD supervisors Tak-Wah Lam and Hing-
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Chapter 1

Introduction

DNA stands for deoxyribonucleic acid. It was first discovered in 1869 by
Friedrich Miescher [58]. However, it was not until 1944 that Avery, MacLeod
and McCarty [12] demonstrated that DNA is the major carrier of genetic in-
formation, not protein. In 1953, James Watson and Francis Crick discovered
the basic structure of DNA, which is a double helix [310]. After that, people
started to work on DNA intensively.

DNA sequencing sprang to life in 1972, when Frederick Sanger (at the Uni-
versity of Cambridge, England) began to work on the genome sequence using
a variation of the recombinant DNA method. The full DNA sequence of a viral
genome (bacteriophage ¢X174) was completed by Sanger in 1977 [259, 260].
Based on the power of sequencing, Sanger established genomics,' which is the
study of the entirety of an organism’s hereditary information, encoded in DNA
(or RNA for certain viruses). Note that it is different from molecular biology
or genetics, whose primary focus is to investigate the roles and functions of
single genes.

During the last decades, DNA sequencing has improved rapidly. We can
sequence the whole human genome within a day and compare multiple individ-
ual human genomes. This book is devoted to understanding the bioinformatics
issues related to DNA sequencing. In this introduction, we briefly review DNA,
RNA and protein. Then, we describe various sequencing technologies. Lastly,
we describe the applications of sequencing technologies.

1.1 DNA, RNA, protein and cells

Deoxyribonucleic acid (DNA) is used as the genetic material (with the
exception that certain viruses use RNA as the genetic material). The basic
building block of DNA is the DNA nucleotide. There are 4 types of DNA
nucleotides: adenine (4), guanine (G), cytosine (C) and thymine (T). The DNA

IThe actual term “genomics” is thought to have been coined by Dr. Tom Roderick, a
geneticist at the Jackson Laboratory (Bar Harbor, ME) at a meeting held in Maryland on
the mapping of the human genome in 1986.
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FIGURE 1.1: The double-stranded DNA. The two strands show a comple-
mentary base pairing.

nucleotides can be chained together to form a strand of DNA. Each strand of
DNA is asymmetric. It begins from 5’ end and ends at 3’ end.

When two opposing DNA strands satisfy the Watson-Crick rule, they can
be interwoven together by hydrogen bonds and form a double-stranded DNA.
The Watson-Crick rule (or complementary base pairing rule) requires that the
two nucleotides in opposing strands be a complementary base pair, that is,
they must be an (A, T) pair or a (C,G) pair. (Note that A =T and C = G are
bound with the help of two and three hydrogen bonds, respectively.) Figure 1.1
gives an example double-stranded DNA. One strand is ACGTAGCT while the
other strand is its reverse complement, i.e., AGCTACGT.

The double-stranded DNAs are located in the nucleus (and mitochondria)
of every cell. A cell can contain multiple pieces of double-stranded DNAs, each
is called a chromosome. As a whole, the collection of chromosomes is called a
genome; the human genome consists of 23 pairs of chromosomes, and its total
length is roughly 3 billion base pairs.

The genome provides the instructions for the cell to perform daily life
functions. Through the process of transcription, the machine RNA polymerase
transcribes genes (the basic functional units) in our genome into transcripts
(or RNA molecules). This process is known as gene expression. The complete
set of transcripts in a cell is denoted as its transcriptome.

Each transcript is a chain of 4 different ribonucleic acid (RNA) nucleotides:
adenine (A), guanine (G), cytosine (C) and uracil (U). The main difference be-
tween the DNA nucleotide and the RNA nucleotide is that the RNA nucleotide
has an extra OH group. This extra OH group enables the RNA nucleotide to
form more hydrogen bonds. Transcripts are usually single stranded instead of
double stranded.

There are two types of transcripts: non-coding RNA (ncRNA) and message
RNA (mRNA). ncRNAs are transcripts that do not translate into proteins.
They can be classified into transfer RNAs (tRNAs), ribosomal RNAs (rRNAs),
short ncRNAs (of length < 30 bp, includes miRNA, siRNA and piRNA) and
long ncRNAs (of length > 200 bp, example includes Xist, and HOTAIR).

mRNA is the intermediate between DNA and protein. Each mRNA con-
sists of three parts: a 5 untranslated region (a 5 UTR), a coding region and
a 3’ untranslated region (3’ UTR). The length of the coding region is of a
multiple of 3. It is a sequence of triplets of nucleotides called codons. Each
codon corresponds to an amino acid.

Through translation, the machine ribosome translates each mRNA into a
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protein, which is the sequence of amino acids corresponding to the sequence of
codons in the mRNA. Protein forms complex 3D structures. Each protein is
a biological nanomachine that performs a specialized function. For example,
enzymes are proteins that work as catalysts to promote chemical reactions
for generating energy or digesting food. Other proteins, called transcription
factors, interact with the genome to turn on or off the transcriptions. Through
the interaction among DNA, RNA and protein, our genome dictates which
cells should grow, when cells should die, how cells should be structured, and
creates various body parts.

All cells in our body are developed from a single cell through cell division.
When a cell divides, the double helix genome is separated into single-stranded
DNA molecules. An enzyme called DNA polymerase uses each single-stranded
DNA molecule as the template to replicate the genome into two identical
double helixes. By this replication process, all cells within the same individual
will have the same genome. However, due to errors in copying, some variations
(called mutations) might happen in some cells. Those variations or mutations
may cause diseases such as cancer.

Different individuals have similar genomes, but they also have genome
variations that contribute to different phenotypes. For example, the color of
our hairs and our eyes are controlled by the differences in our genomes. By
studying and comparing genomes of different individuals, researchers develop
an understanding of the factors that cause different phenotypes and diseases.
Such knowledge ultimately helps to gain insights into the mystery of life and
contributes to improving human health.

1.2 Sequencing technologies

DNA sequencing is a process that determines the order of the nucleotide
bases. It translates the DNA of a specific organism into a format that is deci-
pherable by researchers and scientists. DNA sequencing has allowed scientists
to better understand genes and their roles within our body. Such knowledge
has become indispensable for understanding biological processes, as well as in
application fields such as diagnostic or forensic research. The advent of DNA
sequencing has significantly accelerated biological research and discovery.

To facilitate the genomics study, we need to sequence the genomes of differ-
ent species or different individuals. A number of sequencing technologies have
been developed during the last decades. Roughly speaking, the development
of the sequencing technologies consists of three phases:

e First-generation sequencing: Sequencing based on chemical degradation
and gel electrophoresis.
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e Second-generation sequencing: Sequencing many DNA fragments in par-
allel. It has higher yield, lower cost, but shorter reads.

e Third-generation sequencing: Sequencing a single DNA molecule with-
out the need to halt between read steps.

In this section, we will discuss the three phases in detail.

1.3 First-generation sequencing

Sanger and Coulson proposed the first-generation sequencing in 1975 [259,
260]. It enables us to sequence a DNA template of length 500 — 1000 within a
few hours. The detailed steps are as follows (see Figure 1.3).

1. Amplify the DNA template by cloning.

2. Generate all possible prefixes of the DNA template.
3. Separation by electrophoresis.

4. Readout with fluorescent tags.

Step 1 amplifies the DNA template. The DNA template is inserted into
the plasmid vector; then the plasmid vector is inserted into the host cells for
cloning. By growing the host cells, we obtain many copies of the same DNA
template.

Step 2 generates all possible prefixes of the DNA template. Two tech-
niques have been proposed for this step: (1) the Maxam-Gilbert technique [194]
and (2) the chain termination methodology (Sanger method) [259, 260]. The
Maxam-Gilbert technique relies on the cleaving of nucleotides by chemical.
Four different chemicals are used and generate all sequences ending with A, C, G
and T, respectively. This allows us to generate all possible prefixes of the tem-
plate. This technique is most efficient for short DNA sequences. However, it
is considered unsafe because of the extensive use of toxic chemicals.

The chain termination methodology (Sanger method) is a better alter-
native. Given a single-stranded DNA template, the method performs DNA
polymerase-dependent synthesis in the presence of (1) natural deoxynu-
cleotides (ANTPs) and (2) dideoxynucleotides (ddNTPs). ddNTPs serve as
non-reversible synthesis terminators (see Figure 1.2(a,b)). The DNA synthesis
reaction is randomly terminated whenever a dANTP is added to the growing
oligonucleotide chain, resulting in truncated products of varying lengths with
an appropriate ddNTP at their 3’ terminus.

After we obtain all possible prefixes of the DNA template, the product is
a mixture of DNA fragments of different lengths. We can separate these DNA
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FIGURE 1.2: (a) The chemical reaction for the incorporation of dATP into
the growing DNA strand. (b) The chemical reaction for the incorporation of
ddATP into the growing DNA strand. The vertical bar behind A indicates
that the extension of the DNA strand is terminated.
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FIGURE 1.3: The steps of Sanger sequencing.

fragments by their lengths using gel electrophoresis (Step 3). Gel electrophore-
sis is based on the fact that DNA is negatively charged. When an electrical
field is applied to a mixture of DNA on a gel, the DNA fragments will move
from the negative pole to the positive pole. Due to friction, short DNA frag-
ments travel faster than long DNA fragments. Hence, the gel electrophoresis
separates the mixture into bands, each containing DNA molecules of the same
length.

Using the fluorescent tags attached to the terminal ddNTPs (we have
4 different colors for the 4 different ddNTPs), the DNA fragments ending
with different nucleotides will be labeled with different fluorescent dyes. By
detecting the light emitted from different bands, the DNA sequence of the
template will be revealed (Step 4).

In summary, the Sanger method can generate sequences of length ~800 bp.
The process can be fully automated and hence it was a popular DNA sequenc-
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ing method in 1970 — 2000. However, it is expensive and the throughput is
slow. It can only process a limited number of DNA fragments per unit of time.

1.4 Second-generation sequencing

Second-generation sequencing can generate hundreds of millions of short
reads per instrument run. When compared with first-generation sequencing,
it has the following advantages: (1) it uses clone-free amplification, and (2) it
can sequence many reads in parallel. Some commercially available technologies
include Roche/454, Illumina, ABI SOLiD, Ton Torrent, Helicos BioSciences
and Complete Genomics.

In general, second-generation sequencing involves the following two main
steps: (1) Template preparation and (2) base calling in parallel. The following
Section 1.4.1 describes Step 1 while Section 1.4.2 describes Step 2.

1.4.1 Template preparation

Given a set of DNA fragments, the template preparation step first gener-
ates a DNA template for each DNA fragment. The DNA template is created
by ligating adaptor sequences to the two ends of the target DNA fragment (see
Figure 1.4(a)). Then, the templates are amplified using PCR. There are two
common methods for amplifying the templates: (1) emulsion PCR (emPCR)
and (2) solid-phase amplification (Bridge PCR).

emPCR amplifies each DNA template by a bead. First of all, one piece of
DNA template and a bead are inserted within a water drop in oil. The surface
of every bead is coated with a primer corresponding to one type of adaptor.
The DNA template will hybridize with one primer on the surface of the bead.
Then, it is PCR amplified within a water drop in oil. Figure 1.4(b) illustrates
the emPCR. emPCR is used by 454, Ion Torrent and SOLiD.

For bridge PCR, the amplification is done on a flat surface (say, glass),
which is coated with two types of primers, corresponding to the adaptors.
Each DNA template is first hybridized to one primer on the flat surface.
Amplification proceeds in cycles, with one end of each bridge tethered to the
surface. Figure 1.4(c) illustrates the bridge PCR process. Bridge PCR is used
by Hlumina.

Although PCR can amplify DNA templates, there is amplification bias.
Experiments revealed that templates that are AT-rich or GC-rich have a lower
amplification efficient. This limitation creates uneven sequencing of the DNA
templates in the sample.
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FIGURE 1.4: (a) From the DNA fragments, DNA template is created by
attaching the two ends with adaptor sequences. (b) Amplifying the template
by emPCR. (¢) Amplifying the template by bridge PCR.

1.4.2 Base calling

Now we have many PCR clones of amplified templates (see Figure 1.5(a)).
This step aims to read the DNA sequences from the amplified templates in
parallel. This method is called the cyclic-array method. There are two ap-
proaches: the polymerase-mediated method (also called sequencing by syn-
thesis) and the ligase-mediated method (also called sequencing by ligation).
The polymerase-mediated method is further divided into methods based on re-
versible terminator nucleotides and methods based on unmodified nucleotides.
Below, we will discuss these approaches.

1.4.3 Polymerase-mediated methods based on reversible ter-
minator nucleotides

A reversible terminator nucleotide is a modified nucleotide. Similar to
ddNTPs, during the DNA polymerase-dependent synthesis, if a reversible ter-
minator nucleotide is incorporated onto the DNA template, the DNA synthesis
is terminated. Moreover, we can reverse the termination and restart the DNA
synthesis.

Figure 1.5(b) demonstrates how we use reversible terminator nucleotides
for sequencing. First, we hybridize the primer on the adaptor of the template.
Then, by DNA polymerase, a reversible terminator nucleotide is incorporated
onto the template. After that, we scan the signal of the dye attached to the
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FIGURE 1.5: Polymerase-mediated sequencing methods based on reversible
terminator nucleotides. (a) PCR clones of the DNA templates are evenly dis-
tributed on a flat surface. Each PCR clone contains many DNA templates of
the same type. (b) The steps of polymerase-mediated methods are based on
reversible terminator nucleotides.

reversible terminator nucleotide by imaging. After imaging, the termination
is reversed by cleaving the dye-nucleotide linker. By repeating the steps, we
can sequence the complete DNA template.

Two commercial sequencers use this approach. They are [llumina and He-
licos BioSciences.

The Tllumina sequencer amplifies the DNA templates by bridge PCR.
Then, all PCR clones are distributed on the glass plate. By using the four-
color cyclic reversible termination (CRT) cycle (see Figure 1.6(b)), we can
sequence all the DNA templates in parallel.

The major error of Illumina sequencing is substitution error, with a higher
portion of errors occurring when the previous incorporated nucleotide is a
base G.

Another major error of Illumina sequencing is that the accuracy decreases
with increasing nucleotide addition steps. The errors accumulate due to the
failure in cleaving off the fluorescent tags or due to errors in controlling the
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FIGURE 1.6: Polymerase-mediated sequencing methods based on reversible
terminator nucleotides. (a) A flat surface with many PCR clones. In particu-
lar, we show the DNA templates for two clones. (b) Four-color cyclic reversible
termination (CRT) cycle. Within each cycle, we extend the template of each
PCR clone by one base. The color indicates the extended base. Precisely, the
four colors, dark gray, black, white and light gray, correspond to the four nu-
cleotides A, C, G and T, respectively. (¢) One-color cyclic reversible termination
(CRT) cycle. Each cycle tries to extend the template of each PCR clone by
one particular base. If the extension is successful, the white color is lighted

up.
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reversible terminator nucleotides. Then, bases fail to get incorporated to the
template strand or extra bases might get incorporated [190].

Helicos BioSciences does not perform PCR amplification. It is a single
molecular sequencing method. It first immobilizes the DNA template on the
flat surface. Then, all DNA templates on the surface are sequenced in par-
allel by using a one-color cyclic reversible termination (CRT) cycle (see Fig-
ure 1.6(c)). Note that this technology can also be used to sequence RNA
directly by using reverse transcriptase instead of DNA polymerase. However,
the reads generated by Helicos BioSciences are very short (~25 bp). It is also
slow and expensive.

1.4.4 Polymerase-mediated methods based on unmodified
nucleotides

The previous methods require the use of modified nucleotides. Actually,
we can sequence the DNA templates using unmodified nucleotides. The basic
observation is that the incorporation of a deoxyribonucleotide triphosphate
(ANTP) into a growing DNA strand involves the formation of a covalent bond
and the release of pyrophosphate and a positively charged hydrogen ion (see
Figure 1.2). Hence, it is possible to sequence the DNA template by detecting
the concentration change of pyrophosphate or hydrogen ion. Roche 454 and
Ton Torrent are two sequencers which take advantage of this principle.

The Roche 454 sequencer performs sequencing by detecting pyrophos-
phates. It is called pyrosequencing. First, the 454 sequencer uses emPCR to
amplify the templates. Then, amplified beads are loaded into an array of wells.
(Each well contains one amplified bead which corresponds to one DNA tem-
plate.) In each iteration, a single type of ANTP flows across the wells. If the
dNTP is complementary to the template in a well, polymerase will extend by
one base and relax pyrophosphate. With the help of enzymes sulfurylase and
luciferase, the pyrophosphate is converted into visual light. The CDC camera
detects the light signal from all wells in parallel. For each well, the light inten-
sity generated is recorded as a flowgram. For example, if the DNA template
in a well is TCGGTAAAAAACAGTTTCCT, Figure 1.7 is the corresponding
flowgram. Precisely, the light signal can be detected only when the ANTP that
flows across the well is complementary to the template. If the template has
a homopolymer of length k, the light intensity detected is k-fold higher. By
interpreting the flowgram, we can recover the DNA sequence.

However, when the homopolymer is long (say longer than 6), the detec-
tor is not sensitive enough to report the correct length of the homopolymer.
Therefore, the Roche 454 sequencer gives higher rate of indel errors.

Ton Torrent was created by the person as Roche 454. It is the first semi-
conductor sequencing chip available on the commercial market. Instead of
detecting pyrophosphate, it performs sequencing by detecting hydrogen ions.
The basic method of Ion Torrent is the same as that of Roche 454. It also uses
emPCR to amplify the templates and the amplified beads are also loaded into
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FIGURE 1.7: The flowgram for the DNA sequence TCG-
GTAAAAAACAGTTTCCT.

a high-density array of wells, and each well contains one template. In each
iteration, a single type of ANTP flows across the wells. If the ANTP is comple-
mentary to the template, polymerase will extend by one base and relax H+.
The relaxation of H+ changes the pH of the solution in the well and an IS-
FET sensor at the bottom of the well measures the pH change and converts it
into electric signals [251]. The sensor avoids the use of optical measurements,
which require a complicated camera and laser. This is the main difference
between Ion Torrent sequencing and 454 sequencing. The unattached dNTP
molecules are washed out before the next iteration. By interpreting the flow-
gram obtained from the ISFET sensor, we can recover the sequences of the
templates.

Since the method used by Ion Torrent is similar to that of Roche 454, it
also has the disadvantage that it cannot distinguish long homopolymers.

1.4.5 Ligase-mediated method

Instead of extending the template base by base using polymerase, ligase-
mediated methods use probes to check the bases on the template. ABI SOLiD
is the commercial sequencer that uses this approach. In SOLiD, the templates
are first amplified by emPCR. After that, millions of templates are placed on
a plate. SOLiID then tries to probe the bases of all templates in parallel. In
every iteration, SOLiD probes two adjacent bases of each template, i.e., it uses
two-base color encoding. The color coding scheme is shown in the following
table. For example, for the DNA template ATGGA, it is coded as A3102.
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The primary advantage of the two-base color encoding is that it improves
the single nucleotide variation (SNV) calling. Since every base is covered by
two color bases, it reduces the error rate for calling SNVs. However, conversion
from color bases to nucleotide bases is not simple. Errors may be generated
during the conversion process.

In summary, second-generation sequencing enables us to generate hundreds
of billions of bases per run. However, each run takes days to finished due to a
large number of scanning and washing cycles. Adding of a base per cycle is not
100% correct. This causes sequencing errors. Furthermore, base extensions of
some strands may be lag behind or lead forward. Hence, errors accumulate
as the reads get long. This is the reason why second-generation sequencing
cannot get very long read. Furthermore, due to the PCR amplification bias,
this approach may miss some templates with high or low GC content.

1.5 Third-generation sequencing

Although many of us are still using second-generation sequencing, third-
generation sequencing is coming. There is no fixed definition for third-
generation sequencing yet. Here, we define it as a single molecule sequencing
(SMS) technology without the need to halt between read steps (whether enzy-
matic or otherwise). A number of third-generation sequencing methods have
been proposed. They include:

e Single-molecule real-time sequencing
e Nanopore-sequencing technologies

e Direct imaging of individual DNA molecules using advanced microscopy
techniques

1.5.1 Single-molecule real-time sequencing

Pacific BioSciences released their PacBio RS sequencing platform [71].
Their approach is called single-molecule real-time (SMRT') sequencing. It mim-
ics what happens in our body as cells divide and copies their DNA with the
DNA polymerase machine. Precisely, PacBio RS immobilizes DNA polymerase
molecules on an array slide. When the DNA template gets in touch with the
DNA polymerase, DNA synthesis happens with four fluorescently labeled nu-
cleotides. By detecting the light emitted, PacBio RS reconstructs the DNA
sequences. Figure 1.8 illustrates the SMRT sequencing approach.

PacBio RS sequencing requires no prior amplification of the DNA template.
Hence, it has no PCR bias. It can achieve more uniform coverage and lower GC
bias when compared with Illumina sequencing [79]. It can read long sequences
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FIGURE 1.8: The illustration of PacBio sequencing. On an array slide,
there are a number of immobilized DNA polymerase molecules. When a DNA
template gets in touch with the DNA polymerase (see the polymerase at the
lower bottom right), DNA synthesis happens with the fluorescently labeled
nucleotides. By detecting the emitted light signal, we can reconstruct the
DNA sequence.

of length up to 20,000 bp, with an average read length of about 10,000 bp.
Another advantage of PacBio RS is that it can sequence methylation status
simultaneously.

However, PacBio sequencing is more costly. It is about 3 — 4 times more
expensive than short read sequencing. Also, PacBio RS has a high error rate,
up to 17.9% errors [46]. The majority of the errors are indel errors [71]. Luckily,
the error rate is unbiased and almost constant throughout the entire read
length [146]. By repeatedly sequencing the same DNA template, we can reduce
the error rate.

1.5.2 Nanopore sequencing method

A nanopore is a pore of nano size on a thin membrane. When a voltage
is applied across the membrane, charged molecules that are small enough can
move from the negative well to the positive well. Moreover, molecules with
different structures will have different efficiencies in passing through the pore
and affect the electrical conductivity. By studying the electrical conductivity,
we can determine the molecules that pass through the pore.

This idea has been used in a number of methods for sequencing DNA.
These methods are called the nanopore sequencing method. Since nanopore
methods use unmodified DNA, it requires an extremely small amount of input
material. They also have the potential to sequence long DNA reads efficiently
at low cost. There are a number of companies working on the nanopore se-
quencing method. They include (1) Oxford Nanopore, (2) IBM Transistor-
mediated DNA sequencing, (3) Genia and (4) NABsys.

Oxford nanopore technology detects nucleotides by measuring the ionic
current flowing through the pore. It allows the single-strand DNA sequence to
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FIGURE 1.9: An illustration of the sequencing technique of Oxford
nanopore.

flow through the pore continuously. As illustrated in Figure 1.9, DNA material
is placed in the top chamber. The positive charge draws a strand of DNA
moving from the top chamber to the bottom chamber flowing through the
nanopore. By detecting the difference in the electrical conductivity in the
pore, the DNA sequence is decoded. (Note that IBM’s DNA transistor is a
prototype which uses a similar idea.)

The approach has difficulty in calling the individual base accurately. In-
stead, Oxford nanopore technology will read the signal of k (say 5) bases
in each round. Then, using a hidden Markov model, the DNA base can be
decoded base by base.

Oxford nanopore technology has announced two sequencers: MinilON and
GridION. MinilON is a disposable USB-key sequencer. GridION is an ex-
pandable sequencer. Oxford nanopore technology claimed that GridlON can
sequence 30x coverage of a human genome in 6 days at US$2200 — $3600. It
has the potential to decode a DNA fragment of length 100,000 bp. Its cost is
about US$25 —$40 per gigabyte. Although it is not expensive, the error rate is
about 17.8% (4.9% insertion error, 7.8% deletion error and 5.1% substitution
error) [115].

Unlike Oxford nanopore technology, Genia suggested combining nanopore
and the DNA polymerase to sequence a single-strand DNA template. In Genia,
the DNA polymerase is tethered with a biological nanopore. When a DNA
template gets in touch with the DNA polymerase, DNA synthesis happens
with four engineered nucleotides for A,C,G and T, each attached with a
different short tag. When a nucleotide is incorporated into the DNA template,
the tag is cleaved and it will travel through the biological nanopore and an
electric signal is measured. Since different nucleotides have different tags, we
can reconstruct the DNA template by measuring the electric signals.

NABsys is another nanopore sequencer. It first chops the genome into DNA
fragments of length 100,000 bp. The DNA fragments are hybridized with a
particular probe so that specific short DNA sequences on the DNA fragments
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FIGURE 1.10: Consider a DNA fragment hybridized with a particular
probe. After it passes through the nanopore (see (a)), an electrical signal
profile is obtained (see (b)). By aligning the electrical signal profiles gener-
ated from a set of DNA fragments, we obtain the probe map for a genome

(see (¢)).

are bounded by the probes. Those DNA fragments with bound probes are
driven through a nanopore (see Figure 1.10(a)), creating a current-versus-
time tracing. The trace gives the position of the probes on the fragment.
(See Figure 1.10(b).) We can align the fragments based on their inter-probe
distance; then, we obtain a probe map for the genome (see Figure 1.10(c)).
We can obtain the probe maps for different probes. By aligning all of them,
we obtain the whole genome.

Unlike Genia, Oxford nanopore technology and the IBM DNA transis-
tor, NABsys does not require a very accurate current measurement from the
nanopore. The company claims that this method is cheap, and that read length
is long and fast. Furthermore, it is accurate!

1.5.3 Direct imaging of DNA using electron microscopy

Another choice is to use direct imaging. ZS genetics is developing meth-
ods based on transmission electron microscopy (TEM). Reveo is developing
a technology based on scanning tunneling microscope (STM) tips. DNA is
placed on a conductive surface for detecting bases electronically using STM
tips and tunneling current measurements. Both approaches have the potential
to sequence very long reads (in millions) at low cost. However, they are still
in the development phase. No sequencing machine is available yet.
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TABLE 1.1: Comparison of the three generations of sequencing
First generation Second  genera- | Third generation
tion
Amplification | In-vivo  cloning | In-vitro PCR Single molecule
and amplification
Sequencing Electrophoresis Cyclic array se- | Nanopore, elec-
quencing tronic microscopy
or real-time
monitoring of
PCR
Starting ma- | More Less (< 1pg) Even less
terial
Cost Expensive Cheap Very cheap
Time Very slow Fast Very fast
Read length | About 800bp Short Very long
Accuracy < 1% error < 1%  error | High error rate
(mismatch or
homopolmer
€error)

1.6 Comparison of the three generations of sequencing

We have discussed the technologies of the three generations of sequencing.
Table 1.1 summarizes their key features. Currently, we are in the late phase
of second-generation sequencing and at the early phase of third-generation
sequencing. We can already see a dramatic drop in sequencing cost. Figure 1.11
shows the sequence cost over time. Cost per genome is calculated based on
6-fold coverage for Sanger sequencing, 10-fold coverage for 454 sequencing
and 30-fold coverage for Illumina (or SOLiD) sequencing. As a matter of
fact, the sequencing cost does not include the data management cost and
the bioinformatics analysis cost. Note that there was a sudden reduction in
sequencing cost in January 2008, which is due to the introduction of second-
generation sequencing. In the future, the sequencing cost is expected to drop

further.




Introduction 17

$100,000,000.00

$10,000,000.00

$1,000,000.00

$100,000.00

$10,000.00

$1,000.00

$100.00

$10.00

$1.00

$0.10 ~

5001

$0.00

Sep-01
Jan-02

— — Cost per Mb of DNA bases

Cost per Genome

FIGURE 1.11: The sequencing cost over time. There are two curves. The
blue curve shows the sequencing cost per million of sequencing bases while
the red curve shows the sequencing cost per human genome. (Data is obtained
from http://www.genome.gov/sequencingcosts.)

1.7 Applications of sequencing

The previous section describes three generations of sequencing. This sec-
tion describes their applications.

Genome assembly: Genome assembly aims to reconstruct the genome
of some species. Since our genome is long, we still cannot read the whole
chromosome in one step. The current solution is to sequence the fragments of
the genome one by one using a sequencer. Then, by overlapping the fragments
computationally, the complete genome is reconstructed.

Many genome assembly projects have been finished. We have obtained
the reference genomes for many species, including human, mouse, rice, etc.
The human genome project is properly the most important genome assem-
bly project. This project started in 1984 and declared complete in 2003. The
project cost was more than 3 billion US$. Although it is expensive, the project
enables us to have a better understanding of the human genome. Given the
human reference genome, researchers can examine the list of genes in hu-
mans. We know that the number of protein coding genes in humans is about
20, 000, which covers only 3% of the whole genome. Subsequently, we can also
understand the differences among individuals and understand the differences
between cancerous and healthy human genomes.

The project also improves the genome assembly process. It leads to a
whole genome shotgun approach, which is the most common assembly ap-
proach nowadays. By coupling the whole genome shotgun approach and next-
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generation sequencing, we obtain the reference genomes of many species. (See
Chapter 5 for methods to reconstruct a genome.)

Genome variations finding: The genome of each individual is different
from that of the reference human genome. Roughly speaking, there are four
types of genome variations: single nucleotide variations (SNVs), short indels,
copy number variations (CNVs) and structural variations (SVs). Figure 6.1
illustrates these four types of variations. Genome variations can cause can-
cer. For example, in chronic myelogenous leukemia (CML), a translocation
exists between chromosome 9 and chromosome 22, which fuses the ABL1 and
BCR genes together to form a fusion gene, BCL-ABL1. Such a translocation
is known to be present in 95 percent of patients with CML. Another example
occurs with a deletion in chromosome 21 that fuses the ERG and TMPRSS2
genes. The TMPRSS2-ERG fusion is seen in approximately 50 percent of
prostate cancers, and researchers have found that this fusion enhances the
invasiveness of prostate cancer. Genome sequencing of cancers enables us to
identify the variation of each individual. Apart from genome variations in can-
cers, many novel disease-causing variations have been discovered for childhood
diseases and neurological diseases. In the future, we expect everyone will per-
form genome sequencing. Depending on the variations, different personalized
therapeutics can be applied to different patients. This is known as personal-
ized medicine or stratified medicine. (See Chapters 7 and 6 for methods to
call genome variations.)

Reconstructing the transcriptome: Although every human cell has
the same human genome, human cells in different tissues express different
sets of genes at different times. The set of genes expressed in a particular cell
type is called its transcriptome. In the past, the transcriptome was extracted
using technologies like microarray. However, microarray can only report the
expression of known genes. They fail to discover novel splice variants and
novel genes. Due to the advance in sequencing technologies, we can use RNA-
seq to solve these problems. We can not only measure gene expression more
accurately, but can also discover novel genes and novel splice variants. (See
Chapter 8 for methods to analyze RNA-seq data.)

Decoding the transcriptional regulation: Some proteins called tran-
scription factors (TFs) bind on the genome and regulate the expression of
genes. If a TF fails to bind on the genome, the corresponding target gene will
fail to express and the cell cannot function properly. For example, one type
of breast cancer is ER+ cancer cells. In ER+ cancer, ER, GATA3 and FoxA1l
form a functional enhanceosome that regulates a set of genes and drives the
core ERa function. It is important to understand how they work together.

To know the binding sites of each TF, we can apply ChIP-seq. ChIP-seq is
a sequencing protocol that enables us to identify the binding sites of each TF
on a genome-wide scale. By studying the ChIP-seq data, we can understand
how TFs work together, the relationship between TFs and transcriptomes,
etc. (See Chapter 9 for methods to analyze ChIP-seq data.)

Many other applications: Apart from the above applications, sequenc-
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ing has been applied to many other research areas, including metagenomics,
3D modeling of the genome, etc.

1.8 Summary and further reading

This chapter summarizes the three generations of sequencing. It also briefly
describes their applications. There are a number of good surveys of sec-
ond generation-sequencing. Please refer to [200]. For more detail on third-
generation sequencing, please refer to [263].

1.9 Exercises

1. Consider the DNA sequence 5-ACTCAGTTCG-3’. What is its reverse
complement? The SOLiID sequencer will output color-based sequences.
What is the expected color-based sequence for the above DNA sequence
and its reverse complement? Do you observe an interesting property?

2. Should we always use second- or third- generation sequencing instead of
first-generation sequencing? If not, when should we use Sanger sequenc-
ing?
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Chapter 2

NGS file formats

2.1 Introduction

NGS technologies are widely used now. To facilitate NGS data analysis
and NGS data transfer, a few NGS file formats are defined. This chapter gives
an overview of these commonly used file formats.

First, we briefly describe the NGS data analysis process. After a sample is
sequenced using a NGS sequencer, some reads (i.e., raw DNA sequences) are
generated. These raw reads are stored in raw read files, which are in the fasta,
fastq, fasta.gz or fastq.gz format. Then, these raw reads are aligned on the
reference genome (such as the human genome). The alignments of the reads
are stored in alignment files, which are in the SAM or BAM format.

From these alignment files, downstream analysis can be performed to un-
derstand the sample. For example, if the alignment files are used to call mu-
tations (like single nucleotide variants), we will obtain variant files, which are
in the VCF or BCF format. If the alignment files are used to obtain the read
density (like copy number of each genomic region), we will obtain density files,
which are in the Wiggle, BedGraph, BigWig or cWig format. If the alignment
files are used to define regions with read coverage (like regions with RNA
transcripts or regions with TF binding sites), we will obtain annotation files,
which are in the bed or bigBed format.

Figure 2.1 illustrates the relationships among these NGS file formats. In
the rest of the chapter, we detail these file formats.

Raw Data Alignment Annotation

Reads (in Alignment
fasta or (in SAM or
fastq) BAM)

Wig,
BedGraph or
BigWig, cWig

FIGURE 2.1: The relationships among different file formats.
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ACTCAGCACCTTACGGCGTGCATCATCACATCAGGGACATACCAATACGGACAACCATCCCAAATATATTACGTTCTGAACGGCAGTACAAACT
(@)
ACTCAGCACCTTACGGCGTGCATCA

ACTCAGCACCTTACGGCGTGCATCA -------mmmmmsmmmmeemmmmmeem e oo c oo TACGTTCTGAACGGCAGTACAAACT

FIGURE 2.2: (a) An example DNA fragment. (b) A single-end read ex-
tracted from the DNA fragment in (a). (c) A paired-end read extracted from
the DNA fragment in (a).

2.2 Raw data files: fasta and fastq

From DNA fragments, NGS technologies extract reads from them. Fig-
ure 2.2 demonstrates the process. Given a DNA fragment in Figure 2.2(a),
NGS technologies enable us to sequence either one end or both ends of the
fragment. Then, we obtain a single-end read or a paired-end read (see Fig-
ure 2.2(b,c)).

To store the raw sequencing reads generated by a sequencing machine, two
standard file formats, fasta and fastq, are used.

The fasta file has the simplest format. Each read is described by (1) a read
identifier (a line describing the identifier of a read) and (2) the read itself (one
or more lines). Figure 2.3(a) gives an example consisting of two reads. The
line describing the read identifier must start with >. There are two standard
formats for the read identifier: (a) the Sanger standard and (b) the Illumina
standard. The Sanger standard uses free text to describe the read identifier.
The Illumina standard uses a fixed read identifier format (see Figure 2.4 for
an example).

Sequencing machines are not 100% accurate. A number of sequencers (like
the Tllumina sequencer) can estimate the base calling error probability P
of each called base. People usually convert the error probability P into the
PHRED quality score @ (proposed by Ewing and Green [73]) which is com-
puted by the following equation:

@ = —10 xlog;y P.

Q@ is truncated and limited to only integers in the range 0..93. Intuitively, if
@ is big, we have high confidence that the base called is correct. To store @,
the value @ is offset by 33 to make it in the range from 33 to 126 which are
ASCII codes of printable characters. This number is called the Q-score.

The file format fastq stores both the DNA bases and the corresponding
quality scores. Figure 2.3(b) gives an example. In a fastq file, each read is
described by 4 parts: (1) a line that starts with @ which contains the read
identifier, (2) the DNA read itself (one or more lines), (3) a line that starts
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>seql Gseql

ACTCAGCACCTTACGGCGTGCATCA ACTCAGCACCTTACGGCGTGCATCA

>seq2 +seql

CCGTACCGTTGACAGATGGTTTACA 12 7%%()%A541;djgp0i345adn
@seq2
CCGTACCGTTGACAGATGGTTTACA
+seq2

#$5G12j;askjpqo2i3nz! ;lak

(a) (b)

FIGURE 2.3: (a) is an example fasta file while (b) is an example fastq file.
Both (a) and (b) describe the same DNA sequences. Moreover, the fastq file
also stores the quality scores. Note that seql is the read obtained from the
DNA fragment in Figure 2.2(b).

the member of a pair, /1 or /2

@HWUSI-EAS100R:6:73:941:1973#0/1 < (ared-endermaterpairreads

/ ancy index number for a

Flowcell lane coordinate of
the cluster
Instrument name Tile number  within the tile

multiplexed sample
(#0 for no indexing)

FIGURE 2.4: An example of the read identifier in the fasta or fastq file.
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with + and (4) the sequence of quality scores for the read (which is of the
same length as the read).

The above description states the format for storing the single-end reads.
For paired-end reads, we use two fastq files (suffixed with _1.fastq and _2.fastq).
The two files have the same number of reads. The ith paired-end read is
formed by the ith read in the first file and the ith read in the second
file. Note that the ith read in the second file is the reverse complement.
For example, for the paired-end read in Figure 2.2(c), the sequence in the
first file is ACTCAGCACCTTACGGCGTGCATCA while the sequence in the second
file is AGTTTGTACTGCCGTTCAGAACGTA (which is the reverse complement of
TACGTTCTGAACGGCAGTACAAACT).

Given the raw read data, we usually need to perform a quality
check prior to further analysis. The quality check not only can tell
us the quality of the sequencing library, it also enables us to fil-
ter reads that have low complexity and to trim some positions of
a read that have a high chance of sequencing error. A number of
tools can be used to check quality. They include SolexaQA[57], FastQC
(http://www.bioinformatics.bbsrc.ac.uk/projects/fastqc/) and PRINSEQ[265].

2.3 Alignment files: SAM and BAM

The raw reads (in fasta or fastq format) can be aligned on some reference
genome. For example, Figure 2.5(a) shows the alignments of a set of four reads
rl,r2,73 and r4. r1 is a paired-end read while 2,73 and r4 are single-end
reads. The single-end read r3 has two alignments. Chapter 4 discusses different
mapping algorithms for aligning reads.

The read alignments are usually stored using SAM or BAM format [169].
The SAM (Sequence Alignment/Map) format is a generic format for storing
alignments of NGS reads. The BAM (Binary Alignment/Map) format is the
binary equivalent of SAM. It compresses the SAM file using the BGZF library
(a generic library developed by Li et al. [169]). BGZF divides the SAM file
into blocks and compresses each block using the standard gzip. It provides
good compression while allowing fast random access.

The detailed description of SAM and BAM formats can be found in
https://samtools.github.io/hts-specs/SAMv1.pdf. Briefly, SAM is a
tab-delimited text file. It consists of a header section (optional) and an align-
ment section.

The alignment section stores the alignments of the reads. Each row cor-
responds to one alignment of a read. A read with ¢ alignments will occupy
c rows. For a paired-end read, the alignments of its two reads will appear in
different rows. Each row has 11 mandatory fields: QNAME, FLAG, RNAME;,
POS, MAPQ, CIGAR, MRNM, MPOS, TLEN, SEQ and QUAL. Optional


https://samtools.github.io/hts-specs/SAMv1.pdf
http://www.bioinformatics.bbsrc.ac.uk/projects/fastqc/
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1 2 3 4
1234567 8901234567890123456789012345678901234567
ref: ATCGAAC**TGACTGGACTAGAACCGTGAATCCACTGATCTAGACTCGA
+rl/1 TCG-ACGGTGACTG

+r2 GAAC-GTGACaactg

-r3 GCCTGGttcac

-rl/2 CCGTGAATC

+r3 GTGAAccaggc

+rd ATCCrrererrerereenns AGACTCGA

(a)

@HD VN:1.3 SO:coordinate
@SQ SN:ref LN:47

rl 99 ref 2 30 3M1D2M2I6M = 22 29 TCGACGGTGACTG *

r2 0 ref 4 30 4M1P1I4M5S * 0 0 GAACGTGACAACTG *

r3 16 ref 9 30 6M5S * 0 0 GCCTGGTTCAC * NM:i:1

rl 147 ref 22 30 9M = 2 -29 CCGTGAATC *

r3 2048 ref 24 30 5M6H * 2 0 GTGAA * NM:i:0

r4 0 ref 28 30 4M8N8M * 0 0 ATCCAGACTCGA *

ONAME FLAG RNAME POS MAPQ CIGAR MRNM MPOS TLEN SEQ QUAL TAG:TYPE:VAL

(b)

FIGURE 2.5: (a) An example of alignments of a few short reads. (b) The
SAM file for the corresponding alignments is shown in (a).

fields can be appended after these mandatory fields. For each field, if its value
is not available, we set it to *. We briefly describe the 11 mandatory fields
here.

e QNAME is the name of the aligned read. (In Figure 2.5, the read names
are rl, 2, r3, and r4. Note that r3 has two alignments. Hence, there
are two rows with 3. r1 is a paired-end read. Hence, there are two rows
for the two reads of r1.)

e FLAG is a 16-bit integer describing the characteristics of the alignment
of the read (see Section 2.3.1 for detail).

¢ RNAME is the name of the reference sequence to which the read is
aligned. (In Figure 2.5, the reference is ref.)

e POS is the leftmost position of the alignment.

e MAPQ is the mapping quality of the alignment (in Phred-scaled). (In
Figure 2.5, the MAPQ scores of all alignments are 30.)

o CIGAR is a string that describes the alignment between the read and
the reference sequence (see Section 2.3.2 for detail).

e MRNM is the name of the reference sequence of its mate read (“=" if it
is the same as RNAME). For single-end read, its value is “*” by default.



26 Algorithms for Next-Generation Sequencing

e MPOS is the leftmost position of its mate read. For a single-end read,
its value is zero by default.

e TLEN is the inferred signed observed template length (i.e., the inferred
insert size for paired-end read). For a single-end read, its value is zero
by default.

e SEQ is the query sequence on the same strand as the reference.

e QUAL is the quality score of the query sequence.

Figure 2.5(b) gives the SAM file for the example alignments in Fig-
ure 2.5(a). The following subsections give more information for FLAG and
CIGAR.

Note that SAM and BAM use two different coordinate systems. SAM uses
the 1-based coordinate system. The first base of a sequence is 1. A region is
specified by a close interval. For example, the region between the 3rd base
and the 6th base inclusive is [3,6]. BAM uses the 0-based coordinate system.
The first base of a sequence is 0. A region is specified by a half-closed, half-
open interval. For example, the region between the 3rd base and the 6th base
inclusive is [3,7).

To manipulate the information from SAM and BAM files, we use sam-
tools [169] and bamtools [16]. Samtools is a set of tools that allows us to
interactively view the alignments in both SAM and BAM files. It also al-
lows us to post-process and extracts information from both SAM and BAM
files. Bamtools provides a set of C++ API for us to access and manage the
alignments in the BAM file.

2.3.1 FLAG

The bitwise FLAG is a 16-bit integer describing the characteristics of the
alignment. Its binary format is by5b14b13b12b11b10b9bgb7bgbsbsb3bob1by. Only
bits bg,...,b11 are used by SAM. The meaning of each bit b; is described in
Table 2.1.

For example, for the first read of rl in Figure 2.5(b), its flag is 99 =
0000000001100011. by, by, bs and bg are ones. This means that it has multiple
segments (by), the segment is properly aligned (b;), the next segment maps
on the reverse complement (bs), and this is the first read in the pair (bg).

2.3.2 CIGAR string

The CIGAR string is used to describe the alignment between the read and
the reference genome. The CIGAR operations are given in Table 2.2.

For example, the CIGAR string for the first read of r1 is 3SM1D2M2I6M
(see Figure 2.5), which means that the alignment between the read and the
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TABLE 2.1: The meaning of the twelve bits in the FLAG field.

Bit Description
bop =1 | if the read is paired
b1 =1 | if the segment is a proper pair

bo =1 | if the segment is unmapped
b3 =1 | if the mate is unmapped
by =1 | if the read maps on the reverse complement
bs =1 | if the mate maps on the reverse complement.
bg =1 | if this is the first read in the pair
b7 =1 | if this is the second read in the pair

1

bg = if this is a secondary alignment (i.e., the alternative alignment
when multiple alignments exist)

bg = if this alignment does not pass the quality control

big =1 | if it is a PCR duplicate

b1 = if it is a supplementary alignment (part of a chimeric align-
ment)

reference genome has 3 alignment matches, 1 deletion, 2 alignment matches,
2 insertions and 6 alignment matches. (Note that the alignment match can be
a base match/mismatch.)

2.4 Bed format

The bed format is a flexible way to represent and annotate a set of genomic
regions. It can be used to annotate repeat regions in the genome, open regions
or transcription factor binding sites in the genome. We can also use it to
annotate genes with different isoforms. For example, Figure 2.6 shows the bed
file for representing the two isoforms of the gene VHL.

The bed format is a row-based format, where each row represents an anno-
tated item. Each annotated item consists of some fields separated by tabs. The
first three fields of each row are compulsory. They are chromosome, chromo-
some start and chromosome end. These three fields are used to indicate the ge-
nomic regions. (Similar to BAM, bed also uses the 0-based coordinate system.
Any genomic region is specified by a half-closed, half-open interval.) There
are 9 additional optional fields to annotate each genomic region: name, score,
strand, thickStart, thickEnd, itemRgb, blockCount, blockSizes, and block-
Starts. The bed format allows user to include more fields for each annotated
item.

As an illustration, the two isoforms of the gene VHL are represented using
two rows in the bed format. The bottom of Figure 2.6 shows the bed file for
the two isoforms. Since both isoforms are in chr3 : 10183318 — 10195354,
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TABLE 2.2: Definitions of Different CIGAR Operations.

Op | Description
M | alignment match (can be a se-
quence match or mismatch)
I insertion to the reference
D | deletion from the reference
N | skipped region from the reference
S | soft clipping (clipped sequences
present in SEQ)
H | hard clipping (clipped sequences
NOT present in SEQ)
P | padding (silent deletion from
padded reference)
= | sequence match
X | sequence mismatch
1,01?4,000 1,018‘6,000 1,018?,000 1,019‘0,000 ‘ 1,019‘2,000 1,019‘4,000 ‘
ol = | > —
ol >
Bed file:
chr3 10183318 10195354 VHL 1 + 10183531 10191649 00,0 3 490,123,3884, 0,4879,8152,
chr3 10183318 10195354 VHL 1 + 10183531 10191649 00,0 2 490,3884, 0,8152,

FIGURE 2.6: The gene VHL has two splicing variants. One of them has 3
exons while the other one has 2 exons (is missing the middle exon). The solid
bars are the exons. The thick solid bars are the coding regions of VHL. The
bed file corresponding to these two isoforms is shown at the bottom of the
figure.
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chromosome, chromosome start, and chromosome end are set to be chr3,
10183318 and 10195354, respectively. Since the coding regions are in chr3 :
10183531 — 10191649, thickStart and thickEnd are set to be 10183531 and
10191649, respectively. The two isoforms are in black color, itemRgb is set to
be 0,0,0. In these two isoforms, three exons A, B and C are involved. The
sizes of the three exons are 490, 123 and 3884, respectively. Relative to the
start of the gene VHL, the starting positions of the three exons are 0, 4879
and 8152, respectively. The first isoform consists of all three exons A, B and
C while the second isoform consists of exons A and C. So, for the first iso-
form, the blockCount is 3, blockSizes are 490,123 and 3884 and blockStarts
are 0,4879 and 8152. For the second isoform, the blockCount is 2, blockSizes
are 490 and 3884 and blockStarts are 0 and 8152.

Bed files are uncompressed files. They can be huge. To reduce the file size,
we can use the compressed version of the bed format, which is the bigBed
format. BigBed partitions the data into blocks of size 512 bp. Each block is
compressed using a gzip-like algorithm. Efficient querying for bigBed is im-
portant since users want to extract information without scanning the whole
file. BigBed includes an R-tree-like data structure that enables us to list, for
any interval, all annotated items in the bed file. BigBed can also report sum-
mary statistics, like mean coverage, and count the number of annotated items
within any genomic interval (with the help of the command bigBedSummary).

To manipulate the information in bed files, we use bedtools [237]. To con-
vert between bed format and bigBed format, we can use bedToBighed and
bigBedToBed. To obtain a bam file from a bed file, we can use bedToBam.

2.5 Variant Call Format (VCF)

VCF [60] is the format specially designed to store the genomic variations,
which are generated by variant callers (see Chapter 6). It is the standardized
format used in the 1000 Genome Project. Information stored in a VCF file
includes genomic coordinates, reference allele and alternate allele, etc. Since
VCF may be big, Binary Variant Call Format (BCF) was also developed.
BCF is a binary version of VCF, which is compressed and indexed for efficient
analysis of various calling results.

Figure 2.7 illustrates the VCF file. It consists of a header section and a data
section. The header section contains arbitrary number of meta-information
lines (begin with characters ##) followed by a TAB-delimited field definition
line (begins with the character #). The meta-information lines describe the
tags and annotations used in the data section. The field definition line defines
the columns in the data section. There are 8 mandatory fields: CHROM, POS,
ID, REF, ALT, QUAL, FILTER and INFO. CHROM and POS define the
position of each genomic variation. REF gives the reference allele while ALT
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(a) Chrl 1111111111222222 22223333333333444444444455555555556666666666777777
1234567890123456789012345 67890123456789012345678901234567890123456789012345
REF: ACGTACAGACAGACTTAGGACAGAT--CGTCACACTCGGACTGACCGTCACAACGGTCATCACCGGACTTACAATCG
Samplel: GTACACACAGAC CAGATAACGTCAC CGGACTGACCGTCA AACGGT-——————————-—— CAATCG
ACACACAGACTT
CACACAGACTTA
Sample2: ACGTACAGACAG GACAGATAACGTC TCGGACT---CG ACAACGGT-==—==——=————— CAAT
CGTACAGACAGA GGACAGATT-CGT CAACGGT-——=—————————— CAATC

AGGACAGATT-CGT

##fileformat=VCFv4.2

(b) ##filepate=20110705
##source=VCFtools
##reference=NCBI36
##ALT=<ID=DEL, Description="Deletion">
##FILTER=<ID=ql0,Description="Quality below 10">
##INFO=<ID=SVTYPE, umber=1, Type=String, Description="Type of structural variant">
##INFO=<ID=END, Number=1, Type=Integer, Description="End position of the variant">
##FORMAT=<ID=GQ, Number=1, Type=Integer, Description="Genotype Quality (phred score)">
##FORMAT=<ID=GT, Number=1, Type=String, Description="Genotype">
##FORMAT=<ID=DP, Number=1, Type=Integer, Description="Read Depth">

#CHROM POS ID REF ALT QUAL FILTER INFO FORMAT Samplel Sample2
1 8 . G C . PASS . GT:DP 1/1:3 0/0:2

1 25 . T TAA,TT . ql0 . GT:DP 1/1:1 1/2:3

1 40 . TGAC T . PASS . GT:GQ 1/1:50 0/0:70
1 55 . T <DEL> . PASS SVTYPE=DEL; END=69 GT 1/1 1/1

FIGURE 2.7: Consider two samples. Each sample has a set of length-12
reads. Sample (a) shows the alignment of those reads on the reference genome.
There are 4 regions with genomic variations. At position 8, an SNV appears in
sample 1. At position 25, two different insertions appear in both samples. At
position 40, a deletion appears in sample 2. At position 55, a deletion appears
in both samples. Sample (b) shows the VCF file that describes the genomic
variations in the 4 loci.

gives a list of alternative non-reference alleles (separated by semi-colon). ID is
the unique identifier of the variant, QUAL is the PHRED-scaled quality score,
FILTER stores the site filtering informations and INFO stores the annotation
of the variant.

If n samples are included in the VCF file, we have an additional field FOR-
MAT and n other fields, each representing a sample. The FORMAT field is
a colon-separated list of tags, and each tag defines some attribute of a geno-
type. For example, GT:GQ:DP corresponds to a format with three attributes:
genotype, genotype quality, and read depth of each variant. Read depth (DP)
is the number of reads covered by the locus. Genotype quality (GQ) is the
phred-scaled quality score of the genotype in the sample. Genotype (GT) is
encoded as allele values separated by either / or |. The allele values can be
0 for the reference allele (in REF field), 1 for the first alternative allele (in
ALT field), 2 for the second alternative allele, and so on. For example, 0/1 is a
diploid call that consists of the reference allele and the first alternative allele.
The separators / and | mean unphased and phased genotypes, respectively.

To manipulate the information in VCF and BCF files, we use vcftools [60]
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FIGURE 2.8: An example of a density curve in chrl : 1 — 90.

and beftools [163]. (Note that VCF files use the 1-based coordinate system
while BCF files use the 0-based coordinate system.)

2.6 Format for representing density data

Read density measures the number of reads covering each base. It is formed
by aligning the NGS reads on a reference genome; then, the number of reads
covering each base can be counted.

Density data can describe the transcript expression in RNA-seq (see Sec-
tion 8), the peak intensity in ChIP-seq (see Chapter 9), the open chromatin
profile (see Chapter 9), the copy number variation in whole genome sequencing
(see Chapter 7), etc.

Density data can be represented as a list of r;, where r; is the density
value for position i. Figure 2.8 shows an example list of density values. In the
example, r5 = 0,719 = 10,717 = 20,79 = 30. To represent the list of r;, we
can use the bedGraph or wiggle (wig) format.

The wiggle format is a row-based format. It consists of one track definition
line (defining the format of the lines) and a few lines of data points. There
are two options: variableStep and fixedStep. Variable step data describe the
densities of data points in irregular intervals. It has an optional parameter
span s, which is the number of bases spanned with the same density for each
data point. To describe variable step data, the first line is the track definition
line, which contains information about the chromosome and the span s. Then,
it is followed with some lines, where each line contains two numbers: a position
and a density value for that position.

Fixed step data describe the densities of data points in regular interval. To
describe fixed step data, the first line is the track definition line, which contains
the chromosome, the start b, the step d and the span s. Then, it follows with
some lines, where the ith line contains the density value for position b + 41,
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which spans s bases. The following box gives the wiggle file for Figure 2.8.
(Note that the wiggle file uses a 1-based coordinate system.)

fixedStep chrom=chrl start=10 step=5 span=5
10

20

30

20

30

20

10

variableStep chrom=chrl span=5
50 20

60 30

65 40

70 20

80 40

BedGraph is in a bed-like format where each line represents a genomic
region with the same density value. Each line consists of 4 fields: chromosome,
chromosome start, chromosome end, and density. (Note that bedGraph uses
0-based coordinate format. The coordinate is described in a half-closed, half-
open interval.) The following box gives the bedGraph file for Figure 2.8.

chrl 9 14 10

chrl 14 19 20
chrl 19 24 30
chrl 24 29 20
chrl 29 34 30
chrl 34 39 20
chrl 39 44 10
chrl 49 54 20
chrl 59 64 30
chrl 64 69 40
chrl 69 74 20
chrl 79 84 40

However, wiggle and bedGraph are uncompressed text formats and they
are usually huge. Hence, when we want to represent a genome-wide density
profile, we usually use the compressed version, which is in the bigWig for-
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mat [135] or ¢Wig format [112]. Both bigWig and c¢Wig support efficient
queries over any selected interval. Precisely, they support 4 operations. Let
the density values of the N bases be r1,...,ry. For any chromosome interval
p..q, the four operations are:

e coverage(p, q): Proportion of bases that contain non-zero density values
in p..q, that is, ﬁ%.
e mean(p,q): The mean of the density values in p..q, that is, % Ziv=1 5.

e minVal(p,q) and maxVal(p,q): The minimum and maximum of the
density values in p..q, that is, min;,—; n 7; and max;—q N 75.

e stdev(p,q): The standard derivation of the density values in p..q, that

. N
is, \/ & SN (i — mean(p,q))?.

To manipulate the information in bigWig and cWig files, we use bw-
tool [234] and ¢Wig tools [112].

2.7 Exercises

1. Suppose chromosome 2 is the following sequence ACACGACTAA .. ..

e For the genomic region in chromosome 2 containing the DNA se-
quence ACGAC, if we describe it using bed format, what are the
chromosome, start, and end?

e In SAM, what is the alignment position of the DNA sequence
ACGAC?

e In BAM, what is the alignment position of the DNA sequence
ACGAC?

2. Please perform the following conversions.

(a) Convert the following set of intervals from the 0-based coordi-
nate format to the 1-based coordinate format: 3..100, 0..89 and
1000..2000.

(b) Convert the following set of intervals from the 1-based coordi-
nate format to the 0O-based coordinate format: 3..100, 1..89 and
1000..2000.

3. Given a BAM file input .bam, we want to find all alignments with ma@ >
0 using samtools. What should be the command?
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4. Given two BED files inputl.bed and input2.bed, we want to find all
genomic regions in inputl.bed that overlap with some genomic regions
in input2.bed. What should be the command?

5. For the following wiggle file, can you compute coverage(3,8),
mean(3,8), minVal(3,8), mazrVal(3,8) and stdev(3,8)?

fixedStep chrom=chrl start=1 step=1 span=1
20
10
15
30
20
25
30
20
10
30

6. Can you propose a script to convert a BAM file into a bigWig file?



Chapter 3

Related algorithms and data
structures

3.1 Introduction

This chapter discusses various algorithmic techniques and data structures
used in this book. They include:

e Recursion and dynamic programming (Section 3.2)

e Parameter estimation and the EM algorithm (Section 3.3)
e Hash data structures (Section 3.4)

e Full-text index (Section 3.5)

e Data compression techniques (Section 3.6)

3.2 Recursion and dynamic programming

Recursion (also called divide-and-conquer) and dynamic programming are
computational techniques that solve a computational problem by partitioning
it into subproblems. The development of recursion and dynamic programming
algorithms involves three stages.

1. Characterize the structure of the computational problem: Iden-
tify the subproblems of the computational problem.

2. Formulate the recursive equation: Define an equation that describes
the relationship between the problem and its subproblems.

3. Develop an algorithm: Based on the recursive equation, develop ei-
ther a recursive algorithm or a dynamic programming algorithm.

Below, we illustrate these three steps using two computational problems:
(1) a key searching problem and (2) an edit-distance problem.

35
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Algorithm search(i..j, v)
1. if i=7j then
2: if a; = v then

3: Return true;
4: else

5: Return false;
6: end if

7: end if

8: Return search(i+ 1..7,v);

FIGURE 3.1: First recursive algorithm to check if v appears in a;, ..., a;.

3.2.1 Key searching problem

Given a sorted list of integers a1, ...,a, (i.e, a1 < as <...< ay,), the key
searching problem asks if a key v appears in aq, ..., a,.

For example, suppose the list of integers is 3,7,12, 14, 18, 23, 37,45, 87, 92.
If the key is 15, false is reported since 15 is not in the list of integers. If the
key is 18, true is reported.

We use the above three stages to design a recursive algorithm that solves
the key searching problem. First, we characterize the key searching prob-
lem and identify subproblems. The full problem is to check if v appears
in ay,...,a,. The subproblem can be defined as checking if v appears in
@i, ...,a; for 1 < i < j < n. Precisely, we define search(i..j,v) to be true
if v € {ar | i < k < j}; and false otherwise. Our aim is to compute
search(1l..n,v).

The second stage formulates the recursive equation. We need to define the
base case and the recursive case. The base case is the case where the answer is
known. In the key searching problem, the base case occurs when the interval
is of length 1, i.e., i = j. We have

true ifa; =wv

search(i..i,v) :{ false otherwise.

The recursive case occurs when ¢ < j. We can reduce the problem into sub-
problems by checking if a; = v. We have

true ifa; =v

search(i + 1..7,v) otherwise. (3-1)

search(i..j,v) = {

Based on this recursive formula, the third stage formulates the recursive

algorithm. We develop an algorithm that handles both the base case and the

recursive case. Here, we try to develop a recursive algorithm which is detailed

in Figure 3.1. Steps 1—5 handle the base case while Step 6 handles the recursive

case. The algorithm basically checks if a; = v for ¢ from 1 to n. Its running
time is O(n).
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Algorithm search(i..j, v)
1: ifi:jandai;évthen
Return false;

else if a; = v then
Return true;

end if ‘

Set = | Z2];

if v<a, then
Return search(i..k,v);

else
Return search(k + 1..5,v);

: end if

© % N>k

— =
= O

FIGURE 3.2: Second recursive algorithm to check if v appears in a;, ..., a;.

The above algorithm is not efficient. By defining a different recursive for-
mula in the second stage, we can develop a more efficient algorithm. Precisely,
for Equation 3.1, instead of comparing v to a;, we compare v to a,, where
K= L%j Then, we obtain the following recursive equation.

search(i..k,v) if v <ay,

search(i..j,v) = { search(k + 1..j,v) otherwise

Based on this recursive formula, search(1..n,v) can be computed using the
recursive algorithm in Figure 3.2. Interestingly, this algorithm will not check
every a;. It performs at most logn comparisons between a;’s and v and hence,
it runs in O(logn) time. It is more efficient than the previous solution.

3.2.2 [Edit-distance problem

The second example is the edit-distance problem. Given two strings S[1..n]
and T[1..m], the edit-distance problem aims to find edit(S,T), which is the
minimum number of edit operations (i.e., insertion, deletion and substitution)
to transform S to T. For example, suppose S = ants and T = bent. S can
be transformed to T' by inserting “b”, substituting “a” with “e”, and deleting
“s”. So, edit(S,T) = 3.

We use the above three stages to develop an algorithm to solve the edit-
distance problem. First, we characterize the problem. The full problem finds
the edit distance between S[1..n] and T[1..m]. The subproblem can be defined
to compute the edit distance between the prefixes of S and T'. Precisely, for
0<i<nand 0<j<m, we define V(i,5) be edit(S[1..i], T[1..5]).

Second, we need to define the recursive formula. For the base case (either
i=0or j =0), we have

V(0,i) = V(i,0) = i.
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For the recursive case (both ¢ > 0 and j > 0), we aim to find the minimum
number of edit operations to transform S[1..i] to T[l..j]. There are three
subcases depending on the edit operation on the rightmost character: (1)
substitution (substitute S[i] by T'[j]), (2) insertion (insert T'[]) or (3) deletion
(delete S[i]). For subcase (1), V(i,j) = V(i — 1,5 — 1) + §(S[i], T[j]), where
d(a,b) = 0if a = b; and 1, otherwise. For subcase (2), V(i,5) = V(i,j—1)+1.
For subcase (3), V(i,5) = V(i—1, j)+1. Hence, we have the following recursive
formula.

V(i—1,7—1)406(S[i],T[j]) substitution
V(i,j) =min{ V(i,j—1)+1 insertion
V@i—-1,j)+1 deletion

Given the recursive formula, the third stage constructs either a recursive al-
gorithm or a dynamic programming algorithm. We can compute edit distance
by recursion. However, such a method runs in O(3"") time. The inefficiency
of the recursive algorithm is due to the recomputation of V' (i, 7). (Precisely,
the value V'(i,5) will be recomputed when we need to compute the values
V@i+1,j+1),V(i+1,7) and V(4,5 + 1).) If we store V (i, 7) after it is com-
puted, we can avoid the recomputation and reduce the running time. Such an
approach is called dynamic programming. Dynamic programming generates
the dependency graph of all values V' (i, j). Then, it first computes the values
V(i,j) for base cases. Afterward, for recursive cases, the values V(i,j) are
computed in bottom-up order according to the dependency graph. Figure 3.3
details the algorithm to compute V(i,5) for 0 < i <n and 0 < j < m. Steps
1—6 are for the base cases while Steps 7—11 are for the recursive cases. This
algorithm runs in O(nm) time. (Note: Apart from bottom-up dynamic pro-
gramming, we can also use the technique of "memoization”. Initialize all table
entries V(4,j) to be —1 and run the recursive algorithm to compute V(n, m).
When the recursive algorithm computes V' (4, 5), if its value is —1, the algo-
rithm applies the recursive formula and computes recursively. When the value
of the entry is > 0, we just return the value of the entry. This solution also
runs in O(nm) time.)

3.3 Parameter estimation

Consider a set of n observed data X = {Xj,...,X,}. Suppose each ob-
servation X; can be modeled by a distribution with an unknown parameter
f. We aim to find 0. For example, suppose we flip a coin. Let 6 be the (un-
known) chance that the outcome is a head. Suppose we flip the coin n times.
Let X = {X1,...,X,} be the list of n outcomes, where X; = 1 if the ith
outcome is a head; and 0 otherwise. Our aim is to estimate 6.
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Algorithm EditDist(S[1..n], T[1..m])

1: for i =0 ton do
Set V (4,0) = ¢;
end for
for j =0tom do
Set V(07J) =J;
end for
for i =1ton do
for j =1 tom do
V(i j) = min{V(i = 1,5 — 1) + 8(S[il, T[j1), Vi j — 1) + 1, V(i
Lj)+ 1k
10: end for
11: end for
12: Return V' (n,m);

© % N>k N

FIGURE 3.3: The dynamic programming algorithm to compute the edit
distance between S[1..n] and T[1..m].

3.3.1 Maximum likelihood

The parameter 6 can be estimated by maximum likelihood. Assume all
observations in X are independent. Then, the probability of observing X given
the parameter 6 is

L(6|X) = Pr(X|0) = H Pr(X;|0).

This function is called the likelihood function. The log likelihood function
is defined to be log L(A|X) = > I, log Pr(X;|0). The maximum likelihood
problem aims to estimate the 6 that maximizes L(0|X) or log L(6]X).

For the coin-flipping example, its likelihood function and log likelihood
function are

L(6|X) = Pr(X|0) = HP?“X|9 Hex g)1=Xo) (3.2)

log L(6]X) = > (Xilogf + (1 — X;)log(1 - 0)). (3.3)
i=1
By differentiating L(0]X) (or log L(0| X)) with respect to 6, we can show that
0= # maximizes L(6]X).
For example, suppose we toss the coin 10 times and the observed outcome
lS<X1—1X2—0X3—0X4—1X5—1XG—1X7—1X8—0X9—
1,X10 = 1). Then, we estimate 6 = 277; =0.7.
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3.3.2 Unobserved variable and EM algorithm

This section introduces the problem of parameter estimation when there
are unobserved variables. Before we introduce unobserved variables, we first
discuss an example. Consider two coins A and B. Let 84 and 6 be the chances
of getting heads when we toss coins A and B, respectively. We perform n
experiments. In the ith experiment, either coin A or coin B is chosen and it is
tossed five times. Let A\ be the chance that coin A is chosen in each experiment.

Suppose n = 5. The following table shows the possible outcome.

i | Coin chosen (Z;) | Outcomes of the five tosses | Number of heads (X;)
1 A THHHH 4
2 B THTTT 1
3 A HHTHH 4
4 A HHHTH 4
b) B TTTTT 0

In the above table, Z; is the coin chosen in the ith experiment and X is
the number of heads in the five tosses. Given {(X1, Z1),. .., (Xn, Z»)}, we aim
to estimate 0 4,0p and A. This problem can be solved by maximum likelihood.
Fori=1,...,n, we have:

- (1-N05(1-0p)°X) Z, =B '

Hence, for the above dataset, the complete likelihood function is

LO|X,7) = Pr(X,Z|)
5
= [[Pr(xi zio)
=1
= Pr(4, Al6)Pr(1, B|0)Pr(4, A|9)Pr(4, A|8) Pr(0, B|6)
)\30jl4+4+4(1 _ QA)1+1+1(1 _ /\) 01B+0( —0p )4

By differentiation, we can show that A = 0.6, 4 = 0.8 and 6 = 0.1.

The above example assumes the full data is known. In real life, some data
may not be observable. For example, suppose we don’t know whether coin A
or coin B is chosen. Then, Z; is an unobserved variable while X; is an ob-
served variable. In such case, the observed data is { X7, ..., X, }. The marginal
likelihood function of the observed data is
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We aim to estimate 6 by maximizing L(]|X). However, the marginal like-
lihood function may be difficult to optimize since the unobserved data is
unknown. In such case, we can apply the Expectation Maximization (EM)
algorithm.

The EM algorithm iteratively improves the estimation of 6, that is, it tries
to iteratively update 6 so that L(0|X) is getting bigger and bigger. Starting
from an initial guess of 6, each iteration of the EM algorithm involves two
steps: the expectation step (E-step) and the maximization step (M-step). In
the E-step, given 6, it estimates the values of the unobserved variables Z;.
Precisely, we estimate the chance that Z; = z given the parameter 6, which is

P?”(Xi,Zi = Z|9) o PT‘(Xi,Zi = 2‘9)

ti(z) = Pr(Z; = z|X;,0) = (3.5)

Given the estimated distribution of Z; (i.e., t;(z)), the M-step tries to
improve 0 to 0’ so that Pr(X|0") > Pr(X|0) where

Pr(X|0) = HZt VPr(X;, Z; = z|0). (3.6)

=1 =z

However, the above equation is sometime time consuming to evaluate. It is
suggested that the above equation can be transformed to Q(6|¢t;), which is as

follows.

QOlt:) = [[ ] Pr(x:. 2Zi = 216)*) (3.7)

=1 =z

The equation Q(6]t;) is expected to be easier to maximize. More impor-
tantly, Lemma 3.1 showed that, when ¢ maximizes Q(¢’'|t;), we guarantee
Pr(X|0") > Pr(X|6). Hence, we can iteratively apply the E-step and the M-
step to find 6, which improves the likelihood function L(6]|X). This process is
repeated until L(0|X) is converged. Figure 3.4 details the EM algorithm.

Pr(X|0) < Q('|t:)

Lemma 3.1 Pr(X]0) = QTG -

Proof See Exercise 3. |}

To illustrate the usage of the EM algorithm, we use the coin-tossing ex-
ample. In the E-step, by Equations 3.5 and 3.4, we have: ¢;(B) = 1 — t;(A)
and

ti(A)

Pr(X;,Z; = A|9)
PT(X@,ZZ' = A|9) + PT(X,',ZIL' = B‘G)
AL (1 —04)0—%0)

= . 3.8
ML= 02050 + (1- N5 (1 gy )
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EM algorithm

Require: The observed data X

Ensure: The parameter 6 that maximizes L(0|X) =
Y, Pr(X,Z|9).

. Initialize # (randomly or using some simple heuristics);

repeat
E-step: Compute t;(z) = Pr(Z; = z|X;,0) fori € 1,...,m;
M-step: Compute § = argmazxe Q(6'|t;).

until L(0|X) is converged;

return 0,

FIGURE 3.4: The standard EM algorithm.

Given t;’s, the M-step aims to find 8 = (¢/4,605,\) that maximizes
QU't:) = i1 [oeqapy Pr(Xi Z; = 210")%(*) where t;(A) satisfies Equa-
tion 3.8, t;(B) = 1 — t;(A) and Pr(X;, Z;|0") satisfies Equation 3.4. By
differentiating Q(¢’|t;) with respect to 64,60 and X\, we can show that
i ti(A)X _ X ti(B)Xs _ i ti(A)
O = s Us = T am and M = =55
the algorithm in Figure 3.5.

Given the observed data (X1 = 4,Xo = 1,X3 = 4, X, = 4, X5 = 0),
suppose we initialize 4 = 0.6, 805 = 0.5 and A = 0.5. The following table shows
the values of 64,05, A after the kth iteration of the algorithm in Figure 3.5
for K =0,1,2,3,4. At the 4th iteration, we observe that the values are close
to the optimal solution 84 = 0.8, = 0.1, A = 0.6.

. Hence, we have

Iteration 04 0p A
0 0.6 0.5 0.5
1 0.638577564 | 0.406249756 | 0.489610971
2 0.737306832 | 0.28673575 | 0.517707992
3 0.787973134 | 0.152522412 | 0.578294391
4 0.794271411 | 0.10301972 | 0.603224969

Note that the EM algorithm just iteratively improves . It may be trapped
in the local optimal. (For example, if we initialize 4 = 0.5,05 = 0.5, A = 0.5,
the algorithm in Figure 3.5 will be trapped in the suboptimal solution.) To
obtain the global optimal, we need a good method to initialize 8 or we can
run the EM algorithm multiple rounds with different initial guesses of 6.
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CoinTossingEM algorithm

Require: The observed data X = (X1,...,X,,)

Ensure: The parameters 04,05, A
1: Initialize 64,05, A (randomly or using some simple heuristics);
2: repeat

3 /* E-step */
4: fori:17.”’ndo
. i\A) = AONF(1-0,4) 5~ X0 -
. o tl(A) B )\eji(179‘4)(57‘){”4’(17)\)9)3&(1*93)(5—Xi)a
6: Set t;(B) =1 — t;(A);
T end for
8 /* M-step */
9:  Set O, = iz AN

S R,
: — X t(B)X,
10:  Set 0p = By
11:  Set A = M;

12: until the estimation of 64,65, A has little change;
13: return 04,03, A,

FIGURE 3.5: The EM algorithm for the coin-tossing problem.

3.4 Hash data structures

Hashing is a frequently used technique in many domains including NGS
data processing. It is a technique that maps a set of keys into a set of small
values by a hash function. This section briefly covers four applications of
hashing: (1) associate array, (2) maintaining a set, (3) maintaining a multiset
and (4) estimating the similarity of two sets.

3.4.1 Maintain an associative array by simple hashing

Consider a collection of (key, value) pairs. An associative array maintains
them and supports the following three operations: (1) add a (key, value) pair,
(2) remove a (key, value) pair and (3) look up the value associated with a key.

This problem can be solved using a data structure like a binary search
tree. Although it works, the insert/remove/lookup time is ©(logn), where n
is the number of elements in the binary search tree.

Alternatively, an associative array can be implemented using hashing. It
consists of two parts: a hash function h() and an array H[0..n — 1] (known as
a hash table). The hash function h() maps each key to an integer between 0
and n — 1. The hash table H[0..n — 1] is for storing the (key, value) pairs.
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For example, suppose we have a set of individuals where each individual
is represented by a (key, value) pair, where the key is his/her length-k DNA
string and the value is his/her age. To maintain the (key,value) pairs in a
hash table H[0..n — 1], we need a hash function h() to map each DNA string
key =bg_1...b1...bg into some integer between 0 and n — 1. A possible hash
function is as follows:

k—1
R(bg_1 ...biby) = (Z 4ic(bi)> mod n
=0

where ¢(A) =0, ¢(C) =1, ¢(G) = 2 and ¢(T) = 3.

For example, assume the DNA string is of length £ = 4 and the hash table
size is n = 13. Then, h(ACTC) = (4% x 1+ 41 x3+42x1+43x0) mod 13 =
3.

Given the hash function h(), we can support the three operations in con-
stant time. To insert a (key,age) pair into a hash table H[0..n — 1], we
first compute ¢t = h(key); then, we assign H[t] = (key,value). For exam-
ple, to insert (ACTC,20) into H|[0..12], we compute h(ACTC) = 3 and assign
H[3] = (ACTC, 20). Similarly, to insert (GTCA,51) into H[0..12], we compute
h(GTCA) = 11 and we assign H[11] = (GTCA, 51).

To find the value associated with the key, we just need to compute ¢ =
h(key) and extract the (key,value) pair from H[t]. To delete a (key,value)
pair, we compute t = h(key); then, set H[t] to be empty.

The above method can only work when n > 4*. In such case, any length-k
DNA string can be hashed into a unique entry in the array H[0..n — 1]. All
operations can be performed in O(1) worst case time. This is called perfect
hashing.

When n < 4%, multiple (key,value) pairs may be hashed to the same
entry in the hash table H[0..n — 1]. This is called collision. The above method
cannot work. There are two ways to resolve collisions: separate chaining and
open addressing. Separate chaining uses a link list to store all the (key, value)
pairs hashed to the same entry.

Open addressing maintains at most one (key,value) pair in each hash
entry. (Note: The number of (key, value) pairs that can be stored by an open
addressing scheme is upper bounded by the hash table size. If we want to store
more pairs, we need to resize the hash table.) The simplest open addressing
scheme is linear probing. To insert the (key,wvalue) into the hash table, let
h(key) = t. If HJt] is non-empty and H|[t] # key, a collision occurs. Linear
probing iteratively increments the index ¢ by 1 when collision occurs until
either H[t] is an empty entry or the key of H[t] is key. If H[t] is an empty
entry, we assign H[t] = (key,value). Otherwise, if the key of H|[t] is key, this
means that key is already stored in the hash table H. We can implement the
other two operations (i.e., deletion and lookup) similarly using linear probing.

In the worst case, the insert/delete/lookup operation of the linear prob-
ing scheme takes O(n) time. However, the average performance of the linear
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probing scheme is not bad. Empirical study showed that the expected running
time of all three operations is O(1) when the load factor (i.e., the proportion
of non-empty entries in the hash table) is lower than 0.7.

Linear probing is the simplest open-addressing scheme. You can also use
some better scheme like Cuckoo hashing [222] to resolve collisions.

3.4.2 Maintain a set using a Bloom filter

Consider a set X of elements. We hope to maintain X and support the
following operations: (1) insert an element into X and (2) query if an element
w exists in X. (Note: We don’t support deleting an element from X.)

The set X can be maintained using an associative array. It works well when
X is of small or medium size. When the number of elements in X is huge, one
solution is to use a Bloom filter proposed by Burton Howard Bloom [23] in
1970. A Bloom filter is a space-efficient probabilistic data structure to solve
this problem. The insert/query time is worst case O(1). Although it may give
a false positive (i.e., it may incorrectly report that an element exists), it does
not give a false negative.

The Bloom filter consists of (1) k hash functions hq,...,h; and (2) a
length-n bit array B[0..n — 1]. B[0..n — 1] is initialized as a zero-bit array. A
Bloom filter is small and it uses O(n) bit space.

To insert an element w into X, we set Blh;(w)] to be 1 for every 1 <
i < k. To query if an element w exists in X, we compute hq(w), ..., hg(w). If
Blh;(w)] = 0 for some 4, then w ¢ X; otherwise, w is predicted to exist in X.

A Bloom filter may give a false positive prediction. Precisely, assume the
hash function is truly uniformly random, after m elements are inserted into

oy . 1 km k _kEm k
X, the false positive rate is {1 - (1 — 5) } R~ (1 —e n ) . Hence, when
n > m, the false positive rate is low.

Given n and m, the optimal number of hash functions that minimizes
the false positive rate is k &~ In2. For example, if n = 8m, the optimal
k ~ 8In2 = 5.545. If we set k = 6, the false positive rate is 0.022.

We give an example to illustrate the idea. Consider a Bloom filter consists
of a bit array B[0..12] and three hash functions hy, he and hs, where hy (w) = w
mod 13, ha(w) = w? mod 13 and h3(w) = (w + w?) mod 13. We initialize
Bl[i] = 0 for 0 < ¢ < 12 (see Figure 3.6(a)). Figure 3.6(b—e) demonstrates the
steps of inserting 12,4, 31, 27 into the bit array B.

To query 4, we have hy(4) = 4, h2(4) = 3 and hg(4) = 7. Since B[4] =
B[3] = B[7] =1, 4 is predicted to appear in X. To query 35, we have hq(35) =
9, ha(35) = 3 and h3(35) = 12. Since B[9] is 0, we predict that 35 does not
appear in X. To query 40, we have hi(40) = 1, ha(40) = 1 and h5(40) = 2.
Since B[1] = B[2] = 1, we predict that 40 appears in X. However, this is a
false positive.
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FIGURE 3.6: An example of a Bloom filter.

3.4.3 Maintain a multiset using a counting Bloom filter

Consider a multiset X of elements. We hope to maintain X and support
the following operations: (1) insert an element into X, (2) delete an element
from X and (3) query the number of occurrences of an element in X.

Fan et al. [74] proposed the counting Bloom filter to solve this prob-
lem. A counting Bloom filter is a generalization of the Bloom filter. It is
a space-efficient probabilistic data structure that enables constant time in-
sert/delete/query. Although it may give false positives (i.e., it may incorrectly
report an element exists or over-estimate the count of the element), it does
not give false negatives.

The counting Bloom filter consists of (1) k hash functions hy, ..., hy and
(2) a length-n integer array B[0..n — 1]. All entries in the integer array
B[0..n — 1] are initialized as zeros. To insert an element w into X, we in-
crement B[h;(w)] by 1 for every 1 < i < k. Similarly, to delete an element w
that exists in X, we decrement B[h;(w)] by 1 for every 1 <i < k.

To query if an element w belongs to X, we compute hy(w),..., hg(w). If
Blhi(w)] = 0 for some i, then w ¢ X; otherwise, w is estimated to occur
min;e1 x{Blh;(w)]} times in X. Note that w may be a false positive or the
count may be inflated. But the chance is low when n is big enough.

To illustrate the idea, we give an example. Consider a counting Bloom filter
that consists of an integer array B[0..12] and three hash functions hq, he and
h3, where hi(w) = w mod 13, ha(w) = w? mod 13 and hz(w) = (w + w?)
mod 13. We initialize Bfi] = 0 for 0 < ¢ < 12 (see Figure 3.7(a)). Fig-
ure 3.7(b—e) demonstrates the steps of inserting 4, 31,4 into the integer array
B; then deleting 31.
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FIGURE 3.7: An example of a counting Bloom filter.

We use the example in Figure 3.7(d) to illustrate the count-
ing query. For the element 4, since min{Blhi(4)], Blh2(4)], B[hs(4)]} =
min{B[4], B[3], B[7]} = 2, we conclude that 4 occurs twice. For the element
31, since min{B[h1(31)], B[h2(31)], B[h3(31)]} = min{B[5], B[12], B[4]} = 1,
we conclude that 31 occurs once. For the element 33, since min{B[h;(33)],
B[h2(33)], B[h3(33)]} = min{B[7], B[10], B[4]} = 0, we conclude that 33 does
not exist.

Note that when too many elements are inserted into the counting bloom
filter, the chance of giving false positives increases. To make the counting filter
smaller and scalable, Bonomi et al. [27] introduced a data structure based on
d-left hashing. This counting filter is known as the d-left counting Bloom filter,
which is functionally equivalent to the normal counting Bloom filter but uses
approximately half as much space; furthermore, once the designed capacity is
exceeded, the keys will be reinserted using a new hash table of double size.
This makes a d-left counting Bloom filter scalable.

3.4.4 Estimating the similarity of two sets using minHash

Let U be a universe. For any two sets A, A’ C U, we can measure their
similarity by Jaccard similarity, where Jaccard similarity is defined to be
J(A A = }’:8?:}. For example, consider two sets A = {2,14,32,41} and

= {5,14,41,48,72}. We have J(A4, A’) = 2

Suppose we have many sets and the sizes of the sets are big. It is time
consuming to compute the Jaccard similarity of every pair of sets. This sec-
tion aims to find a short signature for each set A that allows us to quickly




48 Algorithms for Next-Generation Sequencing

estimate Jaccard similarity of any two sets. More precisely, we aim to find a
similarity-preserving signature for every set such that similar sets have similar
signatures while dissimilar sets are unlikely to have similar signatures. One
possible signature is minHash.

First, we define the minHash function. Let h() be a function that maps U
to any permutation of U. For any set A C U, we define the minHash function
wp(A) = min{h(z) | x € A}. The following lemma is the key.

Lemma 3.2 Let h() be a function that maps U to a random permutation of
U. For any two sets A, A" CU. Pr(wp(A) =wp(A')) = J(A,A").

Proof Note that wp(4) = wp(4') if and only if mingecaua h(z) =
minge anar h(z).

As h() is a random permutation function, % is the probability that
mingeaua’ h(z) = minge anar h(z). Hence, the lemma follows. |

Based on the above lemma, we can define a length-K signature of a set A
as follows. Let hq,...,hx be K different random permutation functions of U.
For any set A, denote the signature of A as

sig(A) = (why (A), . wiye (A)).

For any two sets A and A’, their similarity sim(sig(A), sig(A")) is defined to
be + Zfil d(wn, (A),wn, (AN). (0(z,y) = 1 if & = y; otherwise §(z,y) = 0.)
We have the following lemma.

Lemma 3.3 The expected value of sim(sig(A), sig(A”)) is J(A, A).
Proof See Exercise 6. |J

By the above lemma, we know sim(sig(4;), sig(4;)) ~ J(A;, A;). Be-
low, we give an example. Suppose the universe is {0,1,...,15}. Let hy(x) =
x @ 10102, ho(z) = x @ 01102 and hs(z) = = @ 01002 be three permutation
functions. The following table shows the values of the three functions for three
sets. We have sim(Aq, As) = 2/3 = 0.6667, sim(Ay, Az) = sim(Az, A3) = 0.
Note that J(Ay, A2) = 3/6 = 0.5, J(A41,As) = J(A1, A3) = 0. Hence, sim()
and J() have approximately the same values.

A hi() | ha() | hs()
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3.5 Full-text index

Consider a text T[1..n]; its full-text index is an index that allows efficient
pattern matching on T'. There are three important full-text indexes: the suffix
tree, suffix array, and FM-index. The following subsections briefly describe
them. A more detailed description can be found in [289].

3.5.1 Suffix trie and suffix tree

Suffix tree is first proposed by Weiner in 1973 [313]. It is a fundamental
data structure for pattern matching. Given a text T" over an alphabet A, we
first define suffix trie 7 (or 7 for clarity), which is a variant of the suffix
tree. A trie (derived from the word retrieval) is a rooted tree where every
edge is labeled by a character in A. It represents a set of strings formed by
concatenating the characters on the unique paths from the root to the leaves
of the trie. A suffix trie is simply a trie storing all possible suffixes of T
Figure 3.14(a) shows all possible suffixes of a text T'[1..7] = ACACAGS, where
$ is a special symbol that indicates the end of T. For example, the 4th suffix
is CAG$ The corresponding suffix trie is shown in Figure 3.14(b). In a suffix
trie, every possible suffix of T is represented as a path from the root to a leaf.
This implies that every possible substring of T is represented as a path from
the root to an internal node.

For any node w in the suffix trie 7 for T', Leaf(u) (or Lea fr(u) for clarity)
is defined as the set of descendant leaves of u. Also, the path label of u, denoted
as plabel(u) (or plabelr(u) for clarity) is defined as the concatenation of the
edge labels from the root to the node. We define depth(u) (or depthr(u) for
clarity) be the string depth of a node w, which is the length of the path label
plabel(u). For example, in Figure 3.14(b), the leaf label set of the node v is
Leaf(v) = {1,3}, the path label of the node v is plabel(v) = ACA, and the
string depth of the node v is depth(v) = 3.

A suffix trie may contain O(n?) nodes, which is too big. A suffix tree
is a compact representation of a suffix trie, which is a rooted tree formed
by contracting all internal nodes in the suffix trie with a single child and a
single parent. Figure 3.14(c) shows the suffix tree made from the suffix trie in
Figure 3.14(b). For each edge in the suffix tree, the edge label is defined as
the concatenation of the characters on the edges of the suffix trie, which are
merged. For example, in Figure 3.14(c), the edge label of (u,v) is CA. Given
a string T of length n, its suffix tree can be stored in O(nlogn) bits. It also
can be constructed in O(n) time [76, 104].

A suffix tree/trie enables us to perform pattern searching efficiently. Given
a query pattern @, we can determine if @ exists in T' by checking if there exists
a node u such that plabel(u) = Q. Then, Leaf(u) is the set of occurrences of
@, which can be found by running a depth-first search at the node w. In total,
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Suffix
ACACAGS
CACAG$
ACAG$
CAG$
AG$

G$

$

~N (OO ([WIN |~

(a)

FIGURE 3.8: For T = ACACAGS, (a) shows all suffixes of T, (b) shows the
suffix trie of T', and (c) shows the suffix tree of T'.

the occurrences of any pattern @ of length m can be found in O(m+occ) time
where occ is the number of occurrences of the pattern @ in S.

For the example suffix tree/trie of T = ACACAGS$ in Figure 3.14(b,c), the
occurrences of () = ACA can be found by traversing down the suffix tree/trie
to find a path label which equals Q. Since plabel(v) = ACA = @, we confirm
that @ occurs in T. The occurrences are Leaf(v), which is {1, 3}.

Consider the case when Q = ACC. When we traverse down the suffix
tree/trie, we find a node w with path label AC (see Figure 3.14(b)). How-
ever, from this point onward, we cannot extend the path for the character C;
thus we report that the pattern ACC does not occur in T'.

3.5.2 Suffix array

A suffix tree is big since we need to maintain the tree structure. To re-
duce space, Manber and Myers [186] proposed a data structure called a suffix
array, in 1993, which is functionally similar to a suffix tree. Let T[1..n] be a
text over an alphabet A, which ends at a unique terminator $. Assume $ is
lexicographically the smallest character. The suffix array SA[l..n] is a permu-
tation of {1,...,n} such that the SA[i]-th suffix is lexicographically smaller
than the SA[i + 1]-th suffix for ¢ = 1,...,n — 1. A suffix array can be stored
in nlogn bits as every integer in the suffix array is less than n and can be
stored in logn bits. For example, consider T = ACACAGS. Its suffix array is
(7,1,3,5,2,4,6) (see Figure 3.9).

The suffix tree and suffix array are highly correlated. When the leaves of a
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i | SAi] | SAJi]-th suffix
1 7 $

2 1 ACACAGS

3 5 ACAGS

4 6 AGS$

5 2 CACAGS

6 3 CAG$

7 4 G$

FIGURE 3.9: Consider a text 7' = ACACAGS. The table has 7 rows. For the
ith row, the second column is the suffix array value SA[i] and the third column
is the SA[i]-th suffix.

suffix tree are traversed in lexicographical depth-first search order, they form
the suffix array of that string. (Note that the left-to-right order of the leaves
in Figure 3.14 is in fact the suffix array in Figure 3.9.) Thus the suffix array of
T[1..n] can be constructed in O(n) time by first constructing the suffix tree T;
then the suffix array can be generated by traversing 7 using lexicographical
depth-first traversal.

Similar to the suffix tree, we can perform exact pattern matching using
a suffix array. Consider a query string ). Let ¢ and j be the smallest and
the largest index such that both the SA[i]-th suffix and the SA[j]-th suffix
contain ) as their prefix. Then, i..j is called the SA range of @), denoted as
range(T, Q). Note that positions SA[i],...,SA[j] are all occurrences of @ in
T. For example, considering the suffix array for the text T = ACACAGS (see
Figure 3.9), CA occurs in SA[5] and S A[6]. In other words, range(T, CA) = 5..6.

range(T, Q) can be found by applying a binary search on the suffix array
SA[l..n]. Precisely, we compare the query @ with the middle sequence in
the suffix array. If @ is lexicographically smaller than the middle sequence,
we recursively perform a binary search on the first half of the suffix array;
otherwise, we perform a binary search on the second half. After performing at
most log n comparisons, we can locate the pattern. As each comparison takes
at most O(m) time, the algorithm runs in O(mlogn + occ) time. Manber and
Myers [186] gave a modified version of the binary search algorithm, whose
practical running time is O(m + logn + occ) for most cases.

3.5.3 FM-index

Although a suffix array is smaller than suffix tree, it is still too big for
indexing genomes. For example, the suffix tree and suffix array of the human
genome require ~40 gigabytes and ~13 gigabytes, respectively. To reduce
space, Ferragina and Manzini [78] proposed the FM-index, which is much
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smaller. For the human genome, its FM-index takes less than 2 gigabytes,
which is small enough to be stored in a personal computer.

Given a text T[l..n] over an alphabet A, the FM-index of T' consists of
three parts:

1) ¢,
(2) the Burrow-Wheeler Transform (BWT) of the text T, and
(3) an auxiliary index Occ(y, 7).

For every y € A, C(y) is defined to be the total number of characters in
the text T that are lexicographically smaller than y. For example, for T =
ACACAGS, we have C($) = 0,C(A) = 1,C(C) = 4,C(G) = 6,C(T) = 7.

¢ | Rotation | F[i] | Bli] | LF (%) | SA[i] | SA[i]-th suffix
1 | $ACACAG $ G 7 7 $

2 | ACACAGS | & $ 1 1 ACACAGS

3 | ACAGSAC A C 5 3 ACAGS

4 | AGSACAC | A C 6 5 AGS

5 | CACAGSA | C A 2 2 CACAGS

6 | CAGSACA | C A 3 4 CAGS
71G$AcCACA | G A 4 6 G$

FIGURE 3.10: Consider a text T' = ACACAGS. The table has 7 rows. For the
ith row of the table, the second column is the last-to-first mapping function
LF(i), the third column is the BWT BJi], the fourth column is the suffix
array SA[i], and the fifth column is the SA[i]-th suffix. Note that B[i] is the
preceding character of the SA[i]-th suffix.

The BWT B is an easily invertible permutation of T'. We first define rota-
tions of T. For any i € 1..n, T'[i..n]T[1..i — 1] is a rotation of 7. For example,
for T'= ACACAG$, the second column of Figure 3.10 shows the lexicographical
order of all rotations of 7. Note that the lexicographical order of rotations
of T is the same as the lexicographical order of suffixes of T. (That is, the
S A[i]-th rotation is the i-th smallest rotation of T'.)

The BWT is defined to be the last symbols of all sorted rotations of T
For example, for T[1..7] = ACACAGS$, B[1..7] = G3CCAAA (see Figure 3.10).
Mathematically, B and SA are related by the formula B[i] = T[SA[i] — 1] for
SA[i] > 1; otherwise, B[i] = $. By the mathematical definition, we know that
Bi] is the preceding character of the SA[i]-th suffix (assuming the preceding
character of the first suffix of T is T[n] = $).

Given B, we define the function Occ such that, for any y € A and 1 <
i <n, Occ(y, 1) is the number of occurrences of y in B[1..7] and Oce(y, 0) = 0.
When |A| is constant, [78] showed that the Occ data structure can be stored

in O(nlolgol%) bits while any entry Occ(y, ) can be accessed in constant time.
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Algorithm BWT2Text

Require: The BWT BJ[l..n]

Ensure: The text T[1..n]

: T[TL] = $;

i=1and T[n — 1] = BJi];

: for k=n—2 down to 1 do
it = LF(i);
TlK] = B

end for

: Return T[1..n];

IR e

FIGURE 3.11: The algorithm for inverting the BWT BJ[1..n] to the original
text T'[1..n].

3.5.3.1 Inverting the BWT B to the original text T

The BWT B can be inverted to the original text T' by utilizing the last-to-
first mapping function LF(). Recall that BJ[] is the array of the last symbols
of all sorted rotations of T. Denote F[] as the array of the first symbols of
all sorted rotations of T' (see Figure 3.10). The last-to-first mapping function
LF() maps the ith occurrence of the symbol ¢ in BJ] to the ith occurrence of
the symbol ¢ in F[]. For example, in Figure 3.10, B[6] is the second occurrence
of A in BJ[] while F[3] is the second occurrence of A in F[]. So, we have LF(6) =
3.

Lemma 3.4 states the properties of LF(). By the first property of
Lemma 3.4, LF (i) = C(B[i]) + Occ(Bi], ). Using the FM-index, LF(i) can
be computed in O(1) time.

We can recover T[k] for k = n,n — 1,...,1 iteratively by the algo-
rithm BWT2Text in Figure 3.11. The correctness follows from property 2
of Lemma 3.4 (see Exercise 8). Since LF (i) can be computed in O(1) time,
the algorithm runs in O(n) time.

Lemma 3.4 (BWT inversion) LF has the following properties:
1. LF (i) = C(BJ[i]) + Occ(Bli], ).
2. SA[i] = SA[LF(i)] + 1. (In other words, T[SA[LF(i)]..n] =
B[i|T[SAli]..n].)
Proof The following shows the proofs for the two properties:

1. Let ¢ = Blk] and j = Occ(Blk], k). This means that the j-th occurrence
of ¢ in B[l..n] is at position k. The array F[1..n] is sorted. Hence, the
j-th occurrence of ¢ in F[l..n] is at position C(c) + j. Thus, LF(k) =
C(c) + j = C(BIk]) + Occ(B[k], k).
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Algorithm SA value(i)

Require: the FM-index of T', the auxiliary data structure D[] and an integer
i between 1 and n
Ensure: SA[i

1: count = 0;

2: while D[i] =0 do

3:  i=LF(®i);

4:  count = count + 1;
5: end while

6: Return D[i] — count;

FIGURE 3.12: The algorithm for computing SA[i].

2. By definition, T[SA[i]..n] is the rank-i suffix and B[i] is its preceding
character. Hence, we have T[SA[i] — 1..n] = B[i|T[SA[{]..n].

Note that the rank of B[|T[SA[i]..n] is LF(i). Hence, we have
SA[LF()] = SAli]—1. |}

3.5.3.2 Simulate a suffix array using the FM-index

We can use the FM-index to simulate a suffix array by including an auxil-

iary data structure. Here, we describe an O(%)—bit data structure that

enables us to access every SA[k] using O(log?n) time. We sample and store
SA[i] for all 4 such that SA[i] is the multiple of x where x = log? n. Precisely,
we create an integer array D[1..n] such that D[i] = SA[:] if SA[i] is a multiple
of k; and 0 otherwise. Then, using a packed B-tree, D[1..n] can be stored using

O(%) bits while every D[i] can be accessed in O(1) time.

Given the FM-index and the array D[1..n|, we can compute SA[i] using
O(log?n) time using the algorithm in Figure 3.12. The correctness of the
algorithm is due to the following lemma.

Lemma 3.5 Given the FM-index of T and D[], SA[i] can be computed in
O(log?® n) time for any i.

Proof The algorithm iteratively performs i = LF(i) until D[i] # 0. Assume
it performs d iterations of “i = LF(i)” and denote i(V), ... i(9) as the values
of i after the 1st, 2nd, ..., dth iterations, respectively. By Lemma 3.4, SA[i] =
SA[IM]4+1=SA[iP)+2=... = SA[i‘)] +d = D[i'D] +d. As LF() can be
computed in O(1) time, the algorithm runs in O(d) time.

Finally, note that we sample SA[i] for all ¢ such that SA[i] is a multiple
of log® n. Hence, d < logn. |
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Algorithm BackwardSearch(Q[1..m])
1: Set i..j = 1.n;
2: for k=m to 1 do
3:  // Compute the SA range of Q[k..m)]

4y =Q[k];

5. i=C(y)+ Oce(y,i — 1) + 1;
6: j=C(y)+ Oce(y,j);

7. if ¢ > j then

8: Return “@Q does not exist”;
9: end if

10: end for

11: Return 7..5;

FIGURE 3.13: The algorithm for a backward search.

3.5.3.3 Pattern matching

Consider a text T'[1..n]. For any query Q[1..m], we aim to compute all oc-
currences of ) in T'. This is equivalent to computing the SA range range(T, Q).
Section 3.5.2 showed that range(T, Q) can be computed by a binary search
of the suffix array SA[], which takes O(mlogn) time. We can also compute
range(T, Q) from the FM-index of T. This method is known as a backward
search. More interestingly, a backward search is more efficient and takes O(m)
time.

A backward search is based on the following key lemma.

Lemma 3.6 (Backward Search) Consider any pattern Q and any charac-
tery. Leti..j be the SA range range(T, Q). Then, the SA range range(T,yQ)
isi'..j" where i’ = C(y) + Occ(y,i — 1) + 1 and j' = C(y) + Occ(y, j).

Proof See Exercise 9. |}

The detail of the backward search algorithm is stated in Figure 3.13. We
start with an empty string, whose SA range is 1..n (Step 1). Iteratively, we
compute range(T, Q[k..m]) for k = m down to 1 by applying Lemma 3.6
(Steps 2—10). Since C() and Occ() can be computed in O(1) time, the algo-
rithm BackwardSearch(Q[1..m]) runs in O(m) time.

3.5.4 Simulate a suffix trie using the FM-index

Consider a text T'[1..n]. The suffix trie 7 of T is too big to be stored
in memory. Here, we show that the suffix trie 7 can be simulated using the
FM-index of T, where T is the reverse of T'.

We aim to implement a suffix trie 7 that supports the following operations:
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e child(u, c): Reports the child v of u such that the edge label of (u,v) is
c.

e Leaf(u): Reports all the leaves of 7 under the node wu.

First, we describe how to represent the nodes in 7. Every node w in 7 is
represented by a tuple (|P|,i..7) where P = plabel(u) and i..j is range(T, P).
In particular, the root is represented by (0, 1..n). For example, Figure 3.14(b)
gives the suffix trie 7 for ' = ACGCG$ and Figure 3.14(a) gives the suffix array
for T. The node with path label CG is denoted by the tuple (2,5..6) since 2 is
its depth and 5..6 = range(T,GC). Note that every node in 7 is represented
by a distinct tuple.

Below, we describe how to implement the operation child(u,c). Sup-
pose the node w is represented by (d,i..j). By definition, d = |P| and
i..j = range(T, P), where P = plabel(u). Then, the node v is (d + 1,4'..5)
where i'..5' = range(T, cP). Note that, given the FM-index of T, 7'..j' can
be found in O(1) time by applying Lemma 3.6. Hence, we have the following
lemma.

Lemma 3.7 Consider a text T. We can simulate the suffix trie T of T by
representing every node u by (|plabel(u)|,range(T, plabel(u))). Then, given
the FM-index of T, child(u,c) can be computed in O(1) time for every node
u and every character c.

For the implementation of Leaf(u), we leave it as an exercise (see Exer-
cise 11).

3.5.5 Bi-directional BWT

Consider a text T over an alphabet A. Section 3.5.3 describes the FM-
index that enables us to perform a backward search. Precisely, consider any
pattern @ and any character y € A. Given range(T, @), the FM-index enables
us to compute range(T,yQ) in O(1) time (see Lemma 3.6).

By symmetry, another operation is the forward search. For any pattern @
and any character y, given range(T, @), the forward search operation aims to
compute range(T, Qy). However, given the FM-index of T', the forward search
operation cannot be solved efficiently.

Lam et al. [152] proposed the bi-directional BWT to solve this problem.
Bi-directional BWT consists of two FM-indexes, that is, the FM-indexes for
both T and T'. For every pattern @, the bi-directional BWT aims to compute
both range(T, Q) and range(T, Q). The following is the key lemma.

Lemma 3.8 Consider any pattern Q) and any character y € A. Given the SA
range range(T, Q) and range(T',Q), we can compute

(1) range(T,yQ) and range(T,yQ)
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T =ACGCGS (0, 1..6)
T =$GCGCA c G
_ hLLﬂ|hLlﬂ|hL3m| |u5£ﬂ
i | SA7[i] | Suffixof T c G $ C
1| 1 |scccea 2.3.3)] |@s.6)] |21 |24.9)
G c G
2 6 A

6,5.5)] |B,4.9) |i3,2.0)] |3 6.6)]

3 5 CA

4 3 CGCA

5 4 GCA

6 2 GCGCA

(a) (b)

FIGURE 3.14: Consider a text T = ACGCGS. T' = $GCGCA is the reverse of
T. (a) is the suffix array of T'. (b) is the suffix trie 7 of T'.

(2) range(T, Qy) and range(T,Qy)
in O(|A]) time. (Note that yQ = Qy and Qy = yQ.)

Proof We only illustrate the proof for (1). (2) can be proved similarly.

Let i.j = range(T,Q) and i'..j/ = range(T,Q). Suppose A =
{a1,... a4} where a; < ... <ay.

For every character ay, € A, iq4,..Jq, = range(T, arQ) can be computed in
O(1) time by a backward search (see Lemma 3.6). Hence, using O(|.A|) time,
we compute iq,..Jq, for all k =1,...,|A|.

It is easy to show that range(T,arQ) = i, ..j;,, where j, =i’ —1+

Zl;=1(jap —iq, +1) and i;, =i’ + Z’;;i(jap —ig, + 1). The lemma follows.

By the above lemma, if we maintain both range(T,Q) and range(T, Q),
we can perform a forward and a backward search in O(].A|) time.
By combining Lemma 3.7 and Lemma 3.8, we have the following lemma.

Lemma 3.9 Consider a text T over an alphabet A. We can simulate the suffiz
trie 7p of T' and the suffix trie 7 of T' using a bi-directional BWT of T'. Let
Q be any substring of T'. Let u and u be the nodes in Tr and 77, respectively,

such that plabelr(u) = Q and plabel:(u) = Q. Given (u, @), we enable three
operations:
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(1) For any character y, compute (v,v) where plabelr(v) = Qy and
plabel(T) = Qy in O(|A]) time.

(2) For any character y, compute (v,v) where plabelr(v) = yQ and
plabel=(T) = yQ in O(|A]) time.

(3) Compute Leafr(u) and Leafr(@) in O(|Leafr(u)|log®n) time.

Proof Let Q = plabelr(u). Observe that the node u in T is represented as
(|Q|, range(T, Q)) while the node % in T is represented as (|Q|, range(T, Q)).

For (1), v is represented as (|Q|+1,range(T, Qy)) while 7 is represented as
(|1Q|+1,range(T, Qy)) (see Lemma 3.7). Given range(T, Q) and range(T, Q),
Lemma 3.8 shows that both range(T, Qy) and range(T, Qy) can be computed
in O(|A]) time.

For (2), (v,?) can similarly be computed in O(].A]) time. For (3), see Ex-
ercise 11. ||

3.6 Data compression techniques

This section describes some coding schemes that are used in Chapter 10.

3.6.1 Data compression and entropy

Data compression aims to reduce the total space to store a text T over
some alphabet A. Note that different characters have different numbers of
occurrences. One can use fewer bits to represent frequent characters in 7" and
more bits to represent rare characters in T. Then, we can reduce the storage
size. Let p(z) be the frequency for every character z € A (0 < p(z) < 1).
The optimal coding scheme encodes each character z using — log, p(x) bits.
The entropy is defined to be the average number of bits per character when
the text T is stored using the optimal coding scheme. Precisely, the entropy
equals Ho(T) = — ) . p(z)logy p(z). If the entropy is small, the data is
compressible.

For example, consider a sequence X = (¢, b,d,¢,b,d,a,a). p(a) = p(b) =
p(c) = p(d) = 2/8. Hence, the entropy of X is —2/81log,(2/8)—2/8log,(2/8) —
2/8log,(2/8) — 2/8log,(2/8) = 2.0 bits. To achieve the entropy, we represent
a by 00, b by 01, ¢ by 10 and d by 11. In other words, the sequence X is
represented by (10,01, 10,11,00,00,01,11), which requires 16 bits (or 2 bits
per character).

Consider another sequence Y = (¢,b,d,a,b,a,b,b). p(a) = 2/8,p(b) =
4/8 and p(c) = p(d) = 1/8. The entropy of Y equals —2/8log,(2/8) —



Related algorithms and data structures 59

4/8log,(4/8) — 1/8logy(1/8) — 1/81log,(1/8) = 1.75 bits. To achieve the en-
tropy, we represent a by 01, b by 1, ¢ by 000 and d by 001. In other words,
the sequence Y is represented by (000, 1,001,01,1,01,1,1), which requires 14
bits (or 1.75 bits per element). Hence, sequence Y is more compressible and
has a smaller entropy.

Compression schemes exist that can encode a text 1T optimally or near
optimally. The Huffman code (see Section 3.6.4) encodes the text T using at
most n(Hy(T) + 1) bits. The arithmetic code (see Section 3.6.5) encodes the
text T optimally using nHo(T') bits.

The above discussion assumes the symbols are independent. However, the
occurrence of some symbol may depend on the preceding symbols. For exam-
ple, in English, after the character “q”, it is highly probable that the next char-
acter is “u”. Also, after the characters “th”, it is likely that the next character
is “e”. If the coding scheme is allowed to encode the symbols using a different
number of bits depending on its k preceding symbols (called context), then we
can further reduce the storage space. As such, the minimum number of bits re-
quired per symbol is called the order-k entropy, which is defined as follows. If a
string s € A precedes a symbol ¢ in T, s is called the context of c. We denote
T() to be the string formed by concatenating all symbols whose contexts are
s. The order-k entropy of T is defined as Hy,(T) = 23 . [T |Ho(T®).
Note that Hyy1(T) < H(T) for any k > 0.

For example, for the sequence X = (c¢,b,d,c,b,d,a,a) above, X(®) =
(a),X® = (d,d), X = (b,b), XD = (c,a). We have Ho(X®) =
0, Hy(X®) = 0,Ho(X©@) = 0 and Ho(X¥) = —1/2logy(1/2) —
1/21logy(1/2) = 1. The order-1 entropy Hy(X) = & (1-Ho(X®)+2-Ho(X®)+
2 Ho(X©) +2- Hy(X@) = 0.25, which is smaller than Hy(X) = 2.

Manzini [187] showed that, for any compression scheme that encodes each
symbol in T depending on the symbol itself and its length-k£ context, the
storage of T requires at least nHy (T bits. A number of popular compression
methods like gzip and bzip can encode the text T using nHy(T') + o(n) bits.

3.6.2 Unary, gamma, and delta coding

There are many coding schemes. Here, we present 3 simple coding schemes
for encoding a nature number w (i.e. w > 1): unary code, gamma code and
delta code. All of them are prefix code (i.e., no code word is the prefix of
another code word).

Unary code transforms w to (w — 1)’s 1-bits followed by a single 0-bit.
Thus, unary code uses w bits to represent the integer w. For example, an
integer 4 is represented by 1110.

Gamma code represents w by (v, w—2") where v = |log, w]. Gamma code
stores (1) the unary code for v 4+ 1 using v 4+ 1 bits and (2) the binary code
for (w — 2%) using v bits. In total, gamma code uses 2|log, w]| + 1 bits. For
example, an integer 14 is represented by (v = 3,w — 2¥ = 6) = 1110110.

Delta code represents w by (1) gamma code for v + 1 where v = |log, w|



60 Algorithms for Next-Generation Sequencing

(which uses 2|log, v] +1 bits) and (2) binary code for w— 2" (using v bits). In
total, delta code uses 2|log,(|log, w| + 1)] 4 |logy w| + 1 bits. For example,
an integer 50 is represented by (v = 5,w — 2¥ = 18) = (11010, 10010) =
1101010010.

When the numbers are mostly small, unary code is a good compression
scheme. When the numbers are big, we can use gamma code. When the num-
bers are very big, we can use delta code.

The following example gives encoding of a sequence 4,9,5,11 in unary
code, gamma code and delta code.

e Unary code: 1110, 111111110, 11110, 11111111110
e Gamma code: 11000, 1110001, 11001, 1110011

e Delta code: 10100, 11000001, 10101, 11000011

3.6.3 Golomb code

Golomb code is also a prefix code. It is highly suitable when the input has
significantly more small values than large values. (More precisely, Golomb code
has the best performance when the frequency distribution of the values follows
the geometric distribution.) Golomb code requires a parameter M. Then, any
integer w is represented by (1) the unary code of ¢ + 1 and (2) a binary code
of r = w — gM, where ¢ = |w/M|. We code r differently depending on the
value of r. When r < 2° — M where b = [log, M, we code r as a plain binary
using b — 1 bits; otherwise, we code the number 2° + r — M in plain binary
representation using b bits. (Note that r (i.e., the second part of the Golomb
code) can be represented using either b bits or b — 1 bits. During decoding, if
the first bit of the second part is 1, we know that r is represented in b bits;
otherwise, r is represented in b — 1 bits.)

For example, suppose the parameter M = 10. Then, b = |log, M| = 4.
The integer 42 can be represented by (¢ = [42/10] = 4,r = 42 — Mq = 2).
Since 2 < 2* — 10, 42 is encoded by the unary code of 4 + 1 and the binary
code of 2 using 3 bits, that is, 11110 010. As another example, the integer 39
is represented by (¢ = 3,7 = 9). Since 9 > 2* — 10, 39 is encoded by the unary
code of 3+ 1 and the binary code of 24 +9 — 10 using 4 bits, that is, 11101111.

One issue of Golomb code is to set the parameter M. To obtain a small
size, we set M to be the mean of all encoded integers. Note that when M
equals the power of 2, the code is also called Rice code.

3.6.4 Huffman coding

Huffman coding is a prefix code that encodes high-frequency symbols with
shorter codes and low-frequency symbols with longer codes. The codes of the
symbols can be represented by a tree called the Huffman tree. For example,
consider the sentence “apple is a health fruit.” The frequencies of the alphabets
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FIGURE 3.15: (a) is the table of the frequencies of the alphabets in the sen-
tence “apple is a health fruit.” (b—j) illustrate how to construct the Huffman
tree. (j) is the Huffman tree of the sentence.

in the sentence are shown in Figure 3.15(a). Figure 3.15(j) gives the Huffman
tree of the sentence. Every path from the root to the leaf is a prefix code of
a symbol. For example, the prefix code of the symbol s is 0101. Based on the
Huffman codes for the symbols, we can encode the sentence as

1111101110110110011000101111011100111 101001 011 0100 0000 0001 1100 001

The Huffman tree of a text 1" can be constructed by a greedy algorithm
as follows. Let A be the set of characters that appear in T. Let f(x) be the
frequency of x for every character x € A. To build the Huffman tree, a leaf
node is created for every character in A and all nodes are included in the
priority queue (. The Huffman tree can be built in |A| — 1 iterations. Every
iteration performs 4 steps. First, two nodes z and y are extracted from @Q
which have the lowest frequencies among all nodes in ). Second, a new node
z is created and x and y are set to be its children. Third, the frequency of
z is denoted as f(z) = f(x) + f(y). Fourth, z is included in the priority
queue. After |A|—1 iterations, the Huffman tree is obtained. The detail of the
algorithm is shown in Figure 3.16. Figure 3.15(b—j) demonstrates the steps
to build the Huffman tree for the text “apple is a health fruit.”

When every symbol is encoded separately with a prefix code, Huffman
coding is an optimal encoding scheme. Hence, Huffman code is popularly
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Algorithm HuffmanTree(T)
Require: a text T
Ensure: A Huffman tree for the text T
1: Let A be the set of characters appear in T; Let f(x) be the frequency
of every character x € A;
2: Every x € A is a leaf node and is included in a priority queue Q;
: while @ contains at least two nodes do
Extract two nodes = and y which have the lowest frequencies among
all nodes in @Q;
Create a new node z and set  and y be its children;
£(2) = f(@)+ F):
Insert z into the priority queue @;
: end while
: Let r be the remaining node in ) and return the tree rooted at r;

= w

© ® N>

FIGURE 3.16: The algorithm for constructing the Huffman tree.

used for lossless data compression. However, Huffman is not optimal when we
don’t have the symbol-by-symbol encoding restriction. In particular, when the
alphabet size is small, Huffman code can have a lot of redundancy. “Blocking,”
i.e., grouping multiple symbols, can reduce the redundancy. (See Exercise 15.)

3.6.5 Arithmetic code

Huffman code assigns a code to each character. This approach may waste
some space. For example, consider a sequence with 3 symbols A, B, C' which
occur in the same frequency. By Huffman, one symbol (say A) uses 1 bit while
the other two symbols (say B and C) each use 2 bits. Hence, each symbol
uses g = 1.666 bits on average. By entropy (see Section 3.6.1), each symbol
should use logy 3 = 1.58496 bits on average. This means that Huffman code
may waste some space.

To reduce the wastage, we can use arithmetic code. Arithmetic code does
not encode symbol by symbol. It encodes an entire sequence into a real number
in [0,1).

Let the alphabet A = {a1,...,am}. Let f(a;) be the frequency of a; for
every symbol a; € A. Let Fy =0 and F; = 3., f(a;) for i = 1,...m. (Note
that F,,, = 1.) In arithmetic code, a text T is represented by a range [p,q)
where 0 < p < ¢ < 1. The range corresponds to a text that can be recursively
defined as follows. The empty text is represented by the range [0..1). The
one symbol text a; is represented by [F;_i, F;). Recursively, if a text T is
represented by a range [p..q), then the text Ta; is represented by a range
[p+ (¢q—p)Fi—1,p+ (¢ — p)F;). Suppose T is represented by [p..q). Then, the
arithmetic code for T is the binary representation of p. Figure 3.17 details the
algorithm to compute the arithmetic code for a text T
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Algorithm ArithmeticCoder(T)

Require: T is a text over an alphabet {a1,...,am}
Ensure: The arithmetic code for T
Set p=0;q¢=1;
Set f(a;) be the frequency of a; in T for i = 1,...,m;
Set Fy =0 and F; = Z;‘:1 fla;) fori=1,...m;
while T is not an empty string do

Suppose a; is the first symbol in T

Set [p,q) = [p+ (¢ —p)Fi—1,p + (¢ — p) Fi);

Delete the first symbol from T
end while
Report the shortest binary sequence for v among all values v € [p, q);

FIGURE 3.17: The algorithm ArithmeticCoder(T) computes the arithmetic
code for T'.

For example, consider a text CAGC. Figure 3.18 shows the steps to obtain
its arithmetic code. Denote a1 = A, az = C and a3 = G. f(&) = f(a1) = 0.25,
f(C) = f(az) = 0.5, f(G) = f(a3) = 0.25. Then, Fy =0, F; = 0.25, F, = 0.75
and F3 = 1.

e The sequence C is represented by [0.25,0.75).

e The sequence CA is represented by [0.25 + 0.5 % 0,0.25 4+ 0.5 % 0.25) =
[0.25,0.375).

e The sequence CAG is represented by [0.2540.125%0.75,0.254+0.125%1) =
[0.34375,0.375).

e The sequence CAGC is represented by [0.34375+0.03125 % 0.25, 0.34375 +
0.03125 % 0.75) = [0.3515625, 0.3671875).

Then, CAGC can be represented by the shortest binary sequence for v among all
values v € [0.3515625,0.3671875). The binary code of 0.3515625 is 0.01011015.
The binary code of 0.3671875 is 0.01011115. The shortest binary sequence
among all binary values in [0.328125,0.34375) is 0.0101115. Hence, the arith-
metic code for CAGC is 010111.

The decoding algorithm for arithmetic code is as follows. We first convert
the arithmetic code back to a value v in [0,1). Then, the sequence can be
decoded symbol by symbol iteratively. Initially, the sequence is an empty string
and it corresponds to the region [0,1). The region is divided into subregions
proportional to the symbol frequencies. By checking the region containing
v, we can decode the first symbol. Precisely, the first symbol is a; if v €
[Fi—1, F;). Then, the region for the sequence is [F;_1, F;). Iteratively, for j =
2,...,n, the jth iteration decodes the jth symbol and computes the region
that corresponds to the first j characters. Precisely, let [p,q) be the interval
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FIGURE 3.18: Illustration of the encoding and decoding of arithmetic code.
The sequence is CAGC. The dot is 0.0101115 = 0.359375.

that corresponds to the first j — 1 characters. [p, ¢) is divided into subregions
proportional to the symbol frequencies. Then, the jth symbol is a; if v €
[p+ (¢ —p)Fi—1,p+ (¢ — p)F;). The interval that corresponds to the first j
characters is [p+(¢—p)Fi_1,p+ (¢—p)F;). Figure 3.18 illustrates the decoding
of the arithmetic code 010111.

As a final note, arithmetic code can achieve entropy with at most 2 bit
difference.

3.6.6 Order-£ Markov Chain

Although arithmetic coding can achieve the optimal order-0 entropy, it still
has redundancy when adjacent characters have dependency. In this situation,
we can use Markov encoding to improve the compression. Order-k Markov
encoding encodes every character depending on its preceding k characters
(called the context). Given a text T, for every length-k substring X ¢ A*
and every z € A, we estimate Pr(z|X) = i);“’, where #Xx and #X are
the number of occurrences of Xx and X, respectively, in T'. Then, for every
position ¢ in T, T'[i] can be encoded using Huffman code or arithmetic code
using — log(Pr(T[i]|T[i — k..i — 1])) bits. The order-k Markov encoding can
achieve the optimal order-k entropy.

Below, we demonstrate how to encode T' = CATGTCATCTCATTACC using
order-3 Markov encoding. We denote a k-mer to be a length-k DNA sequence.
Figure 3.19(a) gives the frequencies of all 4-mers bybabsby of T. It also gives
Pr(bg|b1babs). For example, consider bbby = CAT. There are three 4-mers
that begin with CAT and they are CATC, CATG and CATT. So, after CAT, it can

be either C, G or T. We have Pr(C|CAT) = ich;rc = 1/3, Pr(G|CAT) = i%ff =

1/3, Pr(T|CAT) = ic:;f = 1/3. Using Huffman code, we can encode C|CAT,

G|CAT, T|CAT by 00, 01, 1, respectively. Another example is bibobs = ATC.
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b1b2b3b4 occC P’l“(b4‘b1b2b3) Huffman code of b4|b1b2b3
ATCT 1 1 €
ATGT 1 1 €
ATTA 1 1 €
CATC 1 [1/3 00
CATG T 1/3 01
CATT T |1/3 1
CTCA 1 1 €
GTCA 1 1 €
TACC 1 1 €
TCAT 2 1 €
TCTC 1 1 €
TGTC 1 1 €
TTAC 1 1 €
i (a)
T= CAT G|T|C|A|T|C|T|C|A|T|T|A|C|C
Encoding | 010011 | 01 00 1
(b)

FIGURE 3.19: (a) The frequency table of all 4-mers bibabsby in T =
CATGTCATCTCATTACC. It also shows Pr(bs|bibebs) and the Huffman code of
bs|b1babs. (b) The order-3 Markov encoding of 7.

There is only one length-4 substring begin with ATC and it is ATCT. So, we
have Pr(T|ATC) = 1. We don’t need to use any bits to encode T|ATC.

To store the order-3 Markov encoding of 7' = CATGTCATCTCATTACC, we need
to store the Huffman tree for every length-3 context and the actual encoding.
The actual encoding has two parts (see Figure 3.19(b)): (1) the encoding of
the first 3 bases of T' (i.e., CAT) is 010011 and (2) the Huffman encoding of
the remaining 14 bases is 01001.

3.6.7 Run-length encoding

For some sequence, it may have many runs of the same values. One example
is the BWT sequence, which is known to have many runs of the same character.

When a sequence contains many runs of the same values, we can compress
the sequence using run-length encoding. In run-length encoding, each run of
a value v of length ¢ is stored as a pair (£,v). For example, for the following
sequence, its run-length encoding is 5C17G1F2<306#2:2,1:.

CCCCCGGGGGGGGGGGGGGGGGF<<QQQ#######: : , ,:
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3.7 Exercises

1. We aim to compute the z™ in O(logn) time. Propose your method by

answering the following three questions:

e Can you formulate the subproblem?

e Can you give the recursive formula? (You need to give the formula
for both the base case and the recursive case.)
e Can you give an efficient algorithm to solve this problem? (Your

algorithm must be either a dynamic programming algorithm or a
recursive algorithm.) What is the running time of your algorithm?

. Given an array of n integers A[l..n]. A sequence Ali1], Alis), ..., Alir]

is called an increasing subsequence if 1 < i1 < iy < ... < i < n and
Alir] < ... < Alig]. We aim to find the length of the longest increasing
subsequence of A[1..n]. Propose your method by answering the following
three questions:

e Can you formulate the subproblem?

e Can you give the recursive formula? (You need to give the formula
for both the base case and the recursive case.)

e Can you give an efficient algorithm to solve this problem? (Your
algorithm must be either a dynamic programming algorithm or a
recursive algorithm.) What is the running time of your algorithm?

. Show that £r(X10) ~ QU]t:)

Pr(X[0) = Q)

. For the algorithm in Figure 3.5, what are the values of 04,05, A after 4

iterations assuming the following two initial conditions?

e Initial condition (a): 84 = 0.5,0p = 0.5, \ = 0.5.
e Initial condition (b): 4 = 0.3,0p = 0.4, = 0.3.

. Consider a set of n heights {X1,...,X,}. Assume these heights are

measured from a mixture of children and adults. Let Z; = 1 if X is
measured from a child; and 0, otherwise. Let A be the chance that the
height is measured from a child. Suppose the height of the children fol-
lows a normal distribution N (1, 01) and the height of the adults follows
another normal distribution N(ug,00). Can you propose an algorithm
to estimate 6 = (uo, 0o, 1,01, A)?

. Show that Lemma 3.3 is correct.

. Consider a text T[l..n]. Let SA[l..n] be the suffix array of T. Sup-

pose the SA range range(T, Q) = s..e, For any character ¢, show that
range(T, Qc) can be computed in O(logn) time.
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Show that the algorithm BWT2Text in Figure 3.11 can correctly invert
the BWT BJ[1..n] to the original text T[1..n].

Please prove Lemma 3.6.

Given the FM-index of a length-n text T and the DJ| array in Sec-
tion 3.5.3.2. Let ¥(i) = SA™[SA[i] + 1]. Can you give an algorithm
that computes ¥(i) in O(log®n) time?

Consider a length-n text T" over an alphabet A. Can you propose a way
to simulate the suffix trie 7 of T" using the FM-index? Please ensure your
data structure allows the following operations:

e For any node v in 7 and any o € A, child(u,o0) (i.e. return the
child v of u such that the edge label of (u,v) is o) can be computed
in O(1) time.

e For any node u in 7, Leaf(u) can be computed in O(| Lea f (u)| log® n)
time.

For a sequence T', can you show that Hy(T) > Hy+1(T)?

Can you give the unary code, gamma code, delta code and golomb code
for one to twenty? (For golomb code, assume M = 5)

Consider the following sequence ACACGACTAA. What is the Huffman code
for this sequence? What is the length of the encoding?

Refer to the above question. If every two characters are grouped in one
block, what is the Huffman code for the blocks? Is its encoding shorter
than the Huffman code for the original sequence?

Consider the following text T = 949496497. (1) Give the gamma code
encoding of T'. (2) Give the Huffman tree and the Huffman code encoding
of T. Of (1) and (2), which encoding is shorter?

Consider a text T over an alphabet A = {aq,...,ax}. For i =1,...,k,

suppose the frequency of a; is ﬁ, where §; is an integer. Can you show

that Huffman code is optimal (i.e. achieves zero-order entropy)?
Create sequences for the following cases:

e Give a sequence such that both arithmetic code and Huffman code
are of the same length.

e Give a sequence such that Huffman code is longer than Arithmetic
code.

Can you give the arithmetic code for CACG?

Please give an algorithm to decode arithmetic code.
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Chapter 4

NGS read mapping

4.1 Introduction

Read mapping is the process to align NGS reads on a reference genome.
The input consists of a reference genome 7' and a set of reads R (represented
as a fasta or fastq file (see Section 2.2)). The aim is to align each read in
R on the reference genome T, allowing mismatches, indels, and clipping of
some short fragments on the two ends of the read. The output is described in
SAM/BAM format (see Section 2.3). Figure 4.1 illustrates the alignments of
three reads.

Input (fasta file): Output (SAM file):
;;;Z‘f:lGACGTA Readl 0 T 100 50 11M * 0 0 TAAGCGACGTA *
> Read2 Read2 0 T 114 45  3S7M4S * 0 0 TTACCAGATAGGTT *
TTACCAGATAGGTT Read3 0 T 123 30 3M2I3M1D4M * 0 0 GGGCCAACTACC *
> Read3 (b)
GGGCCAACTACC
(a) (d) GGGCCAAC_TACC
GGG AACATAcc
Read 2: CCAGATA
Read 1: TAAGCGACGTA Read 3: GGGCCAACTACC

— SNV T

..ACTGGTCAGAATCCCGATTAGCAACGTACCGCCAGATACCGGGAACATACCATACGA...

= v}
O s w

(c)

FIGURE 4.1: An example that illustrates the read alignment process. The
input consists of three reads represented as a fasta file (see (a)) and a reference
genome T'. Figure (¢) gives the mapping locations of the three reads on T'. The
first read is aligned at position 100 and the alignment has two mismatches. The
second read is aligned at position 114. It is a local alignment with clippings on
the left and on the right. The third read is aligned at position 123. It consists of
a 2-base insertion and a 1-base deletion. The alignment of the three reads can
be described in SAM format (see (b)). (d) visualizes the alignment between
read 3 and T'[123..133].

69
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Many NGS applications require read mapping, including genome varia-
tion calling, transcriptome analysis, transcription factor binding site calling,
epigenetic mark calling, metagenomics, etc. Accurate alignment affects the
performance of these applications. Furthermore, since the number of reads is
huge, it is also important that the mapping step is efficient.

This chapter discusses the computational techniques to address the issues
of alignment accuracy and efficiency. It is organized as follows. First, we give an
overview of the read mapping problem and give simple brute-force solutions.
Then, depending on whether gaps are allowed in the read alignment, different
computational methods are given to solve the read mapping problem.

4.2 Overview of the read mapping problem

This section gives an overview of the read mapping problem. Sections 4.2.1
and 4.2.2 define different read mapping computational problems. Section 4.2.3
gives brute-force solutions to them. Section 4.2.4 introduces the mapQ score
that evaluates if the hit is by chance or not. Finally, the computational chal-
lenges are discussed in Section 4.2.5.

4.2.1 Mapping reads with no quality score

Consider a reference genome T[l..n]. For every read R[l..m], the read
mapping problem aims to find a region in 7" that has the highest similarity with
the read R. Such a region is called the best hit of R. Roughly speaking, there
are three computational problems for aligning reads: the Hamming distance
read mapping problem, the edit-distance read mapping problem and the read
alignment problem.

Hamming distance read mapping problem: This problem aligns each
read on the reference genome allowing mismatches only. Precisely, given a read
R[1..m] and a reference genome T'[1..n], the mismatch-only read alignment
problem aims to find a position ¢ that minimizes Hamming(R, T[i..i+m—1]),
where Hamming(R, T[i..i + m — 1]) is the number of mismatches between R
and T[i..i + m — 1]. For example, in Figure 4.1, to minimize the Hamming
distance, readl (TAAGCGACGTA) is aligned to position 100 with 2 mismatches.
Edit-distance read mapping problem: Note that our genome is expected
to have 1 indel in every 3000 bp [122]. When the read is long, we cannot ignore
indels. In this scenario, we define the edit-distance read mapping problem
(see Section 3.2.2). Given a read R[l..m] and a reference genome T'[1..n],
the edit-distance read mapping problem aims to find a region i..j in T that
minimizes edit(R,T[i..j]), where edit(R,T[i..j]) is the minimum number of
edit operations (i.e., insert a base, delete a base, and replace a base) that
can transform R to T'[i..j]. For example, in Figure 4.1, to minimize the edit
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distance, read3 (GGGCCAACTACC) is aligned to position 123 with 2 deletions
and 1 insertion.

Read alignment problem: The problem of aligning reads allowing indels
can be generalized to the read alignment problem. There are two common
alignment schemes: semi-global alignment and local alignment. The semi-
global alignment problem aims to align R to a region T'[i..j] that maximizes
the alignment score between R and T7[i..j]. An alignment between R and
Ti..j] is formed by inserting spaces in arbitrary locations along these two se-
quences so that they end up having the same length (with no position aligning
space with space). Figure 4.1(d) illustrates the alignment between read3 and
T'[123..133], which contains three spaces. Each aligned position is assigned a
score. For positions aligning nucleotides = and y, a substitution score §(z,y)
is assigned. For positions aligning nucleotides with ¢ consecutive spaces, an
affine gap penalty score g(¢) is assigned (i.e., score = gapopen +¢x gapextend
where gapopen is the penalty for having a gap while gapextend is the penalty
for having a gap of length ¢). The alignment score equals the sum of scores of
all aligned positions.

For example, assume 6(x,y) = +3 if = y; and §(z,y) = —2 otherwise
and g(£) = =3 — ¢, In Figure 4.1(d), to maximize the semi-global alignment
score, read3 (GGGCCAACTACC) is aligned to T'[123..133], with alignment score
18.

Apart from indels, when the read is long, it is more susceptible to structural
variations (see Chapter 7) and misassemblies in the reference genome. We
cannot assume that the read is fully aligned to a consecutive region in T'. In
such case, we can use local alignment. The local alignment problem aims to
maximize the alignment score between R’ and T’ among all substrings R’ of
R and all substrings 7" of T. For example, in Figure 4.1, to maximize the
local alignment score, the middle portion of read2 (i.e., CCAGATA) is aligned
to T[114..120], with alignment score 21.

4.2.2 Mapping reads with a quality score

The previous subsection aligns reads considering their DNA bases only.
Recall that every base in a read is associated with a PHRED quality score.
When the quality score of a base is low, the base is likely to be a sequencing
error. This principle has been shown to improve the alignment accuracy [279,
171] and motivates us to perform a quality score-aware alignment.

To avoid the effect of low quality bases, the simplest solution is to trim
reads by their quality scores before we perform the read mapping. For instance,
we can trim the bases at the two ends of the Illumina reads if their quality
scores are not good. For the example read R in Figure 4.2, this approach will
trim the first base of R since its quality score is only 10.

Read trimming will remove useful information. Instead, a number of meth-
ods use the quality score to improve alignment. RMAP [279] proposed to sim-
ply give zero penalty for a base mismatch when the quality score is smaller
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than some fixed threshold. For the example read R in Figure 4.2, if we give
zero penalty to bases with quality scores < 10, the best alignment of R is at
position 6 of T.

10 40 40 40 40 10 40 30 40 40

ReadR: ACGACTTGCA
Reference T: CCACG'IS'CGACATGCATCCTCTCXCGCCTTTCATA

FIGURE 4.2: This example illustrates the alignment of a read R on the
reference T'. Each base of the read R is associated with a quality score. R has
two 2-mismatch hits at positions 6 and 23 on 7. The mismatch positions are
in bold font. For the left alignment (at position 6), the quality scores of the
two mismatch positions are both 10. For the right alignment (at position 23),
the quality scores of the two mismatch positions are 40 and 30.

Bowtie 1 [155] proposed to align a read to a region with a number of
mismatches smaller than some threshold while the total sum of quality scores
of the mismatch positions is minimized. For example, the read in Figure 4.2 has
two 2-mismatch hits. For the left alignment (at position 6), the sum of quality
scores of the two mismatches is 10 + 10 = 20. For the right alignment (at
position 23), the sum of quality scores of the two mismatches is 40 + 30 = 70.
The left alignment is expected to be better.

Another idea is to give less penalty for a mismatch if the position has
a low quality score (since such mismatch is likely to be error-prone). For
instance, Novoalign, BWA-SW [168], and BatAlign [178] use the base qualities
to calculate the error probabilities and to determine the base penalty. Suppose
Q[1..m] is the array of m quality scores for the read R[1..m]. Recall that the
error probability of the ith base equals P[i] = 10~ §5'. The base penalty
d(RJi], x) is defined as follows.

—10log;, (1 — P[{]) if R[i] ==

OB, =) = { —101log;, (Pz,gi]) otherwise

For example, consider the read R in Figure 4.2. The penalty for the
left alignment (at position 6) is —70logy, (1 —10~*) — 10logy, (1 — 1073) —

201ogy, (%) = 29.55. The penalty for the right alignment (at posi-
tion 23) is ~60log,q (1~ 107%) — 20logy (1 - 1071) — 10logyq (1%~ ) ~

101og,, (%) = 80.46. The left alignment has a smaller penalty and it is
better.

4.2.3 Brute-force solution

Sections 4.2.1 and 4.2.2 defined several computational problems: the Ham-
ming distance read mapping problem, the edit-distance read mapping prob-
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lem, and the read alignment problem. Below, we briefly describe the brute-
force solutions to these problems.

Hamming distance read mapping problem: For a length-m read, for a
fixed position 4 in the genome T'[1..n], Hamming(R,T[i..i + m — 1]) can be
computed in O(m) time. Hence, we can find the position ¢ that minimizes
Hamming(R,T[i..i + m — 1]) using O(mn) time. Suppose the maximum al-
lowed Hamming distance is p. Amir et al. [7] gave an algorithm that solves
the p-Hamming distance problem in O(y/plogpn) time.

Edit-distance read mapping problem: The edit distance edit(R[1..m],
T[i..j]) can be computed in O(m(j — ¢ + 1)) time by dynamic program-
ming using the algorithm in Figure 3.3. By modifying this algorithm, we
can find the interval .. that minimizes the edit distance using O(mn)
time (see Exercise 2). Suppose we aim to find all intervals 4..j such that
edit(R[1..m],Ti..j]) < p. This problem can be solved in O(pn) time using
the algorithm by Landau and Vishkin [153].

Semi-global alignment problem: Consider a read R[1..m| and a reference
genome T[1..n]. The semi-global alignment problem aims to find T'[j’..j] that
maximizes the alignment score between R and T'[j'..j]. This problem can be
solved using dynamic programming. For 1 < i <n and 1 < j < m, we define
V(i,j) as the maximum global alignment score between R[1..i] and T[j’..5]
among 1 < j' < j. The optimal semi-global alignment score between R and
T is maxj_y V(m,j). The following lemma states the recursive formula for

V(i ).
Lemma 4.1 Base case: When either t =0 or j =0, we have

V(0,j) =0 for0<j<m
V(i,0) = >0 _, 6(R[I'],—) forl1<i<n.

Recursive case: When both i > 0 and j > 0, we have

V(i—1,7—1)+ (R[], T]j]) match/mismatch
V(i,7) =max<q V(i—1,7) + §(R[],—) delete
V(i,j—1)+6(—,T[j]) insert.

Proof By definition, the base cases are correct.

Below, we derive the equation for the recursive case where both i > 0 and
j > 0. Among all suffixes of R[1..i] and all suffixes of T'[1..j], suppose the
alignment A between R][i’..i] and T'[j..j] has the highest alignment score. The
rightmost column of the alignment A is either (1) substitution, (2) deletion
or (3) insertion.

e For (1), after removing the rightmost substitution, the remaining align-
ment is between R[i’..i—1] and T'[j’..j — 1] of score V(i —1,j—1). Hence,
the alignment score of A is V(i — 1,7 — 1) + §(R[é], T[j])-
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e For (2), after removing the rightmost deletion, the remaining alignment
is between R[i'..i — 1] and T'[j’..j] of score V(i — 1, j). Hence, the align-
ment score of A is V(i — 1,7) + (R[], —).

e For (3), after removing the rightmost insertion, the remaining align-
ment is between RJ[i’..i] and T'[j’..5 — 1] of score V (i,j — 1). Hence, the
alignment score of A is V' (i,5 — 1) + 6(—, T[4]).

V (4, 7) is the maximum among the three cases. The lemma follows. ||

By dynamic programming, we can compute V(i,j) for 0 < i < n and
0 < j < m by applying Lemma 4.1. Each entry can be computed in O(1)
time. Hence, the semi-global alignment score can be computed in O(nm). We
can generalize the gap penalty to the affine gap penalty (see Exercise 3). The
running time is of the same order.
Local alignment problem: The local alignment problem can be solved using
the Smith-Waterman alignment algorithm. Consider a read R[l..m] and a
reference genome T'[1..n]. The Smith-Waterman algorithm defines a recursive
formula V such that, for 0 <i <nand 0 < j < m, V(i,7) equals the maximum
score of the global alignment between A and B over all suffixes A of S[1..4]
and all suffixes B of T'[1..j]. Note that an empty string is assumed to be a
suffix of both S[1..i] and T'[1..j]. The optimal local alignment score equals
max;’_,max},_q V (i, j'). The following lemma states the recursive formula
for V(i,7).

Lemma 4.2 Base case: When either i =0 or j =0, we have

V(i,0) =0 for0<i<n
V(0,5) =0 for0<j<m.

Recursive case: When both i > 0 and j > 0, we have

0 align empty strings
S V(@i—1,j—1)+6(R[i],T]j]) match/mismatch
V(i,j) = max V(i—1,7)+ 0(R[i],—) delete
V(t,j—1)+0(—,T[j]) insert.

Proof This lemma can be proved using a similar approach as Lemma 4.1.

Similar to semi-global alignment, local alignment can be solved in O(nm)
time and we can also generalize the gap penalty to the affine gap penalty.

4.2.4 Mapping quality

After aread is aligned, some read aligners return a score called the mapping
quality, or mapQ, that indicates the likelihood that the read is originating from
the mapped location (see column 5 in Figure 2.5(b)).
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MAQ [172] is the first method that assigned a mapQ score to each align-
ment. It defines the mapQ of an alignment as Qs = —10log;, Pr{read is
wrongly mapped}. In a case where a read is mapped to multiple locations in
the reference genome, the aligners will assign a mapQ score of 0 to each such
location.

The formal definition of mapQ is as follows. Consider a read R[1..m] with
quality score Q[1..m]. Suppose R is aligned to a position u in a reference
genome T'[1..n] without a gap. Assume the sequencing errors are independent
at different positions in R. Let Pr(R|T,u) be the probability that R is coming
from position u of T. Pr(R|T,u) can be approximated by the product of the
error probabilities of the mismatch bases in the alignment between R and
T[u..u +m — 1], where the error probability of the base R][i] is 10~ %", For
example, the read R in Figure 4.2 has two 2-mismatch alignments. For the left
alignment (which is at position 6), Pr(R|T,6) ~ 10110~ 1 = 0.01. For the
right alignment (which is at position 23), Pr(R|T,23) ~ 10~ 161010 = 10",
(Note: For a paired read, the error probability is approximated by the product
of the error probabilities of the mismatch bases in both reads.)

Assuming a uniform prior distribution Pr(u|T’) and by the Bayesian for-
mula, we have

Pr(R|T,u)
S Pr(RIT, v)

MAQ [172] defines the mapQ of the alignment to be —101log,o(1—Pr(u|T, R)).
The computation of ZZ;I"H Pr(R|T,v) is time consuming. To speed up,
observe that Pr(R|T,v) = 0 when R and T'[v..v4+m—1] has many mismatches.
Hence, ZZ;T’H Pr(R|T,v) can be approximated by the sum of Pr(R|T,v)
for positions v where R and T'[v..v+m — 1] has a small number of mismatches
(say, at most 1 + Hamming(R, T[u..u + m — 1]) mismatches).

Although the above method can approximate Y. _|" + Pr(R|T,v) well,
such approximation is still time consuming to be computed. Nowadays, almost
all aligners approximate > "_/"*' Pr(R|T,v) by Pr(R|T,u) + Pr(R|T,u’)
where v and v/ are the positions of the best hit and the second best hit,
respectively. For the example in Figure 4.2, suppose the left alignment is
the best alignment while the right alignment is the second-best alignment.
Then, Pr(6|T,R) = Pr(6|T1,31;§i|£;"}23|T,R) ~ 0.99999. The mapQ score is
—10logyo (1 — Pr(6|T, R)) =~ 50.

As a matter of fact, although many methods try to approximate
—10log;o(1 — Pr(u|T, R)) using the above strategy. Some method like Bowtie

2 [154] does not use the above formula.

Pr(ulT,R) =

4.2.5 Challenges

Section 4.2.3 presents brute-force methods to align a read on the reference
genome. However, the running time is slow.
One solution is to parallelize the dynamic programming. Nowadays, many
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processors have special vector execution units. Those units enable us to per-
form multiple operations in one single instruction. For example, consider eight
8-bit integers aq, . .., ag and another eight 8-bit integers b1, ..., bg. By the spe-
cial vector execution unit, we can obtain ai+b1, ..., as+bg in one instruction.
These special vector execution units can speed up the implementation of the
Smith-Waterman alignment algorithm. A number of mapping algorithms take
advantage of this technique. They include Bowtie 2 [154] and SHRIMP [255].

Even if we parallelize the alignment routine, the computation is still slow
since the dynamic programming algorithm runs in quadratic time. Another
choice is to map reads using general aligners like BLAST [5] and BLAT [134].
These methods are also not suitable since they are too slow to process millions
of reads generated by next-generation sequencers.

To resolve the efficiency issue, a number of methods have been developed.
Different methods provide different trade-offs between speed and mapping
accuracy. These methods can be classified in three ways. Firstly, the aligners
can be classified depending on whether they can handle indels or not. Most
of the old aligners can only handle mismatches. These aligners are called
mismatch-only aligners. These aligners are generally faster. A recent study
showed that small indels are abundant (representing about 18% of human
polymorphisms [209]). Together with the fact that reads are getting longer, the
chance of getting a gap in a read is higher. Hence, the new aligners generally
can handle gaps. Secondly, the aligners can be classified based on whether
they index the reference genome or the reads. Lastly, read aligners can be
classified based on the indexing methods. Most aligners can be classified into
two types: hashing-based methods and suffix trie-based methods.

Here, we classify the read mappers depending on whether they handle
indels or not. We discuss 3 different solutions:

e Aligning short reads allowing a small number of mismatches (see Sec-
tion 4.3)

e Aligning short reads allowing a small number of mismatches and indels
(see Section 4.4)

o Align reads in general (see Section 4.5)

4.3 Align reads allowing a small number of mismatches

This section describes methods that align reads allowing a small number
of mismatches. We fixed an upper limit p for the number of mismatches. For
every read R[1..m], the problem aims to find all positions i in the reference
genome T'[1..n] such that Hamming(R, T[i..i+m—1]) < p. All these positions
are called p-mismatch hits of R in T.
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ARA > 1 CAA GAA TAA
ARC D 1 CAC GAC TAC
ARG D> 1 CAG GAG TAG
AAT 2> 1 CAT > 1,2 GAT = 1,3 TAT > 1
1. AAT ACA cca > 2 Geca D> 3 TCA
ACC cce > 2 Gee > 3 TCC
2. CCT ACG cce > 2 GG > 3 TCG
3. GCT ACT & 1,2,3 CCT 2 2,3 GeT > 2,3 TcT > 2,3
AGA cGa GGA TGA
(a) Set of reads AGC cGe GGC TGC
AGG CGG GGG TGG
AGT > 1 CGT > 2 GGT > 3 TGT
ATA CTA GTA TTA
ATC [elie GTC TTC
ATG CTG GTG TTG
..CTTGACTCGGGAT... om0 oTT > 2 s 3 .
(b) Reference (c) Hash table

FIGURE 4.3: (a) is a set of length-3 reads, (b) is an example reference
genome, and (c) shows the hash table for all 1-mismatch seeds of the reads.

This problem can be solved by brute force (see Section 4.2.3). However,
its running time is slow. Many indexing techniques have been proposed to
solve the p-mismatch mapping problem efficiently. Below, we discuss these
techniques, which include:

e Mismatch seed hashing approach
e Spaced seed hashing approach
e Reference hashing

e Suffix trie-based approach

4.3.1 Mismatch seed hashing approach

Hashing is a computational technique that speeds up pattern matching (see
Section 3.4.1). Here, we describe the mismatch seed approach, which applies
hashing to solve the p-mismatch mapping problem more efficiently.

Given a set R of length-m reads, we index them by hashing as fol-
lows. A hash table H with 4™ entries is built for all m-mers (m-mer is
defined as a length-m DNA sequence). For every read R € R, let S(R,p)
be the set of m-mers that have at most p mismatches from R. The read
R is included in H[S] for every m-mer S € S(R,p). For example, con-
sider the first read R; = AAT in Figure 4.3(a). S(Ry,1) = S(AAT,1) =
{AAA, AAC, AAG, AAT, ACT, AGT, ATT, CAT, GAT, TAT}. We include Ry in HI[S] for
all m-mers S € S(R1,1). The remaining two reads can be processed similarly
and we obtain the hash table in Figure 4.3(c).

By construction, for each position 7 in T', T'[i..i+m—1] is a p-mismatch hit
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Algorithm mismatch(7T, R, p)

Require: A set of reads R, the mismatch threshold p and a reference
genome T’

Ensure: A list of p-mismatch hits of the reads in R

1: Initialize a size-4™ hash table H for all possible m-mers;

2: for each read R in R do

3:  Include R into H[S] for every m-mer S € S(R,p);

4: end for

5: for i =1 ton do

6: All reads R € H[T[i..i +m — 1]] are reported to occur at position 4
7: end for

FIGURE 4.4: The algorithm for finding all p-mismatch hits for a set of reads
R in T using mismatch seed hashing approach.

of aread R if R € H[T[i..i+m—1]]. For example, in Figure 4.3(b), the length-
3 DNA sequences at positions 10 and 11 are GAC and ACT, respectively. Since
H|[GAC] is empty, there is no read whose 1-mismatch hit is GAC. As H[ACT]
contains all three reads, position 11 is a 1-mismatch hit of all three reads.

The algorihtm for mismatch seed hashing approach is as follows. It has two
phases. The first phase constructs the hash table H such that every read R € R
is included in H[S] for all S € S(R,p). After that, the second phase scans the
genome T'[1..n]. For every ¢ = 1,2,...,n, all reads R € H[T[i..i + m — 1]] are
reported to occur at position ¢ since they have at most p mismatches with
Tli..i + m — 1]. Figure 4.4 details the algorithm.

Now, we analyze the time and space complexity. For time complexity, the
first phase of the algorithm needs to include each read R into H[S] for S €
S(R, p). Since each read R occurs |S(R,p)| (= Y0, (7)3" = O((3m)P)) times
in the hash table, O(|S(R, p)|m) time is required to hash R into the hash table.
Then, the second phase of the algorithm scans the reference genome 7' position
by position, which is of length n. The total running time is O(|R|(3m)Pm +
nm). For space complexity, since the hash table has 4™ entries and each read
is included in the hash table |S(R,p)| = O((3m)P) times, the total space is
O(IR|(Bm)? + 4™).

4.3.2 Read hashing with a spaced seed

The mismatch seed hashing approach enumerates all p-mismatch patterns
of every read, which is of a size exponential in p. Hence, it is time consuming
to construct the hash table. To avoid this short-coming, a spaced seed hashing
approach is proposed. This approach is used by a number of methods including
CASAVA (Tllumina’s aligner), MAQ [172], SeqMap [121], ZOOM [179] and
RMAP [279].

A spaced seed of a read R[l..m] is formed by replacing some bases by
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wildcard bases, denoted as * (i.e., * matches any base). To define the wildcard
positions in a spaced seed, we define the shape P[1..m]. The shape P[1..m] is a
length-m binary sequence where position i is a wildcard if and only if P[i] = 0.
The weight of P is defined to be the number of ones in P. Denote seedp(R)
as a spaced seed formed by replacing RJ[i] by * if P[i]] =0, for i = 1,...,m.
For example, consider a length-6 read ACGTGT and a length-6 shape 110011 (of
weight 4); then seedy10011 (ACGTGT) = AC * xGT is the spaced seed of ACGTGT
with respect to 110011. seedp(R) is said to occur at position i of the reference
T if seedp(R) = seedp(T[i..i + m — 1]). For example, seediioo11(ACGTGT)
occurs twice (see the two underlines) in the following DNA sequence. Both
occurrences are 1-mismatch hits of ACGTGT.

TCACGAGTTCACCTGTACT

Below, we aim to design a universal set of shapes P of weight 2p which
guarantees to cover all possible combinations of p mismatch hits of a read.
Precisely, we aim to design P such that every p-mismatch pattern R’ of R
satisfies seedp(R) = seedp(R’) for some P € P. We partition 1..m into 2p
segments {1..x,k+1..25,26k+1..3%, ..., (2p—1)k..m}, where k = L%J Let P
be the set of all length-m shapes such that p segments are assigned to be ones
while the other p segments are assigned to be zeros. Note that P contains (21)’) )
shapes.

For example, for m = 8 and p = 2, we can partition 1..8 into 4 segments
1..2,3..4,5..6,7..8. Then, P is a set of all length-8 binary sequences where
2 of the segments are zeros and the other 2 segments are ones. Precisely,
P = {11110000, 11001100, 11000011,00111100, 00110011,00001111}. We have
the following lemma.

Lemma 4.3 Consider a read R[1..m] and a length-m substring T'[i..i+m—1].
If Hamming(R,T[i..i +m —1]) < p, then seedp(R) = seedp(T[i..i + m —1])
for some P € P.

Proof Let « = m/(2p). Note that Hamming(R[l..m|,T[i..i + m — 1]) =
Z?il Hamming(R[(j — 1)k + 1.4, T[i + (j — 1)k..i + jrk — 1]). Conversely,
assume we cannot find p parts in the read R that exactly match the p respec-
tive parts in T'[i..i + m — 1]. This means that there are at least p + 1 parts in
the read R that are different from the p+ 1 respective parts in T'[i..i +m — 1].
Then, Hamming(T[i..i+m—1], R[1..m]) > p+1. We arrive at a contradiction.

The above lemma enables us to efficiently compute a set of candidate p-
mismatch hits of a set of length-m reads R on the genome 7'. The algorithm
is detailed in Figure 4.6. It has two phases. The first phase builds hash tables
Hp for all P € P. For each P € P, each read R € R is hashed to the entry
Hp[seedp(R)].

The second phase scans the genome T to identify candidate hits for all
reads in R; then each candidate hit is verified if it is a p-mismatch hit. More



80 Algorithms for Next-Generation Sequencing

(a) Reads R;: ACGTTTAC

Hash table 1: Hash table 2: Hash table 3: Hash table 4: Hash table 5: Hash table 6:
(b) KKK * %% % KX *HKK** KX*** kXX * A XXX * * XK **XX * %k K XXXK

ARARK*** AA**AA** INCEEE TV * R AAADK* ERT VATV kKR AADRA
ACGT**** = R, AC**TT** > R, AC****AC > R, **GTTT** > R, **GT**AC > R, ****TTAC > R,

TTTT** %% T H A TTH % TT* %% * T * Kk TTTT** * AT *TT * ok k * PPTT

(c) Reference ..CGTAACGGTTAACTTTTGTTGACCGGGAT...

FIGURE 4.5: (a) Consider a read R; =  ACGTTTAC. We
aim to find its 2-mismatch hits in the reference T. (b) We
build 6 hash tables corresponding to the set of 6 shapes P =
{11110000, 11001100, 11000011,00111100,00110011,00001111}.  The fig-
ure indicates the hash entries that contain the read R;. (c) is the reference
genome. The spaced seed AC x xTT % % occurs at position ¢ while the spaced
seed * x GT * *AC occurs at position j. By verifying the Hamming distance,
we report that R; has a 2-mismatch hit at position 1.

precisely, the algorithm scans the genome T position by position. For every
position i, a list of reads R is extracted from Hp[seedp(T[i..i +m — 1])] for
all shapes P € P. For each such read R, the algorithm checks if R has at
most p mismatches from T'[i..i + m — 1]. If yes, we report T'[i..i + m — 1] as
a p-mismatch hit of R. Lemma 4.3 guarantees that this algorithm reports all
p-mismatch hits of all reads in R.

For example, for a length-8 read R; = ACGTTTAC, if we want to find all
2-mismatch hits, Figure 4.5 illustrates the use of the six shapes to find all
2-mismatch hits of R;.

This technique is used by CASAVA, MAQ [172] and SeqMap [121].
They apply the technique to find all 2-mismatch hits of a length-
28 read. Precisely, they partition 1..28 into 4 segments, each seg-
ment is of length 7. Then, it obtains a set of 6 shapes P =
{1M014, 17071707, 170417, 0711407,07170717, 0**114}. Using the algorithm in
Figure 4.6, we can find all hits of each read with at most 2 mismatches.

Below, we analyze the space and time complexity of the algorithm in Fig-
ure 4.6. For space complexity, we need to build (2;) = O((2p)?) hash tables.
Each hash table is of size O(4% + |R|) = O(2™ + |R|). So, the total space is
O((2p)” 2™ + [R]).

For time complexity, we analyze the running time of the two phases. The
first phase builds the hash tables. The algorithm needs to insert |R| reads
into (2]3”) hash tables. It takes O((if’) |RIm) = O((2p)?|R|m) time. The second
phase scans the genome T'[1..n] position by position. For each position 4, it
verifies if R € Hp[seedp[T[i..i+m—1]]] is a p-mismatch hit of T[i..i+m—1] for
every P € P. There are n positions in 7" and we need to verify (21‘;”) = O((2p)?)
hash entries for each position. Each hash entry contains O(1) hits assuming
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Algorithm mismatch(T,R,p)
Require: A set of length-m reads R, a reference genome 7T, a mismatch
threshold p
Ensure: A list of hits of the reads in R with at most p mismatches
1: Let P be a set of length-m shapes that can cover all possible p-mismatch
patterns;

2: for each read R in R do

3: for each P € P do

4: Include R in Hp[seedp(R)];

5:  end for

6: end for

7. for i =1to |T| do

8  for each P € P do

9: for each read R in Hp[seedp(T[i..i + m — 1])] do
10: if Hamming(R,T[i..i +m —1]) < p then
11: return position ¢ as a hit of R;

12: end if

13: end for

14: end for

15: end for

FIGURE 4.6: The algorithm finds all p-mismatch hits of R in T, for every
length-m reads R € R, using the spaced seed approach.
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there is little collision. It takes O(m) time to verify one hit. Hence, the second
phase runs in O((2p)Pnm) expected time. In total, the time complexity is
O((2p)P(IR| + n)m).

The above approach is not the only way to define a universal set of shapes
covering all possible p-mismatch patterns of length m. The following lemma
gives another approach. RMAP [279] proposed to define P’ = {P,..., P41},
where P; is a binary pattern consisting of exactly one segment [(j—1)k+1..jx]

m

equals ones, with kK = Lmj for j =1,...,p+ 1. For example, to find all 2-

mismatch hits of a length-28 read, P’ = {1°0%,0°19019 018119},

Lemma 4.4 Consider a read R[1..m] and a length-m substring T[i..i +m —
1] of the reference genome T. If Hamming(R,T[i.i + m — 1]) < p, then
seedp(R) = seedp(T[i..i + m — 1]) for some P € P’.

Proof Let k =m/(p+1) and R; = R[(j—1)k+1..jk], T; = T[i+(j —1)k..i+
jk—1]. Then, Hamming(T[i..i+m—1], R[1..m]) = Zf:i Hamming(Tj, R;).
Conversely, assume R; # 1; for all j = 1,...,p + 1. Then, we have
Hamming(T[i..i + m — 1], R[1..m]) = Z?Z} Hamming(T;, R;) > p+ 1. We
arrived at a contradiction.  |J

Since P’ covers all hits with p mismatches, after replacing P by P’ in the
algorithm in Figure 4.6, the algorithm can still report all p-mismatch hits of
all reads in R. However, the time and space complexity are different since P
and P’ use different shape sets (see Exercise 8).

From the above discussion, we know that there are many ways to generate
a universal set of shapes. A universal set of shapes should (1) cover all p-
mismatch hits and (2) minimize the number of shapes. Given the weight of
the shapes, ZOOM [179] proposed an algorithm to construct a universal set of
shapes of minimum size. For example, ZOOM showed that the following set of
four shapes is the smallest weight-13 shape set that covers all two-mismatch
hits for any length-33 read.

111111111111100000000000000000000
000000011111111111110000000000000
000000000000000000001111111111111
111111100000011111100000000000000

4.3.3 Reference hashing approach

The previous two subsections build hash tables for reads. Another choice is
to build hash tables for the reference genome. The process is exactly reversed.
There are two phases. The first phase uses hashing to index every position 4
of the reference genome T'; then, the second phase scans reads in R one by
one to identify their p-mismatch hits in 7T'.

Similar to the read hashing approach, we can use a mismatch seed or
spaced seed to index the reference genome T'[1..n|. Below, we describe the
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Algorithm mismatch(7T, R, p)

Require: A set of length-m reads R, a reference genome T and a mismatch
threshold p
Ensure: A list of hits of the reads in R with at most p mismatches
1: Let P be a set of length-m shapes that can cover all possible p-mismatch
hits;
for i =1to |T| do
for each P € P do
Include ¢ in Hp[seedp(T[i..t +m — 1])];
end for
end for
for each read R in R do
for each P € P do
for each position ¢ in Hp[seedp(R)] do
Report position ¢ as a hit of R if Hamming(T[i..i+m—1], R) < p;
end for
end for
: end for

= =
@y e

FIGURE 4.7: The algorithm for finding p-mismatch hits for a set of reads
R in T using the reference hashing approach.

spaced seed reference hashing approach. Let P be a universal set of shapes
that cover all p-mismatch hits. The algorithm has two phases. The first phase
builds hash tables. For every P € P, T[i..i +m — 1] is hashed to the entry
Hp[seedp(Ti..i + m — 1])] for ¢ = 1,...,n. The second phase scans every
read in R. For each read R € R, for each P € P, for each T[i..i + m — 1] in
Hp[seedp(R)], if Hamming(R,T[i..i +m —1]) < p, we report T'[i..i +m + 1]
as a hit of R. Figure 4.7 details the method.

The advantage of the reference hashing approach is that the hash tables
can be precomputed since the reference genome is known (i.e., Steps 1—6 in
Figure 4.7 can be precomputed).

However, when the reference genome is long, the hash tables for the
reference genome may be too big to be stored in memory. Interestingly,
we don’t need to store all |P| hash tables explicitly. For instance, to re-
port l-mismatch hits using the algorithm in Figure 4.7, the algorithm uses
two shapes, P, = 1"/20™/2 and P, = 0™/21™/2, We observe that the two
hash tables Hp, and Hp, are almost the same except that the positions are
shifted by m/2. To reduce the redundancy, we use one shape Py = 1m/2
and store one hash table Hp . Observe that Hp [Q] = Hp,[Q[1..m/2]] and
Hp,|Q] = Hp,[Q[m/2+1..m]] —m/2. For p > 1, we can use a similar strategy
to reduce the redundancy. For example, to support 2-mismatch hit reporting,
we need to build 3 hash tables instead of 6. However, it is still too big. This
limited the usefulness of the reference hashing approach.
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A number of methods use the reference hashing approach, including
SOAP [175], BFAST [103] and MOSAIK [161].

4.3.4 Suffix trie-based approaches

Section 4.3.3 uses hashing to index the reference genome. However, a hash
table is not space-efficient and it is not suitable to index a long reference
genome. This section discusses suffix trie-based methods.

Consider a reference genome T[1..n]. Its suffix trie 77 is a rooted tree
where every edge is labeled by a nucleotide in {4, C, G, T} and every suffix of T
is represented by a path from the root to a leaf (see Section 3.5.1). For every
node u in 77, plabel(u) (or plabelr(u) for clarity) is denoted as the path label
of u, that is, the concatenation of the edge labels on the path from the root of
77 to the node u. The depth of u, depth(u), is the length of plabel(u). Denote
Leaf(u) (or Leafr(u) for clarity) as the set of leaves under u. For example,
Figure 4.8(a) gives the suffix trie for 7' = ACACAGS. We have plabel(vi) = A,
plabel(vy) = ACA, depth(vi) = 1, depth(vr) = 3, Leaf(v1) = {1,3,5} and
Leaf(vr) = {1, 3}.

Storing suffix trie 77 explicitly is space-inefficient. It requires O(n?) words,
where n is the length of T'. Fortunately, the suffix trie 7 can be simulated by
the FM-index of the reverse sequence of T' (see Section 3.5.4). The FM-index
is a compressed index that enables us to store 71 using O(n) bits. For instance,
the FM-index of the reference human genome can be stored in 2 gigabytes,
which is small enough to be loaded into the memory of a typical PC. The
FM-index not only enables us to represent the suffix trie space-efficiently,
but also provides efficient operations to traverse the suffix trie. For any node
u in the suffix trie 77, we can compute its child node child(u,o) for every
o € {A,C,G,T} in O(1) time. Leaf(u) can be computed in O(|Leaf(u)|log® n)
time (see Exercise 11).

With the suffix trie 77, the exact occurrences of a read R[1..m] can be found
efficiently. Basically, we just traverse down the suffix trie and locate the node u
with R = plabel(u); then, the occurrences of R is the set of leaf labels Lea f (u).
Hence, the exact occurrences of R can be found in O(m + |Leaf(u)|log® n)
time.

We can also apply the suffix trie 77 to find all occurrences of R allowing at
most p mismatches. This problem is equivalent to finding all depth-m nodes u
in 77 such that Hamming(R, plabel(u)) < p. For example, suppose we want to
find 1-mismatch hits of CCC in T' = ACACAGS$. We first find nodes of depth 3 in
the suffix trie 7p. There are 3 such nodes (see Figure 4.8(a—c)). By comparing
CCC with the path labels of these three nodes, we discover that the 1-mismatch
hit of CCC occurs at position 2 of T.

Below, we describe the basic recursive solution for finding p-mismatch hits
of a read R using the suffix trie 7. First, we define the recursive equation. For
every node u in 77, denote HSet(u) (or HSetr g p(u) for clarity) as the set of
descendants v of u such that depth(v) = m and Hamming(R, plabel(v)) < p.
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FIGURE 4.8: Consider a genome 1" = ACACAG$. There are three nodes of
depth 3. They occur on the paths corresponding to the first, second and fourth
suffixes. (a), (b) and (c) illustrate the alignment between CCC and the path
labels of these three nodes (see the dotted lines).

Then, the p-mismatch hits of R occur at positions in (J,.g Leaf(v), where
S = HSetr g p(root(rr)). The following lemma gives the recursive equation
for computing HSetr g p,(u) for every w in 7r.

Lemma 4.5 Consider a read R, the suffix trie T for a reference genome T
and a mismatch threshold p. For any node w in 7p, HSetr g p(u) can be com-
puted in two cases. For the base case (Hamming(R[1..depth(u)], plabel(u)) >
p or depth(u) > m), we have:

- 0 if depth(u) > m or Hamming(R, plabel(u)) > p
HSetr pp(u) = { {u} otherwise.

For the recursive case (Hamming(R[l..depth(u)],plabel(u)) < p and
depth(u) < m), we have:

HSetT7R7p(u) = U HS@tT)R)p(’U).
v=child(u,o)

Proof For the base case (Hamming(R[l..depth(u)],plabel(u)) > p or
depth(u) > m), by definition, HSetr p,(u) = 0 if depth(u) > m or
Hamming(R, plabel(v)) > p; and HSetr g ,(u) = {u} otherwise.

For the recursive case (Hamming(R[1..depth(u)],plabel(u)) < p and
depth(u) < m), for every node w in HSetp g ,(u), w is in HSetp g ,(v) for
some child of u. Hence, we have HSetrrp(u) = Uy cnitau,o) HO€T, R p (V).
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(b)

FIGURE 4.9: Consider a genome T = ACACAG$ and a pattern R = CCC.
This figure illustrates the algorithm to find all 2-mismatch hits of R in T
(a) and (b) show the suffix trie 70 of T. In (a), the black nodes are the
nodes visited by HSetr r2(root(rr)). For each black node u, the gray num-
ber is Hamming(R[1..depth(u)], plabel(u)). In (b), the black nodes are the
nodes visited by HSetr g o(root(rr)) after the if-condition of Step 3 is re-
placed by Hamming(R[1..depth(u)], plabel(u)) + D[depth(u) + 1] > p. For
each black node u, the gray number is Hamming(R[1..depth(u)], plabel(u)) +
Dldepth(u) + 1].
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Algorithm HSetr g p(u)

Require: T is the genome, R[1..m] is a read, p is the mismatch threshold,
u is any node in 7p
Ensure: A set of nodes v such that v is descendants of u, depth(v) = m
and Hamming(R, plabel(v)) < p.
if depth(u) > m then
Return 0;
else if Hamming(R[1..depth(u)], plabel(u)) > p then
Return (J;
else if depth(u) =m then
Return {u};
else
Ans = 0;
for every child v of u do
Set Ans = Ans U HSetr r p(v);
end for
Return Ans;
: end if
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FIGURE 4.10: By calling HSetr g p,(root(rr)), we can find all nodes v in
7r such that Hamming(R, plabel(v)) < p.

Figure 4.10 gives the recursive algorithm to compute HSetr g ,(root(rr))
based on Lemma 4.5. The algorithm recursively traverses down 7p and
computes HSetr g ,(u). For example, when R = CCC, T = ACACAGS and
p = 1, Figure 4.9(a) shows the set of nodes in 7 visited by the algorithm
HSBtT7R7p().

We can further speed up the basic algorithm in Figure 4.10. The following
subsections detail four techniques.

4.3.4.1 Estimating the lower bound of the number of mismatches

The algorithm HSetr rp() in Figure 4.10 aligns a read R[l..m] to ev-
ery suffix of T' by traversing down the suffix trie 7p. The algorithm runs
in O(n?) time if it visits all nodes in 7r. To reduce running time, the
algorithm stops traversing down 7p when it visits a node w such that
Hamming(R[1..depth(u)], plabel(u)) > p (see Step 3 in Figure 4.10). This
rule reduces the running time of the algorithm.

Although the above rule prunes some subtrees in 77, Li and Durbin [167]
suggested that we can prune more nodes if we estimate the lower bound of the
number of mismatches contributed by R[i..m]. Their solution has two phases.
First, it estimates D[i], for ¢ = 1,...,m, where D[i] is the lower bound of the
number of mismatches between R[i..m| and any length-(m —i41) substring in
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Algorithm CalculateD(R)
1: z2=0; 7 =m;
2: for i =m to 1 do

3: if RJ[i..j] is not a substring of T then
4: z=z+17=1—1;

5. end if

6:  Dl[i] = z;

7: end for

FIGURE 4.11: The algorithm CalculateD estimates the lower bound of the
number of mismatches between R[i..m] and any length-(m — i 4 1) substring
inT.

T. Then, the second phase runs the recursive algorithm HSetr g, (root(rr))
with a better pruning strategy that utilizes the array DI].

We first discuss the first phase, that is, estimating D[i], for i = 1,...,m.
Suppose R[i..m| equals S,S,_1...S; where all segments Si,...,S, do not
appear in T. Then, we can conclude that D[i] > z. This observation suggests
that the lower bound D[i] can be estimated by iteratively partitioning R[i..m)]
into non-overlapping segments that do not appear in T'.

To illustrate the idea, consider a genome T' = ACACAGS. Suppose the query
string is CGTA. We scan the query string from right to left. Observe that
S1 = TA does not appear in T; then Sy, = CG does not appear in 7. Since
CGTA = 5557, we conclude that the mismatch lower bound for CGTA is 2. Based
on this approach, Figure 4.11 gives the algorithm CalculateD to compute D]i].
CalculateD(R) can compute D[1],... D[m] in O(m) time (see Exercise 12).

Now, we discuss the second phase. Given D[], the following lemma gives a
better rule (called the look-ahead rule) to prune subtrees of 7p.

Lemma 4.6 Consider any node u in 7p and a read R[1..m]. If depth(u) > m
or Hamming(R(1..depth(u)], plabel(u))+D[depth(u)+1] > p, HSetr g p(u) =
0.

Proof Suppose HSetr g ,(u) # (0. Then, there exists a depth-m descendant
v of uw such that Hamming(R, plabel(v)) < p. By definition, plabel(v) is a
substring of T, say T'[j..j + m — 1]. Let x = depth(u). We have:

Hamming(R, plabel(v))
=Hamming(R[1..x], plabel(u)) + Hamming(R[x + 1.m], T[j + k..j + m — 1])
>Hamming(R[1..x], plabel(u)) + D[k + 1] > p.

We arrived at a contradiction. The lemma follows. |

The above lemma can improve the efficiency of the algorithm HSetr g ()
in Figure 4.10. The original algorithm stops traversing down 7 when it visits
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a node u such that Hamming(R[1..depth(u)], plabel(u))+ D[depth(u)+1] > p
(see the if-condition of Step 3 in Figure 4.10). The above lemma implies that
this if-condition can be replaced by Hamming(R[1..depth(u)], plabel(u)) +
Didepth(u) + 1] > p. This if-condition can prune more nodes while the algo-
rithm can still report all p-mismatch hits of R. Figure 4.9(b) illustrates that
the updated algorithm prunes more nodes in 7 while it still can compute all
correct p-mismatch hits.

4.3.4.2 Divide and conquer with the enhanced pigeon-hole princi-
ple

This section applies the divide-and-conquer strategy to find all p-mismatch
hits of R[1..m] in T. This strategy is used by BatMis [294]. Bowtie 1 [155] also
applies this strategy when p = 2 (it is called double-indexing).

The divide-and-conquer strategy partitions R[1..m] into two equal halves
R, = R[1.m/2] and R, = R[m/2 + 1..m]. Then, two phases are executed.
The first phase identifies the |p/2|-mismatch hits of both R; and R,.. After
that, the second phase extends these hits and verifies if they are p-mismatch
hits of R. By the pigeon-hole principle, the above idea guarantees to report
all p-mismatch hits of R.

Figure 4.12 illustrates an example for p = 2. In the example, phase 1
finds three 1-mismatch hits for R; and three l-mismatch hits for R, (see
Figure 4.12(a,c)). Phase 2 extends these two sets of hits. After extending the
hits for R;, two 2-mismatch hits of R are identified at positions i’ and " (see
Figure 4.12(b)). Similarly, after extending the hits for R,, two 2-mismatch
hits of R are identified at positions ¢ and i’ (see Figure 4.12(d)). Combining
the results, the set of 2-mismatch hits of R is {i,4,4"}.

Although the above solution can work, it performs redundant computation.
For the example in Figure 4.12, the hit at position 7’ is found twice, which
generates unnecessary computation.

Here, we show that redundant computation can be avoided by using an en-
hanced pigeon-hole principle. The detail is stated in Lemma 4.7. This lemma
ensures that all p-mismatch hits of R can be found while no redundant can-
didate hit will be generated.

Lemma 4.7 Consider a read R and a substring R’ in T of equal length such
that Hamming(R, R") < p, where p > 1. We have two cases.

o Case 1: p is even. We have either Hamming(R;, R)) < p/2 or
Hamming(R,,R.) <p/2—1.

e Case 2: p is odd. We have either Hamming(R;,R)) < (p —1)/2 or
Hamming(R,,R.) < (p—1)/2.

Proof For case 1, when p is even, we have either (1) Hamming(R;, R)) <
p/2 or (2) Hamming(R;,R;) > p/2. Condition (2) means that
Hamming(R;,R;) > p/2 + 1, which implies Hamming(R,,R.) < p —
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FIGURE 4.12: An example that demonstrates the simple divide-and-
conquer method to find 2-mismatch hits of R. (a) We find all the 1-mismatch
hits of R;. (b) After extension of the hits of R;, 2 hits at positions ¢’ and "
are found (marked by ticks). (¢) We find all the 1-mismatch hits of R,. (d)
After extension of the hits of R,., 2 hits at positions ¢ and i’ are found (marked
by ticks). Note that the hit at position ¢’ is discovered twice, which generates
redundant computation.

Hamming(R;, R)) < p—p/2—1 = p/2 — 1. Hence, Case 1 follows. Case
2 can be proved similarly. |}

For the example in Figure 4.12, using Lemma 4.7, phase 1 still generates
three 1-mismatch hits of R;. However, it generates one 0-mismatch hit of R,
instead of three 1-mismatch hits of R,.. This modification reduces the number
of candidate hits. Phase 2 extends the candidate hits of both R; and R,.. For
Ry, after extending the three hits of R;, we identify positions i and " as the
2-mismatch hits of R. For R, after extending the only hit of R,., we identify
position 7 as the 2-mismatch hit of R. Observe that we did not find position
7' twice. Hence, we avoid the redundant computation.

To further speed up, we can combine the above idea with the idea of suffix
trie traversal in the algorithm HSet (see Figure 4.10). Instead of finding all
positions 4 in T such that Hamming(R, T[i..i +m —1]) < p, we find all nodes
w in 7r such that Hamming(R, plabelr(u)) < p. Then, every position ¢ in
Leafr(u) is a p-mismatch hit of R in T

Denote DivideAndConquer (R, p,T) as the algorithm that reports all nodes
in 77 such that Hamming(R, plabelr(u)) < p. Let 77 and 7 be the suffix tries
of T'and T, respectively. (T is the reverse of T'.) We need functions childr(u, o)
and child=(v', o) for traversing 7r and 7, respectively. Furthermore, we need
a function that converts any node w in 7p into the corresponding node v in 7
such that plabelr(u) = plabelx(u'), and vice versa. Precisely, we denote v’ =
reverser(u) and u = reverses(u’). Using the data structure in Lemma 3.9,
childr(u, o) and reverser(u) can be computed in O(|.A|) time and O(1) time
respectively.

Figure 4.13 presents the detail of the algorithm DivideAndConquer (R, p,T).



NGS read mapping 91

Algorithm DivideAndConquer(R,p,T)

Require: A read R, a mismatch threshold p and two suffix tries 77 and 77
Ensure: A set of nodes v in 7p such that Hamming(R, plabelr(v)) < p.
1: if p =0 or |R| is small then

2:  Report HSetr g p(root(rr));

3: end if

4: Ry = R[1..m/2] and R, = R[m/2 + 1..m];

5: if p is even then

6: H; = DivideAndConquer(R;, p/2,T);

7. H, = DivideAndConquer(R,,p/2 — 1,T);
8: else

9:  H; = DivideAndConquer(Ry, (p — 1)/2,T);
10:  H, = DivideAndConquer(R,, (p — 1)/2,T);
11: end if

12: Ans = 0;

13: for every node u € H; do

14:  Ans = AnsU HSetr g p(u);

15: end for

16: for every node u € H, do

7. o/ = reverser(u);

18:  A'= HSetz 5 (u');

19:  Ans = AnsU {reversep:(v') | v' € A'};

20: end for

21: Report Ans;

FIGURE 4.13: The algorithm DivideAndConquer(R,p,T) reports all p-
mismatch hits of the read R in T. (For the algorithm HSetr g ,(root(rr)),
please refer to Figure 4.10.)
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DivideAndConquer(R,p,T) is a recursive procedure. When R is short or
p = 0, we just run HSetr g ,(root(rr)) (see Steps 1—3) to report all nodes
u such that Hamming(R, plabelp(u)) < p. Otherwise, the read R is par-
titioned into two equal halves R; = R[l.m/2] and R, = [m/2 + 1..m].
Two phases are executed. The first phase (Steps 5—11) finds the candidate
hits of R; and R, recursively. By Lemma 4.7, the computation of the first
phase depends on whether p is even or odd. When p is even, it computes
H; =DivideAndConquer(R;,p/2,T) and H, =DivideAndConquer(R,,p/2 —
1,T). When k is odd, it computes H; =DivideAndConquer(R;, (p — 1)/2,T)
and H, =DivideAndConquer(R,, (p —1)/2,T).

The second phase extends all nodes in H; and H,- to obtain the p-mismatch
hits of R. For each node u € H;, we need to find all nodes v in 77 such that
Hamming(R, plabelr(v)) < p and plabelr(u) is a prefix of plabelr(v). In
other words, we need to find all descendant nodes v of u in 7p such that
Hamming(R, plabelr(v)) < p. This can be done by running HSetr g ,(u)
(see Steps 13—15).

For each node w € H,, we need to find A = {v in 70 |
Hamming(R, plabelr(v)) < p and plabelr(u) is a suffix of plabelr(v)}. A
cannot be found directly from 7p. The following lemma suggests that such
A" = {reverser(v) | v € A} can be found by traversing 7.

Lemma 4.8 For every node u € H,., let u' = reversep(u). Denote A = {v in
7 | Hamming(R, plabelr(v)) < p and plabelr(u) is a prefix of plabelr(v)}.
Denote A" = {v' in 7 | Hamming(R, plabel=(v')) < p and plabelx(u') is
a suffiz of plabel7(v')}. We have A = {reversex(v') | v € A’} and A’ =
{reverser(v) | v € A}.

Proof For any node v € A, let v = reverser(v). Observe that
Hamming(R, plabelp(v)) = Hamming(R, plabelz(v")). The lemma follows.

By Lemma 4.8, for every u € H,, A can be found in three steps (see
Steps 16—20). The first step computes v’ = reverser(u). The second step
finds A’ = {v' in 7 | Hamming(R, plabel7(v')) < p and plabelx(u') is a
suffix of plabel7(v")}. This is equivalent to finding all descendant nodes v’ of
u’ in 77 such that Hamming(R, plabel(v')) < p. Hence, A" = HSetz 5 (u').
The third step set v = reverses(v') for every v' € A'.

As a side note, although the above algorithm reports all p-mismatch hits of
R in T, the hits are reported in random order. Tennakoon et al. [294] showed
that the algorithm can be modified such that it can efficiently report the hits
in the order of increasing number of mismatches (see Exercise 16).

4.3.4.3 Aligning a set of reads together

Most suffix trie-based methods align reads on the reference T' one by one.
Note that reads may share prefixes. By processing them together, the running
time can be improved. This idea is used by MASAI [278].
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Read1: TTTGC
Read2: AACGT
Read3: ACCGC
Read4: CAGAT
Read5: ACGGC

el el el el el el el
Read6: AACAT & & 2 @ & & @
Read7: ACCTT & & & & & & £

(a) (b)

FIGURE 4.14: This example illustrates the construction of a radix tree from
7 reads. (a) gives 7 reads. (b) gives the radix tree of all reads.

A set of reads R can be represented by a radix trie 7z. A radix trie is a
tree where every edge is labeled by a nucleotide in {a,c, g,t} and every path
from root to leaf represents a read in R. Figure 4.14 illustrates an example.

Given a radix trie 7g for all reads in R and the suffix trie 7p of T', we
can align the radix trie to the suffix trie to find all p-mismatch occurrences
of R. The algorithm for finding all p-mismatch occurrences of R is shown in
Figure 4.15.

For any node u in 7p and any node v in 7g, denote PSetr g ,(u,v)
as a set of pairs (u,v') where depth(v') = m, v’ is a leaf in 7 and
Hamming(plabel(u'), plabel(v')) < p. The following lemma gives the recursive
formula for PSetr r p(u,v).

Lemma 4.9 Consider a radix trie T for a set of reads R, a suffix trie 7r
for a genome T and a mismatch threshold p. For any node uw in 7r and any
node v in TR, PSetr g p(u,v) can be computed in two cases. For the base case
(Hamming(plabel(u), plabel(v)) > p or v is a leaf), we have:

0 Hamming(plabel(u), plabel(v)) > p

PSetT,R,P(uaU) = { {(u,v)} otherwise.

For the recursive case (Hamming(plabel(u),plabel(v)) < p and v is not a
leaf ), we have:

PSetr g p(u,v) = U PSetp g p(child(u, o), child(v, 0)).

o,0'€{A,C,G,T}

Proof For the base case, we have Hamming(plabel(u), plabel(v)) > porvis a
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Algorithm PSety r ,(u,v)
Require: u is node in the suffix trie 7 of T', v is a node in the radix treee
Tr and p is the mismatch threshold
Ensure: Among all leaves v/ under u and all leaves v' under v, report all
(u',v") such that Hamming(plabelr(u'), plabelr (v')) < p
1. if Hamming(plabelr(u), plabelr (v)) > p then
2:  Return 0;
3: else if v is a leaf then
4: Return {(u,v)};
5: else
6: Ans=0;
7. for every (v/,v’") with «' = child(u, o) and v' = child(u,n) do
8: Ans = AnsU PSetp g p(u/,v');
9: end for
10:  Return Ans;
11: end if

FIGURE 4.15: By calling PSetr r p(root(rr),root(tr)), we find all nodes
(u/,v") such that v’ is a leaf and Hamming(plabelr(u'"), plabelr (v')) < p.

leaf. If Hamming(plabel(u), plabel(v)) > p, PSetr g p(u,v) = 0 by definition.
Otherwise, we have v is a leaf and Hamming(plabel(u), plabel(v)) < p. Then,
PSetr g p(u,v) = {(u,v)}.

For the recursive case, we have Hamming(plabel(u), plabel(v)) < p and v
is not a leaf. It is easy to verify that

PSetr g p(u,v) = U PSetr g p(child(u, o), child(v,d")).

o,0'€{A,C,G,T}

By implementing the recursive equation in the above lemma, Figure 4.15
gives the recursive algorithm to compute PSetr g ,(root(rr), root(rr)).

4.3.4.4 Speed up utilizing the quality score

Previous methods align reads by their DNA sequences only. Moreover,
every base of a read is associated with PHRED quality scores. We expect
that mismatches occur mostly in bases with low quality scores. One question
is whether the quality scores can improve read alignment. This problem is
denoted as a quality score-aware alignment problem. Bowtie 1 [155] defines this
problem as follows. The input consists of a reference T[1..n], a read R[1..m],
a mismatch threshold p and a quality score threshold E. Bowtie 1 aims to
report a position ¢ in T such that Hamming(R,T[i..i + m — 1]) < p and
QS(R,T[i..i + m —1]) < E where QS(R,R') = ZR[i]iR/[i] Qli].
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For example, consider an input 7" = ACACAGS, p = 1, £ = 30, R = ACGG
and the corresponding quality score is (40,20, 25,40). Then, Bowtie 1 will
report position 3 since Hamming(R,T[3..6]) = 1 and QS(R,T[3..6]) = 25.

Utilizing the suffix trie 7, Bowtie 1 proposed two techniques to resolve the
problem: (1) double indexing and (2) a quality score-aware mapping algorithm.
Double indexing is described in Section 4.3.4.2. Below, we detail the quality-
aware alignment algorithm.

For any node w in 7, denote QSmapr g p,5(w) as a function that returns
a descendant node u of w such that depth(u) = m, Hamming(R, plabel(u)) <
p and QS(R,plabel(u)) < E. If node u does not exist, QSmapr g p g(w)
returns e. (Note that QSmapr g g(w) may not have a unique solution.) By
definition, Bowtie 1 aims to compute QSmapr g p,g(root(rr)). (In Bowtie 1,
p = 2 and E = 70 by default.) The following lemma states the recursive
formula.

Lemma 4.10 Denote P, as the path from u to v in 7p, where v is the deep-
est descendant node of u such that the path label of P, equals R[depth(u) +
1..depth(v)]. Let Child(P,) be all nodes w such that w ¢ P, and the parent
of w is in P,. For the base case (depth(v) =m), we have

v Hamming(R,R') < p and QS(R,plabel(v)) < E
€ otherwise.

QSmapr gy e(u) = {

For the recursive case (depth(v) < m), we have QSmapr grp r(u) €
{QSmapr rpp(w) | w e Child(P,)}.

Proof When depth(v) = m, by definition, QSmapr r,r(v) = v if
Hamming(R, R') < p and QS(R, plabel(v)) < E.

When depth(v) < m, let P, = (u = uj,usg,...,v = u;) be the path from u
to v in 7p. Let Py, = (uj,ujq1,...,u).

We claim that QSmapr, rp r(uj) € {QSmapr rp e(w) | w e Child(Py,;)}
forany j=1,...,t.

We prove the claim by induction. When j = ¢, P,, contains exactly one
node u;. QSmapr rp.e(ur) € {QSmapr rp r(w) | w e Child(u)}.

For j < t, suppose QSmapr rpe(ujr1) € {QSmaprrpe(w) |
w € Child(Py,,,,)}. Then, QSmapr rypr(u;) € {QSmapr rye(w) |
w € Child(u;)} = {QSmaprrpyr(w) | w € Child(u;) — {uj+1}} U
{QSmapr g p,e(uj+1)}. Since QSmapr rpe(ujt1) € {QSmaprrypE(w) |
w € Child(Py,,,)}, we have QSmapr g p e(u;) € {QSmapr rpe(w) | w €
Child(Py,)}. The claim is true. |}

By the above lemma, a recursive algorithm can be developed that com-
putes a depth-m node v in 7 such that Hamming(R, plabel(v)) < p and
QS(R, plabel(v)) < E. Bowtie 1 suggested that we can speed up the algo-
rithm using a quality score. Since we want to reduce the sum of quality scores
in mismatch positions, the greedy approach is to try mismatches in the low-
est quality score position first. Hence, we can try to run QSmapr g e(w)
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Algorithm QSmapr g, E(0)
Require: T is the genome, R[1..m] is a read, p is the mismatch threshold,
FE is the quality score threshold and u is any node in 7.
Ensure: A depth-m descendant v of u such that Hamming(R, plabel(v)) <
p and QS(R,plabel(v)) < E.
1. if  depth(u) > m or Hamming(R[l..depth(u)],plabel(u)) > p or
QS(R,plabel(u)) > E then
2:  Return ¢;
3: end if
: Identify the lowest descendant v of w in 7 such that the path label of
P =u,...,v equals R[depth(u) + 1..depth(v)];
: Return v if depth(v) = m;
: for every w € Child(P) in increasing order of Q[depth(w)] do
Return QSmapr, g p e(w) if QSmapr rp e(w) # €
: end for
: Return ¢;

'

FIGURE 4.16: By calling QSmapr, g p g(root(rr)), we report a node v in
77 such that Hamming(R, plabel(v)) < p and QS(R, plabel(v)) < E.

for w € Child(P,) in increasing order of Q[depth(w)]. Figure 4.16 states the
detail of the algorithm QSmapr g p g(u).

Figure 4.17 illustrates the method. In the example, the genome is T =
ACACAGS. The read is R = ACGG, whose corresponding quality scores are
(40,20, 25,40). We aim to find a hit of R on T allowing at most p = 1
mismatch and the quality score threshold is £ = 30. We start by call-
ing QSmapr r1,e(ve) (see Figure 4.17(b)). QSmapr r1,£(ve) determines
P,, = (vo,v1,v4) and computes Child(vy, v1,v4) = {v2, v3,v5,v7}. Note that
Qldepth(vs)] = 40, Q[depth(vs)] = 40, Q[depth(vs)] = 20, Q[depth(v7)] = 25.
QSmapr,r,1(vo) selects the node with the lowest quality score, which is vs;
then, it calls QSmapr g1, 5(vs) (see Figure 4.17(c)). QSmapr r1,5(vs) tries
to find a depth-m descendant of vs whose path label is a 1-mismatch hit of R.
However, it is impossible to find such a node and QSmapr g 1, g(vs) return e.
After that, among {ve, vs, vs, v7}, QSmapr r 1,5 (vo) selects the node with the
second lowest quality score, which is v7; then, it calls QSmapr r1,5(v7) (see
Figure 4.17(d)). QSmapr,r1,5(v7) finds P,, = (v7,v11). Since depth(vi1) =
m =4, QSmapr r1,E(v7) return vyg.
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(b) 40 | 20 | 25 | 40

(c) 4 | 20 | 25 | 40
A C G G
QAMapyg 1 (Vs)
A G
(d) 4 | 20 | 25 | 40
A C G G
QAMapT'R'LE(v7)

W AW W AW g

FIGURE 4.17: (a) is the suffix trie of T = ACACAGS. Let R be the read
ACGG, whose list of quality scores is (40,20, 25,40). (b) illustrates the align-
ment obtained when we call QSmapr r1,5(ve) where E = 30. QSmapr g1k
first recursively calls QSmapr g1, (vs), which returns . Then, QSmapr g1k
recursively calls QSmapr r1,£(v7), which returns vis.

4.4 Aligning reads allowing a small number of mis-
matches and indels

The previous section describes the mismatch-only read alignment. How-
ever, it fails to capture the wide spectrum of indel variants which are expected
to occur once in every 3000 bp [122]. To capture indels, this section discusses
alignment methods that allow both mismatches and indels. Given a reference
T[1..n], this section discusses methods for aligning a read R[1l..m] to some
region T'[i..5] that minimizes the edit distance or maximizes the semi-global
alignment score or local alignment score (the alignment score is defined in
Section 4.2.1).

Below, we describe a few techniques to solve this problem. They include
the g-mer approach and suffix-trie approach.

4.4.1 ¢-mer approach

The hashing methods find p-mismatch hits of a read R on the reference
genome. When there are insertion or deletion errors (like 454, Ion-torrent,
PacBio reads), we need to compute the edit distance between the read and
the reference genome instead. However, hashing is not designed for computing
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edit distance. Here, we describe the g-mer approach. g-mer is a technique
that speeds up the edit-distance computation. It is based on the following
observation.

Lemma 4.11 Given a length-m sequence R and another sequence Y, if
edit(R,Y) < p, then R and Y share at least t common g-mers (length-q sub-
strings) where t =m + 1 — (p+ 1)q.

Proof Suppose R and Y have at most p differences (i.e., indels or substi-
tutions). R has (m + 1 — ¢) g-mers. Note that a g-mer in R overlaps with
some difference if and only if R and Y do not share that g-mer. Each differ-
ence overlaps with at most ¢ ¢g-mers. Since there are at most p differences,
at most pq g-mers overlap with the differences. Thus, R and Y share at least
(m+1—q—pq) g-mers. The lemma follows. ]

To illustrate the correctness of the lemma, consider two sequences R =
GACGCAT and Y = GACGCAG with edit(R,Y) = 1 = p. Lemma 4.11 implies that
R and Y share at least t =m+1—(p+1)g=7+1—(141)3 = 2 3-mers. This
is true since the number of 3-mers shared by R and Y is 4 > ¢. For another
example, consider two sequences R = AAATGGATT and Y = AAACAACGG with
edit(R,Y) =2=p. Wehavet =m+1—-(p+1)¢g=9+1-(2+1)3 =1.
Since the number of 3-mers shared by R and Y is 1 = ¢, Lemma 4.11 is tight.

Note that the reverse statement of the lemma is not correct. In other
words, R and Y share at least t = m + 1 — (p 4+ 1)g g-mers does not imply
edit(R,Y) < p. For example, consider R = ACAGCAT and Y = GCGGCAT. They
share ¢ = 2 3-mers. By substitutingm = 7,¢ = 3,¢t = 2 into t = m+1—(p+1)g,
we have p = 1. However, edit(R,Y) =2 > p.

Using Lemma 4.11, we can find all positions 7 such that edit(R, T[i..j]) <p
for some j as follows. We scan the reference genome T to find all positions ¢
such that R and T'[i..i +m+ p — 1] share at least t g-mers; then, each position
i is reported as a hit of R if min;<;<;4m+p—1 edit(R, T[i..j]) < p.

Figure 4.18 details the algorithm. The algorithm assumes the suffix array
of T is constructed (see Section 3.5.2). Hence, we have the list of occurrences of
every g-mer. Steps 1—7 of the algorithm try to compute Count;, which is the
number of g-mers shared between R and T'[i..i +m + p — 1], for every position
i in the genome T'. By Lemma 4.11, we know that edit(R, T[i..i+|R|—1]) < p
only if Count; >t = |R|+1— (p+ 1)g. Hence, Steps 8—11 will only compute
edit distance for position ¢ when Count; > t.

A number of methods use the g-mer approach or its variants, including:
SHRIMP [255], RazerS [311], and SeqAlto [208]. SeqAlto uses long g-mers,
where 17 < g < 32, to improve the efficiency.

SHRIiMP [255] and RazerS [311] generalize g-mer to spaced g-mer. Spaced
g-mer is a noncontiguous g-mer. Its idea is similar to the spaced seed in Sec-
tion 4.3.2. When the number of mismatches in a read increases, we may fail to
have g-mer hits. Spaced g-mer increases the chance of having hits. More pre-
cisely, the minimum number of spaced g-mers shared by two length-m strings
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Algorithm p-difference(R,T)
Require: A read R[1..m] and a reference genome T'[1..n]
Ensure: A list of hits of the read R with at most p differences

1: for every position ¢ in T' do

2 Set Count; = 0;

3: end for
4: for each g-mer @ in R do
5 Find the hitlist, that is, the list of positions in T" where @ occurs;
6 For every position ¢ in the hitlist, increment the counters

Count;, Counti_1,...,Counti_myp—q by 1;

end for

8 Sett=m+1—(p+1)g;

9: for position ¢ with Count; > t do
10 If mini<j<itmtp—1 edit(R, T[i..j]) < p, report position i is a hit of R;
11: end for

-

FIGURE 4.18: The algorithm for finding p-difference hits for a read R in
the reference genome T

of Hamming distance p is actually bigger than that for a contiguous g-mer [33].
This number can be computed by dynamic programming (see Exercise 18).
Exercise 17 gives an example showing that a spaced g-mer approach is more
sensitive than the g-mer approach.

RazerS [311] relaxes the constraint used in Lemma 4.11. Lemma 4.11
showed that when R and Y share more than ¢ = m + 1 — (p 4+ 1)q g-mers,
R and Y have at most p differences. What happens if we filter reads using a
threshold 6 bigger than ¢t = m+1— (p+ 1)¢? In this case, some true hits may
be missed. Weese et al. [311] generalizes Lemma 4.11 and describes a dynamic
programming method to compute the probability that a randomly chosen true
match satisfies the threshold 6. Then, instead of fixing the threshold to be t,
RazerS allows users to control the threshold. If the user chooses a threshold
0 bigger than ¢, more reads are filtered, which improves the running time;
however, we will also miss some true hits. Hence, by controlling the threshold
0, RazerS can provide a seamless trade-off between sensitivity and running
time.

4.4.2 Computing alignment using a suffix trie

Section 4.3.4 presents the suffix trie approach to solve the Hamming dis-
tance read mapping problem. The suffix trie approach can also be used to solve
the edit-distance read mapping problem and the read alignment problem. This
section discusses these methods.
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{vo,va}
(v(0,1,2))
(w120 | (o] [vi12) ]
Find solution Cannot extend
{va} o
[w211) | [ws222) |

Find solution EditDist > 1

(a) (b)

FIGURE 4.19: (a) is the suffix trie of T = ACACAGS. The
two mnodes vy, and wv4 are the most ancestral nodes such that
edit(R, plabel(vs)), edit(R, plabel(vy)) < 1. (b) illustrates the recursive com-
putation of EditDistrcc1(vo,(0,1,2)). We start from problem instance
(vo, (0,1,2)). It calls three sub-instances. For one sub-instance (vy, (1,1, 2)),
it further calls two sub-instances. The label of the upward edge is the set of
nodes returned by the problem instance.

4.4.2.1 Computing the edit distance using a suffix trie

Consider a reference genome T'[1..n] and an edit-distance threshold p. For
any read R[l..m], the edit-distance problem aims to find all positions ¢ in T
such that edit(R,T[i..j]) < p for some j > i.

Similar to Section 4.3.4, the edit-distance problem can be solved using
a suffix trie as follows. First, we find the set of nodes Z = {u € 7 |
edit(R, plabel(u)) < p}. Second, we report |, z Leafr(u). For example, con-
sider T' = ACACAG$, R = CC and p = 1. Figure 4.19(a) shows the corresponding
suffix trie 7. It is easy to check that Z = {vg,v4,vs}. Then, the answer is
Leaf(va) U Leaf(vs) U Leaf(ve) = {1,2,4}.

However, Z has redundancy. Since vg is a descendant of v, Leaf(vg) C
Leaf(vy). The redundancy can be avoided by reporting only the most ances-
tral nodes u such that edit(R, plabel(u)) < p. (u is a most ancestral node if
edit(R, plabel(w)) > p for all ancestors w of w.) For the above example, the
set of all of the most ancestral nodes is {vs,vs4}, which does not have any
redundancy.
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This section describes an algorithm EditDisty g () to compute all of the
most ancestral nodes w such that edit(R, plabel(u)) < p. First, we have a
definition. Denote d,[i] = edit(R[1..i], plabel(v)). The following lemma gives
the recursive formula for d,[i].

Lemma 4.12 Denote 6(z,y) =0 if x = y; and é(x,y) = 1 otherwise.
e Base case (v =100t(17)): droot(rp)[i] = i

e Recursive case (v # root(rr)): Let u be the parent of v in 70 and o
be the edge label for the edge (u,v) (i.e., v = child(u,o0)). We have
dy[0] = dy[0] + 1 and, fori >0,

dyli — 1]+ §(R[i],0) match/mismatch
dyp[i] = min < d,[i] +1 insert (4.1)
dyli — 1]+ 1 delete.

Proof Exercise 20. |}

Now, we describe the recursive algorithm EditDistr g p(u, d,[0..m]). The
recursive algorithm required two parameters u and d,[0..m]. To compute the
set of the most ancestral nodes w such that edit(R, plabel(w)) < p, we call
EditDisty g p(root(17), droot(rr)[0.-m]). (By Lemma 4.12, d,oot(r)[0..m] =
(droot('rT) [0], droot(‘rT) [1,..., droot(TT) [m]) = (0,1,...,m).) We have the fol-
lowing lemma.

Lemma 4.13 EditDistr g p(u, d,[0..m]) reports the following:

o {u} if dufm] <p.

o O ifdyi] >p fori=0,...,m.

* Uy—chitd(u,o) 1 EditDistr gp(v, du[0..m])} otherwise.
(Note: d,[0..m] can be computed from d,[0..m] using Lemma 4.12.)
Proof Exercise 21. |}

EditDistp g p(u,dy[0..m]) runs in three steps. First, it checks if
dylm] < p. If yes, it returns {u}. Second, it checks if d,[i{] > p
for i = 0,...,m. If yes, it returns (. Otherwise, the last step re-
turns U, —epitd(u,0) { EditDistr, rp(v, du[0..m]) }. (The correctness follows from
Lemma 4.13.) The detail of the algorithm is stated in Figure 4.20.

For the above example (T" = ACACAGS, R = CC and p = 1), {u € 7 |
edit(R, plabel(u)) < 1 and u is a most ancestral node} can be found by exe-
cuting EditDistr g (v, dy,[0..m]), where d,, [0..m] = (0, 1,2). Figure 4.19(b)
shows the recursion tree for EditDistr g (v, dy,[0..m]).

The algorithm can be further sped up by estimating the lower bound of
the edit distance similar to that in Section 4.3.4.1 (see Exercise 19).
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Algorithm EditDisty g ,(u, d,[0..m])
Require: v is a node in 77 and d,[i] is the edit distance between R][1..7]
and plabel(u) for i = 0,1,...,m.
Ensure: All most ancestral nodes w in 7 such that edit(R, plabel(u)) < p.
1: if dy[m] <p then
2:  Return {u};
3: else if d,[i] > pfor i =0,...,m then
4:  Return 0;
5: else
6:  Ans = (;
7. for every v with v = child(u,o) do
8 d,[0] = d,[0] + 1;
9 for i =1 tom do

10: dy[i] = min{d,[i — 1] + 6(R[i],0),dy[i] + 1,d,[i — 1] + 1}
11: end for
12: Ans = Ans U EditDistr g (v, dy);

13:  end for
14:  Return Ans;
15: end if

FIGURE 4.20: This algorithm returns all of the most ances-
tral nodes w in 7p such that edit(R,plabel(u)) < p by calling
EditDistr g, (root(Tr), droot(r)[0..m]) where droot(r,)[0..m] = (0,1,...,m).
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4.4.2.2 Local alignment using a suffix trie

Given a reference genome T and a read R, the local alignment problem
aims to compute the local alignment score between R and T'. By definition, the
local alignment score between R and 7' equals the maximum global alignment
score score(R|i..j], T[¢'..7']) among all substrings R[i..j] of R and all substrings
T[i'..5'] of T.

The computation of the local alignment score can be accelerated by a
suffix trie. Recall that any substring of T' can be represented by plabel(u) for
some u in 7p. For any 4 € [1l..m] and every node v in 77, we define V(i)
as the maximum alignment score between any suffix of R[1..7] and plabel(v).
It is easy to verify that the local alignment score between R and T equals
maxie(i..m]verr Vv(l)

The following lemma gives the recursive formula for V,(4).

Lemma 4.14 For any nucleotide z,y € {a,c,g,t}, let 6(x,y) be the substi-
tution score, 0(x,—) be the deletion score, and 6(—,x) be the insertion score.
(For example, we can set §(x,y) =42 ifx =y and §(z,y) = -1 if x £ y.)

e Base case (v is the 100t): Vioot(rp) (1) = 0

e Recursive case (v = child(u,o)): V,(0) = V,,(0) + 6(—, )
V(i — 1) + 0(R[i],0) match/mismatch
Vo(i) =max{ V,(i— 1)+ 6(R[i],—) delete
Vu(3) + 0(—,0) insert

Proof Exercise 20. J]

By applying dynamic programming on the recursive equation in
Lemma 4.14, V, (i) can be computed for all ¢ € [1..m] and all nodes v in
7r; then, we report (i,v) that maximizes V,(i). Note that 77 contains O(n?)
nodes. The above solutions will take O(n?m) time, which is slower than the
Smith-Waterman algorithm.

Observe that it is unnecessary to compute V(i) for all pairs (i,v). First,
we need a definition. A pair (i,v) is called meaningful if any prefix of the
alignment for (R[1..i], plabel(v)) has a positive score; otherwise, it is called
meaningless. (See Figure 4.21 for examples.)

We have the following lemma, which is useful to avoid unnecessary com-
putation.

Lemma 4.15 If (i,v) is a meaningless alignment, there exists another node
v" such that plabel(v') is a suffix of plabel(v) and Vi (i) > V4 (2).

Proof Suppose (i,v) corresponds to a meaningless alignment between R|[j..i]
and plabel(v), with score V(7). The meaningless alignment can be partitioned
into two halves: (R[j..i'], P1) and (R[i’ + 1..i1], Py) where (1) plabel(v) is the
concatenation of P, and P, and (2) the alignment score for (R[j..i'], Py) is



104 Algorithms for Next-Generation Sequencing

ACTGG-GCA AGTCGCA
ACTCGTG-A ACAGG-A

(a) (b)

FIGURE 4.21: (a) and (b) show two alignments. Suppose the scores for
match, mismatch, and indels are +2, —1, —1, respectively. (Assume linear gap
penalty.) For (a), it is a meaningful alignment of score 9 since any prefix
alignment has a positive score. For (b), it is a meaningless alignment of score
4 since the alignment of the first 4 bases has the score +2 —1—-1—-1= —1.
Note that its length-3 suffix alignment is a meaningful alignment, with score
3.

non-positive. This implies that the alignment score s of (R[i’ + 1..i], P») must
be at least V(7). Let v" be the node such that plabel(v') = Po. Then, V(i) >
s>Vy(0).

The above lemma implies that it is unnecessary to extend an alignment
for (i,v) if it is meaningless. We update the definition of V(i) as follows. We
define V, (%) as the maximum meaningful alignment score between any suffix
of R[1..7] and plabel(v). After the modification, we have the following lemma.

Lemma 4.16 Let §(z,y) be the substitution score for z,y € {a,c, g,t,—}. Let
A(z) = z if z > 0; otherwise, A(z) = —oc.

e Base case (i =0 or v = r0o0t(1r)): Vigot(rp)(i) = 0 and V,(0) = —oo if
v 18 not the root of Tr

o Recursive case (v = child(u,0)):

Vu(i) = A | max Vv(i. - [i], =) (4.2)

Proof (Sketch) By definition, the base case follows. Let A be the meaningful
alignment between R[1..7] and plabel(v) of score V,,(%). Let v = child(u, o). The
rightmost column of the alignment A is either (1) substitution, (2) deletion
or (3) insertion. For (1), we have V, (i) = V(i — 1) + §(R]i], o). For (2), we
have V,, (i) = V,(i — 1) + §(R][i], —). For (3), we have V,(i) = V,,(i) + §(—, 0).
To ensure that the alignment is meaningful, we require V,,(i) > 0; otherwise,
we set V(i) = —oc. The lemma follows. ||

By the above lemma, we can compute V, () recursively by Equation (4.2).
To compute (V,(0),...,V,(m)),we traverse all nodes w in 7r in top-down
order. For each node u, we compute (V,(0),...,V,(m)); then, we report
mMax;—o, . muvery Vo(i). To speed up, we can implement a pruning strategy
based on the following lemma.
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Algorithm LocalAlign(V,,, u)
Require: R[1..m] is the read, 77 is the suffix trie of the reference genome
T, u is a node in 77 and V,, = (V,(0),...,V,(m))
Ensure: Compute the optimal local alignment score between R and T (as-
suming linear gap penalty)
1: s = max{—o00,max;—,...m Vu(i)};
2: if (u is a leaf) or (s = —o0) then
3:  Report s;
4: end if
5: for every v with v = child(u,0) do
6: fori=0tomdo
7: Compute V(i) by Equations (4.2);
8: end for
9: s = max{s, LocalAlign(V,,v)};
10: end for
11: Report s;

FIGURE 4.22: The dynamic programming algorithm to compute the op-
timal local alignment between R and T. To execute the program, run
Local Align((0, .. .,0),root(1r)).

Lemma 4.17 Suppose (V,(0),...,Vy(m)) = (—o0,...,—00). Then, V,(i) =
—oo for anyi=0,...,m and any descendant v of u.

Proof See Exercise 23. |}

By Lemma 4.17, when (V,,(0), ..., V,(m)) = (=00, ..., —00), we don’t need
to compute V, (i) for any descendant v of u. Together with Lemma 4.16, we
have the algorithm in Figure 4.22. Figure 4.23 illustrates the execution of
algorithm.

Lam et al. [151] showed that this algorithm runs in O(n%%%m) time on
average, which is faster than the standard Smith-Waterman algorithm. How-
ever, its worst-case running time is still O(n?m). The worst-case running time
can be improved by replacing the suffix trie with the directed acyclic word
graph (DAWG) [67].

Last but not least, this method can be generalized to handle the affine gap
penalty (Exercise 24).

4.5 Aligning reads in general

Sections 4.3 and 4.4 discuss techniques that align reads allowing a small
number of mismatches and indels. The running time of these methods are
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(0,0,0,0), vo

FIGURE 4.23: (a) is the suffix trie 77 of T = ACACAGS. Suppose the scores
for match, mismatch, and indels are 42, —1, —1, respectively. We aim to com-
pute the optimal local alignment score between ) = CTC and 1" by executing
Local Align(Vy,,vo), where V,, = (Vi (0), Vi, (1), V4 (2), Vi, (3)) = (0,0, 0, 0).
The gray nodes are nodes visited by the algorithm. (b) illustrates the recursive
computation of LocalAlign((0,0,0,0),vy). We start from problem instance
((0,0,0,0),vp). The algorithm recursively calls the sub-instances. The label of
the upward edge is the value returned by the problem instance. The optimal
local alignment score is 3.
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List of reads Step 1 Step 2
Reference
..CTTACTCCGGGAACTCTTTTGCACTCGGTCT... ...CTT‘ACTCCGGG‘A‘ACTCTTTT‘GdACTCGGTC‘T...
11110000 Assume the first 4 bases
of each read is the seed.
1. ACTCGATC Then, reads 1 & 2 have the After After After
2. ACTCTTTT same seed: ACTC verification,  verification, verification,
......... . R false hits for  exact hit for 1-mismatch
The hits of ACTC is: i, T, 1", both reads. read 2. hit for read 1.
(a) (b) (c)

FIGURE 4.24: Illustration of the seed-and-extension approach. (a) is a list
of reads. (b) illustrates the seeding step. We first extract the seed (which is
the first 4 bases in this example) of each read. Then, some efficient method
is applied to identify the list of hits of the seeds. This list of hits is treated
as the candidate hit list of the reads. (c) illustrates the extension step. Each
candidate hit is aligned with the full read to verify if it is a correct hit.

exponential in the number of errors. As the reads get long, these methods
cannot work.

This section discusses the general strategy for aligning reads. It uses meth-
ods in the previous two sections as the building blocks and solve the read
alignment problem in general. Roughly speaking, the methods can be classi-
fied into two classes: (1) the seed-and-extension approach and (2) the filtering
approach. Below, we will discuss these two approaches in detail.

4.5.1 Seed-and-extension approach

Observe that errors are not uniformly distributed in an alignment. Some
regions of an alignment will have more mismatches/indels while some regions
will have less. This suggests the following seed-and-extend strategy to align
reads (which is illustrated in Figure 4.24):

e Step 1 (Seeding step): This step extracts some substrings of each read
as seeds. Then, hits of the seeds allowing a small number of errors are
computed. These hits are the candidate hits of the read. This step is
accelerated by the efficient algorithms in Sections 4.3—4.4.

e Step 2 (Extension step): This step validates the goodness of the candi-
date hits. Since there are not many candidate hits, accurate but slow
methods (see Section 4.2.3) can be used to verify them.

Note that the seed-and-extend strategy is a trade-off between efficiency
and sensitivity. To reduce the running time, we can adjust Step 1 to identify
fewer candidate hits with some stringent criteria; however, this will reduce
the sensitivity. On the other hand, we can adjust Step 1 to use loose criteria
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so that the optimal hits will not be missed; however, this will increase the
running time.

Many short read aligners use the seed-and-extend strategy. They include
BWA-SW [168], Bowtiec 2 [154], BatAlign [178], LAST[?], Cushaw2 [182],
BWA-MEM , etc. Below, we demonstrate the use of the seed-and-extend strat-
egy in different aligners.

4.5.1.1 BWA-SW

Given a reference genome T[1..n] and a read R[1..m], Figure 4.22 gives the
algorithm LocalAlign, which performs local alignment using a suffix trie to
find substrings X of R and Y of T such that score(X,Y’) is maximized, where
score(X,Y) is the global alignment score between X and Y. Although it is
faster than the Smith-Waterman algorithm, it is still too slow to align short
reads.

Li and Durbin [168] proposed BWA-SW to further speed up this process.
BWA-SW uses the seed-and-extend strategy and it consists of two steps: a
seeding step and an extension step. The seeding step finds a set of good
candidate hits (X,Y") such that score(X,Y) > 0, X is a substring of R and Y’
has at most v occurrences in T' (by default, v = 3). Then, the extension step of
BWA-SW uses the Smith-Waterman algorithm to extend the good candidate
hits and reports the hit with the highest alignment score.

The extension step is straightforward. Below, we detail the seeding steps.
Note that every substring Y of T equals plabel(u) for some node u in the suffix
trie 7p. Hence, finding good candidate hits is equivalent to finding

H = {(i,u)||Leaf(u)] <~,mazy<;score(R[i ..i], plabel(u)) > 0}
= {(,u) [ [Leaf(u)| <, Vu(i) > 0},

where V,, (i) is the best alignment score between some suffix of R[1..i] and
plabel(u). H can be found efficiently by running a modified version of the
algorithm in Figure 4.22 (see Exercise 25).

However, when the read R is long, H may contain many node pairs
(i,u). Li and Durbin proposed two heuristics to further reduce the size of
H. The first heuristic is the Z-best strategy. For every position i in R, let
{(#,u1),...,(i,uq)} be the set of pairs in H. The Z-best strategy only keeps
Z pairs which have the highest scores V,,, (7). Using simulation and real data,
[168] showed that the Z-best strategy does not filter high-homology hits.

Another heuristic is the overlap filter. We retain pairs in H that are largely
non-overlapping. Precisely, consider two pairs (i1, uy), (i2, us) € H, where the
pair (is, us) corresponds to the alignment between R[i..i5] and plabel(us), for
s = 1,2. The two pairs (i1,u1) and (i2,us) are said to be non-overlapping if
the overlap length between R[i}..i1] and R[i}..i5] is less than § min{i; — 4} +
1,29 — 7,/2 + 1}.

To illustrate the seeding step of BWA-SW, we use the example in Fig-
ure 4.23. Suppose we set v = 1. Then, H = {(3, us), (3, u12), (3,u14)}. Note
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that (3,us) corresponds to the alignment between R[1..3] and T'[2..4] with
score V. (3) = 3, (3,u12) corresponds to the alignment between R[1..3] and
T[2..5] with score V,,,(3) = 2, and (3, u14) corresponds to the alignment be-
tween R[1..3] and T[2..6] with score V,,,,(3) = 1.

Suppose we apply the Z-best strategy with Z = 2 to H. Then,
among the pairs in H = {(3,us), (3,u12), (3,u14)}, we filter (3,u14) since
Vig (3)s Vupn (3) > V4, (3). For the overlap filter, as (3,ug) and (3,u12) are
overlapping, we filter (3, u12) which has a lower score. After applying the Z-
best strategy and overlap filter, H only contains one pair {(3, ug)}.

To further speed up the algorithm, the original paper of BWA-SW sug-
gested that we can replace the read R by the directed acyclic word graph
(DAWG) of R. Please refer to [168] for details.

4.5.1.2 Bowtie 2

Bowtie 2 [154] is a gapped aligner that aligns a read R[1..m] onto the
reference genome T'[1..n] allowing gaps. It extends Bowtie 1 (an ungapped
aligner) by the seed-and-extend strategy.

The basic assumption is that, if T[i..j] is a correct hit of the read R, then
T[i..j] and R share some length-22 substrings which have very few occurrences
in the reference genome 7.

The algorithm of Bowtie 2 consists of two steps: a seeding step and an
extension step. The seeding step of Bowtie 2 extracts length-22 seeds from the
read R for every |1+ 0.75y/m|-bp interval. For example, when m = 100, we
extract length-22 seeds from R for every 8 bp. Each seed is aligned to the suffix
trie 77 allowing 0 mismatches (without gap) by Bowtie 1. Then, the candidate
hits of all seeds are obtained. The number of candidate hits may be huge. The
following paragraphs describe the candidate hit filters used by Bowtie 2. The
extension step of Bowtie 2 performs a gapped extension for these candidate
hits. The gapped extension is based on the Smith-Waterman algorithm, which
is sped up by SIMD (single-instruction multiple-data) accelerated dynamic
programming.

It is too time consuming to extend the candidate hits of all length-22
seeds. To speed up, Bowtie 2 proposes a few heuristics to select a subset
of candidate hits for gapped extension. Bowtie 2 assumes that seeds with a
smaller number of occurrences are likely to be correct. It prioritizes the seeds
as follows. Each candidate hit at position 7 in the list is assigned a priority
S% if the seed that appears in position ¢ has s occurrences in 7. Bowtie 2
iteratively selects random candidate hits based on the priority weight. To avoid
executing an excessive number of dynamic programming iterations, Bowtie
2 has a stopping strategy. Bowtie 2 maintains the alignment score of the
alignment of every gapped extension it performed. An alignment is said to be
failed if the alignment score is worse than the current best or the second-best
alignment found so far. Bowtie 2 will stop if it fails some fixed number of
attempts (by default, 15). Finally, among all alignments computed, Bowtie 2
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Algorithm Bowtie2(R, 7)
Require: 77 is the suffix trie of T" and R is the length-m read
Ensure: A position ¢ with good local alignment score with R
1: Obtain a set of length-22 seeds {seed;, ..., seedy} from the read R for
every |1+ 0.75y/m|bp interval;

2: From 77, we obtain a list L; of exact hits of seed seed;, for j = 1,...,k;

3: For j =1,...,k, for each loci ¢ in L, its weight is ﬁ,

4: count =0; S = 0;

5. repeat

6:  Randomly select a position ¢ from U?:l L; according to the weight;

7:  Compute the alignment score score; between R and the sequence in
position ¢;

8: If score; is smaller than the second best alignment score in S, then
count + +;

9:  Include (4, score;) into the set S;
10: until count > 15 or all positions have been selected
11: Report the position ¢ which has the best alignment score in .S

FIGURE 4.25: Bowtie 2 algorithm.

Read R: ACGTACGTACGTACGTACGTACGT
Reference T: ..CTGCGTCTACGGACGACGGACGACGGACGGCCGATCGACCGCGGGACGTA...

FIGURE 4.26: In this example, the correct hit of the read R is at position .
However, none of the exact occurrences of any length-4 seed of R is a correct
hit.

reports the best alignment. The detail of the Bowtie 2 algorithm is stated in
Figure 4.25.

4.5.1.3 BatAlign

Many seed-and-extend methods compute the hit list of short seeds in the
seeding step. The hit list is defined to be the exact hits or 1-mismatch hits of
the short seeds in the reference genome 7. When the read has a high number
of mismatches and/or indels, it is likely that the hit list of the short seeds
does not contain the correct hit of the queried read. (See Figure 4.26 for an
example.)

To address the problem of missing correct hits from low-edit-distance short
seeds, BatAlign [178] uses high-edit-distance long seeds instead. Given a read
R, it partitions R into a set of length-75 seeds. Then, the seeding step finds
hits of each long seed in the reference genome T'. Precisely, the seeding step
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40 40 40 40 10 40 40 10 40 40

ReadR:ACTCATCTAT

Reference genome: ... ACGCATCTAT. v ACTCGTCGAT. v
R: ACTCATCTAT R: ACTCATCTAT
Best hit H1 AEINNNRES PETT= I 2nd pest hit H2
ACGCATCTAT ACTCGTCGAT
(@) (b)

FIGURE 4.27: In this example, the read R has two low-quality bases at
positions 5 and 8. When R is aligned on the genome, the best hit is H1 which
has one mismatch. The second-best hit is H2 which has two mismatches. (a)
and (b) show the alignments of R with the best hit and the second-best hit,
respectively. The two low-quality score bases of R are in bold font. Although
(b) has more mismatches than (a), the mismatches are at the low-quality score
bases. If we use the quality score-aware alignment in Section 4.2.2, (b) is a
better hit. This example shows that the hit having the minimum number of
errors may not be correct.

enumerates putative candidate hits of each long seed in increasing order of
alignment cost (i.e., increasing number of mismatches and gaps). To be sen-
sitive, BatAlign allows up to 5 mismatches and at most one gap. We observe
that the hit having the minimum number of errors (mismatch and/or gap)
may not be correct (see Figure 4.27 for an example). BatAlign tries to obtain
hits with the minimum number of errors and the second minimum number of
errors. Simulation study showed that it will not generate many candidate hits
while it improves sensitivity. Using the algorithm in Exercise 16, these hits
can be found efficiently. After that, for every hit found in the seeding step,
the extension step extends the hit to verify the full alignment of the read.

4.5.1.4 Cushaw?2

Cushaw? [182] is a seed-and-extend method for aligning long reads. It pro-
posed to define the seeds of a read by maximal exact matches (MEMs). Given
a read R[1..m] and a reference genome T'[1..n], MEMs of R are defined to
be maximal subsequences of R that also occur in T'. Precisely, each MEM is
defined to be a segment R[i..j] that occurs in the reference genome 7' while
R[i — 1..j] and R[i..j + 1] do not occur in 7. Figure 4.28 gives an exam-
ple to illustrate the definition of MEM. In this example, we have 4 MEMs:
R[1..6], R[4..16], R[8..21] and R[20..24].

Based on MEMs, we detail the algorithm of Cushaw?2, which consists of the
seeding step and the extension step. The seeding step of Cushaw?2 identifies
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Read R: CTGACAGATCAGAGAGGAATCCGA

Reference T: MCTGCGTCAACAGATCAGAGAGCTCCGATCTCCGACCG#TGACATATCAGAGAGGAATCGGA‘CGTA...

FIGURE 4.28: In this example, the read R has a 2-mismatch alignment in
the rectangle region of the reference genome T'. There are 4 MEMs between
R and T, which are represented in T' as the bold font.

all MEMs of the read R as seeds. By the suffix trie, MEMs can be found in
O(n + m) time (see Exercise 27). For each seed RJ[i..j], the extension step of
Cushaw?2 extends every candidate hit T[¢'..5'] of R[i..j] by Smith-Waterman
algorithm; then, the significant hits are reported.

We use the example in Figure 4.28 to illustrate the algorithm of Cushaw?2.
The seeding step of Cushaw?2 identifies 4 MEMs as seeds. For R[1..6], R[4..16]
and R[8..21], each has one hit in 7. For R[20..24], it has two hits in T. All 5
hits of the MEM seeds are shown in bold font in Figure 4.28. In the extension
step, Cushaw?2 extends every candidate hit of each MEM by Smith-Waterman
algorithm. In particular, for the hits of R[1..6] and R[8..21], after the seed ex-
tension, we discover the 2-mismatch hit of R, which is shown in the rectangular
box.

Cushaw? is a very fast method. However, Cushaw2 may miss correct seeds
since the maximal feature of the MEM definition expands the seed aggres-
sively. The following example illustrates this issue. Consider R = CCCCGTTTT
and a reference genome 7' = ...CCCCATTTT...CCCCG...GTTTT.... The sub-
string CCCCATTTT of T is a 1-mismatch hit of R, which is the correct hit. Note
that MEMs of R are CCCCG and GTTTT. Since the 1-mismatch hit of CCCCGTTTT
does not contain both MEMs, Cushaw?2 fails to find this 1-mismatch hit.

4.5.1.5 BWA-MEM

BWA-MEM is a general aligner for aligning reads of length 100 bp or
longer. It uses the seed-and-extend approach. Its seeding step is specially
designed so that BWA-MEM will not report many seeds and sensitivity will
not be compromised.

In the seeding step, BWA-MEM identifies seeds by three steps: (1) seeding,
(2) reseeding and (3) chaining.

As in Cushaw?2, seeding identifies all MEMs of R. However, as stated above,
MEM seeds may miss correct seeds. To avoid missing seeds, BWA-MEM per-
forms re-seeding when the seed is long (more than 28 bp by default). Precisely,
suppose a MEM of length ¢ occurs k times in 7. The re-seeding step finds the
longest exact matches that cover the middle base of the MEM that occur at
least k41 times in T'. This idea ensures the seeds identified from seeding and
reseeding steps can cover almost all true hits of R.

Given all seeds obtained from seeding and reseeding, we can perform seed
extension for all of them. However, there may be many seeds and many of
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them are redundant. To reduce the number of redundant extensions, BWA-
MEM performs the chaining step to further filter the seeds. The chaining step
aims to find groups of seeds (called chains) that are co-linear and close to each
other. Chains can be found by greedy clustering of all seeds. From the set of
chains, a chain is filtered out if (1) it is largely contained in a longer chain and
(2) it is shorter than the long chain (by default, both 50% and 38 bp shorter
than the long chain).

In the extension step, every selected seed is ranked by the length of the
chain it belongs to and then by the seed length. Then, seeds are extended one
by one according to the ranking. If a seed is contained in an alignment found
before, we skip that seed. To save time, BWA-MEM extends each seed using
a banded affine-gap-penalty dynamic programming.

BWA-MEM can be applied to align Illumina reads of length > 70 bp. It
also can be used to align long reads generated by PacBio reads and Oxford
Nanopore (ONT) reads.

4.5.1.6 LAST

LAST[139] is a software for aligning two genomes. Now, it is also used to
align long reads R on the reference genome T'. LAST also uses seed-and-extend
approach. Its seeding step uses adaptive seed (variable-length seed) to identify
hits of R; then, every hit is extended to compute the alignment between R
and 7.

For a fixed frequency threshold f, adaptive seed is a seed which is length-
ened until its number of hits in the reference genome is at most f. Precisely,
given a read R[l..m], for every position ¢, LAST finds the smallest index ¢
such that R[:i..i + ¢ — 1] has at most f hits in the reference genome 7.

As long reads have a high error rate, adaptive seed cannot perform well. To
skip the mismatch errors in long reads, LAST actually uses adaptive spaced
seed. Recall that a shape P[l..p] is a binary bit vector of length p. For any
DNA sequence Q[1..q], denote Aseedp(Q) as an adaptive spaced seed formed
by replacing Q[é] by ‘*’ if P[i mod p] = 0 for every i = 1,...,q. For example,
suppose the shape P = 110, Aseed;10(ACGTCAGA) = AC % TC x GA. Given a
shape P, aread R[l..m], a text T, R[i..i4+{—1] has a spaced hit in T[j..j+£—1]
it Aseedp(R[i..i + ¢ —1]) = Aseedp(T[j..j + £ —1]).

In other words, the seeding step of LAST is as follows. For a fixed shape
P, for every position ¢ in R, LAST finds the smallest length ¢ such that
R[i..i + ¢ — 1] has at most f spaced hits in the reference genome T'.

Spaced hits can be found efficiently using spaced suffix array. Given a text
T[1..n], a spaced suffix array SSA[1..n] is a permutation of {1, ..., n} such that
seedp(T[SSA[1]..n]) < seedp(T[SSA[2]..m]) < ... < seedp(T[SSA[n]..n]).
With spaced suffix array SSA[1..n], for every position ¢ in R, we can find the
smallest length ¢ such that R[i..i + ¢ — 1] has at most f spaced hits in the
reference genome T using O(£logn) time (see Exercise 29).
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Apart from BWA-MEM and LAST, BLASR [39] is another aligner that
can align long reads.

4.5.2 Filter-based approach

A filter-based approach is used by a number of methods like SeqAlto [208],
GEM [189], MASAI [278], etc.

A filter-based approach aims to align a read R[1..m] on the reference
genome T'[1..n] allowing at most k errors. The basic idea is as follows. The read
R is partitioned into s equal-length segments Ry, ..., Rs. By the pigeon-hole
principle, for any p-error occurrence of R, some R; has at most |2 errors.

By this observation, p-error hits of R can be found in two steps. First, for
each segment R;, we identify all hits of R; with at most |Z] errors and we
denote this hit list as L;. Second, for every hit in L4,..., L, we extend it and
verify if it is a p-error hit.

For example, Figure 4.29(a) gives an example to illustrate the idea. To
find 3-error hits of a length-11 read R, we partition R into 4 segments. Then,
we extract all exact hits of the four segments. Each exact hit is verified as a
3-error hit. By the pigeon-hole principle, this method will not miss any correct
hit.

Although the above approach can find all p-error hits, its running time
may be slow when some segment has a long list of candidate hits. To speed
up, a few heuristics are proposed.

The first heuristic is proposed by MASAI [278]. It is time consuming to
find | 2]-error hits. MASAT suggested finding | £ |-mismatch hits of each seed
instead. Although this approach will miss hits, empirical study showed that
such change will only reduce the sensitivity by 1%.

Another heuristic is to skip segments with a high number of hits. This
will reduce the number of seed extensions, where each seed extension requires
quadratic time. Since some segments are skipped, this approach may miss
answers.

GEM][189] proposed another variant, which is called the region-based adap-
tive filtering approach. Instead of fixing the length of each segment, GEM
restricts the number of hits of each segment. It fixed each segment can have
at most ¢ hits in the reference genome, where t is some user-defined thresh-
old. This idea significantly reduces the number of candidate hits, which makes
GEM a very fast aligner. Figure 4.30 describes the algorithm GEMseg(R, )
that is used by GEM to generate the segments. Let 7 be the suffix trie of
the genome T'. The algorithm searches the suffix trie 77 and finds the short-
est prefix R[1..i] of R whose number of occurrences in T is less than t. Such
prefix R[1..7] is reported. For the remaining portion R[i + 1..m], the algo-
rithm iteratively finds the next shortest prefix of R[i + 1..m] until the whole
read is processed. GEMseg(R,t) can compute all segments in O(|R|) time.
Figure 4.29(b) gives an example to illustrate the segmentation method.

Although GEM is fast, GEM cannot guarantee that the number of seg-
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(a) Segment 1 Segment 2 Segment 3 Segment 4
segment  hits segment  hits segment  hits segment  hits
AAT 2 CAA 2 AGA 1 TA 5

Read
AATCAAAGATA AATCAAAGATA

AATTAA GATA

Reference genome
GCAACCATACGACTGGTCCGAATCGCTTACGAATTAAGATACCAAGGGAACATACCA

(b) Segment 1 Segment 2 Segment 3 Segment 4
segment  hits segment  hits segment  hits segment  hits
A 21 @ 15 A 21 A 21
AA 6 CA 5 AG 2 AT 6
AAT 2 CAA 2 ATA 3
Read
AATCAAAGATA AATCAARGATA

AATTAA GATA

Reference genome
GCAACCATACGACTGGTCCGAATCGCTTACGAATTAAGATACCAAGGGAACATACCA

FIGURE 4.29: Consider a read R = AATCAAAGATA. We aim to find its 3-error
hit in the reference genome. (a) The read R is partitioned into 4 segments,
each of size 3 (the last segment is of length 2). Then, the hits of each segment
in the reference genome are obtained. The best hit is a 2-error hit and it is
underlined. (b) The read R is segmented using the GEM approach, which
aims to find segments with at most ¢ = 4 hits. Note that the GEM approach
generates fewer hits.
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Algorithm GEMseg(R,t)
Require: A suffix trie 7 of the genome T'[1..n] a read R[1..m] and a thresh-
old ¢
Ensure: A set of segments of R such that the number of hits per segment
is at most ¢
1: Set j =1 and u = root of 7r;
2: for i =1tom do
3:  Set u = child(u, R[i]); /* As an invariant, plabel(u) = R][j..i]. */

4: if (|Leaf(u)] <t) then

5 Report R[j..i] as a segment;

6: Set j =i+ 1 and u = root of 7p;
7. end if

8: end for

FIGURE 4.30: The algorithm GEMseg(R, t) partitions R[1..m] into a set of
segments such that the number of hits per segment in the genome T is less
than t.

ments is at least (p + 1), where p is the number of allowed errors (says, 3).
Moreover, GEM showed that this approach works well in practice.

4.6 Paired-end alignment

Consider a set of DNA fragments, whose insert size (i.e., fragment length)
is expected to be within (spanmin..SPaNmax). Paired-end sequencing lets us
read the two ends of every DNA fragment. This read pair is called a paired-
end read. When a paired-end read (R, R2) is mapped to the reference genome,
the two reads R; and Ry are expected to map nearby and their distance is
expected to be within (spanmin..spanmax). This property can be used as a
criterion to improve the alignment accuracy.

Different aligners utilize the insert size information differently. Many align-
ers use the following strategy. The two reads R; and Ry are aligned indepen-
dently. Let H; and Hy be the sets of top hits (i.e., hits with a high mapQ
score or alignment score) of Ry and Rs, respectively, reported by an aligner.
Then, a pair (hy,he) € Hy x Hy is reported if they map on the same chro-
mosome, have a correct orientation, and a correct insert size; otherwise, read
rescue is performed. Precisely, for ¢ = 1,2, for each hit h; € H; of R;, the
Smith-Waterman alignment algorithm is applied to find the best alignment
location of its mate within (spanmin..SPanmax) of h;. This location is denoted
as mate(h;). If the alignment score of the mate is above a user-defined thresh-
old, we report (h;, mate(h;)). Otherwise, if we fail to find any pairing within
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the correct insert size, we report (hi, he) where h; and hy are the best hits
(with the highest mapQ score or alignment score) of Ry and Rs, respectively.

This strategy increases the chance of a pairing with the correct insert size.
However, it is biased to give a pairing with the correct insert size.

BatAlign and BWA-MEM try to perform unbiased pairing. Similar to the
standard approach, we align R; and R, independently and obtain the set of
hits Hy; and Haj, respectively. Then, let Cy = {(hy, mate(hy)) | h1 € Hi}
and Cy = {(mate(hs), hs) | he € Ho}. Third, among all hit pairs (hy, ha) in
(Hy x Hy) U Cy U Cy, we report (hi, he) with the highest sum of alignment
score.

4.7 Further reading

This chapter describes various techniques used to map NGS reads on a
reference genome. A number of topics are not covered in this chapter. We do
not cover methods that handle color bases in SOLiD reads.

Another topic is parallel processing. Since the number of reads is very
high, it is important to speed up the mapping using parallel processing. Most
existing methods like Bowtie and BWA can be accelerated by multi-threading.
Some methods have been developed using specialized parallel hardware like
GPU and FPGA. SARUMAN [22], SOAP3 [181] and CUSHAW [183] are
GPU-based methods. SARUMAN [22] uses a NVIDIA graphics card to accel-
erate the time-consuming alignment step. SOAP3 [181] and CUSHAW [183]
achieve performance improvements by parallelizing the BWT-approach on
GPUs.

This chapter did not give a comprehensive comparison of different read
aligners and did not study the performance of different methods. For the
classification of different methods, please read [171] and [81]. Li and Homer
[171] classified the methods according to the indexing techniques. Fonseca et
al. [81] provided a comprehensive overview of the characteristics of different
methods.

For performance comparisons, please refer to [254], [102], [264] and [98].
Ruffalo et al. [254] compare the accuracy of Bowtie, BWA, Novoalign,
SHRiMP, mrFAST, mrsFAST and SOAP2. Holtgrewe et al. [102] presented a
benchmarking method, Rabema, for comparing sensitivity of different meth-
ods. Rabema was applied to compare the performance of SOAP2, Bowtie,
BWA and Shrimp2. Schbath et al. [264] compared the sensitivity of 9 meth-
ods (BWA, Novoalign, Bowtie, SOAP2, BFAST, SSAHA2, MPscan, GASSST,
and PerM) with a controlled benchmark. Hatem et al. [98] also benchmarked
the accuracy of 9 methods: Bowtie, Bowtie2, BWA, SOAP2, MAQ, RMAP,
GSNAP, Novoalign and mrsFAST (mrFAST). Overall, the comparison showed
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that different aligners have different strengths and weaknesses. There is no
single method that outperforms the other methods in all metrics.

4.8

1.

Exercises

Consider a length-100 read where all bases are Q20. Can you compute
the probability that there are at most 2 sequencing errors?

. Consider a read R[1..m] and a reference genome T'[1..n]. Please give an

O(mn)-time algorithm to compute miny<;< <, edit(R[1..m], T[i..j]).

. Consider a read R[1..m] and a reference genome T'[1..n]. Let §(z,y) be

the similarity score for bases x and y. For a gap of size ¢, let the gap
penalty be —(q + cr). Please give an O(mn)-time algorithm to compute
the local alignment score.

. Consider a reference genome T'[1..n] and a read R[1..m] where n > m.

We want to find the positions 7 such that Hamming(R,T[i..i+m—1]) <
k. Please propose an O(kn)-time algorithm. (Hint: We can build the
suffix tree for T# R$ and the corresponding longest common prefix data
structure using O(n + m) time.)

. We aim to generate spaced seeds for length-12 reads so that we can find

all their 3-mismatch hits. Can you give the set of shapes using (a) MAQ
approach and (b) RMAP approach?

Consider a length-20 read R. We want to find all 2-mismatch hits of R.
We try two approaches:

e Mismatch seed: A length-10 1-mismatch seed (i.e. all 1-mismatch
patterns of R[1..10]

e Gapped seed: Six length-20 weight-10 shapes 1'90'°, 1°0°150°,
1501015 0511005 05150515 010110.

For each approach, can we recover all 2-mismatch hits of R? How many
hash entries do we need to scan? Among the two approaches, which one
is better?

The spaced seed approach in the previous question requires 6 spaced
seeds. Suppose we still want to use length-20 weight-10 spaced seeds
only. Is it possible to use fewer spaced seeds while we still finding all the
2-mismatch hits? Please explain your answer.

Consider a reference genome T of length n. We aim to align K reads
of length m on T allowing p mismatches. Using the RMAP approach,
what is the time and space complexity?
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. Suppose we want to find 1-mismatch hits of a set of reads using MAQ

and RMAP. What is the difference between the two algorithms?

Given a reference genome 7', we aim to report all 2-mismatch hits of a
length-m read using the reference hashing approach. If we use the spaced
seeds of the MAQ approach, we need to use 6 shapes (i.e. we need to
build 6 hash tables). Can we reduce the number of shapes? Please detail
the set of shapes (or hash tables) we need to build.

Given a reference genome 7', we aim to report all p-mismatch hits of a
set of reads R using the reference hashing approach. Suppose we use the
mismatch seed approach. Can you detail the algorithm?

Figure 4.11 describes an algorithm to estimate the lower bound D[i] of
the number of differences between R[i..m] and the reference genome 7.
Given the FM-index for T' (which includes the BW|], C(.) and Occ(., .)
data structures), can you describe an implementation of CalculateD(R)
which runs in O(m) time?

Figure 4.13 describes the algorithm DivideAndConquer(R, p) to find all
p-mismatch hits of R. For each recursive call of DivideAndConquer,
the algorithm will call the function reverse twice. Can you restructure
the algorithm so that reverse is called once for each recursive call of

DivideAndConquer?

Below is an algorithm for computing hits of a read R in the reference
genome T with at most 4 mismatches.
1. Partition R into R; = R[1..m/2] and R, = R[m/2 + 1..m];
2: Let H; be the set of hits of R; in the reference genome with at most
1 mismatches.
3: Let H, be the set of hits of R, in the reference genome with at most
3 mismatches.
4: for every hit hin H; do
5. Report h if Hamming(R,T[h..h +m —1]) < 4;
6: end for
7. for every hit hin Hy do
8:  Report h —m/2 if Hamming(R,Th —m/2.h +m/2 —1]) < 4;
9: end for

e Can the above algorithm report all hits of R in the reference genome
T with at most 4 mismatches? Please explain your answer.

e Will the above algorithm report the same hit twice? Please explain
your answer. If the algorithm reports the same hit twice, can you
suggest a solution to avoid this?

Given a read R[l..m], a reference genome T and a mismatch thresh-
old p, please modify the algorithm HSetr g ,(u) in Figure 4.10 so that
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the algorithm reports all descendant nodes v of u such that either (1)
Hamming(plabel(v), R) = p and depth(v) < m or (2) depth(v) = m
and Hamming(plabel(v), R) < p.

The algorithm in Figure 4.13 does not report the occurrences of R in
the order of an increasing number of mismatches. Can you update the
algorithm so that it reports the occurrences in the order of an increasing
number of mismatches? (Hint: You can use the algorithm in Exercise 15
as a subroutine.)

Consider X and Y of length 11 with at most 3 mismatches. For a ¢g-mer
of shape @, let tg(m, k) be the minimum number of g-mers of shape Q)
shared by two length-m strings X and Y, where Hamming(X,Y) < k.
What are the values of ¢111(11, 3) and ¢1191(11, 3)?

Consider a shape @ of length w and weight g. Denote tg(m, k) as the
minimum number of spaced ¢-mers of shape @ shared by length-m
strings X and Y, where Hamming(X,Y) < k. Can you give a dynamic
programming algorithm to compute tg(m, k)? What is its running time?

The algorithm in Figure 4.20 computes the minimum edit distance be-
tween the read R and the reference T'. Can you speed up this algorithm
by estimating the lower bound of the edit distance?

Please prove Lemmas 4.12 and 4.14.
Please prove Lemma 4.13.

Section 4.3.4.1 mentioned a trick to estimate the lower bound of the
edit distance. Can you describe how to use this trick to speedup the
algorithm EditDistr g ,(u, d,[0..m]) in Figure 4.207?

Please prove Lemma 4.17.

Please generalize the algorithm LocalAlign in Figure 4.22 to handle the
affine gap penalty. (We assume ¢ is the penalty for openning a gap and
r is the penalty per space.)

Consider a read R[1..m] and a reference genome T'[1..n]. Let 7p be the
suffix trie of T'. For any node u in 7r, let V,,(7) is the maximum mean-
ingful alignment score between any suffix of R[1..i] and plabel(u). Please
give an algorithm that computes {(¢,u) | |Leaf(u)| <, |Leaf(p(u))| >
v, Vi (i) > 0} where p(u) is the parent of w in 7.

Consider a read R[1..m] and a reference genome T'[1..n]. Is the following
statement correct? Please explain your answer.

The number of MEMs of R with respect to T' is at most m.
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Consider a read R[1..m] and a reference genome T'[1..n]. Suppose you
are given the suffix trie 7 of T'. You are also provided a function suffix
link si(). (For any node w in 7, sl(u) is the node v such that plabel(u) =
o - plabel(v) for some o € {A,C,G,T}.) Assume sl(u) can be computed in
constant time for any node u. Can you propose an O(m)-time algorithm
to compute all MEMs of R in T7

Consider a text T[1..17] = ACTGCATGGCATGGACT. Suppose the shape is
P = 110. What is the corresponding spaced suffix array? Can you list
the spaced hits of TGTA?

Given a text T[1..n] and a shape PI[1..p], For a query QI[1..¢q], can you
give an O(qlogn)-time algorithm that find all the spaced hits of Q7

Consider the following reference genome 7.
ACTGGTCAGAATCCCGATTAGCAACGTACCGCCAGATACCGACCAAGGCATATACGA

We aim to find all 3-error occurrences of the read R = ACCAAGCCT.

(a) Can you use the standard filter-based approach to find all 2-error
occurrences of R? You can assume every segment is of length 2
(except the last segment is of length 3).

(b) Can you use a region-based adaptive filtering approach to find all
2-error occurrences of R? You can assume every segment has at
most 4 hits in the reference genome.

For both methods, please also state the number of hits that will be
generated.
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Chapter 5

Genome assembly

5.1 Introduction

Reconstructing genomes through DNA sequencing is an important problem
in genomics. This problem looks simple if the genome can be read base-by-base
from 5’ to 3’. Unfortunately, existing biotechnologies cannot read through the
whole chromosome since it is too long. Instead, we reconstruct the genome
indirectly. First, the genome is broken into DNA fragments using the whole
genome shotgun approach (see Section 5.2); then, the sequencing machine de-
codes DNA sequences from these fragments. These DNA sequences are called
reads. Due to random sampling, the extracted reads cover the entire genome
uniformly. By stitching the reads together, we can computationally reconstruct
the genome. This process is known as de novo genome assembly.

Sanger sequencing was the earliest available sequencing technique. Two
assemblers were developed for assembling Sanger sequencing reads. They are
the OLC assembler Celera [213] and the de Bruijn graph assembler Euler [231,
37]. Our human reference genome is assembled using these two approaches.
However, since Sanger sequencing is low throughput and expensive, only a few
genomes are assembled with Sanger sequencing.

The rise of second-generation sequencing has changed the game. We can
sequence hundreds of millions of reads efficiently and cost-effectively. However,
the second-generation sequencing reads are short. Some tailor-made genome
assemblers are developed for reconstructing genomes from short reads. Their
success led to a number of successful de novo genome assembly projects, in-
cluding the reconstruction of James Watson’s genome [315] and the panda
genome [174]. Although this approach is cost effective, this approach usually
gives fragmented genomes since the reads are short and the repeat regions are
long.

Recently, third-generation sequencing is available, which can sequence long
reads (of length ~10,000 bp). Although long reads can resolve the ordering
of repeat regions, these long reads have a high error rate (15%—18%). A
number of computational methods have been developed to correct errors in
third-generation sequencing reads.

The chapter discusses different methods for de novo genome assembly
and it is organized as follows. Section 5.2 first discusses how the reads are
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sequenced from the genome. Then, Section 5.3 describes genome assembly
methods for assembling short reads generated by second-generation sequenc-
ing. The techniques for assembling long reads generated by third-generation
sequencing is covered in Section 5.4. Finally, the chapter ends with criteria for
evaluating the goodness of a genome assembly and some further reading.

5.2 Whole genome shotgun sequencing

To assemble a genome, the first step is to sequence a set of reads from the
sample genome. There are two wet-lab protocols for this purpose: (1) whole
genome sequencing and (2) mate-pair sequencing. Below, we briefly describe
them.

5.2.1 Whole genome sequencing

Whole genome sequencing involves three steps as shown in Figure 5.1.
First, the sample genome is randomly broken into DNA fragments by soni-
cation or enzymatic cutting; then, the size selection step extracts DNA frag-
ments of a certain fixed length (called the insert size). Finally, single-end or
paired-end sequencing of the DNA fragments is performed. For single-end
sequencing, the sequencer reads one end of each DNA fragment. For paired-
end sequencing, the sequencer reads both ends of the DNA fragment. (Note:
Third-generation sequencers read the whole DNA fragment. We consider it as
a single-end read.) Figure 5.2 gives an example. For single-end sequencing, we
obtain one read from the 5’ end of the forward template of the DNA fragment,
that is, ACTCAGCACCTTACGGCGTGCATCA. For paired-end sequencing, we obtain
the 5’ reads from both forward and reverse templates of the DNA fragment
(in inward orientation, i.e., reading the template from 5’ to 3’), that is,

o ACTCAGCACCTTACGGCGTGCATCA

o AGTTTGTACTGCCGTTCAGAACGTA.

Note that the second read AGTTTGTACTGCCGTTCAGAACGTA is the reverse com-
plement of TACGTTCTGAACGGCAGTACAAACT since this read is obtained from the
reverse template.

For genome assembly, the insert size (the length of the DNA fragment) is an
important parameter. Different sequencing technologies have different limita-
tions on insert size. For instance, [llumina Hi-seq can only perform paired-end
sequencing for DNA fragments of insert size < 1000 bp. For third-generation
sequencing, the insert size limit can be as large as 10,000 bp.
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Genomes of the sample

Sonication

Size selection

Sequencing

—a B —a Bh—E B  —E Bh—aE bh—E h—aE b —E b —aE v —a

—a-aa B —a h—aE b —aE D —-E h—a- »D—a B —a
—a»p— -G BhDh TEbD - Bh - ——a

M -PpD —aE DB —aE D —a
»D—aa D —a h—Ebh S D b - Bh S bh E»p -

»D—a D —aE h - Eh @ b E5bh - D
—EaD—aE Bh—aE B —aE h—E b —E5»Db —E bDh—aE h—aE bD—a

FIGURE 5.1: Illustration of the shotgun protocol for whole genome sequenc-
ing. It involves 3 steps: (1) the sonication step breaks the genome, (2) the size
selection step selects fragments of certain size, (3) the sequencing step reads
the end(s) of every fragment.

o
»

5'[ACTCAGCACCTTACGGCGTGCATCANNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNTACGTTCTGAACGGCAGTACAAACT| 3’

LLLLCLLLELELLCLEL L L LTI

3’|TGAGTCGTGGAATGCCGCACGTAGTNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNATGCAAGACTTGCCGTCATGTTTGA| 5’

FIGURE 5.2: Consider a DNA fragment extracted from the sample genome.
The paired-end read is formed by extracting two DNA substrings (also called
“tags”) from the two ends of the DNA fragment.
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FIGURE 5.3: Illustration of the mate-pair sequencing protocol. (a) Extrac-
tion of all fragments of certain size, say 10,000 bp, by cutting gel. (b) Each
fragment is circularized with an adaptor (represented by the gray color block)
in the middle; then, we cut the two flanking regions around the adaptor. (c)
Finally, paired-end reads are extracted by paired-end sequencing.

5.2.2 Mate-pair sequencing

Second-generation sequencers can extract paired-end reads from the two
ends of some short DNA fragments (of insert size < 1000 bp). To extract
paired-end reads from long DNA fragments, we can use the mate-pair se-
quencing protocol. Figure 5.3 describes the mate-pair sequencing protocol.
First, long DNA fragments of some fixed insert size (say 10,000 bp) are se-
lected by cutting the gel. Then, the long fragments are circularized with an
adaptor. The circularized DN As are fragmented and only fragments containing
the adaptors are retained (say, by biotin pull-down). Finally, by paired-end
sequencing, paired-end reads are sequenced from the DNA fragments with
adaptors.

Note that the orientation of the paired-end read reported by mate-pair
sequencing is different from that reported by paired-end sequencing. Mate-
pair sequencing reports two reads at the two ends of each DNA fragment
in outward orientation instead of inward orientation (Exercise 1). For the
example DNA fragment in Figure 5.2, the mate-pair sequencing will report:

o TGATGCACGCCGTAAGGTGCTGAGT
o TACGTTCTGAACGGCAGTACAAACT

Although the mate-pair sequencing protocol can extract paired-end reads
with long insert size, it requires more input DNA to prepare the sequencing
library and it is prone to ligation errors.

5.3 De novo genome assembly for short reads

Second-generation sequencing enables us to obtain a set of single-end or
paired-end short reads for the whole genome. The de novo assembly problem
aims to overlap the reads in the correct order and to reconstruct the genome.
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Contig building

Scaffolding

. .

Gap filling

FIGURE 5.4: The four steps in genome assembly. 1. Read correcting prepro-
cessing: Correct the sequencing errors in the reads. 2. Contig building: Stitch
the reads to form contigs. 3. Scaffolding: Use paired-end reads to link the con-
tigs to form scaffolds. 4. Gap filling: For adjacent contigs in the scaffolds, try
to fill in the gaps.

The genome assembly problem is computationally difficult. Even when
there is no sequencing error, this problem is equivalent to the superstring
problem, which is known to be NP-hard. (The superstring problem is as
follows. Given a set S of strings, we aim to find the superstring, that is,
the shortest string P such that every string S € S is a substring of P.
For example, if & = {ACATGC, ATGCGTGT, GTGTACGT}, then the superstring is
ACATGCGTGTACGT.)

Many de novo assemblers are proposed to assemble short reads. The general
solution involves four steps as shown in Figure 5.4. The first step corrects the
sequencing errors in the reads. Given the corrected reads, the second step
stitches the reads by overlapping them. Ideally, we want to stitch all reads to
form the complete genome. Due to repetitions, ambiguity exists and we fail
to stitch the reads to recover the complete genome. Existing methods output
a set of contigs, where each contig represents some subregion of the sample
genome. Next, using paired-end reads, we try to recover the ordering of the
contigs to form scaffolds. (Each scaffold is a chain of contigs. It is also called
a supercontig or metacontig.) Finally, reads are realigned on the scaffolds to
fill some gaps between adjacent contigs.

This section is organized as follows. Section 5.3.1 discusses the read er-
ror correction method. Then, we present the contig building step. Roughly
speaking, there are two approaches to building contigs: (1) the base-by-base
extension approach and (2) the de Bruijn graph approach. They will be cov-
ered in Sections 5.3.2 and 5.3.3, respectively. Finally, the scaffolding step and
gap-filling step are described in Sections 5.3.4 and 5.3.5, respectively.
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5.3.1 Read error correction

Errors in the sequencing reads may mislead the de novo assemblers. It is
better if we can correct them prior to genome assembly.

Assume that the genome is sampled at a high coverage. A simple method
is to identify highly similar reads and pile them up. If a read contains a base
that is different from the consensus, such a base is likely to be a sequencing
erTor.

For example, consider the following set of reads R = { Ry = AAGTGAA, Ry =
AGTGCAG, R3 = ACTTCAC, Ry = TGAAGTG}. Figure 5.5(a) shows the multiple
sequence alignment of Ry, Ry, R3, Ry (R3 is the reverse complement of Rj3).
The base C in the 5th position of Ry is inconsistent with the bases A in the
other 3 reads. The base C is likely to be a sequencing error. To correct the
error, we can convert the base C' in the 5th position of the read Ry to the
base A.

The above solution is time consuming since it requires the comparison
of all reads. Below, we present the k-mer frequency-based error correction
method. This idea is used by a number of methods, including ALLPATHS [34],
Euler [231, 37], and ABySS [275].

The k-mer frequency-based error correction method was proposed by
Pevzner et al. [231]. Its observation is as follows. Fix k to be some integer
bigger than log, N where IV is the genome size. Provided the genome is sam-
pled at a high coverage, any k-mer (length-k substring) that occurs in the
genome is likely to occur in many input reads. Suppose a particular k-mer
occurs once (or very sparingly) in the input reads; this k-mer is unlikely to
occur in the target genome and is likely to be a result of a sequencing error.
On the other hand, a high-frequency k-mer is likely to be error-free.

More precisely, let R be the set of reads {Ri,...,R,}. For every read
R; € R, let R; be its reverse complement. Let R be {R; | R; € R}. Let Sg
be the set of k-mers occurring in Ryi,...,R, and Ry,..., R,. For each k-mer
t, denote freqr(t) (or freq(t) when the context is clear) as the number of
occurrences of ¢ in RUR.

Figure 5.5(b) lists all 4-mers in Sg. It also shows the frequencies fregg(t)
for every 4-mers t € Sg. Observe that all 4-mers overlapping the error in Ry
occur exactly once. This suggests that a low-frequency k-mer is likely to be
error-prone.

By the above observation, we define a k-mer ¢ to be solid if freqr(t) > M
(M is a user-defined threshold). The solid k-mer is likely to be error-free.

However, it is not easy to select the correct threshold M. For example,
if M = 2, the set of solid 4-mers is 7 = {AAGT, ACTT, AGTG, CACT, CTTC, GAAG,
GTGA, TCAC, TGAA, TGCA, TTCA}. T includes all correct 4-mers, except TGCA. If
M = 3, the set of solid 4-mers is 7 = {AAGT, ACTT, AGTC, CACT, TGAA, TTCA}.
Although all k-mers in T are correct, many error-free 4-mers are also filtered.

The above example presented the issue in selecting the correct threshold
M. If M is too big, we will throw away error-free k-mers. If M is too small,
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R,=AAGTGAA
R,= AGTGCAG
R,= GTGAAGT
R,= TGAAGTG

(a)

s sl s3] afalafalafa]afa]s]a]s]
(b)

AAGT | ACTT [ AGTG | cAcT [ cTre [ cTac [ 6aac [ aeac | 6eaa [ 6TeA [ 6Tec [ Teac | Teaa [ Teea [ TTea |
freq(t)

FIGURE 5.5: (a) shows the alignment of the 4 reads Ry, Ra, Rz and Ry,
where R; = AAGTGAA, Ry = AGTGCAG, R3 = ACTTCAC and R4 = TGAAGTG. In
the alignment, the C in position 5 of R is in bold font, which is inconsistent
with the A’s in the other 3 reads. (b) shows the frequencies of all 4-mers in R.

many solid k-mers are error-prone. We aim to select an M that maximizes
the number of error-free k-mers and minimizes the number of error-prone k-
mers. M can be estimated as follows. Suppose the coverage is C (i.e., the total
length of all reads is C-fold the genome size) and the sequencing error rate
is e. Assume the reads are uniformly distributed. For any position p in the
genome, let ¥, be the set of k-mers covering positions p..p + k — 1. The size
of ¥, is expected to be C. The chance that one k-mer in ¥, is error-prone
is (1 — (1 — e)*). Then, the expected number of error-prone k-mers in ¥,
is C(1 — (1 — e)¥). If a k-mer occurs more than C(1 — (1 — e)*) times, it is
unlikely that such a k-mer is error-prone. Hence, the threshold M can be set
as C(1 — (1 — e)*) (or any bigger value). For example, when C' = 10, k = 20
and e = 0.02, C(1 — (1 — e)*) = 3.32. We can set M = 4.

Below, Section 5.3.1.1 discusses the spectral alignment problem, which cor-
rects errors in each read given a set of solid k-mers. Since k-mer counting is a
bottleneck step, we will discuss methods for k-mer counting in Section 5.3.1.2.

5.3.1.1 Spectral alignment problem (SAP)

Let R = {Ry,...,R,} be a set of reads sequenced from a sample genome
T. Denote T as the set of k-mers appearing in T'. As suggested in the previous
section, T can be approximated by {t € S | t is a k-mer appearing in at least
M reads}.

A read R is denoted as a T-string if every k-mer of R is in 7. Since T
consists of all k-mers appearing in T', every read from the sample genome T is
expected to be a T-string. If R[1..m] is not a T-string, R is expected to have
an error. To correct the error of R, the spectral alignment problem [37, 231] is
proposed. The spectral alignment problem aims to find a minimum number of
corrections (insertion, deletion or mutation) that transform R into a T-string
R’. If there is a unique way to correct R and the number of corrections is at
most A, then R’ is said to be a corrected read of R.

For the previous example where R = {R; = AAGTGAA R, =
AGTGCAG, R = ACTTCAC,R; = TGAAGTG}. 7 can be approximated by
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{t € Sg | t is a k-mer appearing in at least 2 reads}. That is, T =
{AAGT, ACTT, AGTG, CACT, CTTC, GAAG, GTGA, TCAC, TGAA, TGCA, TTCA}. Note that
R, R3 and R4 are T-strings. Hence, they are assumed to be correct. For the
read Ry = AGTGCAG, R, is not a T-string since the 4-mers GTGC and GCAG are
not in 7. To correct Ry, we can introduce one mutation C — A at position
5 and obtain R’ = AGTGAAG, which is a T-string. If A = 1, this correction is
accepted since this is the only way to convert R into a 7-string by at most
one mutation.

The spectral alignment problem can be solved in polynomial time [37]. To
simplify the discussion, we assume there is no indel error in the first k£ bases of
R. We need two definitions. First, for any k-mer ¢ and any base b € {A,C, G, T},
denote b-t[1..k—1] as the k-mer formed by concatenating b with ¢[1..k—1]. (For
example, if ¢ is a 4-mer GAAG and b = T, then b-t[1..k — 1] = TGAA.) Second, we
define dist(i,t) as the minimum edit distance between RJ[1..i] and any 7T-string
that ends at the k-mer ¢t. The following lemma states the recursive formula
for dist(i,t).

Lemma 5.1 Denote p(x,y) =0 if x = y; and 1 otherwise.
o Fori=kandt €T (base case), dist(k,t) = Hamming(R[1..k],t).
o Fori>kandt e T (recursive case), we have dist(i,t) =

min  {dist(i — 1,b-¢[1..k — 1]) + p(R[i], t[k])} match

be{A,C,G,T}
min | dist(i —1,t) +1 delete
min  {dist(i,b-t[1.k —1]) + 1} insert.

be{A,C,G,T}

Proof For the base case, it is correct by definition. When i > k, dist(i,t) is
the minimum of three cases: (1) RJ[¢] is replaced by t[k], (2) R][i] is a deleted
base and (3) ¢[k] is an inserted base.

For case (1), dist(i,t) equals the sum of (i) p(R[i],t[k]) (the replacement
cost) and (ii) the edit distance between R[1..i — 1] and any T-string that
ends at b - t[l..k — 1] for some b € {A,C,G,T}. Hence, we have dist(i,t) =
mingeacery 1dist(i — 1,0 t[1..k —1]) + p(R[i], t[k])}.

For case (2), dist(i,t) equals the sum of (i) 1 (the deletion cost) and (ii)
the edit distance between R[1..i — 1] and any T-string that ends at ¢. Hence,
we have dist(i,t) = dist(i — 1,t) + 1.

For case (3), dist(i,t) equals the sum of (i) 1 (the insertion cost)
and (ii) the edit distance between R[1..i] and any 7-string that ends
at b---t[l.k — 1] for some b € {A,C,G,T}. Hence, we have dist(i,t) =
Minge gy ooy {dist(i,b-t[1.k—1]) +1}. |1

The minimum edit distance between R and any 7T-string equals
minge7 dist(|R|, t).
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Given the recursive formula in Lemma 5.1, the first thought is to use dy-
namic programming to compute dist(|R|, t) for all t € T; then, we can compute
minge 7 dist(|R|,t). However, this recursive formula has cyclic dependencies
and dynamic programming cannot work.

Below, we illustrate that cyclic dependency may exist. We first define the
dependency graph G for the recursive formula dist(i, t). The dependency graph
G = (V,E) is a graph with vertex set V = {v,} U{(3,t) | i = k,...,|R|,t €
T}. With respect to Lemma 5.1, for every node (i,t) (recursive case) where
i > k, Lemma 5.1 implies that dist(i,t) is the minimum among dist(i — 1,0 -
t[l..k — 1)) + p(R[d], t[k]), dist(i — 1,¢t) + 1 and dist(é,b- t[1..k — 1]) + 1 where
b e {A C,G,T}. We create three types of edges in the dependency graph G:

e match edge: ((i — 1,b- t[1..k — 1]), (4,¢t)) whose weight is p(t[k], R[i])
o delete edge: ((i — 1,1), (¢,t)) whose weight is 1
(

e insert edge: ((¢,0-t[1..k — 1]), (i,t)) whose weight is 1

For every node (k,t) (base case), dist(k,t) = Hamming(R[1..k],t) and does
not depend on any other values. So, we include an edge (vs, (k,t)) of weight
Hamming(R[1..k], t).

Figure 5.6 presents the dependency graph for the read Re = AGTGCAG and
T = {AAGT,AGTG, GAAG, GTGA, TGAA, TGCA}. For example, the node (6,TGAA)
depends on three edges: (1) a match edge ((5,GTGA),(6,TGAA)), (2) a
delete edge ((5, TGAA), (6, TGAA), and (3) an insert edge ((6,GTGA), (6, TGAA)).
This means that dist(6,TGAA) can be computed by Lemma 5.1 given
dist(5,GTGA), dist(5, TGAA) and (6, GTGA).

This example graph has cycles. Hence, dynamic programming cannot solve
this problem. Fortunately, we have the following lemma which is the key to
computing dist(i,t).

Lemma 5.2 dist(i,t) equals the length of the shortest path in G from v to

(i,1).

Proof This lemma follows from Lemma 5.1. The detail of the proof is left as
an exercise. |

By the above lemma, minsct dist(|R|,t) is just the shortest path in G
from v, to (|R|,t) among all ¢ € T. Since G does not have a negative cycle
(Exercise 4), we can run Dijkstra’s algorithm to find the shortest paths from
vs to all nodes in G then, we can determine min;c7 dist(|R|,t). Figure 5.7
gives the detail of the algorithm SpectralEdit for computing the minimum
edit distance between R and any 7 -string.

For the example in Figure 5.6, the bold path is the minimum weight path
and its weight is 1. Note that there is no other path with weight 1. Hence, the
minimum edit distance between Ry = AGTGCAG and any 7 -string is 1.

For time complexity, ¢ has |R| choices and ¢ has |T| choices. Hence, the
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R[1..4]=AGTG | (4AcD) (4,AGTG) | (4,GTGA) | | (4,TGAA) | | (4,GAAG) | | (4,TGCA) |
R[5]=C (5,AAGT) (5,AGTG) (5,GTGA) (5,TGAA) (5,GAAG) (5,TGCA)
R[6]=A | 6aacD) (6,AGTG) H (6,GTGA) (6,TGAA) (6,GAAG) (6,TGCA)
R[7]=G | (7,AAGT) H (7,AGTG) (7,GTGA) (7,TGAA) (7,GAAG) | (7,TGCA) |

FIGURE 5.6: Consider R = AGTGCAG and 7 = {AAGT, AGTG, GAAG, GTGA,
TGAA, TGCA}. This figure shows the corresponding dependency graph. The
insert edges are all horizontal edges. The delete edges are all vertical edges.
The match/mismatch edges are all slanted edges. All edges with no label are
of weight 1. The bold path from v, to (7, GAAG) is the shortest path among all
nodes (7,t) for t € T. Its weight is 1.

Algorithm SpectralEdit(7, R)

Require: 7 is a set of k-mers, R is a read
Ensure: Find the minimum edit distance between R and any T-string
1: Create the dependency graph Gj
2: Compute single-source shortest path from the node v, using Dijkstra’s
algorithm;
3: Report minger dist(|R|, t);

FIGURE 5.7: The algorithm SpectralEdit(7, R) computes the minimum
edit distance between R and any T -string.
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graph has |T||R| nodes and O(|T||R|) edges. The running time of the algo-
rithm is dominated by the execution of the Dijkstra algorithm, which takes
O(|T|R|log(|T||R|)) time. It is possible to improve the running time to
O(|TV|R|) (see Exercise 8). Note that |T| can be as big as 4. This algorithm
can work when k is small. When £k is big, it will be inefficient.

To speed up the algorithm, heuristics is proposed. The algorithm first iden-
tifies a long enough substring of R which is a 7-string. (In [37], the substring
is of length at least k + |R|/6.) This region is assumed to be error-free. Then,
the algorithm finds the minimum number of edits on the remaining portion
of R such that the string can become a T-string.

5.3.1.2 k-mer counting

One conceptually simple yet fundamental problem is k-mer counting. This
is the subroutine used by read error correction. It is also used in the assembly
step (Section 5.3.3), repeat detection, and genomic data compression (Sec-
tion 10.4.1). The problem is defined as follows. The input is a set of reads
R and a parameter k. Let Z be the set of all possible k-mers (length-k sub-
strings) that appear in R. Our aim is to compute the frequencies of the k-mers
in Z. Below, we discuss four solutions: (1) Simple hashing, (2) JellyFish, (3)
BFCounter, and (4) DSK.

Simple hashing: The k-mer counting problem can be solved by imple-
menting an associative array using hashing (see Section 3.4.1). When k is
small (say, less than 10), we use perfect hashing. Note that every k-mer z can
be encoded as a 2k-bit binary integer b(z) by substituting A, C, G, and T in z
by 00, 01, 10, and 11, respectively. We build a table Count[0..4* — 1] of size
4% such that each entry Count[b(z)] stores the frequency of the k-mer z in
Z. Precisely, we initialize every entry in Count[0..4* — 1] as zero. Then, we
iteratively scan every k-mer z in Z and increment Count[b(z)] by one. Finally,
all non-zero entries in Count|] represent k-mers occurring in Z and we can
report their counts. Figure 5.8(a) gives an example to illustrate this simple
counting method.

Suppose N = | Z|. The above approach is very efficient. It runs in O(N +4F)
time. Since we need to build a table of size 4%, the space complexity is O(4F).
When £ is big, the above algorithm cannot work since it uses too much space.

JellyFish: It is possible to reduce the hash table size using an open-
addressing mechanism (see Section 3.4.1). Let h() be a hash function and
H[O..% — 1] be a hash table that stores an array of k-mers where « is the load
factor (0 < o < 1). We also build a table Count[0..& — 1] where Count|i]
stores the count for the k-mer H[i].

For each k-mer z € Z, we hash z into some entry H|[i] where i = h(z). If
H]Ji] is not empty and H|[i] # z, we cannot store z in H|[¢]. This situation is
called a collision. A collision can be resolved using the open-addressing mecha-
nism. For instance, we can resolve a collision by linear probing. Linear probing
tries to increment the index ¢ by 1 when collision occurs until either H[i] = z
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[z mer | couni |

AA
AC
AG
AT

CA
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CG
CcT
GA
GC
GG
GT
TA

TC
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(a)

FIGURE 5.8: Consider a set of 4-mers Z = {AC, CG, AC, GT, CA, GG, AC, GT}.
(a) illustrates the simple k-mer counting method that uses a count table of
size 4%. (b) illustrates the Jellyfish k-mer counting method that uses a hash
table of size 7. The hash function is h(z) = b(z) mod 7. For example, GT
is stored in the 4th entry since h(GT) = 4. There is one collision in this
example. Since h(CA) = 4, CA collides with GT. By linear probing, CA is stored
in the 5-th entry instead. (c) illustrates the DSK k-mer counting method.
We assume h(z) = b(z), niise = 2 and ngupist = 2. DSK partitions Z into
4(= nyist * Nsuplist) sublists. Then, it runs Jellyfish to count k-mers in each

sublist.
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Algorithm Jellyfish(Z, a, h)
Require: Z is a set of N’s k-mers, « is a load factor that controls the hash
table size and h(.) is the hash function
Ensure: The count of every k-mer appearing in Z
Set H[1..&] be a table where each entry requires 2k bits
Set C’ount[l..g] be a table where each entry requires 32 bits
Initialize T to be an empty table
for each k-mer z in Z do
i = hashEntry(z, h, % );
if H[i] is empty then
H[i] = z and Count[i] = 1;
else
Count[i] = Count[i] + 1;
end if
: end for
12: Output (H[i], Count[i]) for all non-empty entries H[i];

— =
= O

Algorithm hashEntry(z, h, size)
i =h(z) mod size;
while H[i] # z do
i =1+ 1 mod size; /* linear probing */
end while
Return ;

FIGURE 5.9: The Jellyfish algorithm for k-mer counting algorithm.

or H[i] is an empty entry. The function hashEntry() in Figure 5.9 illustrates
the linear probing scheme to resolve a collision. If hashEntry(z, h, %) returns
an empty entry H[i], then z does not exist in the hash table and we set
HJi] = z and Countli] = 1. Otherwise, if hashEntry(z, h, &) returns an entry
H{[i] = z, we increment Countli] by 1. After all k-mers in Z are processed, we
report (H[i], Count[i]) for all non-empty entries H[i].

The above algorithm is detailed in Figure 5.9. Figure 5.8(b) gives an exam-
ple to illustrate this algorithm. It is efficient if there is no collision. In practice,
the number of collisions is expected to be low when the load factor o < 0.7.
Then, the running time is expected to be O(N). For space complexity, the
tables H[] and Count[] require & (2k + 32) bits, assuming the count takes 32
bits.

The above idea is used in Jellyfish [188].

Although Jellyfish uses less space than the naive counting method, Jelly-
fish’s hash table must be of a size that is at least the number of unique k-mers
in Z. Jellyfish still requires a lot of memory when the number of unique k-mers
in Z is high.

BFCounter: In many applications, we are only interested in k-mers that
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occur at least ¢ times. If we can avoid storing k-mers that occur less than ¢
times, we can save a lot of memory space. Melsted et al. [199] proposed BF-
Counter, which counts k-mers occurring at least ¢ times. It uses the counting
Bloom filter to determine if a k-mer occurs at least ¢ times. The definition
of the counting Bloom filter is in Section 3.4.3. It is a space-efficient data
structure that allows us to insert any k-mers into it and queries if a k-mer
occurs at least ¢ times. Note that the counting Bloom filter is a probabilistic
data structure. Although it may give a false positive (i.e., it may incorrectly
report a k-mer exists or over-estimate the count of the k-mer), it does not
give a false negative.

BFCounter maintains a counting Bloom filter B and a hash table H. It
has two phases. The first phase starts with an empty counting Bloom filter B
and an empty hash table H. It scans the k-mers in Z one by one. For each
k-mer z € Z, it checks if z occurs at least ¢ — 1 times in the counting Bloom
filter B by verifying if countBloom(z, B) > ¢ — 1. If not, we insert z into B
by insert Bloom(z, B). Otherwise, z occurs at least ¢ times. We check if z is
in the hash table H. If not, we insert z into some empty entry H[i] and set
count[i] = 0;

The second phase performs the actual counting. It scans the k-mers in Z
one by one. For each k-mer z € Z, if z occurs in the hash entry H[i], we
increment count[i] by one. The detail pseudocode is shown in Figure 5.10.

The running time of BFCounter is O(N) expected time. For space com-
plexity, the counting Bloom filter requires O(N log q) bits. The space for H|]
and Count[] is %(2/6 + 32) bits, where N’ is the number of k-mers occurring
at least ¢ times. Note that N’ < %.

DSK: Although BFCounter is space efficient, its space complexity still
depends on the number N of k-mers in Z. Suppose the memory is fixed to
be M bits and the disk space is fixed to be D bits. Can we still count the
occurrences of k-mers efficiently? Rizk et al. [245] gave a positive answer and
proposed a method called DSK. The idea of DSK is to partition the set Z
of k-mers into different lists so that each list can be stored in the disk using
D bits; then, for each list, the k-mers in the list are further partitioned into
sublists so that each sublist can be stored in memory using M bits; lastly, the
frequencies of the k-mers in each sublist are counted by the algorithm Jellyfish
in Figure 5.9.

More precisely, the k-mers in Z are partitioned into ng;s lists of approx-
imately the same length. Since the disk has D bits and each k-mer can be

represented in 2k bits, each list can store £j;5; = % k-mers. As there are N
N
Lrist
function h() that uniformly maps all k-mers to the ny;s lists. Precisely, for

each k-mer z € Z, z is assigned to the i-th list if A(z) mod nyse = i.

k-mers in Z, we set nygy = = %. This partition is done by a hash

Then, each list is further partitioned into sublists, each of length £ piist-
Each sublist will be processed in memory using Jellyfish, which requires

50”#(216 + 32) bits. As the memory has M bits, we have £ pist = %.
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Algorithm BFCounter(Z,q, o, h)
Require: 7 is a set of N’s k-mers, « is a load factor that controls the hash
table size and h(.) is the hash function
Ensure: For every k-mer in Z occurring at least twice, report its count.
1: Set H[l..%] be an empty hash table where each entry requires 2k bits;
2: Set Count[l..q%] be an empty vector where each entry requires 32 bits;

Set B[0..m —1] be an empty vector where each entry requires [log g| bits
and m = 8N

@

4: for each k-mer z in Z do

5. if countBloom(z, B) > ¢ — 1 then
6: i = hashEntry(z, h, q%);

7: if H[i] is empty then

8: Set H[i] = z and Count[i] = 0;
9: end if

10: else

11: insertBloom(z, B);

12:  end if

13: end for

14: for each k-mer z in Z do
15: i = hashEntry(z, h, q%);
16: if HJ[i] = z then

17: Count[i] = Count[i] + 1;

18:  end if

19: end for

20: Output (H[i], Count[i]) for all non-empty entries H|[i] where Count[i] >
a;

FIGURE 5.10: A space efficient k-mer counting algorithm that only counts
k-mers occurring at least g times.
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So, the number of sublists equals Ngyprise = bise . D(2k432) Similarly,

esublist - 07(2k)M ’
every list is partitioned into sublists by the hash function k(). Precisely, for
each k-mer s in the ith list, s is assigned to the jth sublist if (h(s)/nist)

mod Nsubilst = ]

0.7M
(2k+32)°
we count the number of occurrences of every k-mer in the sublist using

Jellyfish(d;,0.7, h) in Figure 5.9.

Figure 5.11 presents the DSK algorithm. The algorithm iterates n;s times.
For the ith iteration, the algorithm runs two phases. The first phase enumer-
ates all k-mers in Z and identifies all k-mers belonging to the ith list; then, it
partitions them into sublists and writes them to the disk. The second phase
reads each sublist into memory one by one. For each sublist, with the help
of the algorithm Jellyfish in Figure 5.9, the frequencies of the k-mers in each
sublist are counted.

For each sublist of length flgupist = using M bit memory,

Figure 5.8(c) gives an example to illustrate the execution of DSK. We
assume nyis¢ = 2, Nsupiist = 2 and h(z) = b(2) for every z € Z. Since ny;sr = 2,
the algorithm runs two iterations. Here, we describe the Oth iteration. (The
1st iteration is executed similarly.) The first phase of the Oth iteration scans
all k-mers in Z and identifies every k-mer z € Z which belongs to the 0th
list. For example, h(GG) = 10, since h(GG) mod nys: = 0 and (h(z)/nist)
mod Nsyupiist = 1, GG belongs to the Oth list and the 1st sublist. After that, the
Oth list is partitioned into the Oth sublist {CA} and the 1st sublist {CG,GG}.
Both sublists are written into the disk. The second phase reads each sublist
into the memory and counts the k-mers using the Jellyfish algorithm.

Observe that this algorithm will only write each k-mer in Z once, though
it will read each k-mer nys; times. Hence, the algorithm will not generate
many disk write accesses. Next, we analyze the time complexity. For the ith
iteration, the algorithm enumerates all k-mers in Z, which takes O(N) time.
Then, it identifies %’s k-mers belonging to the ¢th list and writes them out
to the disk, which takes O(£) time. After that, the algorithm reads in 2’s
k-mers and performs counting, which takes O(%) expected time. So, each

iteration takes O(N + £) = O(N) expected time, as N > L. Since there are

Niist = % iterations, the algorithm runs in O(k,%?) expected time. When

D = ©(N), the algorithm runs in O(kN) expected time.

5.3.2 Base-by-base extension approach

After all reads are corrected, we can stitch the corrected reads to form
sub-fragments of the sample genome, which are called contigs. There are two
approaches to constructing contigs: the base-by-base extension approach and
the de Bruijn graph approach. This section covers the base-by-base extension
approach.

The base-by-base extension approach reconstructs each contig by extend-
ing it base by base. The method starts with a randomly selected read as a
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Algorithm DSK(Z, M, D, h)
Require: 7 is a set of N’s k-mers, target memory usage M (bits), target
disk space D (bits) and hash function h(.)
Ensure: The count of every k-mer appearing in Z
1 nyist = %7
2 Nsublist = %;
3: for i =0 to nyse — 1 do
Initialize a set of empty sublists {do, ..., dn., ., —1} in disk;
5 for each k-mer z in Z do
6 if h(z) mod nys =i then
7 J = (h(2)/mist) mod ngypiist;
8.
9

A

Write z to disk in the sublist dj;
end if
10: end for
11:  for j =0 to nsupist — 1 do
12: Load the jth sublist d; in memory;
13: Run Jellyfish(d;,0.7,h) (see Figure 5.9) to output the number of
occurrences of every k-mer in the sublist d;;
14:  end for
15: end for

FIGURE 5.11: The DSK algorithm.
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Contig Feasible extension
ACTACGTAGACCACACGTAGC
CACGTAGCTC

ACGTAGCTCT
ACGTAGCTCT

e v ®P— CGTAGCCLTG

CGTAGCTCTG

GTAGCCCTGA
TAGCTCTGAT

FIGURE 5.12: The top sequence is the template. There are 7 reads aligned
at the 3’ end of the template. The rectangle shows that bases C and T are the
feasible extensions of the template. Since the consensus is T, the base-by-base
extension method will extend the contig with the base T.

template. Then, reads are aligned on the two ends (3’ end and 5’ end) of the
template. From the alignments, a consensus base is obtained and the template
is extended by such base. Figure 5.12 illustrates the base-by-base extension
step. The extension is repeated until there is no consensus. Then, the exten-
sion is stopped and we obtain a contig. We perform extension on both the 3’
and 5’ ends of the template. Figure 5.13 gives the pseudocode of the method.

SSAKE [309], VCAKE [117] and SHARCGS [69] are example methods
that use this approach to construct contigs. Although base-by-base extension
approach is simple, it tends to give short contigs due to two problems. First,
the initial template is an arbitrary read. If the read contains sequencing errors
or is in a repeat region, it will affect the extension. The second problem occurs
when we extend the template into some repeat regions. The repeat creates
branches and the above approach cannot resolve them.

To resolve the first problem, we select a read as a template if it is unlikely
to contain a sequencing error and it is unlikely to be in a repeat region. Using
the idea in Section 5.3.1, the frequencies of all k-mers of all reads are counted.
A read R is selected as a template if the frequencies of all its k-mers are within
some user-defined thresholds 0, and Op.«. If the number of occurrences of
some k-mer is smaller than 6.,;,, R is likely to a contain sequencing error.
If the number of occurrences of some k-mer is bigger than some 6,5, R is
likely to be repeated. The two thresholds can be determined by studying the
histogram of the frequencies of k-mers of the input sequencing reads.

For the second problem, one solution is to use the connectivity informa-
tion of paired-end reads to resolve ambiguity. This approach is used by PE-
assembler [9]. Figure 5.14 illustrates the idea. Suppose we can extend the
template using two different reads (black and gray reads). We cannot decide
which one is correct (see Figure 5.14(a)). Since each read has a mate, we may
be able to make a decision. There are two cases: For the first case, if the mate
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Algorithm SimpleAssembler(R)

Require: R is a set of reads
Ensure: A set of contigs

1: while some read R are not used for reconstructing contigs do

2:  Set the template T' = R;

3: repeat

4: Identify a set of reads that align to the 3’ end (or 5 end) of the
template T';
Identify all feasible extensions of the template;
If there is a consensus base b, set T' = T if the extension is at 3’end
and set T" = bT if the extension is at 5 end;

7:  until there is no consensus base;

8:  Report the template as a contig;

9:  Mark all reads aligned to the contig as used;
10: end while

e«

FIGURE 5.13: A simple base-by-base extension assembler.

of the black read can align on the template, we will trust the black read (Fig-
ure 5.14(b)). For the second case, suppose there exists some reads R that align
on the template and the mate of R can align with the mate of the black read
(see Figure 5.14(c)); Then, we can also trust the black read. In other words,
the connectivity information of paired-end reads can help to filter those false
positive alignments.

5.3.3 De Bruijn graph approach

The previous section covers the base-by-base extension approach to re-
construct the contigs. Another approach is based on de Bruijn graph. The de
Bruijn graph approach is introduced in Idury and Waterman [113]. Today, it is
the mainstream approach for assembling short reads. Existing methods include
Velvet [329], SOAPdenovo [176], Euler-SR [38], IDBA [227], ABySS [275],
ALLPATHS [34] and Edena [100].

We first define the de Bruijn graph. Consider a set of reads R and a
parameter k; a de Bruijn graph is a graph Hy = (V, E) where V is the set
of all k-mers of R and two k-mers u and v form an edge (u,v) € E if u and
v are the length-k prefix and suffix of some length-(k + 1) substring of R,
respectively. Suppose the total length of all reads in R is IV, the de Bruijn
graph can be constructed in O(N) time.

For example, consider the set of strings R = {ACGC,CATC,GCA}. Sup-
pose we want to build a de Bruijn graph for 2-mers. Then, the vertex set
is {AC, AT, CA, CG, GC, TC}. Figure 5.15(a) gives the de Bruijn graph.

The sample genome can be predicted by identifying a Eulerian path (a
Eulerian path is a path that uses every edge of Hy exactly once) of Hy. Note
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FIGURE 5.14: (a) The top sequence is the template. Two reads (black and
gray colors) can be aligned to the 3’ end of the template. Based on the black
color read, the next base is C. Based on the gray color read, the next base is
T. The black read is likely to be correct if the mate of the black read aligns on
the template (Figure (b)) or the mate of the black read align with the mate
of another read R that aligns on the template (Figure (c)).

ACG
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(o) @) (@) (o) () ©
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FIGURE 5.15: (a) The de Bruijn graph Hj for R = {ACGC, CATC,GCA}. (b)
The overlapping of the 5 3-mers corresponding to the 5 edges of Hs.
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TCG

FIGURE 5.16: The de Bruijn graph Hz for R =
{AAGATC, GATCGAT, CGATGA, ATGATT, GATTT}.

that a Eulerian path of Hj, can be computed in O(n) time if Hy has n edges
(see Exercise 13). For the example in Figure 5.15(a), a unique path exists
from the node AC to the node TC. By overlapping all 3-mers of the edges in
the order of the path (see Figure 5.15(b)), we obtain the sequence ACGCATC.
The sequence ACGCATC is in fact the superstring formed by overlapping the
reads ACGC, GCA, CATC in order. This example suggests that a genome can be
recovered from the de Bruijn graph of R.

However, a Eulerian path may not be unique in Hy. For example, consider
a set of reads R = {AAGATC, GATCGAT, CGATGA, ATGATT, GATTT}. Assume k = 3.
The de Bruijn graph Hjs is shown in Figure 5.16. There are two possible Eule-
rian paths in Hs. If we traverse the top cycle first, we obtain AAGATCGATGATTT.
If we traverse the bottom cycle first, we obtain AAGATGATCGATTT. This exam-
ple indicates that the Eulerian path may not return a correct sequence. Even
worse, a Eulerian path may not exist in some Hj.

Below, we describe the de Bruijn graph assembler when (1) there is no
sequencing error and (2) there are sequencing errors. Then, we will discuss
the issue of selecting k.

5.3.3.1 De Bruijn assembler (no sequencing error)

As the Eulerian path is not unique and may not exist, we do not aim to
obtain the complete genome. Instead, we try to obtain a set of contigs. The
contig is a maximal simple path in Hj. Precisely, each maximal simple path is
a maximal path in Hj such that every node (except start and end nodes) has
in-degree 1 and out-degree 1. Figure 5.17 gives the pseudocode of this simple
method.

For the de Bruijn graph Hjs in Figure 5.16, we can construct 4 contigs:
AAGAT, GATCGAT, GATGAT, GATTT.

Note that k is an important parameter. We obtain different sets of contigs
when we change k. To illustrate this issue, Figure 5.18 gives the de Bruijn
graphs for k =4 and k = 5.
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Algorithm De_Bruijn_Assembler(R, k)
Require: R is a set of reads and k is de Bruijn graph parameter
Ensure: A set of contigs

1: Generate the de Bruijn graph Hj for R;

2: Extract all maximal simple paths in Hy as contigs;

FIGURE 5.17: A simple de Bruijn graph assembler.

[ 2aca | acar |{ carc || arce || Tcea | coar |
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Hs:

(earrr ] (rearr k- arear ] [carea |

FIGURE 5.18: The de Bruijn graph Hy; and H; for R =
{AAGATC, GATCGAT, CGATGA, ATGATT, GATTT}.

When &k = 4, H, is a single path. We can construct one contig
AAGATCGATGATTT.

When k = 5, Hs has 5 connected components, and each is a single path.
We can construct 5 contigs: AAGATC, GATCGAT, CGATGA, ATGATT, GATTT.

By the above examples, we observe that the de Bruijn graph is good when
we know the correct k. When k is small (see Hs in Figure 5.16), there are
many branches due to repeat regions. This results in many short contigs.
When £ is large (see Hs in Figure 5.18), some k-mers are missing (especially
for regions with low coverage). This results in disconnected components, which
also generate many short contigs.

We need to identify &k to balance these two issues. We will discuss more on
k selection in Section 5.3.3.3.

5.3.3.2 De Bruijn assembler (with sequencing errors)

The previous subsection assumes there are no sequencing errors in the
reads, which is unrealistic. When sequencing errors exist, we can try to remove
errors by cleaning up the de Bruijn graph. This section presents the solution
proposed by Zerbino and Birney [329]. Observe that short reads have low error
rates (about 1 error in every 100 bases). Most k-mers contain at most 1 error.
These erroneous k-mers will create two possible anomalous subgraphs in the
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FIGURE 5.19: (a) is the multiple sequence alignment of a set of 5 reads
where the third read has a sequencing error (shown in bold font). (b) shows
the de Bruijn graph corresponding to the set of reads in (a). A tip is formed.
The numbers in the brackets are the multiplicity of the 4-mers.

de Bruijn graph: the tip and the bubble. Below, we describe how to clean
them up.

A tip is a path of length at most k& where all internal nodes are of in-degree
1 and out-degree 1 while one of its ends is of in-degree 0 or out-degree 0. It
can produce a potential contig of length at most 2k. Figure 5.19 illustrates a
tip created by a single mismatch in one read. If all nodes on the tip are of low
multiplicity (i.e., lower k-mer counts), such a short contig is unlikely to be
true. We can remove this tip from the de Bruijn graph. Note that removing a
tip may generate more tips. The procedure needs to remove tips recursively.

Bubbles are two paths starting from the same vertex and ending at the
same vertex, where the two paths represent different contigs that differ by only
one nucleotide. For example, Figure 5.20(a) consists of a set of reads where the
third read has a single mismatch. Figure 5.20(b) shows the corresponding de
Bruijn graph and one bubble is formed. The top path of the bubble represents
GACTCCGAG. The bottom path of the bubble represents GACTTCGAG. When the
two paths in the bubble are highly similar, the path with lower multiplicity is
likely to be a false positive. We can try to merge the bubble. In the example,
the two paths have only one mismatch. Furthermore, since the nodes in the
bottom path have lower multiplicity, we merge the bubble and obtain the
graph in Figure 5.20(c). More precisely, we can define the weight of a path
wy — we — ... — wp as y o, f(w;) where f(w;) is the multiplicity of w;.
Then, when we merge two paths in a bubble, we will keep the path with
highest path weight.

To merge bubbles, we can use the tour bus algorithm. The tour bus algo-
rithm is a Dijkstra-like breadth-first search (BFS)-based method. The algo-
rithm starts from an arbitrary node s and it visits the nodes u in increasing
order of distance from the start node. When the algorithm processes an un-
visited node wu, it checks all its children v. For each child v, it performs two
steps. First, it assigns u as the parent of v in the BFS tree by setting 7(v) = u.
Second, if a child v of u is visited, a bubble is detected; the algorithm com-
putes the lowest common ancestor ¢ of u and v in the BFS tree defined by
7(). Then, the two paths ¢ — u and ¢ — v are compared. If they are similar
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FIGURE 5.20: (a) is the multiple sequence alignment of a set of 5 reads
where the third read has a sequencing error (shown in bold font). (b) shows
the de Bruijn graph corresponding to the set of reads in (a). A bubble is
formed. (c) is the path obtained by merging the bubble in (b).

enough (with similarity at least 80% in Velvet), the two paths will be merged
and we will keep the path with the highest path weight. The algorithm is
detailed in Figure 5.21.

Figure 5.22 gives an example to illustrate the steps of the tour bus algo-
rithm. The original de Bruijn graph is shown in Figure 5.22(a). Starting from
the node r, BFS traversal is performed to visit descendants of r in increasing
order of the distance from r. The BFS traversal stops when it revisits the
same node. Figure 5.22(b) shows the BFS tree (in bold) when the node v is
revisited from the node u. By identifying the lowest common ancestor ¢ in the
BFS tree, we find two paths ¢ — u and ¢ — v which form a bubble. We merge
the two paths and keep the path with the higher multiplicity. After pruning
the bubble, we obtain Figure 5.22(c). Then, the BFS is continued. After the
BFS visits v/, it revisits the node v’. ¢’ is the lowest common ancestor of v’ and
v’. We find two paths ¢ — u’ and ¢ — v’ which form a bubble. After pruning
the bubble, we obtain Figure 5.22(d). Then, we cannot find any bubble. The
tour bus algorithm is finished.

After we remove tips and merge bubbles in the de Bruijn graph, we can
further filter noise by removing k-mers with multiplicity smaller than or equal
to some threshold m (says m = 1). For the example in Figure 5.22(d), if
m = 1, we need to remove the two edges of weight 1. Note that this technique
is also used when we perform error correction in Section 5.3.1.

In summary, this subsection introduces three tricks: (1) remove tips, (2)
merge bubbles and (3) filter k-mers with low multiplicity. By combining these
techniques, we obtain an algorithm that can handle sequencing errors, which
is shown in Figure 5.23.

5.3.3.3 How to select k

As discussed in Section 5.3.3.1, the selection of k can affect the performance
of the de Bruijn graph algorithm.
A simple solution is to run the algorithm in Figure 5.23 for multiple &’s.
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Algorithm Tour_Bus(H, s)

Require: H is the de Bruijn graph and s is an arbitrary node in H
Ensure: A graph formed after merging the bubbles
1: Set @ be a queue with one node s;
2: while Q # () do
u = dequeue(Q);
4:  for each child v of v do
5 if visited[v] = false then
6: Set m(v) =u; /* set u as v’s parent in the BFS tree */
7.
8
9

o

Set visited[v] = true;
enqueue(Q, v);

else
10: Find the lowest common ancestor ¢ of 4 and v by 7();
11: if the paths ¢ — w and ¢ — v are similar enough then
12: Merge the two paths and keep the path with the highest path
weight;
13: end if
14: end if

15:  end for
16: end while

FIGURE 5.21: The tour bus algorithm.

Then, the contigs are clustered and merged. This technique is used by some
transcriptome assemblers [193, 291].

One issue with this simple solution is that the contigs obtained by different
k’s have different quality. For contigs obtained from Hj; where k is small,
they are highly accurate; however, the contigs are short since there are many
branches due to repeat regions. For contigs obtained from Hy where k is large,
they are longer; however, they may contain many errors.

IDBA [227] suggested that we should not build the de Bruijn graphs in-
dependently for different k’s. Instead, IDBA builds the de Bruijn graph Hj
incrementally from small k to large k. When £ is small, we can get high-
quality contigs, though they are short. Then, these high-quality contigs are
used to correct errors in the reads. Incrementally, we build de Bruijn graphs
Hj, for larger k. Since the reads in R are corrected, the noise in Hy, is reduced.
This allows us to obtain high-quality long contigs from Hj when k is large.
Figure 5.24 details the idea proposed by IDBA.

5.3.3.4 Additional issues of the de Bruijn graph approach

In the above discussion, we do not use the k-mers appearing in the reverse
complement of the reads. This is not correct. We actually need to consider



148 Algorithms for Next-Generation Sequencing

FIGURE 5.22: An example illustrates how the tour bus algorithm prunes
the de Bruijn graph. For clarity, every node shows the last base of its k-mer
and the corresponding integer superscript is its multiplicity. The algorithm
performs breadth-first search (BFS) and the BFS tree is shown as the bold
edges. In (a), there are two (nested) bubbles. In (b), we perform BFS starting
from 7. When we visit u, a child v of u is visited (i.e., within the BFS tree). We
identify a bubble and we merge it. Then, we obtain (¢). In (c¢), we continue to
perform BFS. When we visit «/, a child v’ of ' has been visited. We identify
another bubble and we merge it. Then, we obtain (d). In (d), we continue to
perform BFS. As no bubble is identified, the algorithm stops.
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Algorithm Velvet(R, k)

Require: R is a set of reads and k is de Bruijn graph parameter
Ensure: A set of contigs

Generate the de Bruijn graph Hj for R;

Remove tips;

Merge bubbles;

Remove nodes with multiplicity < m;

Extract all maximal simple paths in Hj as contigs;

FIGURE 5.23: A de Bruijn graph assembler Velvet, which can handle se-

quencing errors.

Algorithm IDBA(R, kmin, kmaz)
Require: R is a set of reads and ks, and k4. are de Bruijn graph pa-
rameter
Ensure: A set of contigs
1: for k = kmin to kmaw do
2:  Generate the de Bruijn graph Hy for R;
Remove tips;
Merge bubbles;
Remove nodes with multiplicity < m;
Extract all maximal simple paths in H as contigs;
All reads in R are aligned to the computed contigs;
The mismatch in the read is corrected if 80% of reads aligned to the
same position has the correct base;
9: end for
10: Extract all maximal simple paths in Hy,

as contigs;

max

FIGURE 5.24: An iterative de Bruijn graph assembler (IDBA), which can
handle sequencing errors.
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FIGURE 5.25: This example gives an arrangement of the contigs and the
alignments of paired-end reads on the contigs. (1) is concordant while (2), (3)
and (4) are discordant.

the reverse complement of the k-mers when we create the de Bruijn graph.
See Exercise 11 for an example.

Note that a single error in the read will create k noisy k-mers. Due to such
noisy k-mers, de Bruijn graphs can be huge. Hence, it requires big memory.
Alternatively, a compression method [28] has been proposed to reduce the size
of a de Bruijn graph.

Another issue is that the de Bruijn graph approach does not use the con-
nectivity information of paired-end reads. To resolve the problem, SPAdes [13]
is proposed, which uses a paired de Bruijn graph to capture such information.

5.3.4 Scaffolding

The contig building step in Sections 5.3.2 and 5.3.3 reports a set of contigs.
The next question is how to recover the correct ordering and the correct ori-
entation of the contigs in the sample genome. This question can be answered
by solving the scaffolding problem. Figure 5.25 gives an example scaffold for
4 contigs A, B,C and D. The scaffold is (A, —B, —C, D). Note that the orien-
tations of contigs B and C' are reversed. To verify the scaffold, we can utilize
the paired-end reads extracted from the sample genome. Recall that in whole
genome sequencing, every paired-end read (i.e., a read and its mate) is ex-
pected to map in inward orientation (based on Illumina sequencing) and has
its insert size within a short range (spanmin, SPanmax). A paired-end read is
said to support the scaffold if the paired-end read is aligned inwardly on the
scaffold and its insert size does not violate the range (spanmin, $Panmax)- In
such case, the paired-end read is said to be concordant. Otherwise, it is said
to be discordant. For the example in Figure 5.25, the paired-end read (1) has
a correct insert size and a correct orientation. So, the paired-end read (1)
is called concordant. The paired-end reads (2) and (3) have the correct in-
sert size. However, their orientations are not correct. For the paired-end read
(4), although it has a correct orientation, the insert size is too long. Hence,
paired-end reads (2), (3) and (4) are discordant.

The scaffolding problem is defined as follows. The input is a set of paired-
end reads £ and a set of contigs C. The scaffolding problem aims to generate
the orientations and the orderings of the contigs so that the number of dis-
cordant reads is minimized. Figure 5.26 gives an example. The input consists
of three contigs A, B and C, and a set of paired-end reads that are mapped
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FIGURE 5.26: An example of scaffolding. The input is three contigs A, B
and C and a set of paired-end reads mapping on the contigs. The scaffolding
problem aims to rearrange the contigs to (A, —B,C) so that the number of
discordant reads is minimized.

on the contigs. If we fix the scaffold as (A, B,C), all paired-end reads are
discordant. To minimize the number of discordant reads, the scaffold should
be (C,—B,A). In this case, there is only one discordant read. Hence, the
scaffolding problem aims to report the scaffold (C, —B, A).

The scaffolding problem seems simple. Huson et al. [111] showed that scaf-
folding is NP-hard. Even for just determining the correct orientations of con-
tigs (i.e., no need to determine their orderings), Kececioglu and Myers [133]
showed that such a problem is still NP-hard.

As the scaffolding problem is computationally hard, a number of heuris-
tics or approximation algorithms are proposed. Many of them are internal
routines within some assemblers. Some examples include PEAssembler [9],
SSAKE [309], ABySS [275] and SOAPdenovo [176]. There are also some stand-
alone scaffolders, including Bambus [235], SSPACE [24], SOPRA [61], MIP
Scaffolder [258], Opera [85], Opera-LG [84], and SCARPA [70].

The scaffolding problem can be solved in three steps.

1. Demarcate repeat regions within assembled contigs.
2. Build the contig graph.

3. Identify a linear order of the contigs that minimizes the number of dis-
cordant edges.

Step 1: Demarcate all repeat regions within assembled contigs.
This step aligns all paired-end reads in £ onto the contigs in C. The median
read density is assumed to be the expected read coverage across the genome.
Any region with read density higher than 1.5 times the median is considered
a repeat region. Demarcate all repeat regions within contigs.

Step 2: Build the contig graph. This step defines the contig graph. For
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FIGURE 5.27: This example considers 4 contigs. The gray boxes mark the
repeat regions. The figure shows all paired-end reads that are mapped to two
different contigs. The contig graph consists of all 4 contigs and all paired-end
reads except PE; and PEs.

FIGURE 5.28: This figure gives a scaffold with two paired-end reads PF; =
(A,—D,a,e) and PEy = (—C,—D,d,e + f).

each paired-end read PE in &, it is discarded if (1) both reads of PE align
concordantly on the same contig, or (2) either read of PF fails to align to any
contig, or (3) either read of PE aligns on a repeat region (see Figure 5.27).
Each paired-end read in £ is represented as a tuple (X,Y, z,y) where X and
Y are some oriented contigs in C and = and y are the lengths of the contigs X
and Y, respectively, covered by the paired-end read. For the example in Fig-
ure 5.28, the paired-end reads PE; and PFE, are represented as (4, —D, a,e)
and (—C,—D,d, e+ f), respectively.

Step 3: Identify a linear order of the contigs that minimizes the
number of discordant edges. This step orientates and orders the contigs of
C to minimize the number of discordant reads. This problem is known as the
contig scaffolding problem, which is defined as follows. The input is a contig
graph (C, &) where C is a set of contigs and & is a set of paired-end reads. The
output is a scaffold, which is defined as a linear ordering of the contigs in C.
A paired-end read is said to be discordant if it is not inward and its insert
size is bigger than spanyax. For example, in Figure 5.28, the paired-end read
PEs is discordant if d+ e+ f > spanmax. The problem aims to find a scaffold
S of C that minimizes the number of discordant paired-end reads.

Here, we present a greedy algorithm [9]. For any scaffold S containing
a subset of contigs in C, a score score(S) is defined which equals the total
number of concordant paired-end reads minus the total number of discordant
paired-end reads that are aligned on S.

The greedy algorithm starts by selecting a random contig as the initial
scaffold S. The process then extends the scaffold S by some contig C' (denoted
as So(C or C oS depending on whether C' is to the right or to the left of
S) iteratively until S cannot be extended. A contig C' is said to be a right
(or left) feasible neighbor of S if S can extend to S o C' (or C o S) such



Genome assembly 153

Algorithm GreedyScaffolding

Require: A contig graph (C, &) where C is the set of contigs and £ is the
set of paired-end reads
Ensure: A set of scaffolds S that cover all contigs in C
1: while C is not empty do
2:  Denote S be a scaffold consists of a random contig C' in C and remove

C from C;
3: repeat
4: From &, we identify all contigs C1, Co, ..., C, that are right feasible
neighbors of S and all contigs C1,...,C/, that are the left feasible
neighbors of S;
5: Identify the permutation Cj,,...,C; that maximizes sp =
score(SoCy 0...0C;);
6: Identify the permutation C7 ,...,C; that maximizes s, =
score(C} o...0C} oS);
: if sgp> maX{O sLjL then
8: Set S = S o C}, and remove Cj, from C;
: else if s; > max{0,sr} then
10: Set § = Cj, oS and remove C; , from C;
11: end if

12:  until both ends of S cannot extend;
13:  Report the scaffold S;
14: end while

FIGURE 5.29: The GreedyScaffolding algorithm.

that some concordant paired-end read exists whose one end aligns on S and
another end aligns on C. Let Ci,...,C, be all right feasible neighbors of
S and let Cf,...,C/, be all left feasible neighbors of S. Among all possible
permutations of the right feasible neighbors of S, we identify the permutation
Ci,,...,C;, that maximizes the score sg = score(SoCj, o...0C; ). Similarly,
we albo 1dent1fy the permutation Cj' C' that maximizes the score s;, =
score(Cj o...0C% oS). If sp > max{() sL} We extend S to So(};, . Otherwise,
if s, > max{O sR} we extend S to C;, o S. This process is repeated until
both ends are not extendable; then, we obtain one scaffold. After one scaffold
is obtained, the entire procedure is repeated on the unused contigs to identify
other scaffolds. The detail of the pseudocode is shown in Figure 5.29.

5.3.5 Gap filling

From scaffolding, we identify adjacent contigs. The region between two
adjacent contigs is called a gap. For some gaps, we may be able to reconstruct
the DNA sequence using local assembly. Below, we discuss one possible way
to fill in the gap.
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FIGURE 5.30: Suppose contigs A and B are adjacent. This figure shows
all paired-end reads where one of the reads maps on contig A or B, but its
mate cannot align properly. By collecting these reads, we may reconstruct
the gap using local assembly. (Note that this gap cannot be reconstructed
using paired-end reads aligned on A only (gray color) or B only (black color).

Moreover, the gap can be assembled if we use all paired-end reads aligned on
both A and B.)

Let A and B be two adjacent contigs. All paired-end reads that can align
to the right end of A or the left end of B are extracted (see Figure 5.30). We
assemble these paired-end reads using an assembler, like SSAKE [309], which
can still work under low coverage. This approach enables us to fill in some
gaps or reduce the size of some gaps.

5.4 Genome assembly for long reads

Previous sections presented genome assemblers for short reads generated
from second-generation sequencing. Third-generation sequencing generates
long reads. This section describes genome assemblers specialized for long reads,
and is organized as follows. Section 5.4.1 discusses techniques to assemble long
reads assuming that long reads have a low sequencing error rate. When long
reads have a high sequencing error rate, the literature has two solutions. The
first solution corrects the sequencing errors of long reads by aligning short
reads on them. This approach is called the hybrid approach, and is discussed
in Section 5.4.2. Another solution is to correct sequencing errors by overlap-
ping the long reads. This technique is discussed in Section 5.4.3.
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5.4.1 Assemble long reads assuming long reads have a low
sequencing error rate

When the long reads have a low sequencing error rate, we can use an
overlap layout consensus (OLC) assembler like Celera [213] or AMOS [298].
The OLC assembler involves five steps:

1. Overlapping reads: This step performs all-versus-all alignments of all
long reads. It aims to identify read pairs that are adjacent in the genome
assembly.

2. Forming layouts of reads: Based on the pairwise overlaps of the reads,
this step aims to group reads into layouts such that each layout contains
reads coming from one genomic region.

3. Reconstructing a contig by consensus: This step overlays the reads
in each layout and computes the consensus. Each consensus is a contig.

4. Scaffolding: By aligning reads over the contigs, this step aims to link
contigs to form scaffolds.

5. Gap filling: Gaps may exist between adjacent contigs in each scaffold.
This step tries to fill in these gaps by aligning reads over these gaps.

Below, we detail the first three steps. The last two steps were discussed in
Sections 5.3.4 and 5.3.5, respectively.

Step 1: Overlapping reads. Given a set of reads R, Step 1 aims to report
all read pairs (R, R') that are highly similar. Precisely, a read pair (R, R’) is
similar if the local alignment score score(R, R’) > 6 for some threshold 6. The
naive solution is to compute the local alignment score of every read pair (R, R’)
using the Smith-Waterman alignment algorithm; then, (R, R’) is reported if
score(R, R") > 6. Suppose L is the total length of all reads in R. Then, this
brute-force solution runs in O(L?) time.

The brute-force solution is slow. To speed up, one solution is to filter read
pairs by k-mers. For every k-mer w, let H[w] be a list of all reads R € R
such that w is a k-mer in R. Instead of performing local alignment for all read
pairs, local alignment will be performed for read pair (R, R’) sharing some
common k-mer (i.e., R, R’ € H|[w] for some k-mer w). This idea significantly
reduces the number of pairwise alignments.

Step 2: Forming layouts of reads. Given all read pairs with significant
alignments, Step 2 computes the overlap graph. The overlap graph is a graph
where each vertex is a read and each edge connects a pair of overlapping reads.
(See Figure 5.31(c) for an example.)

We observe that the overlap graph has redundancy. Some edges can be
inferred (transitively) from other edges. Precisely, for reads R;,, Ri,, ..., Ri,,,
if the overlap graph contains (1) an edge (R;,,R;,) and (2) a path
(Ri,, Riy,- .., Ri,), then the edge (R;,, R;,, ) is redundant and we can remove
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FIGURE 5.31: An illustration of the creation of the overlap graph. (a) is a
genome with a repeat (region B is similar to region D). (b) is the reads obtained
from whole genome sequencing. (c) is the overlap graph for the reads in (b).
The edges are shown as dotted line. Observe that there are edges between reads
in regions B and D since they are repeated. The graph in (c) has (transitively)
redundant edges. After removing all redundant edges, we obtain the graph in

(d).

it. For example, in the overlap graph in Figure 5.31(c), (R4, R17) is redun-
dant since we have a path (R4, Rs, Ri7). By removing all redundant edges in
Figure 5.31(c), we obtain the graph in Figure 5.31(d).

After redundant edges are removed from the overlap graph, we can obtain
maximal simple paths. (Each maximal simple path is a maximal path such
that every node (except start and end nodes) has in-degree 1 and out-degree
1.) These paths form the layouts. For our example in Figure 5.31(d), we obtain
4 simple paths: (R1, RQ, R3, R4), (Rg, Rg, RlO, RH, R12, R13, R14, R15, Rlﬁ),
(Rz20, R21, R22) and (Rs, Ri7, R, Ris, R7, R19). The first three layouts rep-
resent the regions A,C and E, respectively. The last layout represents the
repeat region B and D.

Step 3: Reconstructing contigs by consensus. Each layout consists of
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R,=GGTAATCT-AC S,=GGTAATC-GAC

R,= ATC-GACTTA S,= ATC-GACTTA

R;= CTGACTTACCG S5= CTGACTTACCG
GGTAATCTGACTTACCG GGTAATC-GACTTACCG

(a) (b)

FIGURE 5.32: (a) is the multiple sequence alignment of
GGTAATCTAC, ATCGACTTA, CTGACTTACCG. (b) is the multiple sequence alignment
of GGTAATCGAC, ATCGACTTA, CTGACTTACCG. The bottom sequences in (a) and
(b) are the consensus sequences.

a set of reads R coming from one genomic region. The third step reconstructs
the genomic region by overlapping the reads in R.

This problem can be solved by computing the multiple sequence alignment
(MSA) of all reads in R; then, from the MSA, a consensus sequence is called
by reporting the most frequent base in each aligned column. This consensus
sequence is called the contig. Figure 5.32 gives two examples to illustrate the
idea.

However, computing MSA is NP-hard. Here, we describe a greedy merging
method (used in Celera [213] and AMOS [298]), which is as follows. First,
we compute the pairwise similarity for every pair of reads in R. (In fact, the
pairwise similarities are known from Step 1.) Then, we greedy merge two reads
with the highest similarity first. The merging is repeated until we obtain the
alignment of all reads in R. Figure 5.33 illustrates the steps of greedy merging
for the set of reads in Figure 5.32(a). Greedy merging runs in O(}_ pcx |R|)
time. After we obtain the MSA of all reads in R, we can extract the consensus
sequence by reporting the most frequent character in each column of the MSA.

However, greedy merging may not compute the optimal MSA, which leads
to an incorrect consensus sequence. Figure 5.34 gives an example. Greedy
merging reports the MSA in Figure 5.34(b). However, the optimal MSA is in
Figure 5.34(c). The corresponding consensus sequences are also different.

Anson and Myers [8] observed that the MSA generated by greedy merging
can be improved by locally rearranging reads one by one. They proposed a
round-robin realignment algorithm called ReAlign. ReAlign tries to iteratively
improve the MSA as follows. The algorithm iteratively checks if the MSA
can be improved by realigning every read in R one by one. This process is
repeated until the MSA cannot be further improved. Figure 5.36 details the
algorithm ReAlign. Figure 5.35 illustrates how to apply the algorithm ReAlign
to improve the MSA in Figure 5.34(b).

5.4.2 Hybrid approach

Observe that long and short reads have different properties. The hybrid
approach aims to use the advantages of both long and short reads to improve



158 Algorithms for Next-Generation Sequencing

R,=AATC-GACTTA R;=GGTAATCGTC R,=GGTAATC-GTC

R,= TCTGACTTACC R,= AATCGACTTA R,= TCTGACTTACC
Score =7 Score =5 Score =2
(a)
R;=GGTAATCGTC R;=GGTAATCGTC GGTAATC-GTC
R,=AATCGACTTA 5 _AATC-GACTTA A= AATC-GACTTA
Merge | “1  TCTGACTTACC |Merge TCTGACTTACC
Ry=TCTGACTTACC g g, R, &A, GGTAATC-GACTTACC
(b)
FIGURE 5.33: Consider three reads Ry = GGTAATCGTC, R»

AATCGACTTA, R3 = TCTGACTTACC. (a) shows the pairwise alignment of the three
reads. We assume match scores 1, mismatch/indel scores —1. (b) illustrates
the merging process. Since Rs and R3 are more similar, we first merge Ry and
R3 and obtain the alignment A;. Then, between {R;} and {Rs, R3}, Ry and
R4 are more similar. We merge Ry and A; according to the pairwise alignment
between R; and Ry and obtain the alignment A5. By reporting the most fre-
quent character in each column of the alignment, we generate the consensus
sequence GGTAATCTGACTTA.

R,=TAAAGC-G
R,=TAAAGT-GG

"W R,-TARAGCG R,=TAAAG-CG R,=TAAAGCG R,=TAAAGCG R AGTCGG
R,=TAAAGTGG Ry= AGTCGG R,= TCGG R,= AGCG Ro= TCGG
4
Score=5 Score=3 Score=1 Score=4 R.= AGC-G
R,=TAAAGT-GG R,=TAAAGT-GG R,=TAAAGTGG TAARGT-GG
R,= AGTCGG R,= TCGG Rg= AGCG (b)
Score=4 Score=2 Score=2
R,=AGTCGG R,=AGTCGG
R,= TCGG R;=AG-CG R,=TAAAG-CGG
Score=4 Score=3 R,=TAAAGT-GG
R,= AGT
= UCEe R Gngg
_ =
R.=AGCG Ri=  AG-cc
Score=1 TAAAGTCGG
(a) (c)
FIGURE 5.34: Consider 5 readss R = {R; = TAAGCG Ry =

TAAAGTGG, R3 = AGTCGG, Ry = TCGG, R5 = AGCG}. Assume match scores 1 and
mismatch/indel scores —1. (a) shows the pairwise alignments among them.
(b) shows the MSA of R generated by greedy merging. The corresponding
consensus sequence is TAAAGTGG. (c) shows the optimal MSA of R. It gives
another consensus sequence TAAAGTCGG.
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R,=TAAAGC-G R,=TAAAG-CG R,=TAAAG-CG
R,=TAAAGT-GG R,=TAAAGT-GG R,=TAAAGT-GG Cannot
Rs= AGTCGG R,= AGTCGG R,= AGTCGG further
improve
R,= TCGG _ R,= TCGG _ R,= TCGG
Realign Realign
Rs=  AGC-G R, R,=  AGC-G Re Rs=_ AG-CG
TAAAGT-GG TAAAGTCGG TAAAGTCGG

FIGURE 5.35: Given the MSA in Figure 5.34(b), after we realign Ry and
R5, we obtain the optimal MSA in Figure 5.34(c).

Algorithm ReAlign

Require: An alignment A for the set of reads R = {Ry,...,Rn}
Ensure: An alignment A’ such that score(A’) > score(A)

1: repeat

2: fori=1to N do

3: Let A_; be the subalignment of A excluding the read R;;

4: Update A to be an alignment between R; and A_; that improves

the alignment score;
5. end for
6: until the alignment score of A does not increase;

FIGURE 5.36: The round-robin realignment algorithm ReAlign.

genome assembly. We first recall the advantages and disadvantages of long
and short reads.

e Second-generation sequencing generates short reads (of length < 300bp)
which are highly accurate (sequencing error rate equals ~1%). However,
the insert size of their paired-end reads is at most 1,000 bp.

e Mate-pair sequencing is also a kind of short read sequencing. It generates
paired-end short reads with longer insert size (2,000 bp to 10,000 bp).
The sequencing error rate is also low (~1%). However, to prepare mate-
pair reads, we need more input DNA.

e The third-generation sequencing sequences long reads (of length ~10,000
bp). However, their reads have a high sequencing error (the error rate is

15%—18%).

This section discusses methods to reconstruct a genome using a combina-
tion of these sequencing technologies. There are two approaches:

e Use mate-pair reads and long reads to improve the assembly from the
short reads.

e Use short reads to correct the errors in long reads.

The following subsections cover these two approaches.
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Scaffolding and gap Scaffolding and gap
filling using mate- filling using long
pair reads reads

Construct contigs

using short reads

FIGURE 5.37: The pipeline for improving the genome assembly using short
reads, mate-pair reads and long reads.

5.4.2.1 TUse mate-pair reads and long reads to improve the assem-
bly from short reads

Observe that short reads are more accurate than mate-pair reads while
mate-pair reads are more accurate than long reads. One approach is to use a
short read assembler to generate a set of accurate contigs first. Then, mate-pair
reads and long reads are used to improve the assembly. ALLPATHS-LG [244]
and PBJelly [72] use this approach.

Precisely, the steps are as follows (see Figure 5.37). First, we assemble
short reads using a short read assembler (like a de Bruijn graph assembler)
and obtain a set C of contigs. Then, if mate-pair reads are available, we can use
mate-pair reads to link the contigs in C through scaffolding (see Section 5.3.4);
then some gaps can be closed by gap filling (see Section 5.3.5) and we obtain
a set S of scaffolds. Finally, using long reads, the scaffolds in S can be further
refined through scaffolding and gap filling.

This approach assumes the contigs generated from the short read assem-
blers are accurate. The errors introduced by the short read assemblers are
difficult to correct in the subsequence steps.

5.4.2.2 Use short reads to correct errors in long reads

Long reads generated by third-generation sequencing have a high sequenc-
ing error rate. On the other hand, short reads have fewer sequencing errors.
One idea is to use short reads to correct errors in long reads. The basic solution
consists of three steps.

(1) Short reads are aligned on the long reads.
(2) Errors in long reads are corrected by consensus of the short reads.
(3) Assemble the long reads to reconstruct the genome.

This idea is used by PBcR [147].

Below, we detail the three steps. The first step performs all-versus-all over-
laps between paired-end short reads and the long PacBio reads. To avoid mis-
alignment, PBcR proposed the following criteria. First, only paired-end short
reads which entirely aligned on the long reads are considered. Second, although
each short read is allowed to align to multiple long reads, the short read is
permitted to align to exactly one position on each long read, which is the
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position with the highest alignment score. Third, each short read is permitted
to align to at most C long reads with the highest alignment scores, where C
is the expected coverage of the long reads on the genome. This constraint is
to reduce the chance of aligning the short reads to the repeat regions.

The first step is time consuming. To improve efficiency, the hashing heuris-
tics (similar to the hashing idea used in Step 1 of Section 5.4.1) is applied.
Instead of performing all-versus-all overlaps, PBcR identifies pairs of short
reads and long reads such that they share some k-mer (by default &k > 14 bp);
then, alignments are performed only for this set of pairs. This filter improves
the efficiency.

After short reads are aligned on long reads, the second step corrects the
errors on the long reads. For each long read, its corrected version can be
estimated by the consensus of its short read alignments, which can be com-
puted using the AMOS consensus module [298] (i.e., Step 3 of Section 5.4.1),
DAGcon [45] or Falcon Sense (see Section 5.4.3.2).

Finally, given all the corrected long reads, the third step runs the OLC
assembler in Section 5.4.1 to reconstruct the genome.

5.4.3 Long read approach

Third-generation sequencing has a high sequencing error rate (~15%—18%).
The OLC assembler cannot directly assemble such long reads. Existing solu-
tions try to correct the long reads first before they reconstruct the genome
using an OLC assembler. FALCON, HGAP [45] and MHAP [20] use this ap-
proach, which has four steps.

1. Overlapping reads: This step aims to report all read pairs with good
alignment scores. Although it is similar to Step 1 in Section 5.4.1, this
step is more difficult since long reads have a high error rate.

2. Correcting reads by consensus: For each read S, Step 1 gives a set
of reads overlapping with S. Based on the alignments, this step aims to
correct the errors in the read S.

3. Reconstructing the genome: Given the corrected long reads, the
genome is reconstructed using an OLC assembler.

4. Refining the genome using the base quality: Every base in the
third-generation sequencing reads has a quality score. This step refines
the genome utilizing the quality scores.

Below, we detail the four steps.

Step 1: Overlapping reads. This step performs pairwise alignments
among all long reads. Recall that long reads have 15%—18% sequencing er-
rors. So, the number of differences between two long reads can be as big as
30%—36%. This step cannot be solved by simply applying the method in Step
1 of Section 5.4.1. HGAP, FALCON and MHAP use different methods for
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this step. HGAP uses BLASR [39] to perform the alignment (BLASR is an
aligner tailored for aligning long reads with a high error rate). FALCON uses
Daligner (an aligner by Gene Myer tailored for all-versus-all pairwise align-
ment of long reads with a high error rate). Both BLASR and Daligner are
slow (“overlapping reads” is actually the slowest step among the four steps).
MHAP proposed a probabilistic method that uses minHash to speed up this
step. Section 5.4.3.1 details the method. In addition, other read overlappers
are available, including GraphMap and minimap[166].

Step 2: Correcting reads by consensus. For every read S, Step 1 tells
us all reads significantly overlapping with S. Let R be such a set of reads.
Step 2 corrects the errors in S by computing the consensus of all reads in R.
Apparently, this step can be solved using Step 3 in Section 5.4.1. However,
since the error rate is high, we need some better method. HGAP uses PBDAG-
con. PBDAG-con first uses BLASR to align all reads in R on S; then, it
builds a directed acyclic graph (DAG) to describe the alignments between the
reads in R and S; finally, from the DAG, it extracts the consensus sequence.
FALCON and MHAP use Falcon Sense. Section 5.4.3.2 details the algorithm
for Falcon Sense.

Step 3: Reconstructing the genome. Given the set of corrected reads,
Step 3 simply runs an OLC assembler (see Section 5.4.3.3) to reconstruct the
genome.

Step 4: Refining the genome using base quality. Since the third-
generation sequencing has a high error rate, the reconstructed genome gener-
ated in Step 3 may still have many mistakes. Step 4 realigns all long reads on
the reconstructed genome to refine it. In this step, the quality scores of the
bases are also used. The detail is stated in Section 5.4.3.3.

5.4.3.1 MinHash for all-versus-all pairwise alignment

Given a set of reads R, this section describes an algorithm for finding all
read pairs (Ry, Ra) such that R; and Ry are significantly similar.

This step is the same as Step 1 in Section 5.4.1. We can perform Smith-
Waterman alignment to align reads. However, it requires quadratic time. To
speed up, we compute a simpler similarity score instead. One possible score is
the Jaccard similarity of the k-mers of two reads (see Section 3.4.4). For every
read R € R, let kmer(R) be its list of k-mers. Consider two reads R and S;

their Jaccard similarity is J(Ry, R2) = }Zzgggiggizzzggggl Note that Jaccard
similarity is between 0 and 1. When J(R;, R3) = 1, we have Ry = R».

For example, consider R; = ACTGCTTACG and Ry, = ACTCCTTATG. We
have kmer(R;) = {ACT,CTG, TGC, GCT,CTT, TTA, TAC,ACG} and kmer(R2) =
{ACT, CTC, TCC, CCT,CTT, TTA, TAT,ATG}. Then, the set of shared 3-mers is
{ACT,CTT, TTA}; hence, J(Ry, Rp) = 2.

Given a set of reads R, our aim is to find {(R;, R2) € RXxR | J(R1, R2) >
d}. This problem can be solved efficiently using hashing. The detail of the

algorithm is shown in Figure 5.38. The algorithm first builds a hash table H]]




Genome assembly 163

Algorithm JaccardSimilarity

Require: A set of reads R
Ensure: A set of pairs (R, R') such that J(R,R’) > ¢
1: Build a hash table HJ| for all k-mers such that Hlw] = {R € R | w €
kmer(R)}.
2: for every read R € R do
3:  Set count[S] =0 for S € R;
4:  for every w € kmer(R) do
5 For every read S € H|[w], increment count[S] by 1;
6: end for
7
8:

. count[S
For every read S with \kmer(R)\+|kmei"[(5]’)\—count[5’] > 6, report (R, S);

end for

FIGURE 5.38: The JaccardSimilarity algorithm.

such that Hjw] = {R € R | w € kmer(R)}. Then, for every read R € R, the
algorithm computes count[S] = |[kmer(R) N kmer(S)| for every S € H|w], for
every w € kmer(R) (see Steps 2—8 in Figure 5.38). Finally, we report all pairs

(R’ S) if '](R’ S) = |kmer?oRlsﬁtk[§36r(S)| = |kme7"(R)|+|CI::tLZi'[Eg,S]‘)|—count[S] > 0.

Although the hashing approach is fast, its running time still depends on
the length of the reads. For long reads, the hashing approach is still slow.

Below, we discuss the minHash approach (see Section 3.4.4). Its running
time is independent of the length of the reads. MinHash is a technique that
allows us to estimate Jaccard similarity J(R,S) for any reads R and S. It
requires K functions hy(),...,hx() that map {0,...,25 — 1} to its random
permutation. For each read R, minHash creates a length- K signature sig(R) =
(Why (R), ..., why (R)), where wp, (R) = miny,epmer(r) hi(w). Figure 5.39 illus-
trates the process to generate the signature of a read. By Lemma 3.3, for
any two reads Ry and Rs, the Jaccard similarity J(R;, R2) is approximately
the same as sim(sig(Ry), sig(R2)) where sim((ay,...,ax),(b1,...,bK)) =
{élai=b:}|

Tt

By the above discussion, finding all (R;,Rs) € R x R such that
J(R1,R2) > 0 can be approximated by finding all (R;, Rs) € R x R such
that sim(sig(Ry), sig(R2)) > d. Since comparing the minHash signatures of a
pair of reads takes O(K) time where K is a constant, the minHash approach
speeds up the all-versus-all comparison of all long reads in R.

5.4.3.2 Computing consensus using Falcon Sense

Given a template read S and a set of reads R = {Rj,..., Ry}, Falcon
Sense corrects errors in S by computing the consensus of all reads in R.
Below, we detail the method. For every read R € R, we first obtain the
semi-global alignment between S and R. Since a mismatch may actually be
an indel, we replace every mismatch with a local deletion-insertion pair (for
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GATCAACGGACCCA R,: TCACGACCCATGTC
GAT AAC GAC TCA GAC CAT
ATC ACG ACC CAG ACC ATG
TCA CGG CCC ACG CCC TGT
CAA GGA CCA CGA CCA GTC
h, h, h, h, h, h, h, h,
53 5 26 21 GAT TCA 14 2 21 31
8 12 33 15 ATC CAG 36 42 28 13
14 2 21 31 TCA ACG 28 7 9 27
31 18 10 51 CAA CGA 34 3061 7
22 21 13 9 AAC GAC 27 34 19 63
28 7 9 27 ACG ACC 17 24 5 11
7 26 16 32 CGG CCC 9 27 45 39
25 39 53 33 GGA CCA 23 58 12 61
27 34 19 63 GAC CAT 41 61 18 57
17 24 5 11 ACC ATG 10 53 36 18
9 27 45 39 cCC TGT 43 9 58 23
23 42 12 61 CCA GTC 12 45 7 1
7 2509 9 2 51
sig(R,) sig(R,)

sim(sig(R,), sig(R,))=2/4=0.5

R;: GATCAACGGACCCA

et T
R,: TCA-CG-ACCCATGTC

FIGURE 5.39: An example demonstrates the computation of sim(R1, Rz),
where R; = GATCAACGGACCCA and R, = TCACGACCCATGTC. Note that
Ry and Ry share 6 3-mers. Hence, the Jaccard similarity J(R;p, R2)

6

12+12-6

= L. At the same time, sig(R1) = (7,2,5,9) and sig(R)

(9,2,5,1). Hence, sim(sig(Ry), sig(Rz)) = 2 = 0.5. Note that J(Ry, Ra)
sim(sig(Ry1), sig(Rz)).

Q
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example, see the deletion-insertion pair in the alignment between R; and S
in Figure 5.41(a)). Moreover, there are multiple ways to place gaps in an
alignment. To ensure a consistent result, all gaps are moved to the rightmost
equivalent positions. After that, each aligned position is either (1) a match
that aligns S[j] and R[i], (2) a deletion that aligns S[j] with — or (3) an
insertion that aligns — with R[i]. For (1), we include a tuple (4,0, R[i]). For
(2), we include a tuple (4,0, —). For (3), we include a tuple (j,d, R[4]) if it is
the dth insertion after S[j]. Figure 5.41(a) illustrates the computation of the
tuples (p, d,b).

Each tuple (p,d,b) is a vote. For d = 0, each (p,0,b) is a support that
S[p] should be b. For d > 0, each (p,d,b) is a support that b should be
inserted at the dth position after S[p]. The next step is to compute consensus
from all tuples. The steps are as follows. Let count(p,d,b) be the number
of occurrences of the tuple (p,d,b). We sort all distinct tuples (p,d,b) by
increasing order of j,d and followed by the alphabetic order of b; then, b is a
consensus base if count(p,d,b) > %ZmG{A,C,G,T,f} count(p,0,x). For example,
Figure 5.41(b) gives the sorted list of distinct tuples, the corresponding counts
and the corresponding consensus bases. For this example, the consensus for
the template S is TAAGTCAG. The detail of the algorithm is given in Figure 5.40.

5.4.3.3 Quiver consensus algorithm

After we obtain a genome from the OLC assembler, this section discusses
the Quiver consensus algorithm that refines the genome using the base-call
information of the reads.

Given the base-call information, for any read R and any reference T, we
can compute the likelihood function Pr(R|T'). Let x be any single base substi-
tion/insertion/deletion. Let T o k be the genome formed after the mutation k.
If Pr(R|Tok) > Pr(R|T), R supports T ok better than T'. Let R be the set of
all reads. Our aim is to find a set of mutations {k1,..., Ky} that maximizes
[[rer Pr(R|T 0 k1...0kKpm).

This problem is NP-hard. One heuristic solution is to iteratively improve
the genome. More precisely, the genome T is partitioned into subregions. For
each subregion W, we iteratively find mutation x such that [] ;. Pr(R|W o
k) > [ per Pr(R|Wok). Then, we update W to Wor. We repeat the updates
until it cannot be further improved. The algorithm is known as the Quiver
consensus algorithm. Its detail is shown in Figure 5.42.
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Algorithm FalconSense

Require: A set of reads R that are aligned on the template S
Ensure: A corrected sequence for S based on the consensus of the reads in

1:

R
for every read R € R do

2:  Compute the alignment A between R and S allowing matches or indels
(no mismatches);

3. for each aligned position in A do

4: If it is a match aligning S[j] with R[i], add tuple (j,0, R[i]);

5: If it is a deletion aligning S[j] with —, add tuple (4,0, —);

6: If it is an insertion aligning — with R[i], suppose this is the dth

insertion after S[j]; add tuple (j,d, R[i]);
7. end for
8: end for

9: For each distinct tuple (p,d,b), let count(p,d,b) be the number of oc-

10:

11:
12:

13:
14:
15:
16:
17:

currences of the tuple in the list.

Sort all distinct tuples (p,d,b) by increasing order of p,d and followed
by the alphabetic order of b;

for each distinct tuple (p,d, b) in sorted order do

if count(p,d,b) > 1 (er{A,C,G,T,f} count(p,Ow)) then
Output b;
else
Output —;
end if
end for

FIGURE 5.40: The algorithm FalconSense.
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R,=TAA-G-CA
S =TARAGT-A

p =12345667

R < (v, <, b)

R,= AGTCAG (1,0,7T) 2 T

S =T//AGT-AG (2,0,2) 2 A

p= 456678 (3,0,2) 2 A

d = 000100 (4,0,2) 1 -

R,=  Grcac  (40,7) 2 -

S = GT-AG (5,0,6) 3

p = 56678 (5,0, -) 1 =

d= 00100 (6,0, T) 3 T S =TAAAGT-AG

(6.0.-) 3 _ R,=TAA-G-CA

R,=TAA--TAG L R,=  AGTCAG

S =TARAGTAG (6,1,€) 3 c R,=  GTCAG

p =12345678 (7,0,2) 4 A R,=TAA--T-AG

d =00000000 (8,0,G) 3 G Consensus: TAA-GTCAG
(a) (b) ()

FIGURE 5.41: Consider a set of 4 reads R = {R; TAAGCA, Ry =
AGTCAG, R; = GTCAT,R; = TAATAG} and a template S TAAAGTAG. (a)
shows the alignment (allowing match and indel only) between Ry and S for
k=1,2,3,4. For each alignment, we list the p and d values below each aligned
base. Each aligned position gives one tuple. (b) shows the sorted list of tuples
(p,d,b), their counts and their consensus bases. (c¢) shows the final consensus
sequence and the corresponding MSA of R.

Algorithm Quiver
Require: A predicted reference genome T and a set of reads R, where every
base in the reads is associated with a quality score

Ensure: A corrected sequence for T'
1: for every subregion W of T' do
2:  Identify a subset of reads S of R that can align on the subregion W;
3:  while there exists mutation x of W  such that

(Iges Pr(RIW o k) > [Tges Pr(R|W)) do

4: Set W =W ok;
5.  end while
6: end for

FIGURE 5.42: The algorithm Quiver.
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5.5 How to evaluate the goodness of an assembly

Different assemblers generate different assemblies. We need some ways to
evaluate the goodness of an assembly. The goodness of an assembly can be
evaluated by (1) the assembly completeness and (2) the assembly accuracy.

The assembly completeness checks if the assembly is too fragmented. It
is usually accessed by statistics including the number of contigs, number of
contigs longer than 1000 bp, maximum contig length, combined total length,
N50, and N90. They are defined as follows.

e The number of contigs and number of contigs longer than 1000 bp are
self-explanatory.

e The maximum contig length is the maximum among the set of contigs
in the assembly while the combined total length is the total length of
all the contigs in the assembly.

e The N50 length of the assembly is defined as the maximum contig length
such that contigs of length equal or longer than that length account for
50% of the combined total length of the assembly. The N90 length is
defined similarly. Note that N90 is always shorter than N50.

If the assembly is near complete, the number of contigs should be as small as
possible while the maximum contig length, combined total length, N50 and
N90 should have values close to the actual genome size.

For example, suppose you reconstructed 10 contigs of lengths 125, 250, 480,
700, 950, 1273, 1435, 1855, 1927 and 2100. The number of contigs is 10 while
the number of contigs longer than 1000 bp is 5. The maximum contig length
and combined total length are 2100 and 11,095, respectively. N50 equals 1855
since 1855 + 1927 + 2100 = 5882 > 11,095 * 50% while 1927 + 2100 = 4027 <
11,095 % 50%. Similarly, N90 equals 700.

For the assembly accuracy, if a trustable reference genome is available, the
accuracy can be measured by aligning the contigs or scaffolds to the reference
genome. When there is no reference genome, there is no standard measurement
to evaluate the goodness of the assembly. Some possible measurements include
the number of discordant reads, the GC content of the contigs, etc.

5.6 Discussion and further reading

This chapter discussed different techniques for genome assembly. We cover
read error correction, contig building (base-by-base extension approach, de
Bruijn graph approach, OLC assembly approach), scaffolding and gap filling.
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FIGURE 5.43: The top figure visualizes a genome with a repeat X. The
bottom genome is formed by swapping fragments B and C.

For the contig building step, apart from the base-by-base extension approach,
de Bruijn graph approach and OLC assembly approach, another approach
is based on the string graph. Methods that use string graphs include Read-
joiner [88], fermi [164], [212] and SGA [273, 274].

Although the current genome assemblers are more advanced, repeat is still
a tough problem. Repeats appear frequently and cover more than 50% of our
genome. Even worse, many repeats are segmental duplications and they are
long. Figure 5.43 illustrates why repeats affect genome assembly. Suppose we
obtain a set of reads R from the genome T'. If the length of the repeat X is
longer than the length of the insert size, R cannot distinguish the genomes
T and T’. Hence, no genome assembler can reconstruct the correct genome
without ambiguity if the insert size is shorter than the length of the longest
repeat.

Apart from standard genome assembly, other types of assembly problems
exist. They include single-cell genome assembly, meta-genomic assembly and
transcriptome assembly.

Single-cell genome assembly is based on the technology of single-cell whole
genome sequencing. This technology can sequence the genome of a single cell.
It tries to perform a genome-wide amplification of a set of short fragments from
a single cell using multiple displacement amplification (MDA); then, paired-
end sequencing is performed on those short fragments. As a first glance, it
seems that this problem can be solved using normal genome assemblers. How-
ever, since the genome-wide amplification has bias, the paired-end reads do not
evenly cover the whole genome. This creates technical problems for genome
assemblers. A number of methods have been proposed to solve such problems,
including the E4+V-SC assembler [47], SPAdes [13], and IDBA-UD [230].

Meta-genomic assembly aims to sequence a mixture of genomes, each with
different frequency. The difficulty of this problem is that the coverage of each
genome is unknown initially. A number of assemblers are proposed to per-
form de novo meta-genomic assembly. They include MetaVelvet [214], Meta-
IDBA [228], IDBA-UD [230], MAP and Genovo [156]. MetaVelvet, Meta-
IDBA, IDBA-UD use the de Bruijn graph approach. Both MAP and Genovo
are designed for long reads.

Transcriptome assembly aims to reconstruct all transcripts from the RNA-
seq dataset. The length of transcripts is 7000 bp on average, which is much
shorter than genomes. Hence, it seems that it is an easier problem. However,
there are two difficulties: (1) different transcripts have different expression
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levels and (2) transcripts may share a number of exons due to splicing. A
number of methods have been proposed to address these two difficulties. They
include Rnnotator [193], Multiple-k [291], Trans-ABySS [248], T-IDBA [229],
Trinity [89], Oases [268], SOAPdenovo-Trans [321] and EBARDenovo [49].

5.7

1.

Exercises

Can you explain why the mate-pair sequencing reports two reads at the
two ends of the DNA fragment, both from the forward template?

. Suppose T = {ACT, CTG, TGT,GTC, TCT,CTA} and R = TGTTA. Can you

compute the minimum edit distance between R and a 7 -string? Please
illustrate the steps.

Suppose T = {ACT, CAC, CTG, CTT, TCA, TTC} and R = TCACTGCA. Can you
compute the minimum edit distance between R and a 7 -string? Please
illustrate the steps. (You can assume there is no indel error in TCA.)

. Show that the dependency graph defined in Section 5.3.1.1 does not have

negative cycle.

. Show that Lemma 5.2 is correct.

. Consider the weighted directed graph G constructed based on the recur-

sive equation in Lemma 5.1. Let P be a shortest path from vs to some
node (|R|,t) where t € T. Can you give an algorithm to determine if it
is unique? What is the time complexity?

. Consider an undirected graph G = (V, E)). (Assume it has one connected

component.) We aim to compute the shortest paths between u and all
nodes v € V—{u}. Can you propose a solution which runs in O(|V|+|E|)
time? (Hint: You can use breadth-first search.)

. Give an O(|T || R|)-time algorithm for computing the minimum edit dis-

tance between R and any 7 -string.

. For the following two cases, using the base-by-base extension approach

(with the pairing information), can you guess what the next bases are?

(a) Consider the following set of paired-end reads (in Illumina for-
mat): {(GCAAC, CTCGA), (ACTCG, CAACG), (AGCAC, GCTCG)}. Suppose
the template is TGCAACGTACGTACGGTCGAG. Can you guess what the
next base is?
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(b) Consider the following set of paired-end reads (in Illumina format):
{(CGTAC, CGTAT), (TACGG, TCGAA), (ACGGA,GTCGA), (CGGAA, TGTCG),
(CGGAG, CTCAC)}. Suppose the template is CGTACGTCAGCCACGATACGGA.
Can you guess what the next base is?

Consider the following set of seven paired-end reads extracted from a
genome of length 14 (with no error, the insert size is exact (i.e., 8 bp) and
all reads are in positive strand): ACG..GTG, CGT..GTA, CGT..TGC, GTC..GCG,
GTG..TAG, TCG..CGT, and TGC..AGA. Perform genome assembly to recon-
struct the genome. If we ignore the pairing information (i.e. we assume
the input consists of fourteen 3-mers), can we reconstruct the genome?
Please explain your answer.

Consider the set of reads {AACCTCA, ACCTCAT, GGGGTTC, TATGGAA,
TGGAACC}.

(a) Let TGGAACC be the initial template. Can you perform base-by-base
extension to reconstruct the genome? (When you align reads on the
template, please assume you only trust exact alignment of length
at least 3. Note that the read may be reverse complemented.)

(b) Can you build the de-Bruijn graph H, based on 4-mers in the reads
and their reverse complements? After pruning the tips and merging
the bubbles, can you reconstruct the genome?

Consider the set of reads {ACCTCC, TCCGCC, CCGCCA}. For k = 2 or 3, can
you build a de Bruijn graph H? Can you get the Eulerian path from
H;.? Is the Eulerian path unique?

Given a de Bruijn graph H with n edges, can you describe an O(n)-
time algorithm to determine if a Eulerian path exists? If the Eulerian
path exists, can you give an O(n)-time algorithm to recover the Eulerian
path?

Given a de Bruijn graph H with n edges, suppose a Eulerian path ex-
ists in H. Can you give an algorithm to determine if there is a unique
Eulerian path?

Consider S = ACTGTTCGCAGTTCGAAGTTCAAGG. Let Hj be the de Bruijn
graph of all k-mers of S. What is the smallest k such that there is a
unique Eulerian path in Hj? (Assume there is no error.) Please also
explain why we don’t have a unique Eulerian path from the de Bruijn
graph Hy_1.

Consider S = CCTCGCTTCGTCA. Let Hy be the de bruijn graph of all k-
mers of S. What is the smallest k such that there is a unique Eulerian
path in Hy? (Assume there is no error.) Please also explain why we don’t
have a unique Eulerian path from the de bruijn graph Hy_;.
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Please show that the scaffolding problem is NP-complete.

Prove or disprove: The scaffolding problem always have a unique solu-
tion.

Assume the insert size is 400 bp. Suppose we run the greedy scaffolder in
Figure 5.29 starting from contig C. Can you reorder the following three
contigs?

50 183 135 43 33 208 85

Let R be a set of paired-end reads generated from the following genome.
You perform deep sequencing. So, you have many paired-end reads in
R. Also, assume fragments A, B, C, D and E have little homology.

7 W ° B < BN o K ¢ ]

e Suppose the insert size is shorter than the size of X and Y. Is it
possible to reconstruct the whole genome as one contig? If not, can
you guess the list of contigs?

e Suppose the insert size is shorter than the size of X but not Y. Is
it possible to reconstruct the whole genome as one contig? If not,
can you guess the list of contigs?

Recall that the minHash approach computes a length-K signature
sig(R) for every read R given K hash functions hq(),h2(),...,hk().
Precisely, let kmer(R) be all k-mers in R. The signature is sig(R) =
(Wi(R),w2(R),...,wk(R)) where w;(R) = minycpmer(r) hi(w). For any
two reads R; and Ry, it is known that the Jaccard similarity J(Ry, Ra) ~
sim(sig(Ry1), sig(Rz)), where sim((ay, ... ,ax), (b1,...,bk)) = W

o If we change sig(R) to sig'(R) = (wi(R),w4(R),... ,wk(R)
where wj(R) = maXyecpmer(r) hi(w), is it true that J(Ry, Ry) ~
sim(sig’'(Ry), sig’'(R2))? Why?

e If we change sig(R) to sig’(R) = (wi(R),...,wk(R), wi(R),...,
Wi (R)), is it true that J(Ri,R2) ~ sim(sig’(R1),sig”(Rz))?
Why?

e Among the three scores sim(sig(R1),sig(Rz2)), sim(sig'(R1),

sig’(Rs2)) and sim(sig”’(R1), sig”(Rz)), which one gives the best
approximation of J(Ry, Rg)? Why?
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22. Consider the template sequence S = GCACTCGTGCAC. Consider the set of
reads R = {TCGTTGCA, GTCGTTGAC, GCAGTCGT, ACTTTGA }. Can you deduce
the consensus sequence using Falcon Sense?
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Chapter 6

Single nucleotide variation (SNV)
calling

6.1 Introduction

Different individuals have slightly different genomes. These differences are
called genome variations. They include single nucleotide variations (SNVs),
small indel variations, copy number variations (CNVs) and structural varia-
tions (SVs). Figure 6.1 illustrates various genome variations in our genome.

These variations affect phenotypes and how we look. They also cause dis-
eases. Hence, it is important to call these variations for each individual. With
the advances in next-generation sequencing, genome variations can be discov-
ered on a genome-wide scale. In this chapter, we focus on discussing techniques
to call SNVs and small indels from NGS data. The next chapter covers meth-
ods for calling CNVs and SVs.

6.1.1 What are SNVs and small indels?

Single nucleotide variation (SNV) is a point mutation that occurs at some
location (called locus) in our genome. It is the most frequent genome variation.
Each individual is expected to have 3 x 106 SNV, i.e., one SNV in every 1000
nucleotides [122, 1]. Figure 6.1(a) shows one SNV where A is mutated to C.

SNVs can occur in protein-coding regions or non-coding regions. A pro-
tein coding region is a sequence of triplets of nucleotides called codons, each
of which determines a single amino acid. If the SNV does not change the
amino acid type, it is called a synonymous SNV; otherwise, it is called a
non-synonymous SNV. The non-synonymous SNV is further partitioned into
missense SNV and nonsense SNV. The missense SNV changes the amino acid
type. The nonsense SNV changes an amino acid codon to a stop codon. The
nonsense and missense SNVs can significantly alter the 3D structures and
functions of proteins.

When SNVs occur in non-coding regions, they are mostly neutral. How-
ever, non-coding SNVs may affect the expressions of genes if they occur on
functional sites like transcription factor binding sites or splice junctions.

A small indel is an insertion/deletion of a short segment (of size at most

175
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(a) Single Nucleotide Polymorphism (SNV)

[ A ]

-
[ C ]
(b) Small indel
[ || I ]
B
[ I 1 ]
(c) Copy Number Variation (CNV)
[ 1 1 ]
-
[ 1 1 1 ]
(d) Structural Variation (SV)
[ T I ]
)
[ I T ]

FIGURE 6.1: Four types of variations: (a) SNV, (b) small indel, (¢) CNV
and (d) SV. For (b), the black region is deleted while the gray region is in-
serted.

50 bp) from the genome. Figure 6.1(b) shows one insertion and one deletion. It
is the second most frequent variation. Bhangale et al. [21] showed that indels
represent 7%—8% of human polymorphisms. Recently, some evidence showed
that the number of indels may be under-estimated. For example, in a Yoruban
genome (NA18507), we expect approximately 1 indel per 3000 nucleotides,
where most of the indels (up to 98.5%) are of size 1—20 bp [122]. Most indels
(43%—48%) are located in 4% of the genome (called indel hotspots). 75% of
small indels are caused by polymerase slippage [206]. (Polymerase slippage
is a process occurring during replication. It is thought to occur in a section
with repeated patterns of bases (e.g. CAG repeats). In such a region, a bubble
is formed in the new strand. Then, subsequence replications create the indel.
See Figure 6.2.)

When an indel occurs in a protein coding region, it can cause frameshift
variation. If the indel is of a size that is a multiple of 3, it will cause deletion or
insertion of a few codons (called in-frame indel), which may or may not affect
the property of the gene. If the indel’s size is not a multiple of 3, a frameshift
indel occurs which can totally change/destroy the whole protein. Similar to
SNVs, when indels occur in non-coding regions, many are neutral unless they
occur in some functional sites like transcription factor binding sites or splice
junctions.

The effect of SNVs and indels is further complicated by the fact that the
human genome is diploid, that is, every chromosome has two copies, one from
the father and the other one from the mother. For each locus (i.e., each position
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- GT CGTCGT CGTCGT CGTSC

FIGURE 6.2: Tllustration of polymerase slippage. (a) is a DNA sequence
with repeats of CAG. (b) During replication, polymerase slippage occurs in the
upper strand, which creates a bubble. (¢) Then, subsequence replication of
the top strand creates a small insertion.
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...ACGTCATG...
...ACGCCATG...

FIGURE 6.3: Consider a chromosome pair. The 4th position has two dif-
ferent alleles C and T. This locus has a heterozygous genotype. For the rest of
the loci, each has a single allele; hence, they have homozygous genotypes.

on the genome), the nucleotide that appears in each copy of the chromosome
is called its allele. The pair of alleles that appears at a locus is called its
genotype. If the two alleles of a genotype are the same, it is a homozygous
genotype; otherwise, it is a heterozygous genotype. (See Figure 6.3 for an
example.) Different alleles have different effects or phenotypes. Some alleles
mask the effect of other alleles, which are called dominant alleles. Alleles that
are masked by others are called recessive. So, depending on whether SNVs and
indels affect dominant or recessive alleles, different effects will be observed.

Increasing evidence shows that SNVs and indels are involved in a wide
range of diseases[95, 324]. For example, SNVs in TP53 and CTNNBI1 genes
have been discovered to recurrently occur in hepatocellular carcinoma [129].
Indels that appear in microsatellites have been linked to more than 40 neuro-
logical diseases [226]. The deletion in intron 2 of the BIM gene has been asso-
ciated with the resistance to tyrosine kinase inhibitors in CML patients [218].

6.1.2 Somatic and germline mutations

Mutations can be classified into two types: somatic mutations and germline
mutations. Germline mutations are mutations that are transmitted from par-
ents to offspring through the germline cells (gametes). These mutations are
present in virtually every cell in an individual. Somatic mutations are muta-
tions that occur in only a subgroup of cells of an individual (except the germ
cells). Hence, these mutations are not passed to the children. Somatic mu-
tations may cause diseases. Cancer is a typical example where cells acquired
somatic mutations and developed into a tumor.

6.2 Determine variations by resequencing

To call SNVs and indels in a sample, the first step is to sequence the sam-
ple’s genome by next-generation sequencing. Depending on whether we want
to obtain SNVs and indels in the whole genome or in some targeted regions,
we can sequence the sample by whole genome sequencing or targeted sequenc-
ing. For whole genome sequencing, we use the wet-lab protocol described in
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Genomic DNA
Sonication to break genomic DNA l

In-solution hybridization of biotinylated probe ® Biotinylated probe

°

Enrichment by pull-down l
(]

FIGURE 6.4: Illustration of the biotinylated target enrichment workflow.
This illustration aims to enrich the region with the gray-colored probe.

Section 5.2.1. Below, we describe targeted sequencing and how to generate
datasets for calling somatic SNVs and indels.

6.2.1 Exome/targeted sequencing

Whole genome sequencing is expensive since we need to sequence reads that
cover the whole genome. Instead, we can study variations in some targeted
regions. The sequence-capturing technologies enable us to capture targeted re-
gions from the sample genome; then, we can study variations in these targeted
regions by high-throughput sequencing. Targeted sequencing is useful since it
is cheaper. One popular targeted sequencing is exome sequencing (see [292]
for a survey). Exome sequencing only sequences regions containing promoters
and protein coding genes. Since the regions are much shorter than the whole
genome, exome sequencing costs ~ 1/6 of whole genome sequencing. Further-
more, although protein coding sequences are short (constitute approximately
1%—2% of the human genome), they harbor ~ 85% of the mutations with
large effects on disease-related traits [48]. Hence, exome or targeted sequenc-
ing provides a cost-effective solution to identify causal mutations of different
genetic diseases.

There are two general approaches for targeted sequencing: (1) target en-
richment workflow and (2) amplicon generation workflow.

The target enrichment workflow enriches the selected target regions. Fig-
ure 6.4 illustrates the idea of Biotinylated target enrichment workflow. Bi-
otinylated probes are designed so that each targets one specific region. After
the genomic DNA is sheared by sonication, the sheared DNA fragments are
hybridized with the biotinylated probes in solution. Through affinity enrich-
ment, the targeted DNA fragments are captured.

Amplicon generation workflow amplifies the selected target regions. A set
of oligo pairs are designed, where each oligo pair flanks one target region. The
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Genomic DNA

Amplification by PCR l

FIGURE 6.5: Illustration of the amplicon generation workflow. This illus-
tration aims to amplify the region flanking the gray-colored oligo pair.

oligo pairs are hybridized on the genomes. Then, by extension and ligation, we
obtain an amplicon of the target region for each oligo pair. Finally, through
PCR, the target regions are amplified. Figure 6.5 illustrates the amplicon
generation workflow.

6.2.2 Detection of somatic and germline variations

By resequencing the genome of a sample, we can identify a set of mutations
with respect to the reference genome. These mutations include both somatic
and germline mutations.

These two types of mutations cannot be differentiated by just sequencing
the targeted sample. We also need to sequence normal tissue that represents
the germline. For example, for a solid tumor like in the liver, we can sequence
the tumor and its adjacent normal. Mutations that appear in both the tumor
and normal tissue are assumed to be germline mutations. Somatic mutations
are mutations that appear in the tumor but do not appear in normal tissue.

6.3 Single locus SNV calling

A single nucleotide variant (SNV) is the modification of a single reference
nucleotide by another base. SNVs are known to be the drivers of tumorigen-
esis and cellular proliferation in many human cancer types. Next-generation
sequencing becomes a high-throughput and cost-effective sequencing method
to discover them on a genome-wide scale.
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Given a set of reads obtained from whole genome sequencing or ex-
ome/targeted sequencing, the basic SNV calling approach is as follows.

1. Align all reads on the reference genome (see Chapter 4) and obtain a
BAM file.

2. Some reads may be aligned incorrectly. This step filters alignments with
a low mapQ score and alignments with many mismatches.

3. Alleles appearing in each locus are collected. Suppose that some alleles
that appear on a particular locus are different from the reference allele.
An SNV may exist in such locus. Figure 6.6 gives an example. There are
three loci whose non-reference alleles occur at least once. They appear at
positions 5, 23 and 28. These alleles may be SNVs or sequencing errors.

4. For each locus with a non-reference allele, different statistics can be
applied to determine if an SNV exists in such locus.

5. After SNVs are called, the called SNVs are stored in VCF files [60] (see
Section 2.5).

This section focuses on Step 4, which is called the single locus SNV calling
problem. Precisely, the problem is as follows. Consider a particular locus j
with a reference base r. Suppose there are n reads whose alignments cover this
locus and let D = {by,...,b,} be the set of n bases on the n reads that cover
this locus. Furthermore, let ¢1,...,q, be the corresponding PHRED quality
scores of the n bases. (This means that e; = 10716 is the sequencing error
probability of b;.) This single locus SNV calling problem aims to determine if
the locus j has an SNV.

A number of methods are proposed to solve this problem including:

e identifying SNVs by counting alleles,

e identifying SNVs by binomial distribution,

e identifying SNVs by Poisson-binomial distribution, and
e identifying SNVs by the Bayesian approach.

The following subsections will cover these methods. Calling single locus so-
matics SNVs will be covered in Section 6.4.

6.3.1 Identifying SNVs by counting alleles

The basic approach to call SNVs is based on counting alleles. Let D’ be
the subset of bases in D that are of high confidence. Usually, we keep bases
with a quality score > 20. Hence, D' = {b; € D | ¢; > 20}. Then, among all
bases in D’, the number of occurrences of each allele is counted.
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e If the proportion of the reference allele in D’ is below 6, (says, 20%),
it is called a homozygous non-reference allele;

e If the proportion of the reference allele in D’ is above Onigh (says, 80%),
it is called a homozygous reference allele;

o Otherwise, it is called a heterozygous genotype.

Figure 6.6 gives an example to illustrate the idea. There are three loci whose
non-reference alleles occur at least once. For position 5, the reference base T
occurs less than 20% of the time. We predict the genotype of this locus to be
AA (homozygous for non-reference allele). For position 23, the reference base A
occurs more than 80% of the time. We predict the genotype of this locus to be
AA (homozygous for reference allele). For position 28, 75% of reads contain the
reference base T. We predict the genotype of this locus to be GT (heterozygous
site).

This method is used in a number of commercial software programs in-
cluding Roches GSMapper, the CLC Genomic Workbench and the DNSTAR
Lasergene. It works fairly well when the sequencing depth is high (> 20x).

However, this method may under-call heterozygous genotypes. Also, it does
not measure uncertainty.

6.3.2 Identify SNVs by binomial distribution

To resolve the limitation of simple counting, we can determine uncertainty
by binomial distribution. Recall that D = {by,...,b,} is the set of bases
covering a particular locus. The null model is that all non-reference variants
in D are generated by sequencing errors. Let the random variable X be the
number of variant bases among the n bases. Denote Pr,(X = k) as the
probability of observing k variants in D under the null model.

Suppose there are K non-reference variants in D. We declare that this
site is an SNV (i.e., reject the null model) if Pr(X > K) (which equals
Y ks Prn(X = k)) is smaller than some user-defined threshold (say 0.05).

Assume that the sequencing errors of the n bases are independent. When
the sequencing error probability p is known (say p = 0.01), X follows a bino-
mial distribution. Then, we have

Pra(X = k) = (Z)pm .

Figure 6.7(a) shows an example. Three reads cover locus j and the three
bases at locus j are D = {A,G,A}. Note that two bases are non-reference
variants. The p-value of observing two non-reference variants is Prg(X >
2) = (3)(0.01)%(1 — 0.01)! + (3)(0.01)® = 0.000298. With p-value threshold
0.05, we call this locus an SNV.

Although this method determines the uncertainty probability, it does not
utilize the quality score of each base.
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CACGACAC-———==—— === ———mmm— oo
CACGTCACATAG-————===——=—=——————— -
CACGACACATAGACACCA--————————————————————

Aligned reads  —

——————————————————————————— TGGGTCACCATAT
————————————————————————————— GGTCACCATAT

Reference CACGTCACATAGACACCATTGAACACGTGGGTCACCATAT

Allele count @ 445 I7776778777889888 988 77776655554
b 000050000000000000000010000 oooooooooooo

\\

Homozygous Heterozygous

FIGURE 6.6: An example illustrates the simple SNV caller. The top part
shows all the aligned reads. The middle part is the reference sequence. The
bottom part shows the allelic counts. It has two rows. The first row shows the
counts of the reference bases while the second row shows the counts of the
non-reference bases.

GAACTCGCACGATCAG

GAACTCACAC A 20 102
ACTCGCACGA G 10 10—1
TCACACGATC

A 50 10

(a) (b)

FIGURE 6.7: (a) shows the alignments of three reads on the reference
genome. For locus j, the reference base is G while there are two non-reference
variants. (b) shows the quality scores and the sequencing error probabilities
for these three bases.
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6.3.3 Identify SNVs by Poisson-binomial distribution

Section 6.3.2 assumes the sequencing error rate is the same for every base
aligned on a locus. However, the sequencing error rates for different bases
are actually different. Luckily, the sequencing error rate for each base can
be estimated by its PHRED quality score. Given the PHRED quality scores,
can we improve the sensitivity of SNV calling? Based on Poisson-binomial
distribution, we have a positive answer.

The null model is that all variants are generated by sequencing errors.
Let the random variable X be the number of variant bases among the n
bases. Denote Pr, (X = k) as the probability of observing k variants in D =
{b1,...,b,} under the null model.

We generalize the binomial distribution to a Poisson-binomial distribution,
where the sequencing error probabilities are different for different bases. Then,
we have

Pro(X =k) = Z { (H (1 e¢)> (H e,) | the number of (b; # r) is k} .

by...bn b;=r b;#r

For example, consider the example in Figure 6.7(a.b). Pr3(X = k) for
k=0,1,2,3 can be computed as follows.

Pry(X =0) = (1—e1)(1—e2)(l—es)=0.89099109

Pry(X=1) = (e1)(I1—e2)(1—e3)+(1—er)(e2)(1—es)+(1—er)(l—e2)es)
= 0.10800783

Pr3y(X =2) = (1—-e1)(e2)(e3) + (e1)(1 —e2)(es) + (e1)(e2)(l — e3)
= 0.00100107

Prs(X =3) = (e1)(e2)(es) = 0.00000001

Since the observed number of non-reference variants in Figure 6.7(a,b) is 2.
The p-value is Prs(X > 2) = 0.00100108 < 0.05. We reject the null hypothesis
and accept that this locus is an SNV. This approach is sensitive and it can
detect low-frequency mutations.

However, computing Pr, (X = k) using the above equation takes expo-
nential time. When n is large, it is inefficient to compute Pr,(X = k).
LoFreq [317] proposed a dynamic programming solution, whose recursive equa-
tion is stated in the following lemma.

Lemma 6.1 When k = 0 (base case), Pr,(X = k) = Pr,(X = 0) =
[T_,(1 —e;). When k >0 (recursive case), we have

Pro(X=k)=(1—-ey)Pro1(X =k)+e,Prp1(X=k—-1). (6.1)
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Algorithm LoFreq

Require: n is the number of bases at the locus and K is the number of
non-reference bases, {q1,...,qn} is the set quality scores.
Ensure: Pr,(X > K)
: PTo(X = O) =1
for i =1ton do
Set Pry(X =0) = (1 —e;)Pri_1(X = 0), where ¢; = 10~ 16;
end for
fort:=1ton do
for k=1 to min{i, K — 1} do
Compute Pr;(X = k) by Equation 6.1;
end for
end for
Report 1 — kK;Ol Pr, (X =k);

H
@

FIGURE 6.8: The dynamic programming algorithm to estimate Pr, (X >
K).

Proof The base case is simple.

For the recursive case, note that we have either b, = r or b, # r. When
b, = r, this means that there are k variants in {b1,...,b,—1}; thus, the prob-
ability is Pr,_1(X = k)(1 — e,).

When b,, # r, this means that there are k — 1 variants in {b1,...,bp_1};
thus, the probability is Pr,_1(X =k — 1)(1 — e,). The lemma follows. |

LoFreq aims to compute the exact p-value by Equation 6.1. We can com-
pute Pr, (X > K) using O(Kn) time by dynamic programming. The algo-
rithm is detailed in Figure 6.8. Steps 1—4 compute the base case in Lemma 6.1
while Steps 5—8 compute the recursive case in Lemma 6.1.

6.3.4 Identifying SNVs by the Bayesian approach

We can call SNVs by the Bayesian approach. Let G be the set of all possi-
ble genotypes, i.e., G = {AA,CC,GG,TT, AC, AG, AT, CG,CT,GT}. The Bayesian
approach aims to compute Pr(G|D) for every genotype G € G, where
D = {b1,...,b,} is the set of bases. Then, we report G, which maximizes
Pr(G|D), as the genotype at this locus.

The issue is how to compute Pr(G|D). By the Bayesian approach,
Pr(G|D) < Pr(G)Pr(D|G), where Pr(G) is the prior probability and
Pr(D|G) is the likelihood.

First we discuss how to compute the likelihood Pr(D|G). Suppose the
genotype G = A As. Since the bases in D are extracted from different reads,
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they are expected to be independent. Then,

P’I"(b1|A1) + P’/‘(bi‘Ag)

Pr(D|G) = [ Prbil{As, As}) = 5

1=1..n i=1l..n

Recall that each base b; is associated with a PHRED score ¢;. By the definition
of the PHRED score, the error probability of b; is e; = 1079/10, Then, for
Jj=1,2, we have Pr(b;|A;) =1 —e¢; if by = Aj; and e;/3 otherwise.

Next, we discuss how to estimate the pI"lOI‘ probability Pr(G) for every
genotype G € G. Typically, we assume the heterozygous SNV rate (altHET)
is 0.001 (since we expect 1 SNV per 1000 bp) and the homozygous SNV rate
(altHOM) is 0.0005. For example, suppose the reference allele is G and the al-
ternative allele is A. Then, we set Pr(AA) = 0.0005, Pr(GG) = 0.9985, Pr(AG) =
0.001 while Pr(G) =0 for G € G — {AA, GG, AG}.

Given the prior probability and the likelihood, we can compute the poste-
rior probability Pr(G|D) for every G € G. For the example in Figure 6.7, the
following equations illustrate the computation of Pr(AG|D).

1 L, 1072
T 1= = _ —_ — = .
Pr(b; = A|AG) 5 (1-1077) + 3 0.49667

1 /1071 .
Prby=Gla¢) = 5 (5~ +(1-107) ) = 0.466667

1 .. 107F
Pr(bs =AlAG) = 3 ((1-107°)+ ——) = 0.499997

Pr(D|AG) = Pr(b; = A|AG)Pr(by = G|AG) Pr(bs = A|AG)
= 0.49667 * 0.466667 * 0.499997 = 0.115388
Pr(AG|D) = Pr(D|AG)Pr(AG) = 0.115888 % 0.001 = 0.000116

By the same approach, we can compute Pr(AA|D) = 5.5 x 10711,
Pr(GG|D) = 9.985 x 10~? while Pr(G|D) = 0 for G € G — {AA, GG, AG}. Among
Pr(G|D) for G € G, Pr(AG|D) has the maximum value. We report AG as the
genotype for this locus.

In the above discussion, we use a simple prior probability. The prior prob-
ability can be estimated more accurately using knowledge in the literature.
For example, there are two types of mutations: transition (Ti) and transver-
sion (Tv). Transition mutates either purine to purine (A <+ G) or pyrimidine
to pyrimidine (C > T). Transversion mutates purine to or from pyrimidine
(A< C, A+ T,G <« Cand G« T). From the literature, people observed
that transition is more frequent than transversion. Based on this fact, SOAP-
snp [169] improved the estimation of the prior probability. Another knowledge
is that we know some loci have higher mutation rate. For example, dbSNP is
a database that provides the mutation frequency of each locus. We can use
such information to improve the prior probability estimation.
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6.4 Single locus somatic SNV calling

Suppose we sequence both the tumor sample and its matching normal sam-
ple. One question is to identify somatic SNVs in the tumor sample (i.e., SNVs
that appear in the tumor sample but not in the matching normal sample).

The simple approach is to first identify SN'Vs in both the tumor and normal
samples; then, somatic SNVs are defined as SNVs that appear in the tumor
sample but not the normal sample. However, this approach may miss results.
Consider the example in Figure 6.9(a). In the tumor sample, seven out of
eight reads contain the alternative allele. It should be an SNV. In the normal
sample, two out of eleven reads contain the alternative allele. (Note: the two
alternative alleles may be the contamination of tumor samples.) Some SNV
caller may also call this locus an SNV in the normal sample. In such case, the
simple approach will not call this locus a somatic SNV. Below, we describe
techniques for calling somatic SNVs.

6.4.1 Identify somatic SNVs by the Fisher exact test

Somatic SNVs can be identified by the Fisher exact test. This approach is
used by VarScan2 [144] and JointSNVMix [250].

Consider a particular locus j. Let  and m be the reference allele and the
alternative allele, respectively, at the locus j. Let ¢; and ¢, be the observed
number of alleles in the tumor sample and the normal sample, respectively.
Let ¢, and ¢,, be the observed number of reference alleles and alternative
alleles, respectively, in both the tumor and normal samples. Denote c; , as the
observed number of reference alleles in the tumor sample. For the example in
Figure 6.9(a), we have ¢, = 8, ¢, = 11, ¢, = 10, ¢;, = 9 and ¢;, = 1. The
contingency table is in Figure 6.9(b).

Under the null hypothesis that the reference alleles and alternative alleles
are independently distributed in the tumor and normal samples, the proba-
bility of observing x reference alleles in the tumor sample can be estimated

_ ()

by hypergeometric distribution, that is, Pr(z|ct, cn, ryem) = D)

To test if the reference allele is under-represented in the tumor sample,
we perform an one-tailed Fisher exact test. Precisely, the p-value for the one-
tailed Fisher exact test is:

Ct,r

ZPr(x|ct,cn,cr7cm).

=0

In VarScan2 [144], if the p-value is smaller than 0.1, locus j is called somatic
if the normal matches the reference; otherwise, locus j is called LOH (loss of
heterozygosity) if the normal is heterozygous; if the p-value is bigger than 0.1,
locus j is called a germline variant.
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i
. Reference
-
-
. ~ Reads in tumor
-
- - REF allele | ALT allele
—_— Tumor 1 7 8
P Normal 9 2 11
_ - Reads in adjacent normal Total 10 9 19
-
(a) (b)

FIGURE 6.9: (a) shows all reads in the tumor and matching normal samples
covering the locus j. The black squares are alternative alleles appearing in the
locus j. (b) shows the corresponding 2 x 2 contingency table.

For the example in Figure 6.9, the one-tailed Fisher exact test p-value is

G)(9) | ()(o)
1(193’ + % = 0.0049 < 0.1, which indicates this locus is a somatic SNV.
10 10

6.4.2 Identify somatic SNVs by verifying that the SNVs ap-
pear in the tumor only

Somatic SNVs can also be called as follows. First, we find all SNVs ap-
pearing in the tumor sample. Then, each candidate SNV is verified if it does
not appear in the normal sample. A number of methods use this approach
including MuTect [50] and LoFreq [317]. Below, we detail the method used by
MuTect.

Consider a locus j whose reference base is r. Let Dy = {b1,...,b,} and
Dy = {b},..., b, } be the sets of bases in the tumor dataset and the normal
dataset, respectively, covering the locus.

MuTect [50] performs two steps. First, it finds candidate somatic SNVs in
the tumor sample (see Section 6.4.2.1). Second, it verifies if these candidate
somatic SN'Vs are real by checking if these SN'Vs appear in the normal sample
(see Section 6.4.2.2).

6.4.2.1 Identify SNVs in the tumor sample by posterior odds ratio

Consider the set of alleles Dy = {b1,...,b,} covering the locus in the
tumor dataset. Suppose the reference base is r. This section discusses how to
use the posterior odds ratio to determine if the locus is likely to be SNV.

The proportion of true variant allele m in Dy may not be 100%. For
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instance, if the locus is heterozygous, the proportion of allele m in Dr is
expected to be 50%. Under some situations, the proportion of the variant
allele may not be 50% and 100%. For example, for Down syndrome samples,
there are three copies of chromosome 21. The proportion of variant alleles in
chromosome 21 can be 1/3 or 2/3.

Instead of fixing the proportion of true variant allele m in the sample,
MuTect [50] introduces a parameter f, that is, the proportion of the variant
allele m at the locus (i.e., it assumes the proportion of reference alleles is
(1 — f)). Then, MuTect detects if the locus contains the variant allele m at
some unknown allele fraction f.

Precisely, MuTect explains D using two models: My and M.

e Model M}": A variant m exists and the frequency of m is f.

e Model My (= M{"): There is no variant at this locus. The observed
non-reference bases are due to random sequencing errors.

Note that My = M{". The following equation describes the likelihood of
the model M}" given that we observe the set D = {b1,...,b,} covering the
locus.

L(MJ'|D) = Pr(DIM}") = [ [ Pr(vilmy) = T] Priviles, r,m. f)
i=1 i=1

Assume that sequencing errors of the observed bases are independent.
Then, we have the following lemma.

Lemma 6.2

fE+A-f)l—e) ifbi=r
Pr(bi‘eivrvm7f): f(l_e’t)—'_(l_f)% Zbe:m
% ifbi#rvm

Proof When b; = r, there are two cases: (1) this locus is a mutant (i.e., this
locus is m) and (2) this locus is not a mutant (i.e., this locus is r). For (1), the
probability is Pr(this locus is a mutant) - Pr(the site is mutated to ), which
is f- 4. For (2), the probability is Pr(this locus is not a mutant) - Pr(this site
is not mutated), which is (1 — f) - (1 — €;).

Similarly, we can derive the equations for b; = m and for b; # r,m. |

Given the likelihood, the posterior probabilities Pr(M}*|D) and Pr(My|D)
can be computed by the Bayesian approach as follows:

Pr(M;*|Dr) oc Pr(M§")Pr(Dr|M}")
PT(M0|DT) X P’I"(M())P’I“(DT|M0)

We declare m as a candidate variant with frequency f if the posterior
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odds ratio of the two models is bigger than some threshold dr (by default, 2).
Precisely, the posterior odds ratio test is as follows.
Pr(My*|Dr) B Pr(M§*)Pr(Dr|MF") Pr(M§*)Pr(Dr|MF")

PT(M0|DT) - PT‘(M())P’I‘(DT|M0) - (1 — PT(M}”))PT’(DT|M()) - 6T.

(6.2)

In the equation, PT(M}") is the prior probability that the mutant is m and
the mutation frequency is f. We assume m and f are independent and Pr(f)
is uniformly distributed (i.e., Pr(f) = 1). Hence, Pr(M}*) = Pr(m)-Pr(f) =
Pr(m).

Pr(m) is one third of the expected somatic mutation frequency. We expect
there are 3 somatic SNV out of 1 million bases. Hence, MuTect sets Pr(M}") =
Pr(m) = 1 x 1075, (Note that this is the somatic mutation rate. Don’t mix
it up with the SNV rate, which is 0.001.)

L(M}|Dr)

Define the log odds score as LOD(m, f) = logy, TP By Equa-

tion 6.2 and set o7 = 2 and Pr(M}") = 1075, we predict m as a candidate
somatic SNV if

LoD = mastog, (LA (1o Pt Y
m?x m, —IHJE}X 0810 L(M0|DT) = 10819 P’I“(M}n) T =9

@

It is time consuming to compute f that maximizes LOD(m, f). MuTect

3 £ __ _number of mutants in D
estimates f to be f ~ total number of bases in D~

In other words, a mutant m is declared as a candidate variant if
LOD(m, f) >6.3. .
For the example in Figure 6.7(a,b), out of three bases, two of them equal

the variant allele A. Hence, we estimate f = % Then, we have:

2 2 2 1072

Prby=Ale; =102 r=¢m=4Af==)=-(1-10"H+(1-3) =0.661111
3773 37 3
2 21071t 2

Pr(ba =Glea =107 r =G¢,m=A,f = 5) =3 03 +(1— 5)(1 —107Y)  =0.322222
2 2 2 1075

Pr(bs =Ale3 =105, r=Gm=A4A,f = 5) = 3(1 —1075%) + (1 - 35— = 0-666661.

So, we have L(M}”|D) = 0.661111 % 0.322222 % 0.666661 = 0.142015. By
the same method, we have L(My|D) = 1 x 1078, Then, we have LOD(m =
Af= %) = log;g Ol'i%qlf = 7.15 > 6.3. We predict this locus is a candidate
somatic SNV.

The above approach is sensitive. However, since the tumor sample may
have a small amount of cross-individual contamination, some mutations from
the cross-individual sample may be called by checking if LOD(m, f) > 6.3.
These mutations are treated as false variants since they are not the variants
in tumor. MuTect observed that even 2% contaimination can give rise to 166
false positive calls per megabase and 10 false positive calls per megabase when
excluding known SNP sites.
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To avoid these false positive calls, MuTect estimates the amount of cross-
individual contamination by tools like ContEst [51]. Let feon: be the estimated
contamination frequency. Then, we make a variant call by replacing My with
M3 in Equation 6.2. Precisely, m is declared as a candidate variant if

L(M™
log,q % > 6.3. Using this trick, we can reduce the number of false

feont

candidate SN'Vs.

6.4.2.2 Verify if an SNV is somatic by the posterior odds ratio

Section 6.4.2.1 predicts a list of candidate SNVs in the tumor sample. For
each locus j with candidate SNV, the next step verifies if the variant allele m
also appears at locus j in the matching normal sample. If yes, this locus is a
germline SNV; otherwise, the locus is declared as a somatic SNV.

The input is the set of alleles Dy that covers locus j in the normal sample.
To determine if m appears in locus j in the matching normal, we first compute
the probabilities Pr(locus j is reference|Dy) and Pr(locus j is mutated|Dy )
as follows.

Pr(locus j is reference| D) o< Pr(reference in normal) Pr(Dy|locus j is reference)
somatic) Pr(Dy|Mo)
somatic)L(Mo|Dn)

mutated in normal) Pr(Dy|locus j is mutated)

germline) Pr(Dy|locus j is mutated)
germline) Pr(Dy|Mg's)
germline) L(Mq's| D)

PR Ly

P
P
P
Pr(loucs j is mutated|Dy) < Pr
P
P
P

r

The likelihood L(My|Dy) and L(MJ%|Dy) can be computed using the
method in Section 6.4.2.1.

We expect that there are 3 somatic SNVs out of 1 million bases. Hence,
we set the prior probability Pr(somatic) = 3 x 1075, The prior probability
Pr(germline) is determined depending on whether the locus is a dbSNP site.
There are 30 x 106 dbSNP sites. Each individual genome is expected to have
~ 3 x 10% SNVs and 95% of them are in dbSNP sites. Hence, we expect that
0.05 x 105 SNVs are in non-dbSNP sites. Since our genome is of size 3 x 107,
we set Pr(germlinelnon-dbSNP) = % = 5x1075. For the dbSNP site,
we expect that 0.95%3 x 105 SNVs are in dbSNP sites. Since there are 30 x 108
dbSNP sites, we set Pr(germline|[dbSNP) = % = 0.095.

We declare that a locus j is a somatic SNV if the odds ratio between
Pr(locus j is somatic SNV|Dy) and Pr(locus j is germline SNV|Dy) is big-
ger than the threshold oy (by default, 10).

Pr(locus j is reference|Dy)  Pr(somatic) L(My|Dy) -
Pr(locus j is mutated|Dy)  Pr(germline) L(MJ%|Dy) — N
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Local Duplicate Base quality SNV and Rule-based

Realignment read marking recalibration indel calling filter

FIGURE 6.10: Given a set of raw reads, SNV and indel calling involves 5
steps.

Define the log odds score LODy as log; %. If locus j is a non-
0.5

dbSNP, it is called a somatic SNV if LODy > 2.2. If locus j is a dbSNP, it is
called a somatic SNV if LODy > 5.5.

6.5 General pipeline for calling SNVs

The previous two sections describe the basic single-locus SNV calling meth-
ods. However, single-locus SNV callers give many false callings. The reasons
are: (1) systematic errors exist in base calling and (2) read alignment may not
be accurate. To reduce false callings, we need to correct the systematic errors
and the alignment issues prior to the single-locus SNV calling. In practice,
the SNV calling pipeline involves 5 steps (see Figure 6.10 for the standard
pipeline to call SNVs). Below, we give an overview of these techniques.

e Local realignment. The alignments of reads may be incorrect. This
technique corrects the alignments by realigning the reads locally (see
Section 6.6).

e Duplicate read marking. Some reads may be PCR duplicates and
they affect the SNV calling. Techniques for resolving duplicate reads is
discussed in Section 6.7.

e Base quality score recalibration. This technique recalibrates the
base quality scores in the reads to reduce the bias (see Section 6.8).

e Rule-based filter. Sequencing machines may have bias in base calling.
This technique filters away SNV calls which are likely to be systematic
errors (see Section 6.9).

e Single-locus SNV caller. Given the alleles appearing in a locus, sta-
tistical technique is used to determine if the variant is a sequencing error
or a real SNV (This technique has been discussed in Sections 6.3 and
6.4).

We detail local realignment, duplicate read marking, base quality score
recalibration and rule-based filtering in Sections 6.6—6.9.
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Reference Hy:

GTCATCAGCTCACATAGACACCATTGAACACGTGGGTCACCATAT

R,: -TCATCAGCTCACATAGACACTG--——---—-————————————-
R,: —---- CAGCTCACATAGACAC  TGAACACG--——————-—---
Aligned Ry: ——-—-—- GCT__ CATAGACACCATTGAACACGT-————————-—-
reads Ry: —=—===———————e TAGACAC _ TGAACACGTGGGTCACC----
Rg: ———-——————————————- ACACTGAACACGTGGGTCACCATA-
(a)
Reference Ho: GTCATCAGCTCACATAGACACCATTGAACACGTGGGTCACCATAT
R,: —TCATCAGCTCACATAGACAC  TG----—-————=———————-
R,: —---- CAGCTCACATAGACAC __ TGAACACG-—-———=-=—===-—
Realigned Ry: ————=———— GCTCATAGACACCATTGAACACGT-———————==—~-
reads Ry: —=====—=—————— TAGACAC__ TGAACACGTGGGTCACC----
Ry: ————————————————o ACAC  TGAACACGTGGGTCACCATA-

193

(b)

FIGURE 6.11: (a) An example alignment of 5 reads on the reference genome.
Three alignments contain gaps. (b) An realignment of the 5 reads.

6.6 Local realignment

Although Sections 6.3 and 6.4 describe a number of methods for predicting
SNVs, their accuracy depends on whether the reads align correctly. DePristo
et al. [65] found that nearly two-thirds of the differences in SNV calling can
be attributed to different read mapping algorithms (for HiSeq and exome call
sets). This implies that read alignment is a key factor that affects SNV calling.
In particular, read mapping near indels and mutation hotspots is difficult.

For example, consider the alignments of 5 reads in Figure 6.11(a). Based on
the alignments, we may predict a few SNVs around the indel. Moreover, after
the reads Rj, Rz and Ry are realigned (see Figure 6.11(b)), we will predict
another list of candidate SNVs. The correctness of these SNV calls depends
on whether the alignments of the 5 reads are correct or not.

Below, we present the local realignment algorithm of GATK [65]. The
algorithm aims to realign reads that are likely to be misaligned. It has four
steps: (1) find regions that potentially have misaligned reads, (2) for each
selected region, construct a set of haplotypes that are possibly appearing in
the sample, (3) realign reads on all constructed haplotypes and check which
haplotypes are correct.

For Step 1, the algorithm finds regions that contain either (1) some known
indel (e.g., from dbSNP), (2) a cluster of mismatch bases, or (3) at least one
read with an indel. (Recall that indel sequencing error is very low for Illumina
reads. These regions are selected since reads with indels may be misaligned).
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In Step 2, for each region Hj selected in Step 1, the algorithm constructs
haplotypes H, ..., Hy that are possibly appearing in the sample. Precisely, we
create haplotypes from the reference sequence by inserting/deleting either (1)
known indels or (2) indels in reads spanning the site from the Smith-Waterman
alignment of reads that do not perfectly match the reference genome.

For example, consider the reference Hy in Figure 6.11(a). The reads Ry and
R4 span one deletion while R3 spans another deletion. For these two deletions,
we generate two haplotypes H; and Hs (one deletes CA from the reference and
another one deletes CAT. The symbol “|” indicates the position with deletion):

Hy = TCATCAGCTCACATAGACACCATTGAACACGTGGGTCACCATA
H; = TCATCAGCTCACATAGACAC|TGAACACGTGGGTCACCATA
Hy = TCATCAGCT|CATAGACACCATTGAACACGTGGGTCACCATA

In Step 3, among the reference haplotype and all constructed haplotypes
in {Ho, Hy,...,Hy}, GATK checks which haplotypes are likely to be correct.
For each haplotype H;, GATK realigns all reads Ry, ..., R, on H; without
gaps. Suppose the read R; is aligned at the position p of H;. Let e; 1 be the
error probability determined from the quality score of the kth base of the read
R;. Denote L(R;|H;) as the probability that R; is a read from H;. Then, we
have:

|R;|

L(R,|H;) = H{ (1—ejp) if Rjk] = Hlp+k — 1] }

€ik otherwise
Pt} 7,

From all haplotypes, we determine if the haplotype H; appears in the sam-
ple as follows: Denote L(Hy) as the likelihood that Hy is the only haplotype in
the sample. Denote L(Hy, H;) as the likelihood that Hy and/or H; exist in the
sample. Then, we estimate L(Ho, H;) = [[;_, ,, max{L(R;|H;), L(R;|Ho)}
and L(Ho) = [[;-; ,, L(R;|Ho). We accept H; as the correct haplotype if
IOg(L(HQ, Hz)/L(Ho)) > d.

As an illustration, Figure 6.12 shows the ungapped alignments of
Ry,...,R5 to Hy, Hy, Hy. The figure also shows the score L(R;|H;). (In the
illustration, we assume the PHRED quality score of every base is 20 and we
assume 1 — €; ; ~ 1.) Then, we have

L(Ho) = L(R1|Ho)L(Ra|Ho)L(R3|Ho)L(R4|Ho)L(Rs5|Hp) = 10734
L(Hy, H,) = L(Ry|H,)L(Ry|H,)L(Rs|Hy) L(R4|H,) L(R5|Hy) = 10~*.

Since log(L(Hg, Hy)/L(Hp)) = 30 > 5, we accept that H; is the correct
haplotype.

Note that a read R; is aligned to the haplotype H; if L(R;|H;) >
L(R;|Hy); otherwise, R; is aligned to the original reference Hy. For our ex-
ample, R, Ro, Ry, R5 are aligned to H; while Rj3 is aligned to Hy. Hence, the
local alignment step reports the alignment in Figure 6.11(b).
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H, = TCATCAGCTCACATAGACACCATTGAACACGTGGGTCACCATA

R;: TCATCAGCTCACATAGACACTG--——-—--————————————~— L(R;|Ho)=10"2
Ungapped | Rei ~~~~CAGCTCACATAGACACTGAACACG--—------------- L(R,|Ho)=1014
alignment ] Rsf ~~777=" GCTCATAGACACCATTGAACACGT————==--=-=--~- L(Ry|Ho)=10"4

Ryt ————————————m o TAGACACTGAACACGTGGGTCACC——= L(R,|H,)=10"10

Ry: —————————mmmm— oo ACACTGAACACGTGGGTCACCATA  L(Rg|Hy)=10"

H, = TCATCAGCTCACATAGACACTGAACACGTGGGTCACCATA

R,: TCATCAGCTCACATAGACACTG-===========--—-—-= L(R, [H,)=1

R,: —--—CAGCTCACATAGACACTGAACACG————---———=--- L(R,|H,)=1
Ungapped | ', ________ GCTCATAGACACCATTGAACACGT-—-—-—-— L(R,|H,)=102
alignment | o . _____________ TAGACACTGAACACGTGGGTCACC--- L(R,|H,)=1

Ry: ————————————mm oo ACACTGAACACGTGGGTCACCATA L(Rg|H,)=1

H, TCATCAGCTCATAGACACCATTGAACACGTGGGTCACCATA

R;: TCATCAGCTCACATAGACACTG--——-—--————————————~— L(R;|Ho)=10"2
Ungapped | Rei ~~~~CAGCTCACATAGACACTGAACACG--------------- L(R,|Hy)=1022
alignment 7 Rs? ~===7- GCTCATAGACACCATTGAACACGT———=—=======--~- L(Ry|Ho)=1

Ry ——=—————————— o TAGACACTGAACACGTGGGTCACC--——- L(R,|Ho)=10"10

Ry: ——=——=——————m—m—— o ACACTGAACACGTGGGTCACCATA-~ L(Rg|Hy)=10"

FIGURE 6.12: The ungapped alignment of the reads on the two haplotypes
H, and H,. For each read R;, the figure also shows the score L(R;|H;).

6.7 Duplicate read marking

Due to PCR amplification, duplicate reads may be generated. These du-
plicate reads may bias the SNV calling. For example, if a read containing a
sequencing error is duplicated 10 times, these 10 duplicated reads may bias the
SNV caller to accept the sequencing error as an SNV. Hence, it is important
to mark these duplicated reads.

Many methods like SOAPsnp [169] and GATK [65] perform duplicate read
marking. The basic idea is to identify paired-end reads whose endpoints are
aligned to the same positions on the genome. These paired-end reads are
marked as duplicates.

6.8 Base quality score recalibration

Recall that every base has a quality score. If the error probability of the
base is p, then the quality score of the base is expected to be —10log;, p. Due
to technology limitations, the quality scores may be inaccurately estimated.
Even worse, the inaccuracy and covariation patterns differ strikingly among
sequencing technologies. Recall that some SNV callers in Sections 6.3 and
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6.4 utilize the PHRED base quality score to improve SNV calling. Incorrect
estimation of quality scores will affect the correctness of SNV calling. Hence,
we need to recalibrate the quality scores.

Below, we briefly describe possible sources of errors when we perform se-
quencing using [llumina machines. The sequencing process is performed within
the flow cell of the sequencing machine. Each flow cell consists of 8 lanes. The
sequencing machine cannot read all DNA sequences on the entire lane. Instead,
it reads the DNA sequences tile by tile. Different machine models contain a dif-
ferent number of tiles per lane. For instance, GA II has 100 tiles per lane while
HiSeq 2000 has 68 tiles per lane. For each tile, there are hundreds of thousands
to millions of DNA clusters. Each DNA cluster contains one DNA template.
Through bridge amplification, one DNA template in the DNA cluster is am-
plified to approximately 1000 identical DNA templates. The amplification is
to increase the intensity level of the emitted signal since it is difficult to detect
a single fluorophore. To read the DNA templates in all DNA clusters in the
tile, the Illumina machine applies fluorescent bases and imaging. To capture
reads of length ¢, it requires £ cycles. In the ith cycle, the machine will read
the ith bases of the DNA templates of all DNA clusters in the tile in parallel.
Precisely, in the ith cycle, the machine performs 3 steps. First, it extends the
ith base of the nascent strand of each DNA cluster by a base attached with
fluorophores. By reading the fluorescent signals of all DNA clusters through
imaging, we read the ith bases of all clusters. Then, the machine cleaves the
fluorophores from the bases. These 3 steps will be iterated for £ cycles.

In this process, four possible biases will contribute to the mis-calling of
the bases. They are:

e Fluorophore cross talk: The emission spectra of the fluorophores for the
four bases {A,C,G, T} may be overlapping. This may generate incorrect
base calling.

e Phasing: In a perfect situation, in the ith cycle of the signal reading, we
should extend the nascent strand by the ith base. However, because the
chemistry is imperfect, the extension of some strands may lag behind or
lead forward. These lagging and leading strands contaminate the signal
from the ith base.

e Fading: During the sequencing process, the DNA strands in each DNA
cluster are subjected to laser emissions and excessive washing. Hence,
the DNA fragments will disappear gradually and lead to a decrease in
fluorescent signal intensity. This process is called fading.

e Insufficient fluorophore cleavage: In each cycle, we need to wash away
the fluorophores. A small number of fluorophores are left behind. Hence,
there is an increase in fluorescent signal as the number of cycles increase.
The “stickiness” of the fluorophores is base dependent. This leads to a
bias.
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TABLE 6.1: The table shows the statistics of all bases at position 2 of the
reads such that the base is A with quality score 40 under different dinucleotide
context. The last column is the empirical score e(zA,2,40) where zA is the
dinucleotide.

T Dinucleotide | count | error €
AA 3239 8 —101log;, 328;511
CA 4223 5 —101log;, 425;511
GA 3518 2 —101log;, 3521*;1
TA 4032 20 | —10log;, 40%&1

A number of methods are proposed to recalibrate the quality score, includ-
ing SOAPsnp [169], GATK [65] and ReQON. Below, we briefly describe the
idea.

Let b1,...,b, be all bases in the reads. Let ¢1, ..., q, be the correspondlng
quality scores. Note that the error probability of the base b; is e; = 10~ 16,
The average error probability is = Zl 1 €i- Let ggiopar be the phred score for
the average error probability, i.e. q_qlobal —101logy, ( Z?:l el) Denote € as
—101log;, (Rumber of true error ) The yecalibration process adjusts the quality
score of each base so that the average recalibrated error rate equals e. This
means that, for ¢ = 1,...,n, the recalibrated quality score for base b; is
qi—i—(e—qglobal). However, € is unknown. In practice, the recalibration algorithm
assumes that any SNV that is not in dbSNP128 is an error. (dbSNP128 is
the list of known SNPs, which contains 12 million known SNPs.) Thus, ¢ is
estimated to be the proportion of bases that are different from the reference
bases but are not known SNPs.

For example, suppose we have 1000 reads, each of length 100 bp. This
means that we sequenced 100,000 (= 1000 x 100) bases. Let b1, ..., biooo0o0 be
these 100,000 bases. Assume 100 of them are different from the reference bases.
Out of these 100 bases, suppose 95 of them are dbSNP. Then, we estimate
e = —10log;q 11%%635’ = 43. Suppose Ggiopar = 45. If a particular base b; with

quality score g; = 30, we recalibrate its quality score to 30 + 43 — 45 = 28.

The above recalibration algorithm is simplified. Many factors affect the
base qualities. The three main factors are (1) the position of the base in the
read (different machine cycles have different error rates), (2) the substitution
bias (which gives bias to certain types of miscalls) and (3) the dinucleotide
context (the error rate depends on the preceding character).

To incorporate the bias into the recalibration process, we collect and clas-
sify every base according to its position, quality score and dinucleotide context.
Note that we exclude bases on known dbSNP sites and assume all mismatches
are sequencing errors. Table 6.1 gives example statistics of the bases at position
2 of all reads such that the bases are A and the corresponding quality scores are
40. The table has 4 rows corresponding to the 4 dinucleotide contexts. Each
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row shows the number of bases that match the reference (which are assumed
to be correct) and the number of bases that are different from the reference
(which are assumed to be incorrect). From the table, we can compute the em-
pirical score for each base under different dinucleotide context. Precisely, for
each base b; with quality score ¢;, the empirical score e(prev(b;)b;, pos(b;), ¢;)
equals

10l error(prev(b;)b;, pos(b;), q;) + 1
810 count(prev(b;)b;, pos(bi), ¢;) + 1’

where prev(b;) is the preceding base of b;, pos(b;) is the position of b; in
the read, count(prev(b;)b;,pos(b;),q;) is the number of bases that have the
same property of (prev(b;)b;, pos(b;),q;) and error(prev(b;)b;, pos(b;),q;) is
the number of bases that have the same property of (prev(b;)b;, pos(b;), q;)
and they are the non-reference and non-dbSNP bases. For the example in
Table 6.1, if the base b; is A, at position 2 with dinucleotide AA and quality score
¢ = 40, then the empirical score e(AA, 2,40) is —101og,o 55370577 = 25.56.

Given the empirical score e(prev(b;)b;, pos(b;), ¢;), the recalibrated quality
score for the base b; is (€ — qgiopar) + (€(prev(b;)b;, pos(bi), ¢;) — ¢;)-

6.9 Rule-based filtering

Even after we perform realignment and base quality score recalibration, a
few studies showed that the SNV callers may still give false positive SN'Vs.
For instance, Reumers et al. [242] studied the SNV callings using the whole
genome sequencing data from monozygotic twins. Their genomes are expected
to be nearly identical. So, the discordant SNV represent errors in SNV calling.
Among the discordant SNVs, 19.7% are near an indel, 25.3% are in SNV-dense
regions, 51.9% are in regions with low or extremely high read coverage regions,
and 37.9% are in repeat regions like microsatellites. This suggested that the
false SNVs are not randomly distributed.

To remove these artifacts, researchers proposed some rules to filter them.
This idea is used by a number of SNV callers. Some example rules are as
follows. If the SNV is supported by only a few reads, it is likely that they
are caused by sequencing errors and we may want to filter it. As another
example, if the reads that support the SNV also contain indels, it is possible
that the reads are misaligned. In this case, the SNV is not trustable and we
may want to filter it. Table 6.2 highlights the rules used by SAMtools [170]
(or MAQ [172]) and MuTect [50].

Furthermore, suppose we have the SNVs of a panel of normal samples. If
we want to find disease-causing SNPs, we can filter SNVs that appear in all
normal samples since they are expected not to cause disease.
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TABLE 6.2: Rules used to filter SNPs used by MAQ and MuTect.

Samtools (or MAQ) rule-base filter:
e Discard SNPs near indels (within 3 bp flanking region of a potential
indel).
e Discard SNPs with low coverage (covered by 3 or fewer reads).
e Discard SNPs covered by reads with poor mapping only (mapping
quality lower than 60 for all covered reads).
e Discard SNPs in SNP dense regions (within a 10 bp region containing
3 or more SNPs).
e Discard SNPs with consensus quality smaller than 10.
MuTect rule-base filter:
e Discard SNPs near indels (false positives caused by misaligned small
indel events).
Discard SNPs covered by reads with poor mapping.
Discard SNPs on triallelic sites.
Discard SNPs covered by reads with strand bias.
Discard SNPs covered by reads mapped to similar location.
Discard SNPs in tumor if some reads in normal also contain the
SNPs.

6.10 Computational methods to identify small indels

More and more evidence shows that indels (insertions and deletions of size
< 50 bp) occur frequently in our genomes [122]. Furthermore, they are known
to be the causes of a number of diseases [324]. Accurate calling of small indels
is important. (Note that calling long indels is also important and they will be
described in Chapter 7.)

A number of small indel calling methods have been proposed. Roughly
speaking, they can be classified into four approaches: (1) the realignment-
based approach (GATK [65], Dindel [4]), (2) the split-read approach (Pin-
del [327], microindels [149], Splitread [131]), (3) the span distribution-based
clustering approach (MoDIL [159]) and (4) the local assembly approach
(SOAPindel [177]). We described the realignment-based approach in Sec-
tion 6.6. Below, we describe the other three approaches one by one.

6.10.1 Split-read approach

The split-read approach is the most popular technique to identify small
indels. Methods applying the split-read approach include Pindel [327], Din-
del [4], and microindels [149]. Below, we detail Pindel [327].
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FIGURE 6.13: Consider every paired-end read, where only one read R (i.e.,
the read on the left) is uniquely aligned on the reference genome while another
read R’ is unaligned. Pindel tries to align the 3’ end of R’ within 2x the average
insert size from the read R. If the 3’ end of R’ is uniquely aligned, Pindel tries
to align the 5’ end of R’ nearby. Then, a candidate indel is found.

Pindel utilizes paired-end reads to identify indels of size at most s. Candi-
date indels are identified by finding paired-end reads that support the indels.
Figure 6.13 illustrates the idea. A paired-end read (R, R') is said to support
a candidate indel if (1) a read R is uniquely aligned on the reference genome,
(2) its mate R’ is uniquely aligned on an indel as a split alignment, and (3)
the distance between the mapping locations of R and R’ is shorter than the
maximum insert size d (d is controlled by the size selection step in the wet-lab
protocol). This is known as the anchored split mapping signature.

To simplify the method, Pindel does not allow a mismatch when it performs
split read alignment for R’. (Pindel finds that such an assumption will not
reduce the sensitivity by a lot.) The anchored split mapping signatures can be
found in three steps. First, Pindel finds the shortest and longest prefixes of R’
such that it is uniquely aligned within distance d from R. Let p be the position
of the alignment. Second, Pindel finds the shortest and longest suffixes of R’
such that it is uniquely aligned within distance s from p. Let ¢ be the position
of the alignment. Third, Pindel verifies if R’ can form a split read alignment
at positions p and q. If yes, an anchored split mapping signature is identified.
The anchored split mapping signature can be found in O(s + d) time if we
build a suffix tree (see Exercise 8). Pindel also suggested using the pattern
growth approach to find the anchored split mapping signature.

Finally, an indel event is reported if an indel event is supported by at least
two anchored split mapping signatures.

6.10.2 Span distribution-based clustering approach

Indels can also be identified by studying the span distribution of the paired-
end reads. The idea is that if an indel exists, the span of the paired-end reads
covering the indel is expected to derivate from the expected insert size. This
enables us to detect indels.

As an example, suppose we have a library of paired-end reads of a diploid
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FIGURE 6.14: (a) The distribution of the insert size for a normal region.
(b) The distribution of the insert size for a region with a homozygous 30 bp
deletion. (c¢) The distribution of the insert size for a region with a heterozygous
30 bp deletion.

genome whose expected insert size is 200 bp. After the paired-end reads are
aligned on the reference genome, there are three cases as shown in Figure 6.14.
Figure 6.14(a) illustrates the case where the sample genome is the same as
the reference genome. In this case, the span distribution peaks at 200 bp.
Figures 6.14(b,c) illustrate two regions that have homozygous and heterozy-
gous deletions, respectively, of 30 bp. If we check the span distribution of the
paired-end reads in Figure 6.14(b), we observe that the mean of the insert size
is shifted from 200 bp to 230 bp. By detecting the shift of insert size, we can
detect the small homozygous deletion. The span distribution of the paired-end
reads in Figure 6.14(c) showed that it is a mixture of two insert sizes: 200 bp
and 230 bp. This implies that there is a heterozygous deletion.

MoDIL [159] is a method that uses the insert size distribution to detect
indels. Below, we detail the method.

MoDIL’s algorithm consists of three steps. The first step aligns paired-end
reads to the reference genome. Any read mapper in Chapter 4 can be used
in this step. The second step finds clusters of aligned reads that potentially
overlap with some putative indels. Precisely, for each aligned paired-end read
that has an abnormal insert size, one cluster is formed by grouping all paired-
end reads covering the same locus. The last step verifies if each cluster contains
an indel. The rest of this subsection details the last step.

Let Y = {Y1,...,Y}y} be the set of insert sizes of all aligned paired-
end reads in the dataset. The distribution of ) represents the insert size
distribution for regions with no indel. Denote py as the mean of ). Denote
Pr(y € )) as the probability that the insert size is y.

Consider a genomic region with an indel of size s (see Figure 6.14(b)). Let
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Z be the set of insert sizes of the aligned paired-end reads covering such an
indel. We expect the mean pz is shifted by s, that is, pz = py +s. The shape
of the distribution of Z is expected to be the same as the shape of ). Precisely,
we have Pr(z € Z|uz) = Pr((z — pz + py) € V). To check if Y and Z have
the same shape, it is equivalent to check if {Z; — uz | Z; € Z} and {Y; —
w1y | Y; € Y} have the same distribution. This can be tested by Kolmogorov-
Smirnov goodness of fit statistics. Precisely, let Fz(v) be the proportion of

Zj € Z such that Z; — pz < v (ie., Fz(v) = é (Z‘ZI I(Z; — pz <v))
where I(Z; — pz < v) = 1if Z; — pz < v; and zero otherwise). The KS
statistics compute Dz = max, |Fz(v) — Fy(v)|. If Dz is significantly small,
this means Z and ) have the same shape.

Consider a genomic region with two haplotypes A and B, each with its
own indel (see Figure 6.14(c)). Let X = {X1,...,X,} be the set of paired-
end reads extracted from this genomic region. Note that the paired-end reads
in X are extracted from both haplotypes A and B. Since X is a mixture of
paired-end reads from two haplotypes, the shape of the insert size distribution
of X looks different from that of ). Suppose we can partition X into two sets
XA and XB such that X2 and XB are the sets of paired-end reads extracted
from haplotypes A and B, respectively. Then, the insert size distributions of
X4 and XP are expected to have the same shape as ). Let 4 and pp be the
means of X4 and XB, respectively. Then, we can infer the expected sizes of
the indels in the two haplotypes to be 4 — i1y and pp — py, respectively.

However, we only observe the set X' in real life. X4 and AP are hidden
information. X4 and X% can be estimated to be the bipartition of X that
minimizes ApDya + AgDys, where \; = % is the fraction of reads in X*
for t € {A, B}. (Note that Ay + Ap = 1.)

The above minimization problem can be solved by enumerating all possi-
ble bipartitions of X. However, it runs in exponential time. Instead, MoDIL
applies the EM algorithm (Section 3.3.2) to partition X into X4 and X5,

MoDIL first initializes pa, pp and Aa. (By default, we initialize pa =
up = Wy since we expect the majority of regions do not have an indel. We
also set Ay =0.5.)

Then, MoDIL iteratively executes two steps: the E-step and the M-step.
Given the estimation of u 4, ug, Aa, the E-step of MoDIL applies Equation 6.3
to determine v;; = Pr(X; € X*|pua, g, a), that is, the likelihood that the
j-th read is generated from the haplotype ¢. This is the formula for computing

Vit

It AaPr(X; € XA pua) + ApPr(X; € XBlup)’ '

The M-step of MoDIL estimates A4, 4 and pp, given v, forj =1,...,|X|
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Algorithm MoDIL

Require: The set X = {X1,..., X x|} of insert sizes in a cluster and the
set Y = {Y1,...,Y|y|} of insert sizes in the library.

Ensure: Either report no indel or report the expected indel sizes p4, 1.

1: Initializes pa = pp = py, initializes A4 = 0.5;

2: repeat

3:  for j=1to |X]| do

4: Compute ;4 and v;p by Equation 6.3;

5:  end for

6: Compute A4 by Equation 6.4;

7 Find g4, pp that minimizes Equation 6.5;

8: until the score D in Equation 6.5 reaches local optimal;

9: Discard the cluster if Kolmogorov-Smirnov statistic rejects the null hy-
pothesis at 95% confidence level; otherwise, report the inferred indel sizes

to be {ua — py, up — py};

FIGURE 6.15: The EM algorithm to estimate p4, 5.

and t € {A, B}. Precisely, the M-step sets Ap =1 — A4 and

1 n
Aa = — ; . 6.4
A o j:Zl’YJA ( )

Then, it finds p4 and pp, which minimizes

(vl (X — e <0
D= Y A max 2= (e ,S e <)) ~Fyw)|. (6.5
te{A.B}y 2 j=1 it

Figure 6.15 details the EM algorithm.

6.10.3 Local assembly approach

All methods described above are good at finding deletions. However, they
are not good at detecting insertions. One technique to resolve this shortcoming
is by local assembly. The local assembly approach is used by SOAPindel [177]
and Scalpel [215]. Below, we briefly describe SOAPindel.

Given the alignments of all paired-end reads, SOAPindel first identifies a
set of reads whose mates do not map on the reference genome. Utilizing the
insert size, these unmapped reads are piled up at their expected position (see
Figure 6.16(a)). These reads are called virtual reads. Then, clusters of virtual
reads are identified. For each cluster, the virtual reads are subjected to de
novo assembly and generate some contigs. Those contigs are aligned to the
reference genome to obtain potential indels (see Figure 6.16(b)).



204 Algorithms for Next-Generation Sequencing

(a) —
—
 ——
——
——
[ ——
(b) —

FIGURE 6.16: (a) In this example, there are 6 reads whose mates are not
mapped. Those unmapped reads are represented as the dashed arrows and
they are piled up at their expected position. (b) Those unmapped reads form
virtual clusters and they are subjected to de novo assembly. We obtained a
contig. When we realign the assembled contig on the reference genome, we
discovered an insertion (represented by the black block).

6.11 Correctness of existing SNV and indel callers

Due to the huge effort in the development of SNV and indel callers, existing
methods are highly accurate. It is estimated that the error rate is about 1 in
100,000—200,000 bp. The remaining errors are mostly contributed by (1) low-
complexity regions and (2) an incomplete reference genome.

Low-complexity regions comprise about 2% of the human genome. They
mostly appear in centromeric regions and acrocentric short arms. Although
they are short, they harbor 80%—90% of heterozygous indels and up to 60%
of heterozygous SNVs [165]. It is estimated that many of these variation calls
are errors. T'wo major sources of errors are PCR errors and mis-alignment
errors. Many heterozygous indels called in low-complexity regions are 1 bp
heterozygous indels appearing in long poly-A or poly-T runs. They are most
likely contributed by the error of inserting/deleting one A (or T) during the
PCR amplification. Another issue is alignment. Mis-alignments of reads hap-
pen more frequently in low-complexity regions. Due to the mis-alignments,
false positive SN'Vs/indels are predicted. This problem can be partially solved
by the realignment step (see Section 6.6).

Another issue is the incomplete reference genome. Our genome is incom-
plete. For example, the 1000 Genomes Project identifies an extra 33.4 million
bp sequences that appear in other human assemblies but are not present in
the primary human reference hgl9 (or GRCh37).

These extra sequences are called decoy sequences. The reference formed
by hgl9 and the decoy sequences is known as hs37d5.

Comparing the number of SNVs and indels called using the references
hg19 and hs37d5, the number of heterozygous SNVs/indels called using hgl19
is twice as many as that called using hs37d5 [165]. This indicates that many
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reads which are misaligned in hgl9 are aligned to the decoy seugences in
hs37d5; hence, this approach reduces the number of false SNV /indel calls.

6.12 Further reading

This section gives the techniques for calling SNVs and indels. For calling
SNVs, we describe the complete pipeline, which includes local realignment,
duplicate read marking, base quality score recalibration, statistics for single-
locus SNV calling, and rule-based filtering. When the input involves a tumor
sample and the matching normal sample, we also discuss how to call somatic
SNVs.

We also discuss a few techniques for calling indels. They include the
realignment-based approach, the split-read approach, the span distribution-
based clustering approach, and the local assembly approach.

Due to the space constraint, we did not cover some other interesting tech-
niques. In this section, we assume the SNVs are sparse. When there are mul-
tiple hotspots (2 or more SNVs clustered together), the methods described
in this section cannot work. In such case, we use the iterative mapping-based
method to call SNVs. The basic idea is to use an SNV caller to call some
SNVs with high confidence. Then, the reference genome is updated and we
reapply the SNV caller iteratively to call more SNVs. This approach is used
by methods like iICORN [221] and ComB [283]. It improves the sensitivity of
calling SNVs in mutation hotspots.

This section discusses methods for single sample SNV calling. There are
methods for multi-sample SNV callings. In such case, each sample is sequenced
using low- to medium-coverage data (3x—20x). There are three solutions.
The first solution is to run a single SNV caller on the pooled sample (consider
multiple samples as a single sample). This solution, however, will treat the
rare SNVs as noise and miss them. The second solution is to run a single
SNV caller on every individual sample. This solution is good for finding SNVs
that are unique to one sample. However, it will give many false positives as
the sequencing coverage is not high. The third solution is to develop methods
that are tailor-made for multi-sample SNV calling. A number of methods have
been developed, which include MultiGeMS [211], SNIP-seq [14] and [210].

Evaluation of somatic SNV calling can be found in [246]. Fang et al. [75]
performed an extensive evaluation of indel calling and showed that there are
still many errors in indel calling, due to library preparation, sequencing biases,
and algorithm artifacts.
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6.13 Exercises

1.

Assume the sequencing error probability is 0.01. Consider a locus with
reference base r. Suppose 5 reads cover the locus and two covered bases
are non-reference variants. Using binomial distribution, what is the p-
value that this locus is an SNV?

. Consider a locus with reference base G. Suppose D = {by, by, b3, by, b5 } is

the set of 5 bases on the 5 reads covering this locus. The following table
shows the bases and the quality scores for by, ..., bs.

v |1 |2 |3 |4 |5
b; |G |G |G |C |G
q; | 10 {30 | 30| 30| 30

Using LoFreq, what is the probability that this locus is an SNV?

Consider the 5 bases D = {b1,ba,...,bs} in Question 2. By the Bayesian
approach, what is the most likely genotype in this locus? You can assume
the following prior probability table (which is used by SOAPsnp [169]).

A C G T
A 333x107% 111x107 6.67x107% 111x107
C 833 x107° 1.67x107% 278 x10~%
G 0.9985 1.67 x 1074
T 8.33 x 107°

. Consider a locus i. Suppose ¢; = 10, ¢, = 8, ¢, = 7, ¢, = 11, and

ct,r = 2. Please give the contingency table and determine if it is a somatic
SNV by Fisher Exact Test. (Assume the p-value threshold is 0.05.)

. Consider a locus j whose reference base is G. Also, locus j is a non-

dbSNP site. Suppose D = {b1,ba, ..., b5} is the set of bases at locus j in
a tumor sample. This table shows the bases and the quality scores for
b]_, ey b5.

v |1 |2 |3 |4 |5
b;|G |G |C [C |C
q; | 10 {30 | 30 | 30 | 30

Suppose D' = {b],...,b,} is the set of bases at locus j in the matching
normal. This table shows the bases and the quality scores for v}, ...,b).

i |1 ]2 ]3[4
]G [G |[C |C
q; [30]30][20]30




10.

11.

12.
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Can you determine if the locus j is a somatic SNV using MuTect in
Section 6.4.27

Consider the following alignments for 4 reads. Assume the quality scores
for all bases are 20. Can you perform realignment of these reads using
the local realignment algorithm of GATK?

Reference H: ATAGACACTGAACACGTGGGTCATCATATATGTGGGTCATCATATG
Ry: ~TAGACACTGAACACGTCGGTCA============—=—— ===
Aligned R,: —--—ACACTGAACACGTCGGTCATCA-============-=—=-—-
reads Ryt ————-— ACTGAACACGTCGGTCATCATA= = ===============-=
Ryt ——-——-- CTGAAC ATGTCGGTCATCATAT-

Suppose ggiopar = 40. Consider 1,000,000 reads, each of length 150 bp.
Assume 2,000,000 bases are different from the reference. Suppose 500,000
of them are known dbSNPs. Consider a base b with quality score ¢ = 35.
Based on the above information, can you recalibrate its quality score?

Consider a paired-end read (R, R'). Let d be its maximum insert size.
Let s be the maximum size of the deletion. Suppose R is uniquely aligned
at position z. We aim to find the anchored split mapping signature of
R'[1..m]. We aim to check if there is an anchored split mapping signature
that supports a deletion of size at most s. (Note: you can assume d > m.)
Can you give an O(s + d)-time algorithm to solve this problem?

. Pindel can be used to find deletions of size at most s where s is a user-

defined parameter. Suppose the length of each read is 20. Do you suggest
setting s = 107 Why?

Let Y = {92,95,96, 99,99, 100, 101, 102, 103, 105, 108} be a set of insert
sizes for paired-end reads in regions with no indel. Consider the following
two sets of insert sizes. Please check if they have the same shape as the
distribution of Y.

o Xy ={127,128,130, 131,131, 133}

o X, ={77,78,79,80,81,82,83,127,129,130, 131, 133}

Refer to Question 10. Can you determine the size of indels from the
distribution of X; and X5?

Let £ be the insert size of the paired-end read library. For SOAPindel,
can it detect an indel of size 3¢7
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Chapter 7

Structural variation calling

7.1 Introduction

The previous chapter discussed methods for calling SNVs and small indels,
which are localized variations in our genome. This chapter studies methods
for calling variations that cover longer regions, which are known as structural
variations (SVs).

Structural variations (SVs) are large-scale changes in our genome, often
more than 50 nucleotides [80]. Figure 7.1(a—f) lists the simple SVs. They
include insertion, deletion, reversal, duplication, transposition and transloca-
tion. The simple SVs can be classified into balanced SVs and unbalanced SVs.
Balanced SVs just rearrange our genomes. They include reversal, transpo-
sition and translocation. Unbalanced SVs alternate the number of copies of
some DNA segments, which is usually referred to as copy number variation
(CNV). They include insertion, deletion and duplication. Complex SVs are
formed by combining a number of simple SVs. For example, Figure 7.1(g) is
a complex SV formed by a transposition with a deletion.

The above discussion covers SVs within one genome. Some SVs of an in-
dividual are inherited from two parents. One example is unbalanced translo-
cation (see Figure 7.2). Suppose parent 2 of the individual has a balanced
translocation. If the individual obtains a normal chromosome from parent 1
and a chromosome with translocation from parent 2, the individual has an
unbalanced translocation.

We expect each individual has about tens of thousands of SVs[40, 270].
Although the number of SVs is much lower than that of SNVs and small indels
per individual, SVs affect more bases. Reference [54] showed that up to 13%
of bases are subjected to variations of SVs. SVs not only cover a large number
of bases, they are also highly related to disease risks [286] and phenotypic
variations [130]. Hence, it is important to understand SVs.

This chapter describes techniques for calling structural variations. The or-
ganization is as follows. Section 7.2 describes how SVs are formed. Then, Sec-
tion 7.3 covers the clinical effects of SVs. Section 7.4 details different wet-lab
techniques to determine SVs. The computation techniques for calling CNVs
are described in Section 7.5. The computation techniques for calling SVs are
described in Sections 7.6—7.9.

209
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FIGURE 7.1: Different types of structural variations (SVs): (a) insertion,
(b) deletion, (c) tandem duplication, (d) reversal, (e) transposition and (f)
translocation. Note that (a)—(c) are unbalanced SVs while (d)—(f) are bal-
anced SVs. (f) is a type of SV involving more than one chromosome. (g) is
an example of a complex SV formed by two simple SVs (transposition and
deletion).

Parent 1: Normal chromosomes Parent 2: Chromosomes with balanced translocation

Child: Unbalanced Translocation

FIGURE 7.2: An illustration of unbalanced translocation.
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7.2 Formation of SVs

Since each SV involves at least two breakpoints, assuming uniform distri-
bution, the chance that two individuals share the same SV is very low (1 out
of 9 x 10'® individuals). Interestingly, some SVs occur frequently and they
are called recurrent SVs. This implies that the SV formation mechanism is
not purely random. This section briefly describes a few known mechanisms
for forming SVs.

The formation of SVs is mainly driven by inaccurate repair and mistakes in
replication. There are five major mechanisms that cause SVs [92, 97]. Below,
we briefly describe them.

e Non-allelic homologous recombination (NAHR): Due to environ-
mental factors and specific mutagenic exposure (such as smoking, UV
light, and chemotherapy), DNA damaging occurs. A double-strand DNA
fragment is broken into two pieces, which creates double-strand breaks
(DSBs). The DSBs can be repaired through repairing mechanisms.

One major repairing pathway is homologous recombination. It utilizes
the allelic homologous chromosome as a template to help rejoin the
DSBs. However, the repair mechanism may misalign the DSBs to an-
other homologous regions (i.e., not the allelic homologous chromosome);
then, structural variations are created. This mechanism is called non-
allelic homologous recombination (NAHR). NAHR usually occurs be-
tween segmental duplication or repeat elements like SINEs, LINEs and
LTRs. (Segmental duplication or low copy repeat (LCR) is a DNA re-
gion of length > 1,000 bp and its copies have > 90% DNA sequence
identity. It appears in about 5% of our genome.)

Figure 7.3 illustrates the NAHR mechanism (for the formation of
translocation). Apart from translocation, NAHR can generate deletion,
duplication or inversion (see Figure 7.4). Many SVs formed by NAHR
are recurrent.

e Nonhomologous end joining (NHEJ): Apart from NAHR, DSBs
can be repaired by nonhomologous end joining (NHEJ) and its alterna-
tive microhomology-mediated end joining (MMEJ). Neither mechanism
requires a homologous region as a template for rejoining the DSBs.

Figure 7.5(a) illustrates the steps of NHEJ to join two DNA fragments
whose single-strand overhangs. NHEJ or MMEJ first join the overhangs
of the two DNA fragments. Typically, the joining is guided by some short
homologous sequence (of length 1—20 bp) called the microhomology.
Then, unaligned or mismatched nucleotides are removed/modified and
the gaps are filled by synthesis. After ligation, the SV is formed. The
removal /modification of the unaligned or mismatched nucleotides during
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FIGURE 7.3: Illustration of the formation of translocation through the
NAHR mechanism. Two chromosomes share a homologous region (in dark
gray color). (a) DSBs occur on the chromosome on the top. (b) 5’ to 3’ resec-
tion generates 3’ single-stranded overhangs. (c¢) The single-stranded overhangs
on the top chromosome invade the bottom chromosome and form two Holli-
day junctions. The two Holliday junctions can be resolved by cutting at the
positions with the white triangle; (d) Translocation is formed.
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FIGURE 7.4: Possible SVs generated by the NAHR mechanism. The white
blocks represent the homologous regions. When DNA damaging occurs at the
white blocks, a double strand break (DSB) is created. The repair mechanism
may misalign the DSB to non-allelic homologous regions, which leads to an SV.
(a) shows the formation of translocation, (b) shows the formation of deletion
and tandem duplication and (c) shows the formation of inversion.
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FIGURE 7.5: Illustration of (a) the NHEJ mechanism, (b) replication slip-
page mechanism and (c) template switching mechanism.

the joining may leave a molecular scar. NHEJ/MMEJ creates simple
non-recurrent SVs.

¢ Replication-based mechanism: The above two mechanisms form SVs
through the repairing process. SVs can also be generated due to mistakes
in the replication process.

During replication, the duplex DNA sequence is first unzipped. Then, a
replication fork is formed. The lagging strand will be synthesized in a
direction that is opposite to the direction of the growth of the replica-
tion fork. There are two possible mistakes during synthesis: polymerase
slippage and template switching.

In polymerase slippage, the template forms a secondary structure and
the synthesis of the lagging strand may skip the DNA segment, which
results in a deletion. Figure 7.5(b) illustrates the process.

In template switching, the lagging strand may disengage from the tem-
plate and switch to another template in some nearby replication fork.
Such close interaction of the two templates is aided by segmental du-
plications, cruciforms or non-B DNA structures. The switching usu-
ally requires micro-homology of 2—5 bp so that the lagging strand can
bind on the alternative template. This switching may happen multi-
ple times; then, the replication resumes in the original template. This
mistake is known as fork stalling and template switching (FoSTeS) [158]
and microhomology-mediated break-induced repair (MMBIR) [96]. Fig-
ure 7.5(c) illustrates the process.

The polymerase slippage and template switching can be interleaved,
which results in complex rearrangement of the genome. It is estimated
that the percentage of such complex SVs is 5%—16% [238]. Unlike the
SVs generated by NAHR, the SVs formed by replication error are usually
non-recurrent.

e Mobile element insertion: Mobile element insertion is a mecha-
nism that allows some DNA sequences (called transposable elements)
to change their positions. Some common transposable elements are Alu
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sequences and L1 sequences. The movement of transposable elements
are mediated by retrotransposons, DNA transposons and endogenous
retroviruses. Mobile element insertions are usually flanked with some
inverted repeats.

Chromothripsis: Chromothripsis is a recently discovered phenomenon
[287]. It involves shattering the genome at multiple breakpoints, followed
by error-prone DNA repair by NHEJ within a short time interval. The
result is a complex genome rearrangement. Chromothripsis has been
observed in a number of cancers like bone cancers, liver cancer [77],
etc. It occurs in 2%—3% of the cancers studied and about 25% of bone
cancers [287].

Kidd et al. [138] studied the relative importance of different SV formation

mechanisms. They found that the formation of SVs is driven by three major
mechanisms: (1) microhomology-mediated SVs (accounts for 28% SVs), (2)
nonallelic homologous recombination (accounts for 22% SVs), and (3) mobile
element insertion (accounts for 19% SVs).

7.3 Clinical effects of structural variations

Structural variations have different downstream effects. They cause nu-

merous diseases and are known to be associated with drug resistance. Below,
we briefly describe how structural variations affect the phenotypes.

1. Loss/gain of gene: Due to unbalanced SVs, we may gain or lose

some genes. Some genes are dosage sensitive. For example, NAHR can
cause tandem duplication or deletion of ~1.4M bp genome fragments in
17p12. The duplication increases the copies of the dosage-sensitive gene
PMP22 from 2 to 3, which gives Charcot—Marie—Tooth disease type
1A (CMT1A). The deletion reduces the gene PMP22 from 2 copies to 1
copy, which gives hereditary neuropathy with liability to pressure palsies
(HNPP). There are many other diseases contributed to copy number
variants, including Crohn’s disease [195] and various neurodevelopmen-
tal disorders. CNVs are also shown to contribute to drug response [83].

. Loss/gain of some part of a gene: Unbalanced SVs can also duplicate

or delete some part of a gene (including promoters and introns). Such
variation may cause (a) the gain or loss of some functional part (like the
protein domain) of a gene or (b) the change of gene expression level. For
example, the deletion of intron 2 of BIM has been shown to associate
with TKI resistance (TKI is a treatment for CML patients) [218].
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FIGURE 7.6: Due to the translocation event between chromosomes 9 and
22, the genes BCR and ABL1 are fused together and form a BCR-ABL1
fusion. This event happens frequently in chronic myelogenous leukemia.

3. Creation of fusion gene: Balanced SVs may link two genes together.
In such case, fusion genes are formed. For example, Rowley [252] dis-
covered the translocation of chr9 and chr22 in 1982. This translocation
generates the BCR-ABLI1 gene fusion (see Figure 7.6). More than 90% of
chronic myelogenous leukemias (CMLs) are caused by this fusion. Drugs
targeting this fusion exist and significantly improve the survival of CML
patients.

4. Integration of foreign DNAs: SVs can also integrate some foreign
DNA into our genome. An example is the integration of the hepatitis
B virus (HBV) into the human genome. HBV integration is commonly
observed in liver cancer patients [290]. In fact, HBV integration is one
of the main risks that causes liver cancer.

For more information on the phenotypic impact of SVs, please refer to
[314] and [184].

7.4 Methods for determining structural variations

To determine the existence of a single SV, we can use qPCR, FISH, com-
parative genomic hybridization, MLPA [266], etc. To have a rough map of
SVs, we can use karyotyping or array-CGH [36]. However, these methods can-
not give a high-resolution structural variation map. Furthermore, array-CGH
cannot detect balanced SVs.

All the above limitations can be solved by next-generation sequencing. The
solution involves a wet-lab phase and a dry-lab phase. The wet-lab phase per-
forms shotgun sequencing to obtain a set of paired-end reads that cover the
whole genome. There are two protocols: (1) whole genome sequencing and (2)
mate-pair sequencing. Their details are described in Section 5.2. In brief, the
sample genome is broken into fragments; then, fragments of a certain insert
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FIGURE 7.7: The illustration of the NGS protocol for whole genome se-
quencing. In this example, a gray-colored sequence is inserted into the genome.
The two boundaries between the black and gray colored sequences are called
breakpoints. Paired-end reads that cross the breakpoints are called anoma-
lous paired-end reads. The reads that overlap with the breakpoints are called
split-reads. (Split-reads are reads that contain both black and gray colored se-
quences while anomalous paired-end reads are paired-end reads that contain
both black and gray colored sequences.)

size are selected (the insert size is < 1000 bp for whole genome sequencing
while the insert size is long (say 10,000 bp) for mate-pair sequencing). Finally,
paired-end reads are sequenced from the two ends of these selected fragments
by next-generation sequencing. Some fragments cover structural variation,
that is, the fragment consists of at least two genomic regions coming from
different parts of the reference genome. (See Figure 7.7 for an illustration of
the wet-lab step.)

After the wet-lab phase, the dry-lab phase analyzes the paired-end reads
to identify structural variations on a genome-wide scale.

Given the whole genome sequencing dataset of a sample, we have two
computational problems.

e CNYV calling: The aim is to compute the copy number variation (CNV)
of each genomic region in the reference genome.

e SV calling: The aim is to call the structural variations in the sample
with respect to the reference genome.
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Similar to somatic SNVs (see Section 6.1.2), somatic CNVs/SVs are ge-
nomic variations that occur in a subgroup of cells. To discover somatic
CNVs/SVs, we need the whole genome sequencing datasets of two different
tissue types of an individual. There are two computational problems:

e Somatic CNV calling: The aim is to find genomic regions such that
the copy number variations are different for the two datasets.

e Somatic SV calling: The aim is to find SVs that appear in one tissue
type but not in the other.

The somatic CNV/SV calling problems are commonly used to study solid tu-
mor. In this scenario, the two input datasets are the whole genome sequencing
datasets for the tumor and the adjacent normal.

The rest of this chapter is organized as follows. Section 7.5 covers CNV
calling and somatic CNV calling. Sections 7.6—7.9 cover SV calling and so-
matic SV calling.

7.5 CNV calling

The number of copies of each genomic region is referred as its copy num-
ber variation (CNV). CNVs can be computationally estimated using the read
depth approach, clustering approach, split-mapping approach and assembly
approach. Among these four approaches, the read depth approach is the only
approach which explicitly estimates the copy number. The other three ap-
proaches just identify the deleted or duplicated regions. This section will focus
on the read depth approach. Other approaches will be covered in Section 7.8.

The read depth approach is applied by many CNV callers, including
VarScan2 [144], CNAseg [114], m-HMM [304], SegSeq [44], rSW-seq [142],
JointSLM [185], CNV-seq [320], RDXplorer [328] and CNVnator [2]. Its idea
is to determine the copy number of a DNA region by measuring the read
coverage. The basic principle is as follows. Given a set of paired-end reads
generated from the wet-lab protocol, we map them on the reference genome
using a read mapper (see Chapter 4). Then, the number of reads mappable
to each genomic region can be measured. Assuming reads are uniformly dis-
tributed along the genome, the read count is approximately proportional to
the copy number of the DNA region. Figure 7.8 illustrates this idea. If the re-
gion A is deleted, we expect the region has no read. On the other hand, if the
region B is duplicated, we expect the read coverage is double. By computing
the read coverage, we can determine if a region is deleted or duplicated.

Precisely, for any DNA region, let C' be the number of mappable reads in
this region and E be the expected number of reads in this region. If C' >> E|
the DNA region is amplified. Otherwise, if C' << FE, the DNA region is deleted.
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FIGURE 7.8: Different regions have different read depth. In the figure,
region A is deleted while region B is duplicated.

The copy number of each DNA region can be estimated as % (Note that the
copy number of each DNA region is expected to be 2 since each DNA region
has two copies: one from the mother and one from the father.)

However, reads are not uniformly distributed along the genome due to
multiple factors like mappability bias and GC content. To avoid the bias, we
need to normalize the read counts. Below, we will discuss the general strategy
for calling CNVs, which consists of three steps:

1. Computing raw read count: This step maps reads on the reference
genome. Then, the genome is partitioned into bins and a read count
is computed for each bin.

2. Normalization of read counts: Due to GC bias and mappability, the raw
read count may not reflect the actual read coverage. This step normalizes
the read counts.

3. Segmentation: This step merges regions with similar normalized read
counts. Then, based on the normalized read counts, the copy numbers
are determined.

The above procedure is for a single sample. To compute somatic CNVs,
the input is a pair of samples. We will run the first two steps for the two input
samples. After we obtain the normalized read counts for both samples, we
compute the ratio of the normalized counts for all bins. Finally, segmentation
(Step 3) is performed on their ratios.

7.5.1 Computing the raw read count

Given the sequencing dataset of a sample, all reads are mapped on the
reference genome. For reads with multiple aligned locations, each read is ran-
domly assigned to one mapping location. (Why? See Exercise 2.) After the
reads are mapped, the raw read count of each genomic region is computed.
Precisely, the length-n genome is partitioned into m equally sized bins (i.e.,
each bin is of length ). Denote C; as the number of mappable reads in the
ith bin. The total number of mappable reads is N = Y7, C;.
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7.5.2 Normalize the read counts

For the i-th bin, its copy number may not be proportional to its raw read
count C; due to GC bias and mappability issues [19]. GC bias is contributed by
the sequencing technology. It is observed that the sequencing machines have
fewer reads for DNA regions whose GC content (i.e., percentage of G and C)
is too low or too high. Another issue is mappability. Due to repeats, we may
fail to map reads of some regions uniquely, which reduces the read coverage
of these regions. Hence, it is important to normalize the read counts before
we detect the copy numbers.

A number of methods exist to correct GC bias and mappability; please refer

o0 [328, 202, 25, 18]. Here, we describe the method of [25]. For the i-th bin,
its GC content is the percentage of G and C in the bin while the mappability
is the number of k-mers (for some selected k, say 36) in the bin that can be
uniquely aligned. The GC content score and mappability score are scaled to
integer values between 0 to 100.

For the ith bin, suppose its GC content score is «; and its mappability score
is B;. Then, its normalized read count A; is defined to be

C; - M
Momﬁi’

where M is the expected read count for a bin with a normal copy number
(i.e., copy number is 2) and M,, g, is the expected read count of a bin with
a normal copy number, while its GC content score is «; and its mappability
score is 3;. M is estimated by the median raw read count among all bins while
M, g, is estimated by the median raw read count among all bins that have
GC content score «; and mappability score (;.

As an illustration, Figure 7.9 shows an example with 12 bins. Rows 2 and
3 show the GC content scores and the mappability scores of the 12 bins, respec-
tively. Row 4 shows the raw read counts C;, for i = 1,...,12. The median raw
read count is M = 62.5. By the GC content score and the mappability score,
the 12 bins are partitioned into two groups. One group with a; = 50, 8; = 100
and another group with a; = 90, 8; = 60. Their medians are Msg 100 = 100.5

and Mgg g0 = 49.5, respectively. The normalized read counts A4; = JS’”]\;[ can

be found on row 5. The raw read counts C; and the normalized read counts
A; are also visualized in Figure 7.10.

7.5.3 Segmentation

The previous step computes the normalized read counts (or read count ra-
tios for paired samples) for the n bins. These counts (or ratios) are A41,..., A,.
Segmentation aims to group the bins into intervals so that the normalized
read counts of the bins in each interval are approximately the same. Fig-
ure 7.10 gives an example. Different methods use different ways to segment
the bins. Some methods detect significant change in read depth. Examples in-
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bin 1 2 3 4 5 6

GC content «; 50 50 90 50 90 90
Mappability B; 100 100 | 60 100 | 60 60
C; 149 151 74 100 | 50 51
A; 92.66 | 93.91 | 93.43 | 62.19 | 63.13 | 64.39
Actual copy number | 3 3 3 2 2 2

bin 7 8 9 10 11 12
GC content «; 90 50 50 90 50 90
Mappability 3; 60 100 100 | 60 100 | 60
C; 49 97 101 25 51 27
A; 61.87 | 60.32 | 62.81 | 31.57 | 31.72 | 34.09
Actual copy number | 2 2 2 1 1 1

FIGURE 7.9: An example that illustrates the computation of normalized
read counts.

clude VarScan2 [144] (circular binary segmentation), RDXplorer [328] (EWT
approach) and CNVnator [2] (mean-shift approach). Some methods use the
HMM approach, including m-HMM [304]. Below, we describe the circular bi-
nary segmentation approach.

Circular binary segmentation is a recursive algorithm that partitions
Aq,..., A, into a set of segments such that the values in each segment are
similar. The method is as follows. In each step, it identifies an interval i..j
such that the values A;, ..., A; are significantly different from the rest of the
values. If we fail to identify such interval, we know that A;,..., A, is a seg-
ment. Otherwise, three intervals Aj,..., A;—1, A;, ..., A; and Ajq1,..., A,
are obtained. The algorithm recursively identifies the segments in these three
intervals. The algorithm is detailed in Figure 7.11.

To enable the above solution to work, we need a statistic to determine if
A;, ..., A; are significantly different from the rest of the values. For every inter-
val i..j, we compute the t-statistic. Let n; ; = j—i+1, i.e., the number of bins
in Ai, .. .,Aj. Let Mi..5 = M

Mg .5
At HA D)+ (At A
(Art..+ nﬂ:gﬁj’“"_ + ), i.e., the mean of Ay,..., Ai_1,Aj11,..., Ay As-

sume the standard derivation of all A;’s are the same. The t-statistic is pro-
portional to T; ;, which is,

, i.e., the mean of A;,..., A;. Let 11, ; =

Our statistic is Tinax = maxi<i<j<n |15 ;-

To determine if Ty,ax is significant, we can use a permutation test. The
idea is as follows. We randomly permute all A;’s for 10,000 times. For the
kth round of random permutation, denote 7% to be the maximum t-statistic
among all intervals. From T7,...,T'00%0 we determine the a% confidence
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FIGURE 7.10: This figure shows the raw read counts Ci,...,C1a (repre-
sented by “x”) and the normalized read counts Aq,..., A1s (represented by
“0") for the 12 bins stated in Figure 7.9. Segmentation partitions them into
3 regions. The left, middle and right regions are of copy numbers 3, 2 and 1,
respectively.

Algorithm CBS

Require: A list of values A, ..., A,
Ensure: A set of segments

1: Find the interval 4..j that maximizes the absolute T-statistics T; ;;

2: if T} ; is significant by permutation test then

3: Call CBS(AP, R 7Ai—1)7 CBS(;‘L7 - ,Aj) and CBS(A]'+1, ey Aq),
4: else

5:  Report p..q as a segment;

6: end if

FIGURE 7.11: The Circular Segmentation Algorithm CBS(A4,,...,A4,) gen-
erates the list of segments in the interval p..q.

interval. Tp,a is said to be significant if T,., is not within the a% confidence
interval.

As an example, consider the 12 values Aj,... Ao in Figure 7.9. By the
above formula, we have T3 = 61.32. Among all T} ;, T 3 maximizes the
t-statistic. Hence, Tinax = T1,3. If we perform a permutation test, we can
show that Ti,ax is significant. Then, we obtain two intervals Aq,..., A3 and
Ay, ..., A12. We recursively apply the algorithm CSB on these two intervals.
Finally, we obtain three segments Aq,..., A3, A4,...,Ag and Ajp, ..., A1s.

After we obtain a segment A;, ..., Aj, the last step is to determine its copy
number. The formula is as follows.

2 -median(A;, ..., A;)
median(Ay, ..., Amn)

(7.1)
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FIGURE 7.12: Steps for calling SVs.

For the example in Figure 7.10, the median of A;,..., Ao is (62.19 4+
62.81)/2 = 62.5. The medians of Ay ... A3, Ay...Agand Ayg ... Ajo are 93.43,
(62.19 + 62.81)/2 = 62.5 and 31.72, respectively. Hence, the estimated copy
numbers for the three segments are 2.99, 2.00 and 1.01.

7.6 SV calling pipeline

This section discusses methods for calling SVs. The input is an alignment
file (i.e., BAM file) of a set of paired-end reads. The basic steps for calling
SVs are given in Figure 7.12. First, the insert size is estimated. Then, the
reads are filtered and subclassified into different types. Third, candidate SVs
are discovered. Finally, each candidate SV is verified.

Somatic SVs can be called using similar steps. For each sample, we just run
the first 3 steps to discover the candidate SVs. Then, in the fourth step (SV
verification), we verify if the candidate SV appears in one or both samples. If
the candidate SV appears in one sample only, we determine a somatic SV.

The following subsections will detail the 4 steps.

7.6.1 Insert size estimation

Recall that the insert size of a DNA fragment is its length. Due to the
size selection step (see Section 7.4), the inset size of the DNA fragments are
expected to be in a short range, say, (spanmin..SPanmax). The insert size range
can be determined by wet-lab equipment like a bioanalyzer. However, the
range may not be accurate.

Another choice is to estimate the insert size computationally. The basic
approach is to identify all paired-end reads (Rj, Rg) that do not cross SV
breakpoints (called concordant); then, the difference of the mapping positions
of Ry and R is expected to be its fragment size. For the Illumina sequencing
platform, a paired-end read (R;, Rz) is expected to be concordant if (1) both
R; and Ry are mapped on the same chromosome; (2) the two reads point
inward to each other. Figure 7.13 shows the histogram of the insert sizes of a
set of paired-end reads.

From the insert size distribution, there are two methods to estimate
($PaNmin--SPANmax): (1) the standard derivation and (2) the gradient.

The standard derivation approach first computes the median and the stan-
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FIGURE 7.13: The distribution of the insert size.

dard derivation of the insert sizes. Precisely, let Lq,...,L,, be the insert
sizes of all paired-end reads sorted in increasing order. The median is L,, 2

and the standard derivation o is \/i >t (Li — Ly, 2)%. Then, we estimate

(8panmin..spanmax) = (L2 — ko.. Ly, ;o + ko) for some user-defined constant
k. (Usually, we set k =1,2 or 3.)

The gradient approach computes the slope of every point in the span distri-
bution. The spanmin, and spanma.x are the positions with gradients approaching
0. For the span distribution in Figure 7.13, by the gradient approach, spanmin
and spanmyax are estimated to be 140 and 220.

7.7 Classifying the paired-end read alignments

Consider a set of paired-end reads extracted from a sample genome (say,
by Illumina sequencing). When these paired-end reads are mapped onto a
reference genome, some paired-end reads cross the SV breakpoint. Figure 7.14
illustrates an example.

With respect to the SV breakpoint, the paired-end read can be classified
into 3 types:

(1) a paired-end read that doesn’t cross any SV breakpoint;
(2) an anomalous paired-end read that crosses one SV breakpoint; or

(3) an anomalous paired-end read with a split read (i.e., among the two
reads of a paired-end read, one read, called a split read, overlaps one SV
breakpoint).

Note that it is possible that some anomalous paired-end reads will overlap
with more than one SV breakpoint. To simplify the study, we ignore this case.
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FIGURE 7.14: (a) The line illustrates a sample genome formed by two DNA
segments from chromosomes 1 and 2. (b) The sample genome is fragmented.
(c) After sequencing the fragments, we extract a set of paired-end reads. (d)
When the paired-end reads are mapped on the reference genome, the paired-
end read that crosses the breakpoint will be aligned discordantly.

Below, we classify the alignments of the three types of paired-end reads
on the reference genome.

(1)

For a paired-end read that does not cross any SV breakpoint, it is ex-
pected that its two reads R; and Rs are aligned on the same chromo-
some, R; and Ry are aligned in inward orientation, and the distance
between R; and Ry is within (spanmin..Spanmax) (see Figure 7.15(a)).
Such alignment is called concordant alignment.

For an anomalous paired-end read that crosses one SV breakpoint, it is
expected that the two reads do not align concordantly and it is called a
discordant alignment (see Figure 7.15(b)).

For an anomalous paired-end read with a split read, the alignment of
the split read on the reference genome is soft-clipped due to the SV
breakpoint. (A soft-clip is the unaligned portion of the read. Figure 7.16
gives an example.) Depending on whether the 5 or the 3’ portion is
clipped, we obtain either (i) a discordant alignment with a soft-clip
or (ii) a concordant alignment with a soft-clip. When there are more
SNVs or sequencing errors near the SV breakpoint, the split read may
be unmapped. Then, we obtain (iii) a one-end anchor alignment. See
Figure 7.15(c) for an illustration.

The discordant alignments (with or without a soft-clip) can be further
classified into six types depending on the orientation of the two aligned reads
and the insert size.

(a)

inward: Paired-end reads with a correct insert size and the two reads
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FIGURE 7.15: (a) The alignment of a paired-end read that does not cross
any SV breakpoint. (b) The alignment of an anomalous paired-end read that
crosses one SV breakpoint. (¢) The alignment of an anomalous paired-end
read with a split read.

>
cearcaacTate®
Reference: TCAGTACGGTACAACTGACTTCACGATCAACTGACGTACGGTACCACGTACCAGT

FIGURE 7.16: This example gives an alignment of a read CGATCAACTGTGCCA
on the reference genome. The 3’-end portion of the read (TGCCA) is not similar
to the reference genome and it is not aligned. This portion of the read is called
a soft-clip.
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pointing inward to each other. They are expected not to cross any SV
breakpoint.

long inward: Paired-end reads with a long insert size (longer than
spanmax) and the two reads pointing inward to each other. They are
expected to be generated from deletion or transposition.

short inward: Paired-end reads with a short insert size (shorter than
spanmin) and the two reads pointing inward to each other. They are
expected to be generated from insertion.

same orientation: Paired-end reads where both reads align on the same
strand. They are expected to be generated from inversion or transposi-
tion.

outward: Paired-end reads where the two reads are pointing outward
from each other. They are expected to be generated from duplication or
transposition.

inter-chromosomal: Paired-end reads where the two reads are aligned on
different chromosomes. They are expected to be generated from translo-
cation or transposition.

Figure 7.17 illustrates the 6 types of paired-end read alignments. Except for
type (a), all remaining types are discordant alignments (with or without a soft-

clip).

The positions of these discordant alignments give potential breakpoints

for the structural variations.

7.8

Identifying candidate SVs from paired-end reads

From the alignments of the paired-end reads, this section discusses com-
putational methods that infer structural variations. In general, there are 4
approaches to call SVs:

1.

Clustering approach (E.g. BreakDancer[43], PEMer[145], DELLY[241]
and VariationHunter[106])

. Split-mapping approach (E.g. SRiC[332], CREST|[305] and Socrates[267])

Assembly approach (E.g. NovelSeq[94] and TIGRA[42])

. Hybrid approach (E.g. LUMPY[157], SVMerge[318], MetaSV[204],

SoftSV[17))
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FIGURE 7.17: Six different types of paired-end read alignments: (a) inward,
(b) long inward, (c) short inward, (d) same orientation, (e) outward and (f)
inter-chromosomal. In the figure, the black and gray reads are the 5’ reads
and the 3’ reads, respectively. The dotted line represents the sample genome
while the solid line represents the reference genome.

7.8.1 Clustering approach

Recall that discordant alignment is evidence of structural variation. Hence,
we expect an SV occurs when we identify a cluster of discordant alignments.
Calling SVs using this idea is called the clustering approach.

Many methods use the clustering approach. They include PEMer [145],
VariationHunter [106], BreakDancer [43], MoGUL [160], HYDRA [236],
Corona [197], SPANNER [203], GASV [276], GASVPro [277], DELLY [241],
Ulysses [87], CLEVER [192], SVMiner [99].

The clustering approach consists of two steps. The first step classifies
paired-end reads into different types as stated in Figure 7.17. The second
step clusters discordant alignments of the same type to form candidate SVs.

Consider the example in Figure 7.18. There are 12 discordant alignments.
By clustering them, 4 clusters are obtained. Each cluster is described by two
anchors, where each anchor corresponds to one breakpoint of the SV.

Different methods use slightly different clustering criteria. Below, we cover
three ideas.
e Clique-finding approach

e Confidence interval overlapping approach

e Set-cover approach
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FIGURE 7.18: (a) shows the alignments of a set of 12 paired-end reads. (b)
shows that four clusters formed by the 12 paired-end reads. Note that each
cluster has two anchors and the sizes of the anchors are at most spanmax.

PE, PE, PE, A PE,, PE,,
PE, A PE, PE, A PE, PE, 6

PE, PE, PE,

same-orientation long-inward outward

FIGURE 7.19: This figure shows the graph G corresponding to the set of
aligned paired-end reads in Figure 7.18.

7.8.1.1 Clique-finding approach

Given a set of paired-end reads PE = {PFE1,...,PE,}, for any i, let the
5’-end mapping positions of the two reads of PE; be x; and y;, respectively.
Also, denote the orientations of the left and right reads of PE; as sign(z;) and
sign(y;), respectively. For example, for PE, in Figure 7.18, sign(xz4) = +1
and sign(ys) = —1.

The clustering problem is formulated as a graph problem. We define a
graph G = (P&, E) over the set of vertices PE. For any two paired-end reads
PE; and PE;, (PE;, PE;) is an edge in E if (1) sign(x;) = sign(z;), (2)
sign(y;) = sign(y;) and (3) |z; — 5|, [y — y;j| < spanmax. For example, Fig-
ure 7.19 shows the corresponding graph G for the set of aligned paired-end
reads in Figure 7.18.

Let {PEy,, PEy,,..., PEy, } be aset of discordant alignments crossing an
SV breakpoint. For any pair (PEy,, PEy;), we expect sign(zy,) = sign(zy,; ),
sign(yr,) = sign(yx,) and |zg, — oy, |, Yk, — Yk, | < spanmax. Hence, by defini-
tion, (PEy,, PEy,) is an edge in G. In other words, { PEy,, PEy,, ..., PEy,, }
is expected to form a clique in GG. By this observation, the SV calling problem
can be transformed into a clique-finding problem.

For example, in the graph G of Figure 7.19, there are five maximal cliques: a
3-clique for {PE;, PE>, PEs}, a 3-clique for {PE,, PE5, PEg}, a 3-clique for
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Algorithm DELLY _CliqueFinding
Require: A graph G where each edge (PE;, PE;) is assigned a weight,
which is the absolute different of the alignment positions of PFE; and
PE;.
Ensure: A set of maximal cliques, each represents an SV
1: while edges exist in G do
2:  Find an edge (PE;, PE;) in G of the minimum weight;
Let M = {PEZ,PE]}
repeat
Find PE) ¢ M such that (1) {(PEx, PE}) | PE), € M} are edges
in G and (2) minpg,cp w(PEg, PER) is minimum;
Set M = M U{PE};
until PFEj not exists;
Report the clique for M;
9:  Update G removing every edge whose either end is in M;
10: end while

FIGURE 7.20: The algorithm DELL_CliqueFinding.

{PE’77 PE‘g7 pE9}7 a 4—clique for {JDEHO7 PEll, PE12, PE13}, and a 2—clique
for {PEQ, PElo}.

However, finding maximal cliques is NP-complete. Here, we present a
heuristics solution from DELLY [241]. The heuristic assumes that two paired-
end reads PE; and PE; are more likely to be in the same cluster if their
alignments are close.

For each edge (PE;, PE;), its distance w(PE;, PE;) is defined as |z; —
x| +|y; — y;|. For example, for PE, and PEg in Figure 7.18, w(PEy, PEs) =
(6 — x4) + (y6 — ya). DELLY identifies the edge (PE;, PE;) in G with the
minimum weight and puts it in one cluster M. Then, iteratively, the algorithm
finds a paired-end read PE}, such that (1) M U{PE}} forms a clique and (2)
the distance minpg, ey w(PEy, PE;) is minimized. The process is repeated
until the cluster forms a maximal clique. The detail of the algorithm is stated
in Figure 7.20.

For the example graph in Figure 7.19, we obtain 4 cliques: { PE;, PEs, PE3},
{PEL;,F)E&F)ICG}7 {PE7,PE8,PE9}, and {PElo,PEll,PElg,PELg}. The 2-
clique for {PFEy, PE1p} is not detected since w(PEy, PEyg) is longer than
the weights of any pairs in the 3-clique {PEr, PEg, PEg} and the 4-clique
{PE\o, PE11, PE 3, PE:3}.

7.8.1.2 Confidence interval overlapping approach

Consider any SV whose breakpoint pair is (a, b). For any discordant align-
ment PFE; that supports the SV, let the alignment positions of the two reads
be x; and y; while their alignment orientations are sign(x;) and sign(y;), re-
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FIGURE 7.21: (a) shows two discordant alignments (z1,y;) and (22, y2) on
the reference genome that potentially captures a deletion between a and b. a
and b are unknown. Moreover, by Equation 7.2, we expect the two breakpoints
a and b should be within spanmax from z; and y;, respectively. The feasible
intervals for the breakpoints a and b are represented by the four transparent
boxes, each of length spanmax. (b) shows two squares that correspond to the
two discordant alignments (x1,y1) and (z2,y2).

spectively. Since the insert size is at most spanyax, breakpoint a is expected
to be between z; and x; + sign(z;)spanmax while breakpoint b is expected
to be between y; and y; + sign(y;)spanmax (see Figure 7.21(a)). Hence, the
following equation should be satisfied:

0 < sign(z;)(a — x;), sign(y;) (b — y;) < spanmax. (7.2)

This equation can be interpreted from a geometric point of view. All break-
point pairs (a,b) that satisfy Equation 7.2 form a square on the 2D plane
(see Figure 7.21(b)). This square is of length spanmax and it is called the
breakpoint region of (z;,y;).

Each discordant alignment corresponds to a breakpoint region. If a set of
breakpoint regions overlap, they are expected to support the same SV. For
example, Figure 7.21(b) shows two overlapping squares. Their corresponding
discordant alignments PE; and PE> (see Figure 7.21(a)) support the deletion
with breakpoint pair (a,b). Hence, SVs can be found by identifying all maximal
overlapping breakpoint regions (i.e., squares).

Naively, maximal overlapping squares can be found by enumerating all
subsets of squares and checks if they overlap. However, this approach takes
O(2™) time, where n is the number of squares.

This problem can be solved efficiently by the plane-sweeping algorithm.
The input is a set of n squares {Si,...,S,} such that the ith square S; is
represented by its top-left corner (z;,y;) and its bottom-right corner (x; +
SPANmax, Yi — SPAMmax ). Without lost of generality, we assume the squares are
sorted by z; (i.e., z1 < z9 < ... < x,). The plane-sweeping algorithm moves
a (conceptual) vertical line from left to right crossing all squares. During the
movement of the vertical line, we maintain the set of squares {S;,,...S;,}
overlapping with the line by storing their y-coordinates {y;,,...,y;,} in a
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binary search tree (BST) T. Initially, no square overlaps with the vertical
line and T is an empty tree. When the line passes through the leftmost and
the rightmost ends of every square .S;, the algorithm will insert and delete,
respectively, y; from T'. Just before we delete y; from T', the algorithm reports
all maximal lists of squares overlapping with S;.

Precisely, the algorithm is as follows. For each square S;, denote i44,+ and
lend as the events where the vertical line is at the leftmost and the rightmost
position of \S;, respectively (i.e., istqre is the event where x = x; while i¢pq is
the event where © = 2; + $panmax ). The events is¢qre and ieng, fori =1,...,n,
are sorted in increasing order of the z-coordinates of the corresponding vertical
lines. The processing steps for both the start and end events of the square S;
are as follows.

e For each start event ig:4,4, the vertical line starts to overlap with the
square S; and we include y; in the binary search tree (BST) T

e For each end event i.,q, we identify all squares overlapping with S;
by querying the BST T. Precisely, from BST T, we identify squares
Sjs- .., 54, such that y; — spanmax < yj, < ... <y, < Yi + SPANmax-
Then, we identify and report all maximal intervals jy..je4a such that
Yjern —VYje < SPaNmax. After reporting all maximal intervals overlapping
with S;, we remove y; from T

The detail of the algorithm is presented in Figure 7.23. It runs in
O(nlogn + t) time, where ¢ is the number of maximal lists of overlapping
squares.

Figure 7.22 gives an example to illustrate the algorithm. The algorithm
handles the events in the following order: lgiart, 2starts Sstarts dstart, lends
5sta/r‘t7 6start7 7sta/r‘t7 83tartu 2enda 3end7 4end7 5end7 6end7 7endu 8end~ For events
Lstarts 2starts Sstart, dstart, We insert y1,ys, Y3, y4 into the BST T and they are
ranked by their y-coordinates: y; < y4 < y2 < y3. To process lenq, we obtain
the list of squares overlapping with S; from 7. The list of squares overlap-
ping with S is S; and S4. Then, we report the maximal set of overlapping
squares is {51, S4}. After that, we remove y; from T. Then, we process events
Bstart, Ostart, [starts Sstart and insert ys, ye, Y7, ys to T'. The list of y-coordinates
inTisys <ys <y < Y2 < ys < ys < y7. To process 2.,q, we obtain all
squares in T overlap with Ss, that is, {S4, Sg, S2, 53,55, 57}. Then, we try
to identify all maximal sets of overlapping squares. For y,4, y» is the biggest
y-coordinate such that yo < ys4 4+ Spanmax. We report {Sy, Sg, S2}. For yg,
ys is the biggest y-coordinate such that ys < yg + Spanmax; o, we report
{S6,S2,53}. For ya, y7 is the biggest y-coordinate such that y7 < ya+spanmax;
so, we report {Sa, 53,55, 57}. In a similar way, we can process the rest of the
events.

Overlapping squares does not use the constraint that the insert size is at
least spanmin. GASV [276] suggested using this information. We first give the
key observation. For any paired-end read whose endpoint pair is (z;,y;), if it
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FIGURE 7.22: This figure shows a set of 8 squares {S1,...,Ss} on a plane,
where S; is a length-spanm,.x square whose top-left corner is (x;,y;). The
squares are ordered in increasing order of x;. The maximal sets of overlapping
squares are {S1, 54}, {52, S4, S6}, {S2, 53,56}, {52, 53,55, 57}, {Ss}. They are
highlighted in gray.

Algorithm OverlappingSquare

Require: {(z1,y1),...,(Tn,Yn)} is a set of top-left corners of squares of
size spanmax. (Assume x1 < xo < ... < xp.)
Ensure: Report all maximal sets of overlapping squares
1: Create two events isqr¢ and ie,q for each square S;;
Set T be an empty binary search tree;
Mark S1,...,.S, as unused;
for each event i, sorted in left-to-right order of the corresponding vertical
line do
if € = start then
Insert y; into T}
else
From T, we identify y;,,...,y;, such that y; — spanmax < y;, <
v S < Y+ Spanmax;
9: Report all maximal sets {jk, ..., jr } such that y;, , —y;, < spanmax
such that at least one of the square in Sj, ,...,Sj,, is not used;
10: Mark S;,,...,S5;, as used;
11: Remove y; from T
12:  end if
13: end for

WD

FIGURE 7.23: The algorithm OverlappingSquare.
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FIGURE 7.24: (a) a and b are the breakpoints of a deletion event. For
i =1,2, (x;,y;) is the endpoint pair of each paired-end read that crosses this
SV. (b) For i = 1,2, (x;,y;) can be represented as a dot on the 2-D plane.
For each (z;,y;), the set of (a,b) that satisfies the constraint in Equation 7.3
corresponds to a trapezoid, which is called the breakpoint region.

corresponds to an SV, the breakpoints a and b of the SV (see Figure 7.24(a))
should satisfy the insert size constraint, which is stated in the following equa-
tion,

spanmin < sign(x;)(a — x;) + sign(y;) (b — y;) < spanmax (7.3)

where sign(z;) and sign(y;) are +1 if the read is aligned on a positive strand,;
and —1, otherwise.

Equation 7.3 can be interpreted from a geometric point of view. Below,
we just discuss the case where sign(z;)sign(y;) = —1. Without lost of gen-
erality, we assume sign(x;) = +1 and sign(y;) = —1. (If sign(z;) = —1 and
sign(y;) = +1, we swap x; and y;.) Each paired-end read whose endpoint pair
is (x;,y;) can be represented as a point on the 2D plane. Then, all (a,b) pairs
that satisfy Equation 7.3 form a trapezoid (see Figure 7.24(b)). This trape-
zoid is called the breakpoint region B; of (z;,y;). Precisely, the trapezoid is
formed by a horizontal line y = y;, a vertical line x = x; and two parallel lines
$panmin = (x—2;) — (y—y;) and $panmax = (x — ;) — (y —y;). For paired-end
reads crossing the same SV, their breakpoint regions should be overlapping.

Our aim is to find all maximal subsets of overlapping trapezoids. Similar
to finding overlapping squares, this problem can be solved efficiently using the
idea of plane sweeping (see Exercise 7).

7.8.1.3 Set cover approach

Up until now, the clustering algorithms discussed assume every paired-
end read has a unique alignment. Moreover, some paired-end reads may have
multiple alignments. If we don’t use paired-end reads with multiple align-
ments, we may miss some SVs. For example, for Figure 7.25(a), PE; and
PFEs5 are multiply mapped on the reference genome. There are 4 possible SVs:
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FIGURE 7.25: (a) gives an example mapping of 5 paired-end reads on the
reference genome. For the paired-end reads PE; and PFEs, the black end has a
unique alignment while the gray end has two possible alignments at locations.
The remaining 3 paired-end reads have unique alignments. (b) is a table where
the ¢th row shows the paired-end reads that support SV;, i.e., a(SV;). Note
that (l(SVl) U (l(SVg) = {PEl,PEQ,PE3,PE4,PE5}.

SVi = (A, B), SVo = (A,C), SV3 = (A, D) and SV, = (A, E). If we only use
uniquely mapped reads, we can only discover SV;. To discover SV3, we need
to use the alignment (ii) of PE; and the alignment (iii) of PEj5.

To utilize the information from these multiply aligned paired-end reads,
VariationHunter [106] formulated the paired-end read clustering problem as
the Maximum Parsimony Structural Variation (MPSV) problem. MPSV is
based on the parsimony principle. Consider a set of paired-end reads, where
each paired-end read may map to multiple positions. The MPSV problem
alms to assign a unique mapping position for each paired-end read such that
the number of SVs is minimized. Hormozdiari et al. [105] showed that this
problem is NP-hard.

More precisely, the MPSV problem is defined as follows. It requires 3 in-
puts. First, it requires a set of paired-end reads P€ = {PEs, ..., PE,}, where
some paired-end reads have multiple alignments. Second, it requires a set of
candidate SVs SV = {SV1,..., SV, }. SV is computed from all multiple align-
ments using any algorithm in Sections 7.8.1.1 and 7.8.1.2. Third, it requires, for
each SV}, a set a(SV;) C PE such that all paired-end reads in a(SV;) support
SV;. The problem aims to find the smallest subset of SV, say {SV},,..., SV} },
such that U];:l a(SV;,) =PE.

For the example in Figure 7.25(a), we have P = {PE},...,PEs}. Us-
ing the algorithm DELLY _CliqueFinding (see Figure 7.20) over all multiple
alignments of PE, we have SV = {SV; = (4,B),SV, = (A4,C),SV3 =



Structural variation calling 235

Algorithm VariationHunter-SetCover

Require: A set of n paired-end reads PE and a set of m SVs
{SV1,...,8V,,} such that a(SV;) is a subset of PE that supports SV;
fori=1,...,m

Ensure: A set {ji,...,jx} such that a(SV;)U...Ua(SV},) = PE

1: ANS = @;
while PE& is not empty do
Identify j that maximizes the number of paired-end reads in a(SVj)
that are supported by PE;
Set ANS = ANSU{j};
Set PE = PE — a(SV;);
end while
: Report AN S,

I

FIGURE 7.26: An O(logm)-approximation algorithm VariationHunter-
SetCover for computing the minimum subset of SVs that are covered by the
paired-end reads in PE.

(A,D),SVi = (AE)}, a(SVi) = {PEs, PEy,PEy}, a(SVs) = {PEi},
a(SV3) = {PEy, PEs}, and a(SVy) = {PE5}. The MPSV problem reports
{8V1, SV3} since a(SVi)Ua(SV3) = PE (see Figure 7.25(b)). In other words,
for the two multiply aligned reads PE; and PEj5, we use alignment (ii) of
PE; and alignment (iii) of PEj5.

As the MPSV problem is NP-hard, we don’t have an efficient algorithm
that minimizes the number of SVs. Moreover, this problem is similar to the set
cover problem, which has a simple greedy algorithm that ensures an approxi-
mation factor of O(logm). The algorithm iteratively selects some set a(SVj)
until all paired-end reads in PE are covered. In the pth iteration, the algo-
rithm picks the set a(SVj,) that includes the maximum number of uncovered
paired-end reads in PE. Figure 7.26 gives the detail of the algorithm.

The above solution does not consider the confidence of each alignment.
Intuitively, a unique alignment should be more trustable than a non-unique
alignment. To capture this idea, if a paired-end read has N multiple align-
ments, we can assign each alignment a confidence weight of 1/N. Then, for
Step 3 of Figure 7.26, instead of maximizing the number of paired-end reads in
a(SV;) that are supported by PE, we maximize the total weight of paired-end
reads in a(SV}) that are supported by PE. Figure 7.27 illustrates the idea.
Without weightage, the algorithm reports {(4, B), (4,C), (4, D), (A, E)}.
Moreover, our weightage scheme will assign a weight of % for the alignments
(i)—(viii) while the remaining alignments have weight 1. Then, the algorithm
will report {(A4, B), (4,C), (A, D)}.

The weighting idea is used in a number of methods, including Variation-
Hunter [106], HYDRA [236] and Meerkat [325].
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Reference genome:

FIGURE 7.27: This example shows the mapping of 5 paired-end reads on
the reference genome. For the paired-end reads PF3 and PFE5, the black end
has a unique alignment while the gray end has two possible alignments.

7.8.1.4 Performance of the clustering approach

Based on the evaluation from simulated and real experiments, we observe
that the clustering approach is sensitive when the inert size is big. However,
the clustering approach is not good for detecting SVs that are short (say,
smaller than span.naz — SPANmin -

Another issue is that the clustering approach gives a lot of false positives.
It also cannot report the exact breakpoints of the structural variations.

7.8.2 Split-mapping approach

Clustering methods only utilize discordant alignments to identify SVs.
However, when the insert size is small, the number of discordant alignments
will be small. For example, consider a set of 2 x 100 bp paired-end reads of
insert size 300 bp. Among the paired-end reads covering an SV breakpoint, we
expect 66% (= 23(1)80) of them are paired-end reads with a split read. These
paired-end reads may be mapped as concordant alignments with a soft-clip.
Then, we only have 33% discordant alignments for identifying the SV. Fig-
ure 7.28 illustrates this issue. When these 6 paired-end reads are mapped
on the reference genome, only two paired-end reads are confirmed to be dis-
cordantly aligned and they enable the clustering methods to locate the SV
junction. The remaining 4 paired-end reads may be mapped as concordant
alignments with a soft-clip. Hence, instead of using discordant alignments, it
may be better to use soft-clip reads to improve SV calling. These methods are
called split-mapping methods.

A number of SV callers use split-mapping approach. They include
SRiC [332], CREST [305] and Socrates [267]. In particular, this section will
detail CREST.

CREST takes advantage of soft-clipping reads for identifying SVs. Recall
that a soft-clip of a read refers to its unaligned portion (see Figure 7.16).
A soft-clip can be caused by sequencing errors, chimeric reads or errors in
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FIGURE 7.28: Consider a region in the sample genome which is formed
by connecting two regions in the reference genome. The figure shows a list of
six paired-end reads crossing the breakpoint boundary. Only two paired-end
reads do not map on the breakpoint. The remaining 4 paired-end reads are
called split reads.

the reference genome. Moreover, a soft-clip can also be caused by structural
variation where the unaligned portion is actually coming from another part
of the genome. When the soft-clips are long enough (say, > 20), we can align
the soft-clip portions of the reads to determine the SVs.

Figure 7.29 illustrates the idea of CREST. CREST first identifies a po-
sition X where the soft-clip reads are localized (see Figure 7.29(a)). X is
the first putative breakpoint of the SV. Then, CREST assembles a contig by
piling up the soft-clip portions of the soft-clip reads aligned on position X.
Using BLAT [134], CREST tries to align the assembled contig to the reference
genome. If the assembled contig can be uniquely aligned to another position
Y (see Figure 7.29(b)), we identify another putative breakpoint Y of the SV.
To confirm this, CREST extracts the soft-clip portions of the reads at position
Y (see Figure 7.29(c)) and assembles them into a contig. If the contig can be
uniquely aligned to position X by BLAT (see Figure 7.29(d)), we conclude an
SV connecting positions X and Y (see Figure 7.29(e)).

The main advantage of the split read methods is that they can identify
the exact breakpoint.

7.8.3 Assembly approach

Paired-end reads may be too short for locating SVs. To resolve this prob-
lem, one solution is to assemble paired-end reads that cannot be concordantly
aligned on the reference genome into contigs; then, by aligning the contigs,
SVs can be identified. This approach is known as the assembly approach.
Since contigs are longer than the reads, we expect that the assembly approach
improves SV calling near repeats. Furthermore, the assembly approach recon-
structs the exact breakpoint sequence. It enables us to detect complex events
like inversion occurring together with deletions. It is also useful to recover
the novel insertion sequence at the breakpoints (like the microhomology and
non-template sequences).

Methods that use the assembly approach include NovelSeq [94] and
TIGRA [42].
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FIGURE 7.29: This is an illustration of the steps in CREST. (a) Identify a
set of soft-clip reads co-localized at position X in chromosome 1. (b) Assemble
a contig by piling up the soft-clip portions of reads at position X; then, by
BLAT, the contig is aligned to location Y in chromosome 2. (¢) Identify a
set of soft-clip reads that locate around position Y. (d) Assemble a contig by
piling up the soft-clip portions of reads at position Y; then, by BLAT, the
contig aligns to location X in chromosome 1. (e) Hence, we conclude that
there exists an SV connecting positions X and Y.

A number of methods use a de novo assembler to reconstruct the contigs.
For example, TIGRA [42] uses a specifically designed assembler to recon-
struct the SV breakpoint sequence. Another example is NovelSeq [94]. Novel-
Seq identifies orphan paired-end reads (i.e., unmappable reads) and then uses
a de novo assembler like Euler-SR [38] or ABySS [275] to assemble them into
longer contigs. For one-end anchored paired-end reads, NovelSeq developed
a local assembler called the micro-read Strand-Aware Assembly Builder to
construct the contigs. By aligning these assembled contigs to the reference
genome, NovelSeq discovers some SVs.

Some SV callers obtain the contigs by the pile up approach. For example,
CREST [305] and Socrates [267] pile up the discordant paired-end reads to
form the consensus sequence using voting. Compared with de novo assembly,
the pile-up approach is computationally more efficient since it reuses existing
alignment information to get the relative positions of the reads.

7.8.4 Hybrid approach

So far the approaches discussed do not fully utilize information from all
alignments. The clustering approach uses discordantly aligned reads only. The
split read approach uses soft-clip reads only. The assembly approach does not
use the read depth information. To fully utilize the information from all reads,
a hybrid approach is proposed.
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There are a few ways to integrate information. The first way is to use
multiple SV callers to integrate the information of all alignments. Examples
include SVMerge [318] and MetaSV [204]. SVMerge integrates the SV predic-
tions from BreakDancer [43], Pindel [327], RDXplorer [328], SECluster (un-
published) and RetroSeq [132]. MetaSv integrates the SV predictions from
BreakSeq [150], BreakDancer [43], Pindel [327] and CNVnator [2].

Although integrating multiple SV callers can improve sensitivity, each SV
caller uses information from one read type (either discordant aligned, soft-
clip, one-end anchored reads or read depth). Another choice is to develop an
SV single caller that utilizes information from multiple read types. Examples
include PRISM [123], LUMPY [157], Meerkat [325] and SoftSV [17].

SoftSV uses different read types to detect different SVs. To detect large
SVs, SoftSV uses the clustering approach. Although the clustering approach
is good to detect relatively large SVs, it is not effective to detect small SVs
(i.e., inversions/tandem duplications of size smaller than the read length and
deletions of size smaller than 40, where o is the standard derivation of the
insert size). For small SVs, SoftSV uses a split-read approach locally, that is,
it aligns the soft-clip portions of reads to the region within 4c.

PRISM first uses a clustering approach to identify candidate SVs. Then, if
there are soft-clip reads in some clusters of discordant alignments, a modified
Needleman-Wunsch algorithm is used to align these soft-clip reads as split
reads.

Although SoftSV and PRISM use information from different read types,
information is still used separately. LUMPY provides a general probabilistic
framework to integrate the information of read depth, discordant alignment
and split read as the SV breakpoint signal in one step. This allows it to
obtain a sufficient SV breakpoint signal more easily. (For example, if an SV is
supported by just one discordant alignment and one soft-clip alignment, then
the signal is insufficient for each read type. Moreover, for LUMPY, the signal
is stronger since it integrates all signals in one step.)

7.9 Verify the SVs

After we call the set of candidate SVs, the next step is to verify them.
Different methods use different verification methods. They can be classified
as:

e validation by the unused paired-end read information,
e validation by assembling the paired-end reads,
e statistical analysis for filtering the low-confidence SVs, and

e verification using biological features.
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FIGURE 7.30: In the top panel, PEs, PE3, PE, form a discordant cluster.
PFE; and PFEs5 are one-end anchor alignments and they are not used for dis-
covering the candidate SV. In the bottom panel, the validation step tries to
align PF, and PEj5 to the SV breakpoint. Since both PE; and PF, can be
aligned consistently as a split read, the candidate SV is verified.

Validation by the unused paired-end read information: Note that
when we call the candidate SVs, the method may not use all information. The
unused information can be utilized to verify the candidate SVs. For example,
DELLY [241] is a clustering method. During the clustering step, it does not
use the one-end anchored alignments and the concordant alignments with a
soft-clip. After the candidate SVs are discovered, these reads are used to verify
the SV breakpoints (see Figure 7.30 for an example).

Validation by assembling the paired-end reads: Some methods ver-
ify a candidate SV by examining if the paired-end reads in the SV region
can be assembled and aligned to the SV region. For HYDRA [236], after the
candidate SV is identified by the clustering approach, all reads are assembled
and realigned on the reference genome. In SVMerge [318], given a candidate
SV, SVMerge extracts all paired-end reads mapped around the breakpoint
region of the candidate SV; then, by a de novo assembler like ABySS [275] or
Velvet [329], these paired-end reads are assembled into contigs. If the assem-
bled contig can be aligned to the candidate SV, the SV is accepted; otherwise,
SVMerge will assume the candidate SV is a false positive. MetaSV [204] and
TIGRA [42] use local assembly to improve breakpoint resolution. MetaSV uses
SPAdes [13] while TIGRA uses a tailor-made local assembler for constructing
the contig.

Statistical analysis for filtering the low-confidence SVs: Some
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FIGURE 7.31: An example cluster with 3 paired-end reads and the anchor
size is s = 530 + 520 = 1050. This cluster is a different chromosome cluster.
Assume the genome size is n = 3x 10° and the number of different chromosome
paired-end reads is C; = 105. Then, ¢; ~ Poisson(\;) where \; = S—S‘ = 0.35.
Hence, the p-value is Pr(c; > 3) = 0.005509.

methods rank the candidate SVs. Then, using a cutoff threshold, a list of
high-confidence potential SVs are selected. Examples include PRISM [123],
LUMPY [157], Socrates [267], BreakDancer [43], and CREST [305]. A simple
score is to rank each cluster by the number of discordant alignments (or split
reads) supporting the clusters. We can also estimate the confidence of each
cluster. In BreakDancer, a p-value is estimated for each cluster based on a
Poisson model. The Poisson model uses the number of paired-end read align-
ments in the cluster, the size of the two anchor regions and the coverage of the
genome. Precisely, let ¢; be the random variable of the number of paired-end
reads of type ¢ in a cluster. Under the null hypothesis, ¢; follows Poisson(A¢)
where Ay = % and n is the size of the genome, C} is the total number of
paired-end reads of type t in the whole dataset, and s is the sum of the size
of the two anchors of all clusters. If k paired-end reads of type t are observed
in the cluster, the p-value is defined to be Pr(c; > k). Figure 7.31 gives an
example to illustrate the p-value computation. Using a p-value cutoff, we can
predict a list of significant structural variations.

Verification using biological features: It is known that SVs predicted
near certain genomic regions, like repeat regions, telomere and centromere, are
likely to be noisy. Some SV callers verify candidate SVs by these biological
features. Examples include FusionSeq [262] and FACTERA [217].

In terms of somatic SV detections in cancer study, the SV verification step
will examine the candidate SVs called from both the tumor and the matched
normal samples. If a candidate SV appears in the tumor sample while we
cannot find any supporting paired-end read for the same candidate SV in the
normal sample, such SV is deemed to be a somatic SV.
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7.10 Further reading

Although a lot of work has been done on structural variation calling, it
is still difficult to call structural variations in repetitive regions due to the
ambiguity of short read mapping. In terms of SV types, long insert and com-
plex SVs are still difficult to call since the reads are too short to capture such
events.

Sample purity and heterogeneity also affect SV calling. The cancer tumor
sample may be contaminated by normal tissue. This reduces the purity of
the sample. Due to tumor progression, the tumor sample contains multiple
sub-clones, which contribute to heterogeneity [326]. These two factors reduce
the number of reads supporting the somatic SVs and somatic CNVs.

This chapter does not cover all methods for calling CNVs and SVs. There
exist methods that use information in addition to read depth for CNV call-
ing. For example, CNVer [198] also uses the paired-end reads to determine
the boundaries of the CNVs. We also did not cover CNV callers that are
tailor-made for whole exome sequencing like EXCAVATOR [233] and Ex-
omeCNV [261].

For SV calling, we did not cover mapping-free SV callers. SMUFIN [205]
is one of the mapping-free methods, that uses quaternary tree to compare
sequences from two samples (e.g., tumor versus adjacent normal), grouping
the reads based on the differences between the normal and tumor reads to
identify somatic SVs.

There are methods that can analyze CNVs and SVs for multiple samples.
For CNVs, the methods include SegSeq [44], CNV-seq [320], rSW-seq [142] and
CNAseg [114]. For SVs, the methods include LUMPY [157], Hydra-Multi [180],
etc.

Due to the advance in third-generation sequencing, new methods will be
available soon that use long reads to detect SVs. In general, these methods
use the split-mapping approach (Section 7.8.2) and the assembly approach
(Section 7.8.3) to call SVs.

7.11 Exercises

1. Suppose you sequence a sample using the Illumina sequencer. Consider
three regions with the same copy number. Suppose the GC percentage of
these regions are 20%, 50% and 80%, respectively. Let A, B and C be
the numbers of aligned reads in these three regions, respectively. Can
you predict which region has the highest number of aligned raw read?
(Hint: Read Section 1.4.3.)
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. To estimate the CNVs, we need to count the number of aligned reads
in each region. Some reads may have multiple alignments. There are
different ways to handle them. Can you state the advantage or potential
problems for the following ways of handling the multiply aligned reads?

e Ignore all multiply aligned reads.

e For each multiply aligned read, we always keep the mapping loca-
tion with the smallest coordinate.

e For each multiply aligned read, we randomly keep one mapping
location.

. Assume that a set of reads are aligned on a genome, that is partitioned
into 10 bins. Suppose the normalized read counts of these 10 bins are
Ay =20,A2 = 19,45 = 21, A4 = 31, A5 = 28, 4 = 30, A7 = 29, Ag =
10, Ag = 9, A19 = 11. The circular binary segmentation (CBS) method
needs to find the t-statistic of all consecutive intervals. Can you de-
termine the t-statistic of all intervals? Which interval has the highest
t-statistic?

. Segmentation algorithms aim to partition the genome into segments such
that the normalized read counts in each segment have similar values.
Here, we modify the circular binary segmentation (CBS) algorithm and
obtain a new segmentation algorithm, CBS2.

Algorithm CBS2

Require: A list of values 4,,..., 4,

Ensure: A set of segments
1: Find the interval ¢..j that maximizes the absolute T-statistics 7T;_;;
2: Report i..j as a segment;
3: Call CBS2(AP, RN Aifl) and CBS2(A]‘+1, ey Aq),

Is CBS a good algorithm for segmentation? Why?

. Equation 7.1 estimates the CNV of a segment by the median. Why
should we use the median? Can we replace the median with the mean?
Can you give an example to illustrate the problem?

. Consider any discordant alignment whose two reads are aligned to po-
sitions x; and y; while their alignment orientations are sign(z;) and
sign(y;), respectively. Suppose we define its breakpoint region to be any
(a,b) satisfying spanmin < sign(z;)(a — x;), sign(y;)(b — y;) < spanmax.
Can you propose an algorithm to find all the maximal overlapping break-
point regions?

. Please give an efficient algorithm to find all maximal overlapping trape-
zoids. (Hint: Use plane sweeping where the plane is parallel to the diag-
onal.)



244

10.

11.

Algorithms for Next-Generation Sequencing

CREST tries to pile up the soft-clip portions of all soft-clip reads to form
a contig. Then, by BLAT, the contig is mapped to the whole genome
to identify another breakend of the SV. Instead of building a contig, we
suggested two alternative modifications to the algorithm.

e We directly map the soft-clip portions of all soft-clip reads to the
genome to identify another breakend of the SV.

e We identify the longest soft-clip portion S among all soft-clip reads.
Then, S is aligned on the genome to identify another breakend of
the SV.

Can you comment on the disadvantages of the above two approaches?

Suppose an SV exists that links two genomic regions A[l..a] and BJ[1..b].
Precisely, there exist ¢ and j such that A[1..i]B[j..b] form the SV. Assume
a read R[1..m] exists that covers the SV breakpoint. We can identifying
i and j that minimizes the edit distance between R and Alx..i]B[j..y]
among all x < i and y > j. Can you propose a dynamic programming
solution that identifies the breakpoints ¢ and j? What is the running
time?

You want to discover the SVs in one individual. To reduce sequencing
cost, you can only sequence 1 million of 2 x 100 paired-end reads. You
allow sequencing of paired-end reads of insert size (a) 300, (b) 1000 or
(¢) 10,000. Among the three insert sizes, which one should we choose?
(You can assume there are no technical issues in sequencing paired-end
reads of different insert sizes.)

You want to discover deletions of size 200 bp or above in one individual.
You allow sequencing of 2 x 100 paired-end reads of insert size either
(a) 300, (b) 1000 or (c) 10,000. Among the three insert sizes, which one
should we choose?



Chapter 8

RNA-seq

8.1 Introduction

Transcription is the process that transcribes genes into transcripts, which
is a sequence of RNA nucleotides. There are two types of transcripts: cod-
ing transcripts (mRNAs) and non-coding transcripts (ncRNAs). Coding tran-
scripts are transcripts which encode proteins. Non-coding transcripts do not
encode proteins. They function in the form of RNA. There are many different
types of non-coding RNAs, including rRNAs, tRNAs, miRNAs, siRNA, IncR-
NAs, etc. The complete set of transcripts that presents in a given cell is called
the transcriptome. In human and other multi-cell organisms, different cells
express different transcriptomes even though they have the same genome.

The process of transcription is different in prokaryotes and eukaryotes.
In prokaryotes, a transcript is an exact copy of each gene in the genome by
replacing the DNA bases A,C,G and T in the gene into RNA bases A,C,G
and U, respectively, in the transcript. In eukaryotes, the transcript is not an
exact copy of the gene. The transcription involves two steps. First, similar
to the prokaryote, a pre-mRNA is synthesized which is an exact copy of the
gene. Then, splicing occurs during the process. Splicing excludes some RNA
segments called introns from the pre-mRNA. The remaining RNA segments
(called exons) are joined to form the mature mRNA (see Figure 8.1). The
mature mRNA is then translated into a protein sequence.

In humans, the average length of a transcript is 2227 bp [140]. Each tran-
script consists of one or more exons. The average exon length is 235 bp and
about 25% of exons are shorter than 100 bp. Moreover, the smallest exon size
can be as small as 2 bp [257]. On the other hand, the lengths of introns vary
a lot. In compact genomes like Arabidopsis and fruit fly, the intron sizes are
relatively small. In human and mouse, the intron size spans between 50 bp and
100,000 bp. About 93% of introns are of length within [70,20000]. An extreme
example is the gene associated with the disease cystic fibrosis in humans. It
has 24 introns of total length approximately 1 million bases, whereas the total
length of its exons is only 1 kilo bases.

One gene may transcribe into multiple different transcripts by excluding
different sets of introns through the splicing mechanism. This process is called
alternative splicing. The different forms of a gene are called its isoforms. A

245
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FIGURE 8.1: Illustration of transcription and splicing. First, through tran-
scription, a gene is transcribed into a pre-mRNA. Then, the splicing mecha-
nism cleaves two introns from the pre-mRNA. The remaining three exons are
joined to form the mature mRNA.
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FIGURE 8.2: A list of possible alternative splicing events. The top sequence
shows the primary transcript which has 4 exons. The following 7 sequences
show possible alternative isoforms of the primary transcript.

genome-wide study showed that about 75% of human genes encode at least
two isoforms [125]. Alternative splicing produces different isoforms of a gene by
including or excluding different sets of exons. Figure 8.2 gives the list of basic
splicing events. They include intron retention, exon skipping, mutually exclu-
sive exon, alternative promoter, alternative polyA site, alternative 5’ splice
site and alternative 3’ splice site. Among the six basic modes of alternative
splicing, the most common splicing mode is exon skipping.

Understanding alternative splicing is important since different splice iso-
forms of a gene are expressed at different stages in cellular development and
differentiation [128]. Furthermore, studies showed that dysregulation of alter-
native splicing events may lead to various human diseases [136, 55].

The splicing mechanism is mostly performed by the spliceosome. It recog-
nizes and cleaves an intron sequence with 5’ end (the donor site) equals the
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consensus motif GTRAGT and the 3’ end (the acceptor site) equals YAG. (Note:
R stands for A or G and Y stands for G or T.) This intron is called the U2-type
intron. However, these motifs are extremely degenerated, leaving just GT — AG
as fairly reliable splice sites, found in 98% of known human introns [285].
This type of splice junction is referred as the canonical splice site. For a small
number of introns, spliceosomes recognize the splice sites GC — AG and AT — AC.
Both GC — AG and GT — AT are referred as the semi-canonical splice sites. Apart
from the canonical and the semi-canonical splice sites, non-spliceosomal splic-
ing also occurs. In yeast, the protein Irelp can splice an RNA. In metazoans,
XBP1 is cleaved in a homologous manner. This gives the non-canonical splice
sites CA — AG.

Apart from alternative splicing, another interesting transcript is the fusion
gene. A fusion gene is formed by merging two different genes. Its formation
is the result of structural variations like translocation, inversion and long
deletion (see Chapter 7). Recently, it was found that many fusion genes are
oncogenes (i.e., a gene that can transform a cell into a tumor cell). One famous
example is the BCR-ABLI fusion (see Figure 7.6). This fusion gene appears
frequently in chronic myelogenous leukemia (CML).

In other words, to understand the transcriptome of a sample, we need
to learn the expression profile and the isoforms of the transcriptomes. This
chapter is devoted to methods that address these issues.

8.2 High-throughput methods to study the transcrip-
tome

To study the expression or the isoforms of a single gene, we can use PCR-
based methods. However, this approach cannot give us a global picture of
the transcriptome. A number of methods have been proposed to study the
transcriptome of a given sample on a genome-wide scale. Below, we give an
overview of these methods.

First, the transcriptome can be studied by microarray. A microarray is
an array of a set of probes. Each probe is designed so that it hybridizes to a
specific transcript. By measuring the hybridization signals of all probes, we
can obtain the expression levels of all transcripts. We can also design probes
that are specific to the splice junctions. Hence, this approach can also detect
splice variants. However, a microarray is biased due to the fact that differ-
ent probes have different background hybridization noise. Also, a microarray
cannot discover novel transcripts or novel alternative splice sites.

Novel transcripts can be discovered using a sequencing approach. One of
the earliest sequencing solutions is the expressed sequence tag (EST). This so-
lution clones all transcripts. Then, the 5’ ends of the transcripts are sequenced
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using Sanger sequencing. By counting the number of tags specific to a tran-
script, we can measure its expression level. We can also discover the splice
junctions by mapping the EST to the reference genome. However, it can only
discover the splice junctions near the 5’ end of the transcript. This approach
is relatively expensive due to the high cost of Sanger sequencing.

A cheaper alternative is to sequence short tags like MPSS [31], serial anal-
ysis of gene expression (SAGE) indexSAGE[301, 256], CAGE [272] and GIS-
ditag [219]. These methods sequence the 5 and 3’ ends of all transcripts in
the transcriptome. They enable us to measure the expression levels of all tran-
scripts. Furthermore, these methods can detect alternative promoters and al-
ternative polyA sites. However, they cannot detect alternative splicing within
the body of the transcripts.

Both EST and short-tag sequencing are cloning-based approaches which
are sensitive to cloning biases. RNA-seq [207] is a non-cloning-based sequenc-
ing approach. It randomly cleaves the transcriptome into fragments and se-
quences all fragments by high-throughput sequencing (see Figure 8.3). It is a
cost-effective method. It has less noise and does not have the biases introduced
by microarrays and does not have cloning biases. Furthermore, it provides a
wider range of expression levels. It also can discover and quantify the ex-
pression level of transcripts, and provide information to detect allele-specific
expression. It can also detect alternative splicing. Experimental validation
showed that the RNA-seq protocol is reproducible and sensitive [191, 316]. It
is also shown that RNA-seq provides a better estimation of absolute expression
level than microarray [82].

Since the RNA fragments are reverse transcribed into cDNAs; the normal
RNA-seq protocol cannot report the strand of the RNA fragments. To solve
this problem, the strand-specific RNA-seq protocol [162] is developed. This
technology enables us to discover anti-sense transcripts, which are common in
higher eukaryotes.

8.3 Application of RNA-seq

Different types of cells have different transcriptomes. Hence, by comparing
the transcriptomes of different cell types like embryonic stem cells and various
adult stem cells, the process of cellular differentiation can be learned.

We can also learn more about cancer by studying the transcriptome. It is
known that the transcriptome of the cancer cell is different from its normal
form. We can actually use the expression of genes to subgroup cancer patients.
For example, the expression of the gene PSA (prostate-specific antigen) is
normally low in the healthy prostate. However, its expression is often elevated
in prostate cancer. Alternative splicing and fusion genes are often connected
with cancer. A few examples were described in [284].
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FIGURE 8.3: The RNA-seq process. From a sample, the RNA is first ex-
tracted and DNA contamination is removed by DNase. After that, various
filters can be applied to remove the highly abundant ribosomal RNA (rRNA).
(Note that TRNA typically constitutes over 90% of total RNA. Remove rRNA
can enrich the transcripts we are interested in.) We can enrich mRNAs by
rRNA depletion or polyA selection. rRNA depletion removes ribosomal RNA
only from the sample. It is suitable if you want to sequence all possible RNA
molecules. If you just want to analyze mRNA, you can use polyA selection.
PolyA selection selects RNAs with polyA tails (as mRNA typically has polyA
tails). Then, the extracted RNAs are fragmented into short fragments by
magnesium-catalyzed hydrolysis. Afterward, the RNA fragments are reverse
transcribed into cDNA by random priming. Sequencing adaptors are ligated
and, optionally, the fragments are PCR amplified. Then, RNA fragments of
a certain size are selected. All these selected cDNAs are subjected to high-
throughput sequencing. The obtained reads are then mapped to the reference
genome. Finally, expression and isoforms of all transcripts are called.
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8.4 Computational Problems of RN A-seq

This chapter focuses on computational problems related to RNA-seq and
we will study 3 computational problems.

o RNA-seq read mapping: Maps RNA-seq reads to a reference genome
allowing splice junctions.

e Construction of isoforms: Reconstructs the isoforms for every gene in a
transcriptome.

e Quantification of isoforms: Determines the expression level of the iso-
forms of every gene in a transcriptome.

8.5 RNA-seq read mapping

Due to the existence of introns, RNA-seq reads can be classified as exon
reads and junction reads. Exon reads are reads that can be completely aligned
within an exon. Junction reads are reads that cross the splice junctions. We
could not directly align RNA-seq reads using short read aligners in Chap-
ter 4 since the alignment between the junction read and the reference genome
contains some big gaps. Although RNA-seq reads can be aligned by general
aligners like BLAT [134] and BLAST [5], these methods are relatively slow.

This section discusses techniques for mapping RNA-seq reads. We first
cover features that are used to align RNA-seq reads (see Section 8.5.1). These
features include the transcript model and the splice junction signals. Then,
we cover two alignment methodologies [86]: (1) the exon-first approach (see
Section 8.5.2) and (2) the seed-and-extend approach (see Section 8.5.3).

8.5.1 Features used in RNA-seq read mapping

RNA-seq read mappers generally use two types of features. They are the
transcript model and splice junction signals.

8.5.1.1 Transcript model

A transcript model is a list of known RNA transcripts in the litera-
ture. In the model, each RNA transcript is represented as a list of exons
and splice junction boundaries. A number of methods require the transcript
model. They include Cloonan et al. [52], Pan et al. [223], Sultan et al. [288],
ERANGE [207], Xmate (old version called RNAMate [53]), RUM [90] and
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Algorithm AlignWithTranscriptome

Require: A set of RNA-seq reads, the reference genome and the reference
transcript model
Ensure: The alignment of each RNA-seq read
1: for each read R do
2:  Align R on the reference genome and the reference transcript model;
3: if R is aligned to either the genome or the transcript model with little
error then
4: Report the alignment
5:  else if R is aligned to both the genome and the transcript model and
they are consistent then
6: Report the alignment
else if R is aligned to both the genome and the transcript model but
they are not consistent then
Resolve the conflict and return the alignment;

9: else

10: Use some junction read alignment method to align R on the refer-
ence genome;

11:  end if

12: end for

FIGURE 8.4: The basic algorithm framework for aligning RNA-seq reads
with a reference transcript model.

ALEXA-seq [91]. A few methods can optionally use the transcript model.
They include TopHat [296, 140], STAR [68] and Mapnext [15].

Figure 8.4 gives the basic algorithm for aligning RNA-seq reads with the
help of the transcript model. First, ungapped alignment is performed to align
each read R to both the reference genome and the reference transcript model.
Depending on the alignment result, we have a few cases.

e If R aligns to the genome only, we report the alignment of R.

e If R aligns to the transcript model only, R should be aligned to some
known splice junction. We report the corresponding split alignment of
R on the genome.

e If R aligns to both the genome and the transcript model and the align-
ments are consistent, R should be on some known exon and we report
its alignment.

e If R aligns to both the genome and the transcript model but the align-
ments are not consistent, we need to resolve the conflict; then, we report
the alignment.

e If R does not align to both the genome and the transcript model, R may
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_ (a) Alignment of the black read on genome
[] _ # (b) Alignment of the black read on transcriptome
‘ I (c) Alignment of the white read on genome

FIGURE 8.5: The gray line is the genome. The gray blocks are the tran-
script model. (a) is the alignment of the black read on the genome. (b) is the
alignment of the black read on the transcript. Suppose the black read and
the white read form a paired-end read. (c) is the alignment of the white read
on the genome. The white read fails to align on any transcript and it is not
shown in the figure.

span across some novel splice junction. We use a junction read alignment
method to align R on the reference genome.

The above algorithm is mostly clear. The only case which is not clear is
how to resolve the conflict when the alignments of R on the genome and the
transcript model are not consistent. Here, we discuss the conflict resolution
scheme of RUM [90].

Let A and A’ be the alignments of R on the genome and the transcript
model, respectively. If the corresponding loci of A and A’ are different in
the reference genome (i.e., they do not have sufficiently long overlap), RUM
will consider this RNA-seq read as a non-unique alignment. If A and A’ have
a sufficiently long overlap, RUM tries to resolve ambiguities by either giving
preference to the transcriptome alignment or by just reporting the overlapping
region between the two alignments. For example, in Figure 8.5, the black read
has two inconsistent alignments (a) and (b) when it is aligned on the genome
and transcriptome, respectively. In this case, RUM will report the alignment
in (b) since RUM gives preference to the transcriptome.

Moreover, for the case of a paired-end read, RUM may accept the alignment
on the genome instead. For example, suppose the white read is the mate of
the black read. Consider the bottom panel in Figure 8.5. Assume the white
read maps in the intron between the junction of the black read as shown in
Figure 8.5(¢). Observe that the alignment (b) for the black read is inconsistent
with the alignment for the white read in (c¢). We know that (b) is incorrect
and RUM accepts the alignment in (a).

The transcript model helps improve accuracy. Occasionally, it may create
bias and it prevents a read from aligning to a novel splice junction.

8.5.1.2 Splice junction signals

Another feature used by RNA-seq read aligners is the splice junction sig-
nal. As stated in the introduction, the 5’ end and 3’ end of every intron are
the donor site and the acceptor site, respectively. They exhibit strong and
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conserved motifs. 98.12% of sites have the canonical GT — AG signal. Semi-
canonical junctions occur relatively rarely with 0.76% sites having the GC — AG
signal and 0.10% the AT — AC signal. Such information is used by the RNA-seq
read mapper to improve the RNA-seq read alignment accuracy.

Since most of the junctions are canonical and semi-canonical, most RNA-
seq aligners assume a fixed junction model and they align RNA-seq reads
to these junctions only. Although this approach works well for humans, it
may not work for species whose splice junction models are not known. Hence,
learning-based methods are also proposed. Learning-based methods perform
unbiased splice junction signal discovery. A few methods use this approach.
They include QPALMA [62], PALMapper [116] and HMMsplicer [66].

QPALMA [62] and PALMapper [116] require an initial set of splice junc-
tions. Then, it uses a support vector machine (SVM) to predict the junction
model. This method is not truly de novo as it requires a training set.

HMDMsplicer [66] creates its own training data set. By aligning the RNA-
seq reads on the reference genome, it first identifies a set of reads that are not
fully aligned. These reads are called initially unmapped (IUM) reads. The ITUM
reads are split into halves and mapped on the reference genome. A training set
is formed by all reads whose halves can be aligned uniquely on the reference
genome. Then, using the machine learning method, the splice junction model
is learned.

The splice junction model can improve the chance of unique alignment of
RNA-seq reads. The techniques will be presented in the following subsections.

8.5.2 Exon-first approach

Recall that there are two approaches for aligning RNA-seq reads: the exon-
first approach and the seed-and-extend approach. This section focuses on the
exon-first approach, whose idea is illustrated in Figure 8.8(a). The exon-first
approach first aligns RNA-seq reads to the exons; then, the remaining RNA-
seq reads are aligned to splice junctions. The exon-first approach is used by
a number of methods, including Cloonan et al. [52], Pan et al. [223], Sul-
tan et al. [288], ERANGE [207], Xmate (old version called RNAMate [53]),
RUM [90], ALEXA-seq [91], TopHat [296], G-Mo.R-Se [63] and PASSion [330].

The basic framework has two phases (see Figure 8.6).

1. Phase 1: Align all exon reads and identify potential exon regions.
2. Phase 2: Align all junction reads.

We will illustrate the basic framework using TopHat. Phase 1 maps the
RNA-seq reads on the reference genome allowing no gap. We expect that only
exon reads can be mapped. Then, regions, called islands, are identified that
are covered by some minimum number of reads. Those islands are candidate
exons. Since introns shorter than 70 bp are rare in mammalian genomes, if
two islands are close (within 6 bp by default), they will be merged.
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FIGURE 8.6: Illustration of the two phases of Exon-first approach using
TopHat. Phase 1: (a) We first map the reads on the reference genome. (b)
From the coverage of the reads, island sequences are formed, each island is a
putative exon. Phase 2: (¢) We try to recover the splice junctions by mapping
reads that span the splice junctions. (d) From each cluster of junction reads,
putative intron is formed.

Reads that are not mapped on the genome in Phase 1 are called initially
unmapped (IUM) reads. Phase 2 tries to align TUM reads across two candidate
exons with the help of the splice signal. It speeds up the alignment of TUM
reads on splice junctions by hashing. Precisely, it has two steps. The first step
extracts 2k-mers from every RNA-seq read and puts them in the hash table
(by default, & = 5). 2k-mers are only extracted from the first s bases (by
default, s = 28) of each RNA-seq read. (Note that bases in the 5-end region
in an Illumina read usually have higher quality.) Figure 8.7(a,b) shows an
example that illustrates the first step.

The second step checks if each 2k-mer in the hash table can be aligned
to some splice junction. Precisely, it checks if its first & bases and its last k
bases represent the segments before and after the splice junction, respectively.
Recall that the lengths of 93% of introns are within [70, 20000]. For every pair
of islands within [70,20000], TopHat enumerates all possible splice junctions
containing the canonical splice signals GT — AG. For each possible splice junc-
tion, it generates a length-2k seed S, where k bases are downstream of the
acceptor and k bases are upstream of the donor. If the seed S appears in the
hash table, we examine the IUM read in H[S] one by one. For each TUM read
R, we extend the seed to get the full alignment between R and the two islands
allowing a user-specified number of mismatches. If the extension is feasible,
the IUM read R is reported to align to the splice junction. Figure 8.7(c) gives
an example to demonstrate this step.

After the ITUM reads are aligned on the splice junctions, we obtain a set
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FIGURE 8.7: Illustration of the mapping of IUM read R. (a) We first extract
all 10mers from R;[1..28]. (b) For each 10mer z in R;[1..28], we hash R;
to Hlx]. (c) Consider two islands in the genome. The left island has two
donor sites while the right island has three acceptor sites. In total, there are 6
combinations of splice site pairs. In particular, from the 5mer upstream of the
donor site 2 and the 5mer downstream of the acceptor site 4, we can generate
GTCAA — ATAGC. From the hash table in (b), H[GTCAAATAGC] contains R;. After
we extend the alignment between R; and the two islands, we found that R;
aligns to the splice junction perfectly.
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of candidate splice junctions. For each candidate junction, let avL and avR
be the average read coverage in the left and right flanking regions of the
junction respectively. Let J be the number of alignments crossing the junction.
If J/ max(avL,avR) > 15%, TopHat reports this splice junction. (15% is set
to be the minimum minor isoform frequency since Wang et al. [303] observed
that 86% of the minor isoforms expressed at least 15% of the level of the major
isoform.)

In the actual implementation, when an island has high read coverage,
TopHat also pairs donor and acceptor sites within the island. Precisely, for
an island spanning positions i to j in a genome of length n, its read coverage

is defined as D;; = E'Z';j.dm 7 10 7> Where dy, is the depth of coverage at
position m. All D;; values are normalized so that it is in the range [0, 1000].
TopHat observed that splice junctions tend to occur within an island when
D;; is high. By default, TopHat looks for splice junctions within an island
spanning positions ¢ to j if its normalized coverage D;; > 300.

TopHat can work for both short and long reads. (When a read is longer
than 75 bp, TopHat version 1.0.7 and later splits the read into three or more
segments of approximately equal size and maps them independently.) How-
ever, since TopHat is based on read coverage, if the sequencing depth is not
high, it will miss solutions. Another disadvantage is that TopHat only finds
splice junctions with canonical terminal dinucleotides.

The exon-first approach is usually fast since the time-consuming splice
mapping is only performed for a subset of reads. However, this approach is
biased to exons and may fail to find some splice junctions. For example, due
to pseudogenes (pseudogenes are created when the mRNA transcript of a
gene is inserted into a chromosome by spontaneous reverse transcription),
some junction reads may map to the pseudogenes instead of the correct splice
junctions.

8.5.3 Seed-and-extend approach

The exon-first approach assumes that (1) most reads are exon reads and (2)
junction read alignment is difficult. These two points are true only when the
RNA-seq reads are short. However, as reads get longer, they may not be valid.
For (1), based on the length distribution of exons in humans and assuming
RNA-seq reads are uniformly distributed along a transcript, [140] showed that
about 33%—38% of the length-100 reads are junction reads (i.e., cover at least
one splice junction). As reads get longer, the proportion of junction reads is
even higher. For (2), aligning junction reads becomes easy when the reads are
long.

This motivates the seed-and-extend approach. The seed-and-extend ap-
proach maps seeds (i.e., subsequences) of each read to the reference genome
first; then, the seeds are extended to find the splice junction (see Fig-
ure 8.8(b)).
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FIGURE 8.8: Two general approaches to map RNA-seq reads. (a) is the
exon-first approach and (b) is the seed-and-extend approach.

Many methods have been proposed that apply this idea. They include
SplitSeek [6], Mapnext [15], MapSplice [306], Olego [319], SpliceMap [10],
Soapsplice [109] and STAR [68]. This section will detail the STAR method.

STAR aims to align every read R on the genome T so that the alignment
score is maximized. Given an alignment, its alignment score is defined as fol-
lows. For positions where a base is aligned with another base, a match score
(41, default) is given if the two bases are the same; otherwise, a mismatch
score (—1, default) is given. A gap smaller than the minimum intron size
(21, default) is given an indel score, which equals indel_open + indel_size *
indel_cost. By default, indel_open = —2 and indel_cost = —2. For a gap
of at least the minimum intron size (where the gap appears in the read
R), it is assumed to be an intron and is given an intron gap score, which
equals gap_open +log,(gap_size) * gap_cost. By default, gap_cost = —0.25 and
gap-open = 0 if the splice signal is GT/AG, —4 if the splice signal is GC/AG and
—8 otherwise.

For example, consider the alignment in Figure 8.9, there are 24 matches, 2
mismatches and 3 gaps of sizes 1,2,22. The match score is 24, the mismatch
score is —2, the score for the size-1 gap is —4 (= —2 — 2% 1), the score for the
size-2 gap is —6 (= —2 — 2 x 2), and the score for the size-22 gap is —1.115
(= 0—0.25 % log,(22)) since the splice signal is GT/AG. In total, the alignment
score is 10.885.

To find the best alignment of an RNA-seq read R on the reference genome
T efficiently, STAR uses a seed-and-extend approach. STAR defines “seeds”
of R as all maximum mappable prefixes of R in T'. For every position ¢ on R,
the maximum mappable prefix MM P(R,i,T) is defined as the longest string
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T=..TAACCACGA-GTCGCGTGTCACGGCAAGACCCAAGATAGCGACATAGCAACAGTCGGA. .
R=CCGCGACGTCGCGT—————————————————————— CGACAT--CAACCGT
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FIGURE 8.9: An alignment between a read R and a genome 7. The bold
gray bases are the mismatches or indels. The bold black bases are the splice
signal. The long indel is expected to be the intron gap.

RJ[i..i + £ — 1] that appears in T, where ¢ is the maximum mappable length.
MMP(R,i,T) can be computed efficiently (see Lemma 8.1). If the number
of occurrences of a MM P(R,i,T) is smaller than a certain threshold (50, by
default), it is called an anchor.

Lemma 8.1 Given the suffix array of T[1..n], if MM P(R,4,T) is of length
{, MMP(R,i,T) can be computed in O(£logn) time.

Proof See Exercise 3. |}

The STAR algorithm is as follows. STAR extracts seeds of R by finding
MMPs of R. To save time, STAR does not extract MMPs from every position
on R. Instead, the seed-finding algorithm of STAR is as follows.
1. Finds the first MMP starting at position 1 of R.
2. Tteratively finds more MMPs on the unmapped portion of R.
For the example read R in Figure 8.9, the seed-finding algorithm will report
six seeds as follows.
1. Imitially, MM P(R,1,T) is CC, which occurs at positions 4,29, 30 in T
2. Second, RJ[3..27] is the unmapped portion. MM P(R,3,T) is GCGAC,
which occurs at position 38 in 7.

3. Third, R[8..27] is the unmapped portion. MM P(R,8,T) is GTCGCGT,
which occurs at position 10 in 7.

4. Fourth, R[15..27] is the unmapped portion. MM P(R,15,T') is CGACAT,
which occurs at position 39 in 7.

5. Fifth, R[21..27] is the unmapped portion. M M P(R,21,T) is CAAC, which
occurs at position 47 in T

6. Sixth, R[25..27] is the unmapped portion. MM P(R, 25, T) is CGT, which
occurs at position 14 in T

After the seeds of R are identified, we retain seeds occurring at most 50
times. These seeds are called the anchor seeds. Then, STAR finds alignment
windows in the reference genome T that have potential hits of R. T is par-
titioned into equal size bins (default bin size = 2!6). If a bin contains an
anchor seed of R, it is an alignment window of R. If two nearby bins are align-
ment windows of R, they are merged. By default, two alignment windows are
nearby if there exist at most 9 bins between them. Furthermore, if there are
two alignment windows where one is for R while another is for the mate of R,
we can also merge the alignment windows.
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FIGURE 8.10: Consider the set of hits of anchor seeds (black segments) in
an alignment window of a read R. This figure illustrates the stitching process
that generates the potential hit of R.

Algorithm STAR(T, R)
Require: The suffix array SA[l..n] of T. An RNA-seq read R.
Ensure: A list of hits of the read R
1: Find the seeds of R (i.e., find MMPs with the help of suffix array);
2: For seeds with at most 50 hits in the genome, they are called anchors;
3: Partition T into bins. For bins with hits of anchor seeds, they are called
the alignment windows of R;
4: for each alignment window of R do
5:  Generate alignments between R and the alignment window by stitch-
ing the seeds;
6:  We score the alignment window by the best alignment score;
7: end for
8: Report alignments in all windows with alignment scores bigger than the
user-defined threshold;
9: If the best alignment cannot cover the entire read, connect the main
window to other windows to form chimeric alignments.

FIGURE 8.11: The algorithm STAR.

For each alignment window of the read R, STAR generates the alignment
of R by stitching all seeds “linearly” within the alignment window. Figure 8.10
illustrates the stitching process. All black regions are the hits of anchor seeds in
the alignment window. By simple dynamic programming, two adjacent seeds
are stitched together allowing at most one gap and several mismatches. For
each read R, among all alignments of R in all windows, we report alignments
whose scores are better than the user-defined threshold. If the best scoring
(main) alignment does not cover the entire read, STAR tries to identify other
alignment windows and check if they can form chimeric alignments. (Those
chimeric alignments are potential fusion genes.) Figure 8.11 gives the pseu-
docode of STAR.
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FIGURE 8.12: The steps to construct isoforms. (a) From the mapping reads,
we identify all exons and splice junctions. (b) Form a splice graph. (¢) From
the splice graph, reconstruct all possible transcripts.

8.6 Construction of isoforms

The previous section described methods to map RNA-seq reads onto a ref-
erence genome. After the mapping, the next step is to identify the transcripts.
A number of methods can recover the isoforms. They include G-Mo.R-Se [63],
MapPER [108], Scripture [93] and Cufflinks [297]. Below, we will detail G-
Mo.R-Se [63].

Given a set of aligned RNA-seq reads, G-Mo.R-Sc recovers isoforms using
three steps.

The first step of G-Mo.R-Se maps the RNA-seq reads by SOAP on the ref-
erence genome allowing at most 2 mismatches. Then, regions, called islands,
are identified that are covered by some minimum number of reads. Those is-
lands are candidate exons. For unmapped reads, G-Mo.R-Sc searches putative
splice sites within 100 bp around each island. If some unmapped reads exist
that link two islands, a splice junction is identified (see Figure 8.12(a)).

The second step forms the splice graph by combining the candidate exons
and candidate splice junctions. In the splice graph, every candidate exon is
a node while every candidate splice junction generates an edge between two
nodes (see Figure 8.12(b)).

The last step of G-Mo.R-Se extracts all possible transcripts from the splice
graph (see Figure 8.12(c)). Then, the coding region of each transcript is iden-
tified and G-Mo.R-Se will filter those candidates that are unlikely to be real.
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8.7 Estimating expression level of each transcript

The previous section described methods for reconstructing transcripts in a
transcriptome. This section is devoted to estimate their expression levels (or
their abundances). Precisely, this section aims to solve the following problem.
Let T = {t1,...,tx} be the set of transcripts in the transcriptome. Suppose
each transcript ¢; € 7 has ¢, copies in the transcriptome. Then, we define
P, = ﬁ be the relative expression level of the transcript ¢;. Note that

ZtieT pt; = 1. This section aims to estimate p = (pg,, ..., Pty )-

We can estimate the expression levels of transcripts by RNA-seq. First,
RNA-seq reads are aligned on the transcripts in 7. Then, by counting the
number of reads aligned on each transcript, we can estimate its expression
level. Below subsections detail these ideas.

The organization of this section is as follows. Section 8.7.1 covers this basic
approach for estimating p assuming every RNA-seq read aligns on exactly one
transcript. Then, Section 8.7.2 relaxes this assumption and gives methods
that estimate the expression levels of transcripts assuming reads may map
to multiple isoforms of a gene. Finally, Section 8.7.3 describes methods for
estimating the expression level of each gene, which has multiple isoforms.

8.7.1 Estimating transcript abundances when every read
maps to exactly one transcript

Consider the transcriptome of a sample. Let T = {t1,...,tx} be the set of
transcripts in the transcriptome. Let R = {r,...,rny} be the set of N RNA-
seq fragments of the transcriptome. Suppose every fragment r; € R aligns to
exactly one transcript ¢; € 7. This section describes a method to estimate the
expression level p;, for every transcript ¢; € 7.

We first define the effective length of a transcript. For every transcript
t € T, let {; be its length. The effective length ¢, of ¢ is defined as the number
of possible RNA-seq fragments that can be extracted from t. When every
fragment is represented by a RNA-seq read, every fragment is of some fixed
length m. The number of possible fragments that can be extracted from ¢ is
s —m+1. Hence, we define ¢; = ¢, —m-+1. When every fragment is represented
by a RNA-seq paired-end reads, the fragments are of different lengths. Let
F(m) be the fragment length distribution (i.e., F'(m) is the probability that
a fragment is of length m). Then, the effective length of the transcript ¢ is

b=t FO)( —m+1).

For example, suppose all fragments are RNA-seq reads of length 100. Let
the lengths of three transcripts t1, t3 and t3 be 1099, 3099 and 2099, respec-
tively. The effective lengths of the three transcripts are £;, = 1000, ¢;, = 3000

and Es = 2000, respectively.
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We can determine the expression level p;, of each transcript ¢; by counting
the number of RNA-seq fragments r; aligned on ¢;. Let R, C R be the set of
RNA-seq fragments that are aligned on the transcript ¢, for each ¢ € 7. Note
that R = J,cr Re and N = >, Ry

Naively, we expect the expression level p; of each transcript ¢ in 7T is

proportional to |R;| and inversely proportional to ¢;. Hence, we expect p;
Rel
o

For example, consider a set of N = 1000 RNA-seq fragments, each of

length m = 100bp. Assume |R1| = 300, |R2| = 300 and |R3| = 400. We have

... _ 300 . 300 . 400 _(111
Pty * Pts : Pts = 1000 ° 5006 ° 3000+ Hence, we have p = ( =).

) )

Although this expression level estimation method is 2SiI?lpfe, we can mathe-
matically show that this approach is correct under the assumption that every
read is sampled from the transcriptome uniformly and randomly.

Let a; be the chance that a RNA-seq fragment is extracted from ¢, i.e.,
ar = Pr(t|p). By definition, oy is just the proportional to both p; and the

effectively length of ¢ (i.e., a; o pif;). Hence,

ptENt
ZSET psgs

Note that ), a; = 1. Since every RNA-seq fragment is independently sam-
pled from T, the likelihood function L(p|R) is as follows.

II II #r(rlo

teT reRy

= [[ I Prelt)Pr(tlp)

teT reERe

- I 1T (=7)
teT reRy b

B H (at>|73t|
teT Zt

x H(at)mtl

teT

a; = Pr(tlp) = (8.1)

L(p|R) = Pr(R|p)

We aim to find p that maximizes the likelihood L(p|R). The following
lemma gives the result.

Lemma 8.2 To mazimize L(p|R), we have:

R+

R
pr=—" u (8.2)

[Rs|
ZSET 0, by
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Proof Since log L(p|R) is a linear equation, it admits a closed form solution.

By partial differentiation, the likelihood L(p|R) is maximized when a; = ‘Rtl

for all t € T. By substituting a; = % into Equation 8.1 for all t € T, we
obtain a system of simultaneous equations with K equations. By solving the
K equations (see Exercise 5), p can be uniquely determined and the lemma
follows. |

By spike-in transcripts of different lengths with known expression levels,
Mortazavi et al. [207] experimentally validated that p; o ‘Rtl for every tran-
script .

Although ‘Rtl can measure transcript expression level, its value is affected

by the total number of RNA-seq fragments N. To normalize N, RPKM (stands
for Reads Per Kilobase of exon model per Million mapped reads) and FPKM
(stands for Fragments Per Kilobase of exon model per Million mapped reads)
are proposed. The FPKM of the transcript ¢ is defined to be

10%|Ry|
OGN
When each fragment is a RNA-seq read, the FPKM measurement is also
known as RPKM. B B B

For the above example where £;, = 1000, ¢;, = 3000, ¢;, = 2000, |R4| =
300, |R2| = 300 and |R3| = 400. The RPKMs (or FPKMs) of the three
transcripts are 3 x 10°, 1 x 10° and 2 x 10°, respectively.

RPKM and FPKM are suitable for comparing the expression levels of
different transcripts within the same sample. However, it may not be suitable
for comparing expression levels of transcripts between different samples. To
solve the problem, another measurement TPM (Transcripts Per Million) is
proposed. The TPM of a transcript ¢ equals

|R:| 109
y Rl
Zt ZSGT 0,

Note that, for different samples, the sum of the FPKM (or RPKM) mea-
surements of all transcripts can be different. So, when a transcript has the
same RPKM (or FPKM) measurement in two different samples, we do not
sure if the same proportion of RNA-seq fragments are mapped to this tran-
script in the two samples.

On the other hand, for any sample, observe that the sum of the TPM
measurements of all transcripts is always equal to 10°. So, when a transcript
has the same TPM measurement in two samples, we know that the same
proportion of RNA-seq fragments are mapped to this transcript in the two
samples. Hence, TPM is more suitable for comparing transcript expression
levels across samples.
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8.7.2 Estimating transcript abundances when a read maps
to multiple isoforms

Section 8.7.1 assumes every read maps to exactly one transcript. When
some reads map to multiple isoforms of the same gene, it cannot work.

Consider N reads R = {r1,...,rny} and K transcripts 7 = {t1,...,tx}.
For each transcript t € T, recall that Zt is the effective length of ¢, p; is the
abundance of the transcript ¢, and oy = Pr(t|p) is the chance that a read is
extracted from the transcript ¢ («; can be computed by Equation 8.1).

Let Y be an N x K matrix where y,, +, = 1 if the read r; aligns to transcript
tr; and 0 otherwise. The matrix Y is called the compatible matrix. We aim
to find p that maximizes the likelihood L(p|R), which equals

Pr(Rlp) =[] Prvle) -

reER

-1 (Z P’"W)Pwp)) (8.4)
r€R \te€T

= H (Z yi’t 'Oét> (8_5)
reR \teT *t

) W) ' 8.6
Tle_!z < ZSET psgs ( )

There is no closed form for this problem. Moreover, when the matrix Y is of
full rank, L(p|R) is guaranteed to have a unique global maximum.

As an example, consider three transcript models 7 = {t1,t2,t3} in Fig-
ure 8.13(a). Assume all three transcripts are of the same length. Suppose there
are 6 reads R = {r1,...,r¢} mapping on them. Then, we can construct a com-
patible matrix Y as shown in Figure 8.13(b). Note that one read may map on
more than one transcript. One example is read r3 which maps on both tran-
scripts t; and t3. Hence, we set y,,, =1 and y,, », = 1. We aim to estimate
the abundances py,, pt,, pt,- Since all transcripts have the same length L and
Pty + Pty + pr; = 1, we have Y pSZq = L. Thus, by Equation 8.6, we have

1
L(pIR) = 50 (P + pr) (o1 + 1) prs + pis)

Since Y is of rank 3, a unique global maximum exists for L(p|R). We
1 5-5 57\/5) _
V5 10 v 10 )=

can show that the optimal solution is (pt,, pry, prs) = (
(0.447,0.276,0.276).

Although a closed form is not available for this problem, we can still es-
timate p using an EM algorithm. The algorithm will iteratively improve the
estimation of p. Denote p(®) as the estimation of p at the c-th iteration. Ini-
tially, we assume all transcripts in 7 have the same abundances, that is,
p0) = (pi?), . ,pg?()) where p\¥ = L. Then, the EM algorithm iteratively

122
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FIGURE 8.13: (a) shows three isoforms {t1,t2,t3} of a gene (all isoforms
are of the same length) and 6 RNA-seq reads {ri,...,rs} that map on the
three isoforms. (b) is the compatibility matrix Y. The entry y,, ¢, equals 1 if
and only if the read r; maps on the transcript t.

computes p©) = (pgf), ey pgg) by performing two steps: the E-step and the

M-step.

e E-step: The E-step computes the expected read count X; for each tran-
script ¢. It has two steps. Let p,; = Pr(r|t) be the probability that r is
extracted from the transcript ¢. The first step estimates p,; = Pr(r|t)

()
by %, for every read r € R and every transcript ¢ € 7. Then,
seT Yr.sPs

the expected read count X; can be computed by setting X; = > 5 Dr¢-

e M-step: The M-step finds p(°t1) that maximizes L(ptV| X, ..., X;,).
The maximum likelihood can be solved using a similar idea as Lemma 8.2
(see Exercise 6). We have:

p§c+1) — 5775 (8.7)
ZSET 0,

>

Figure 8.14 states the detail of the EM algorithm.

We demonstrate the execution of the EM algorithm using the example
in Figure 8.13. Initially, we set p(®) = (p§?>,p§§),p§2)) = (1/3,1/3,1/3). Fig-
ure 8.15 illustrates three iterations of the EM algorithm. The values of p(!), p(?)
and p® are (0.39,0.31,0.31), (0.42,0.29,0.29) and (0.43,0.28,0.28), respec-

tively. We can see that the values are converging to the true optimal values,
; 1 5-v5 5-6
that is, (ﬁ’ o e
The above discussion assumes the RNA-seq reads are uniformly randomly

extracted from every transcript in the transcriptome. However, it has been
shown that the RNA-reads are not uniformly distributed along the transcript
due to site-specific bias, position bias and mapping bias. These biases can be
adjusted by giving different weight to each RNA-seq read depending on its
sequence and mapping position [110].
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Algorithm EstimateAbundance(Y)
Require: The N x K matrix Y where y,, ;, = 1 if the read r; aligns to the
transcript tg
Ensure: The relative transcript abundances p = {p4,,...,pix} of the K
transcripts;
1: Initialize p, say, uniform distribution (i.e., pﬁf) = % fork=1,...,K);
2: ¢c=0;
3: while ¢ < the maximum number of iteration or the improvement on
L(p|R) is small do

4: Foreveryreadre€ RandteT, p,: =

yrapt®
©

5. Forevery t € T, set Xi =3 pPri;
Xt
6: Forevery t €T, set p,(gcﬂ) = Zi'xév
ZseT f
: c=c+1;
8: end while

FIGURE 8.14: The EM algorithm for estimating the relative transcript
abundances p of all transcripts in 7.

8.7.3 Estimating gene abundance

Sections 8.7.1—8.7.2 describe methods to estimate the abundance of each
transcript. This section describes methods to estimate the abundance of each
gene. When a gene only has one isoform, the gene abundance is the same as
the transcript abundance. When a gene has multiple isoforms, there are three
possible ways to estimate the gene abundance [307, 297, 295].

The first approach is called the exon-union model. We just count the total
number of reads that fall on all exons of the gene. Then, the RPKM value is
computed.

For example, consider the gene in Figure 8.16. It has 3 isoforms and consists
of 4 exons. All exons have the same length L. Assume the RNA-seq library has
N = 10° reads. Using the exon-union model, we compute the RPKM using

the read counts of all 4 exons. Hence, the RPKM measurement of the gene is
10° (4+3+3+2)

(AL)N
the abundance.

Another way is called the exon-intersection model. It only counts the num-
ber of reads that fall on exons which appear in all isoforms of the gene. Then,
the RPKM value is computed. For the example in Figure 8.16, all three tran-
scripts of the gene share exon E1. We compute the RPKM using the read count

9
of exon E1 only. Hence, the RPKM measurement of the gene is 1(2 Jg;; ) = %.

This method can estimate the abundance correctly. However, it does not

utilize the full information.

The last approach is called the isoform-based model. It first estimates

= % This approach is simple. However, it will under-estimate
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FIGURE 8.15: Consider the example in Figure 8.13, which illustrates three
iterations of the EM algorithm that estimate the transcript abundances of p =
(Pty, Pras Pts)- In each iteration, we iterate the E-step and M-step: Given p(®),
the E-step computes the table for p,. ; for every » € R and every t € T; then, it
computes the table for X; for every ¢ € 7. The M-step computes p(t1) given
X:. Note that the optimal value of p = (pt,, pt,, pts) = (0.447,0.276,0.276).
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FIGURE 8.16: For this example gene, it has 3 isoforms and consists of 4
exons: K1, E2; E3 and E4. The read counts of the four exons are 4, 3, 3 and
2 respectively.

the abundance of each isoform of the gene. Then, the abundance of the gene
equals the sum of the abundance of all its isoforms. For the example in Fig-
ure 8.16, we first estimate the relative abundance of each isoform. We can show
that (pt,, Pty Pts) = (1/2,1/4,1/4) (see Exercise 7). Since the total number
of reads is 12, the estimated read counts for the three isoforms ti,ts,t3 are
6,3, 3, respectively. Hence, the RPKM measurements of the 3 isoforms are

9 9 9
((1??L§?\)7’ (1§L§?\)f’ (1??[,5?\3) = (%, L 1) The RPKM measurement of the gene is

their sum, which is % + % +

)= &
[| =

4
7.

8.8 Summary and further reading

For a review of the RNA-seq methods, please read [308, 86, 41]. Reference
[220] describes the complete pipeline to analyze RNA-seq data.

Please read [281] for a comparison of methods for estimating differential
expressions of genes.

Previously, people think that protein and mRNA expression levels are not
correlated. It is shown that protein and mRNA expression levels are in fact
correlated (once the non-linear bias in the mass spectrometry data is removed)
[3, 173].

8.9 Exercises

1. The simplest model for the donor site of an intron is the frequency of
the first two bases at the 5" end of the intron. Suppose you are given a
set of introns, can you describe a method to compute the model for the
donor site? Similarly, can you propose a method to compute the model
for the acceptor site?
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. Suppose you obtain a set of RNA-seq reads from a human sample. As-
sume the length of the reads is 150 bp. Assume the RNA-seq reads
are uniformly distributed along each transcript. Can you compute the
expected percentages of reads that cover at least one splice junction?
(Hint: You need to use the statistics of the human transcriptome stated
in Section 8.1.)

. Consider a reference genome T'[1..n] and a read R[1..m]. Given the suffix
array of T, show that MM P(R,i,T) can be computed in O(¢logn) time,
where ¢ is the length of MM P(R,i,T).

. Consider a set of paired-end reads whose length distribution is F'(301) =
0.2, F(302) = 0.3, F(303) = 0.3 and F'(304) = 0.2. For a transcript ¢ of

length ¢ = 600, what is its effective length €7

. Suppose a; = #g‘p[, for all ¢ € T. Please show that
e Psls

_ £y
Pt = 72 o
s€T ¢,

. This question refers to Section 8.7.2. Can you give the likelihood function
L(p“tV|X,,,..., X, )? To maximize the likelihood, please show that
Equation 8.7 is correct, that is,

X:

(e+1) £y
Pt - = x.-
DseT T

. For the example in Figure 8.16, there are 12 reads and we denote them
as R = {r1,...,7m12}. Let p = (pt,, pt,, pt;) be the relative transcript
abundances of the 3 transcripts.

(a) Can you give the likelihood function formula for L(p|R)?

(b) Can you compute p that maximizes L(p|R)?

(¢) We can compute p using the algorithm in Figure 8.14. Can you
illustrate three iterations of the EM algorithm?

. Section 8.7.3 mentioned that gene abundance estimated based on the
exon-union model is only correct for a gene with a single isoform. When
there is more than one isoform, the abundance is under-estimated. Can
you show that this is true?
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Chapter 9

Peak calling methods

9.1 Introduction

Previous chapters describe methods for identifying genomic variations.
This chapter studies another type of method known as peak callers. After
sequencing reads are aligned on the reference genome, peak callers identify
genomic regions that have a high density of reads. These regions are called
peaks.

Peak callers find applications in studying protein-DNA interactions and
epigenetics based on ChIP-seq (see Sections 9.2.1 and 9.2.2). They can also
be used in some specialized assays like DNase-seq, MNase-seq and ATAC-seq.

This chapter is devoted to discussing methods for peak calling. We
first briefly describe techniques like ChIP-seq that generate the sequencing
datasets. Then, we detail the peak calling methods.

9.2 Techniques that generate density-based datasets

Peak calling finds applications in many different next-generation sequenc-
ing datasets. Below, we briefly describe them.

9.2.1 Protein DNA interaction

Within a cell, some proteins called transcription factors (TFs) or DNA-
binding proteins can interact with the genome. These interactions finally reg-
ulate the expression of the genes. For example, Oct4 and Kl1f4 are master TFs
which regulate the expression of stem cell related genes and they can repro-
gram human neural stem cells into human ES cells [141]. Another example is
Estrogen Receptor (ER), which is the key TF related to breast cancer [35].
Hence, it is important to understand the TF—DNA interaction.

To understand the TF—DNA interaction, we need is to find the loci on
our genome where the TF's interact. These loci are called transcription factor

271
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Cross-linked, then sheared into DNA fragments

Enriched by immunoprecipitation using an antibody
Reverse cross-link

4
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FIGURE 9.1: The workflow of the ChIP experiment. The curly line is the
genomic DNA. The triangle, circle and square are the transcription factors.
The Y symbol represents the antibody for the circle transcription factor.

binding sites (TFBSs). ChIP-seq is the technology that enables us to identify
TF binding sites on a genome-wide scale.

ChIP-seq involves two steps. The first step performs Chromatin Immuno-
precipitation (ChIP). ChIP is a type of immunoprecipitation experimental
technique. It requires a specific antibody that has high binding affinity with
the selected transcription factor. By enriching the selected TF by the anti-
body, we can capture DNAs that interact with the selected transcription fac-
tor in the cell. The workflow of the ChIP experiment is shown in Figure 9.1.
First, TFs are cross-linked to their genomic DNA targets in vivo. Second, the
protein-DNA complexes are extracted from cells and the bounded DNA is
further sheared by sonication into DNA fragments. Third, using an antibody
for the selected transcription factors, the cross-linked DNA fragments with
the selected transcription factor are enriched by immunoprecipitation (IP).
Finally, by reverse cross-linking, the ChIP fragments (i.e., IP-enriched DNA
fragments) are obtained. These ChIP fragments will be sequenced by next-
generation sequencing in the second step. These sequencing reads are expected
to be extracted from regions close to the transcription factor binding sites.

There are many variations of the ChIP-seq protocol. Table 9.1 summarizes
the current available ChIP-based techniques. ChIP-seq sequences one end of
the ChIP fragments. There is a paired-end version that sequences both ends
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TABLE 9.1: Different ChIP-based techniques.

Technique detection method Resolution
ChIP-PET [312] | paired-end read sequencing | 100 bp
ChIP-seq [124] | short read sequencing 100 bp
ChIP-exo [243] | short read sequencing 10 bp

TABLE 9.2: Different histone modifications and their genomic functions

Histone modi- | Genomic function

fication

H3K27me3 marker for inactive promoter

H3K4me3 marker for promoter

H3K4mel marker for enhancer

H3K36me3 marker for active gene body (hallmark of elongation)
H3K27ac marker for active promoter or enhancer
H3K9me2/3 marker for heterochromatin (a repressive mark)
H4K20me3 marker for heterochromatin

H3K9ac marker for active promoter

H3K14ac marker for active promoter

of the ChIP fragments, which is known as ChIP-PET [312]. ChIP-exo [243]
is an enhanced version of ChIP-seq which applies a lambda exonuclease to
further cut the unbound parts of the ChIP fragments. ChIP-exo improves the
resolution of the binding sites.

9.2.2 Epigenetics of our genome

Within a cell, our genome wraps around histones. Histones are subjected
to post-translational modifications. These modifications include methylation,
acetylation, phosphorylation and ubiquitination. Similar to our genome, his-
tone modifications are inherited when a cell divides [11, 239]. Hence, cells of
the same tissue types have the same histone modification profile.

Biologists discovered that histone modifications mark genomic functions of
the DNA that wipe around them. For example, DNA regions that wipe around
histones with H3K27me3 correspond to inactive promoters of some genes.
DNA regions that wipe around histones with H3K4me3 correspond to active
promoters. Table 9.2 gives the genomic functions of some well-known histone
modifications. Understanding the histone modification profiles for different
tissue types can help us to decode their functions. It also helps us understand
the cause of diseases.

A histone modification profile can be identified on a genome-wide scale
by applying ChIP-seq. The idea is the same as identifying transcription
factor—DNA interaction. For each histone modification, there is some spe-
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cific antibody that can interact with the histone modification. The workflow
consists of two steps. The first step performs ChIP with the antibody specific
for the histone modification. Then, by next-generation sequencing, the second
step obtains reads near the histone modifications.

Unlike binding sites, the peaks for histone modifications are usually
broader.

9.2.3 Open chromatin

Open chromatin is defined as the chromatin regions that are accessible (by
TFs and other molecules). Most of the DNA-related events are expected to
happen around open chromatin regions. For instance, it is known that most
TF's bind to open chromatin regions [282]. Researchers found that different cell
types have different open chromatin profiles [216]. These studies imply that
open chromatin is important for understanding the gene regulation mecha-
nism.

Open chromatins can be identified by DNase-seq [30, 101], FAIRE-seq [280]
and ATAC-seq [32] on a genome-wide scale.

9.3 Peak calling methods

The wet-lab techniques in Section 9.2, like ChIP-seq, generate a set of
reads. After these reads are aligned on the reference genome, the computa-
tional problem is to find regions in the reference genome enriched with aligned
reads. These regions are called peaks and they are expected to have some use-
ful genomic features. This section focuses on methods for calling peaks.

We first present a simple peak caller. The input is a set of aligned reads
(in SAM or BAM format). The simple peak caller runs two steps. First, it
generates a signal profile by piling up the aligned reads; then, from the signal
profile, the second step reports peaks that have a signal higher than a selected
cutoff threshold . The algorithm is stated in Figure 9.2. Figure 9.3 gives an
example to illustrate this process. Figure 9.3(a) gives a set of aligned reads.
Figure 9.3(b) gives the signal profile formed by piling up all aligned reads.
(The pileup of the aligned reads can be stored in bigWig [135] or ¢Wig [112]
(see Section 2.6).) In this illustration, our cutoff threshold is § = 3. Each peak
is defined to be a maximal consecutive region where the signal is higher than
0. In our example, we obtain 5 peaks.

Although the simple peak caller can work, its accuracy is low. Below, we
refine the simple peak caller. We will discuss a few issues:

(1) ChIP fragment length: In the ChIP-seq protocol, our genome is
sheared into fragments. The fragment size (also called the insert size)
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Algorithm SimplePeakCaller(R, )

Require: R is a set of aligned ChIP-seq reads and a cutoff threshold 6
Ensure: A list of peaks
1: By piling up the reads in R, compute the signal profile S such that S]]
is the number of reads covering position i;
2: Report all maximal regions r1..ro such that S[i] > 0 for 11 < i < ry;

FIGURE 9.2: A simple peak caller.

(a) = = S

Reference genome

(b)

Reference genome

e e T e e st

FIGURE 9.3: (a) is the visualization of a set of aligned reads on a reference
genome. (b) is the signal profile formed by piling up the aligned reads in (a).
The arrows indicate the 5 peaks whose signals are at least 3.

will affect the performance of peak callers. We will discuss the effect of
insert size and how to determine insert size.

(2) Model noise: Although the ChIP protocol enriches DNA fragments
with TF binding, noise DNA fragments exist. However, noise DNA frag-
ments are not uniformly distributed on the genome due to various biases.
False peaks are created due to noise. We will discuss the use of a control
library to reduce noise.

(3) Noise rate: Let « be the proportion of ChIP fragments that do not have
a TF binding. Depending on the quality of the antibody and various
protocol-specific factors, a has different values for different ChIP-seq
experiments. To improve peak calling, we will discuss how to determine
Q.

(4) Cutoff threshold 6: The cutoff threshold 6 is manually determined in
the simple peak caller. This threshold is difficult to set. We will discuss
how to set 8 depending on the p-value or the false discovery rate.

(5) Issue on the reference genome: The genome of the sample is different
from our reference genome. In particular, some genomic regions have
different copy numbers. This will create noise in peak calling. We will
discuss this issue and study a solution based on a sponge database.
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(6) Kernel model: The simple peak caller assumes every loci covered by a
ChIP fragment has an equal chance to be a TF binding site. It may not
be exactly correct. Often, the center of the ChIP fragment is more likely
to be the actual binding site. To incorporate this idea, we will discuss a
method based on kernel function.

9.3.1 Model fragment length

By performing ChIP on a sample, ChIP fragments are obtained. Then,
either single-end reads or paired-end reads can be sequenced from the ChIP
fragments. When we perform paired-end sequencing (known as ChIP-PET),
the two endpoints of each ChIP fragment can be determined by the alignment
of the paired-end read. Then, we can pile up the aligned ChIP fragments and
obtain a signal profile like Figure 9.3.

When we perform single-end sequencing (known as ChIP-seq), only one
end of each ChIP fragment will be sequenced and we can only determine one
endpoint of each ChIP fragment. Figure 9.4(a) illustrates this process. There
are 8 ChIP fragments in this example. One short read is sequenced for each
ChIP fragment. After piling up the alignments of these short reads, we obtain
the signal profile in Figure 9.4(b). For this example, since the aligned short
reads do not overlap, the simple peak caller will fail to call a peak in this
region if the cutoff threshold 6 = 2.

(@)
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>
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i

TF binding site
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(b)

FIGURE 9.4: (a) is the visualization of a set of aligned reads on a reference
genome. (b) is the signal profile formed by piling up the aligned reads in (a).

This problem arises since the ChIP-seq reads do not appear exactly on
the binding sites. If we know the insert size (i.e., the average ChIP fragment
length), this problem can be solved as follows. Observe that every read has
an alignment orientation. From the alignment strand of each read, we know
whether the binding site is on the left or right of the read. There are two
possible solutions: (1) shifting of the reads and (2) extension of the reads.

For (1), we shift the read by L/2 in a strand-specific fashion. After shifting,
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the reads are expected to overlap with the binding site. This approach is
used by MACS [331], QuEST [299], SiSSRs [127] and spp [137]. For (2), each
read is extended by L in a strand-specific fashion. This approach is used by
XSET [247].

As an illustration, consider the set of aligned reads in Figure 9.5(a). The
pile-up signal will contain two peaks, where neither peak overlaps the binding
site. Approach (1) will shift the read by L/2. Then, we obtain Figure 9.5(b).
The pile-up signal will contain one signal peak that overlaps the binding site.
Note that the peak intensity is roughly double when it is compared with
the two peaks in Figure 9.5(a). This approach generates a very sharp peak.
However, if L is estimated incorrectly, this approach may fail to detect the
correct peak.

For approach (2), every read is extended by L. Then, we obtain Fig-
ure 9.5(c). Similar to approach (1), the pile-up signal will contain one signal
peak that overlaps the binding site. The peak intensity is also roughly double
when it is compared with the two peaks in Figure 9.5(a). As long as L is
estimated to be long enough, this approach always reports the correct peak.
However, the peak predicted by this approach may be very broad.

Figure 9.6 details the algorithm to generate the signal profile.

> < <
:} << :_><_<_<— >, <
L B B
(a) (b) (c)

FIGURE 9.5: (a) A set of aligned ChIP-seq reads and the corresponding
signal profile. (b) The signal profile formed after the reads are shifted by L/2
in a strand-specific fashion. (¢) The signal profile formed after the reads are
extended by L in a strand-specific manner.

As discussed above, we need an accurate estimation of the insert size L,
in particular for approach (1). L can be estimated from wet-lab. However, the
accuracy of the estimation depends on the laboratory and the experimenter.
Another choice is to estimate L computationally. This can be done by studying
the cross-correlation between positive and negative strand reads.

Here, we discuss the method used by spp [137]. Suppose a set of ChIP-seq
reads are aligned on a reference genome T[1..n], where the read length is ¢. For
every loci ¢ in the genome T, let f(i) be 1 if some read is aligned on the +ve
strand of T'[i..i + £ — 1]; and 0 otherwise. Let g(i) be 1 if some read is aligned
on the —ve strand of T'[i — ¢ + 1..7]; and 0 otherwise. If the average fragment
length is L, we will expect that if f(i) = 1, then the chance that g(i + L) = 1



278 Algorithms for Next-Generation Sequencing

Algorithm CreateSignalProfile(R)

Require: R is a set of aligned ChIP-seq reads
Ensure: A signal profile S
1: Estimate the average fragment length L;
2: Shift the read by L/2bp (for approach 1) or extend the read by Lbp (for
approach 2);
3: By piling-up the reads in R, compute the signal profile S such that S[i]
is the number of reads covering position ;

FIGURE 9.6: Algorithm to generate the signal profile from a set of aligned
ChIP-seq reads.

pos 112(3]4]5]6]7]8]9]10
700) I[L|0]1]0j0[T]O]I]|1
map(i) T(T(o|1]|0|0[T|[T]1]|1
g(i+ L) 1[0]0]0|O[L][LT]O[|1]O
mapli+ L—C+1) 1|01 |1|0[T]|1]|1[1|0

FIGURE 9.7: An example illustrates the computation of cross-correlation.
For some fixed L, row 1 shows the genomic position while rows 2—5 show f(4),
map(i), g(i + L) and map(i + L — ¢ + 1).

is higher. To check if this is true, we can compute the cross-correlation of the
pairs in {(f(é),g(i+ L)) | i=1,...,n — L}, which equals

L [f@) = pyllg(i + L) — ]

T n-1L oro
i=1 %

where py and oy are the mean and standard derivation, respectively, of
{f(1),...,f(n)} and pu, and o, are the mean and standard derivation, re-
spectively, of {g(1),...,g(n)}. Precisely, uy = £ 37" | f(i), pg = 237" g(i),
0 = =30 [f(i) — pg]? and o2 = 2377 [g9(i) — pg)®. Note that oF =
pp(1—pg) and op = pig(1 — py) (Exercise 3).

For the example in Figure 9.7, pr = % = 0.6, pg = % = 0.4, J;‘E =
0.6 x 0.4 = 0.24 and Ug = 0.4 % 0.6 = 0.24. By the above equation, the cross-
correlation score pr, = 0.25.

The average fragment length is estimated to be the length L that maxi-
mizes pr,.

The above method is sometimes inaccurate. The reason is that different
parts of the genome have different mappability. Mappability measures whether
a read originated from some position i can be mapped back to position 7
unambiguously. Mappability introduces bias, which affects the estimation of
the fragment length.

Precisely, mappability is defined as follows. For any position i, the position
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i is mappable if T'[i..i + £ — 1] occurs exactly once in the genome. We denote
map(i) = 1 if position 7 is mappable; and 0 otherwise. Note that when a
position 7 is not mappable, no read can map to position ¢ on the +ve strand
or position ¢ + ¢ — 1 on the —ve strand.

Ramachandran et al. [240] suggested a method to remove the bias con-
tributed by mappability. The idea is to include (f(i),g(i + L)) in the cross-
correlation computation only when both map(i) = 1 and map(i+L—£+1) = 1.
For the example in Figure 9.7, we only include (f(i),g(¢ + L)) for i =
1,4,7,8,9. Then, we have puy = 0.8, pg = 0.6, 012‘- = 0.8%0.2 = 0.16 and
03 = 0.6 x 0.4 = 0.24. The cross-correlation score pr, = 0.612.

9.3.2 Modeling noise using a control library

For the simple peak calling method in Figure 9.2, a cutoff threshold 6
is required to determine if a peak is enriched with ChIP-seq reads. Suppose
the ChIP-seq library contains N reads, each of length ¢. Then, the expected
coverage is A\ = %, where n is the genome size. To get a set of peaks with
fold enrichment f, we can set the cutoff threshold 8 = fA.

The above solution assumes noisy reads uniformly distribute on the ref-
erence genome. However, the uniform noise model is shown to be too ideal.
Due to the existence of sequencing and mapping biases, chromatin structure
and genomic copy number variations, many false positive regions are enriched
with ChIP-seq reads [300].

To filter the false peaks, Johnson et al. [124] proposed to sequence a control
library in addition to the sample library. A control library is the same as
the sample library except that we do not enrich DNA fragments that have
TF binding. The control library provides a more accurate background, which
reduces the number of false positive peaks.

Figure 9.8 illustrates the usage of the control library. The figure has two
regions in the sample library where the number of overlapping reads is 3. By
the simple peak caller, both regions are predicted as peaks. Moreover, when
we check the control library, the left peak also has three overlapping reads in
the control library. This implies that the left peak is noise.

Motivated by this idea, we obtain an algorithm in Figure 9.9. Instead of
comparing the number of overlapping reads of each region with a fixed cutoff
threshold, Step 2 identifies peak regions ry..ry such that its signal in the
sample is significantly higher than that in the control. Suppose the control
library has M reads while the sample library has N reads. Let Ss and S, be
the signal profiles of the sample and control, respectively (i.e., Ss[i] and S,[i]
are the numbers of reads covering the position ¢ in the sample and control,
respectively). Let As(r1..r2) and A.(r1..72) be the normalized average signal in
the region 71..75 for both sample and control, respectively. That is, A\s(r1..r2) =
~ 22, Sali] and Ao(r1.r2) = 97 2212, Seli]. When A (r1..72) is significantly
bigger than A\.(r1..r2), the region r..ry is considered to be a peak.

In real life, A.(r1..r2) may be zero. To avoid this problem, MACS [331]
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Our sample library:

FIGURE 9.8: An example of a ChIP-seq library for the sample (top) and
the control (bottom).

Algorithm CallPeakWithControl(Rs, R.)

Require: R, and R, are the sets of mapped ChIP-seq reads for both sample
and control, respectively.
Ensure: A list of peaks
1: Generate the signal profiles S; = CreateSignalProfile(R;) and S, =
CreateSignalProfile(R..);
Set S be an empty set;
for every fixed size region r1..ro do
Include the region r1..r9 into S if As(r1..72) >> Ao(r1..72);
end for
Overlapping regions in S are merged; We denote these regions as peaks;
Score and rank every peak in S and report them;

FIGURE 9.9: Algorithm to generate a list of peaks gives two sets of aligned
ChIP-seq reads from the sample and control.

suggested that the signal in the control can be determined by A.(r1..r2) =
(ro — 1 4+ 1) max{Ayg, A(h, 1000), A(h, 5000), A(h, 10000)} where \pg is the

h+2/2 .
7,+h/£/2 Hv and

h is the summit of the peak region ri..rq, i.e., h = argmax,, <;<,,Ss[i].

genome-wide average read coverage per loci, A(h,£) = 7 1y

9.3.3 Noise in the sample library

The above solution assumes the control library follows the noise model
while the sample library follows the signal model. However, this is not exactly
correct. The sample library is in fact a mixture of the signal and noise models.
Figure 9.10 illustrates the idea.

Let o (0 < o < 1) be the proportion of reads coming from the noise model,
that is, the noise rate. If the ChIP experiment is efficient, we will expect « is
close to 1. Otherwise, if the antibody is not good, we expect « is close to 0. We
assume the noise model in the sample library is the same as the noise model



Peak calling methods 281

= S

Our sample library:

FIGURE 9.10: The linear signal-noise model. Our sample library is the
mixture of the signal model and the noise model. The sample ChIP fragments
are represented by thick edges while the noise fragments are represented by
thin edges.

in the control library. A line of evidence supporting the above assumption
was given by Rozowsky et al. [253]. They generated a scatter plot of ChIP
and control read counts on a list of genomic regions with no detectable ChIP
enrichment. A linear and nearly symmetric scatter pattern was observed.

We aim to estimate a. Suppose E is the set of regions with a real ChIP
signal while E is the set of the remaining regions (i.e., background). By defi-
As(r1..m2) %Z:irl S li] .
Ae(rire) = 32, S[i] T

By this observation, a can be estimated iteratively as follows. We partition
the genome into a set of bins. Initially, Ss is assumed to be a noise profile,
that is, & = 1. Then, two steps are iterated. The first step finds E. Basically,

a bin 71..r9 is considered to be a background region if % < «. Then,

we obtain a set the background regions E. The second step computes the
2y rge As(r1.72)

r1.rgel Ae(r1-m2) "
algorithm is used in CCAT [322]. It is shown that the convergence is fast. In
the spike-in simulation, the noise rate is converged in about 5 iterations. The
noise rate estimation is accurate. The relative error is less than 5%.

nition, for any region 7;..ry in E, we have

noise rate o = The algorithm is shown in Figure 9.11. This

9.3.4 Determination if a peak is significant

In Sections 9.3.2 and 9.3.3, a region r;..ry is determined to be a peak
if As(r1..r2) >> Ac(r1..r2). However, we do not state the exact method to
determine if a peak is significant or not. This section aims to discuss this
issue.

Recall that « is the noise ratio. To determine if the region r1..rs is a signif-
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Algorithm EstimateNoiseRate(Ss, S,)

Require: S and S, are the signal profiles of sample and control, respec-
tively.
Ensure: The noise rate «
: Set a = 1;
: Partition the whole genome into a set of equal-size bins.

1
2
3: while « is not stabilized do
. — . ~ 202, Ssli]
4 Identify a set E of bins 71..79 such that ="+
A 2izyy Selil
1 () .
N org.rgeE 2aicry Sslil
Set @= ﬁ r1..79€E 27271 SC[i],

S o

o

6: end while
7: Report «;

FIGURE 9.11: Algorithm to estimate the noise rate «.

As(r1..12)
aXe(ri.r2)’

If the fold enrichment is bigger than some user-defined cutoff (say, 5), the
region is determined to be a significant peak.

icant peak, the simplest solution is to compute the fold enrichment

Another way is to model the background distribution of the reads in the
sample library. Assume reads are uniformly distributed. Then, the number
of reads X that fall in the region r;..ro can be modeled as a Poisson dis-
tribution Poisson(aA.(r1..r2)). The region r1..ro is called a significant peak
if Pr(X > As(ry..r2)) is smaller than some user-defined p-value cutoff (say
107?). This approach is used in MACS [331]. Apart from the Poisson distri-
bution, other distributions are also used in the literature, including binomial
distribution [253] and negative binomial distribution [119] (see Exercise 4).

In real life, the assumption that reads are uniformly distributed does not
work properly. The reason is that the wet-lab noise is not uniformly distributed
in the genome. Hence, the observed standard derivation is usually higher in
real life. Another choice is to learn an empirical distribution. One solution
is to use library swapping [331, 322]. The idea is as follows. Let Ry and R,
be the set of reads in the sample library and the control library, respectively.
We run the algorithm in Figure 9.9 twice. First, by calling the algorithm
CallPeakWithControl(Rs, R.), we compare the sample with respect to the
control and obtain a set of peaks called signal peaks P;. Second, we swap
the two libraries. By calling the algorithm CallPeakWithControl(R., Rs), we
compare the control with respect to the sample and obtain a set of peaks

called control peaks P.. For every peak r1..ro € Ps U P,, let score(ry..ra) be
its score (for example, the fold enrichment score %)

Suppose we want to control the false discovery rate (FDR) to be 7 (i.e., the
proportion of false peaks is ). The cutoff score threshold is set to be 6 such

that we will accept at most v percent of the control peaks. More precisely, 6
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Fold enrichment scores of peaks
Sample peaks | 24.8, 23.2, 20.1, 19.5, 18.4, 7.5, 5.4, 4.2, 3.3, 3.1
Control peaks 4.3,4.2,4.1, 3.9, 3.9, 3.8, 3.7, 3.7, 3.5, 3.2

FIGURE 9.12: An example consists of 10 sample peaks and 10 control peaks.
There are 7 sample peaks and 1 control peak whose fold enrichment scores
are at least 4.3. With the cutoff threshold 4.3, the FDR is 1/8 = 0.125.

Sample:

@ alignment

Reference:

FIGURE 9.13: An example of a sample genome whose white region has
8 copies. Due to incompleteness of the reference, the white region appears
exactly once in the reference genome. Assume one background ChIP-seq read
occurs in each copy of the white region. All these 8 ChIP-seq reads will be
aligned to the white region in the reference genome. This generates a false
positive peak in the reference.

. [{score(ry..r2)>0|r1..ro€P}| o
is set to be the cutoff such that \{score(rl..17‘2)2>9|7‘1..1T2€2770U795}| < ~. Figure 9.12

gives an example.

9.3.5 Unannotated high copy number regions

Due to the limitation of current technologies, our reference genome is still
incomplete. Some sequences are missed or under-represented in our reference
genome. Here, we show that the incomplete genome affects the peak calling.
(By analogy, Section 6.11 shows that the incomplete genome affects the vari-
ation calling.)

Figure 9.13 illustrates the problem. In the example, a region appears ex-
actly once in the reference genome. However, such region actually has eight
copies in the actual genome. When we align the reads generated from this
repeat region, all of them are aligned to the same region and form a false
peak [232].

To address this problem, we can align ChIP-seq reads on both the primary
reference genome and the decoy sequences. (For example, the reference hs37d5
is formed by the primary reference genome (hgl9) and the decoy sequences
(see Section 6.11).) This approach filters some mis-aligned ChIP-seq reads,
which reduces the number of false positive peaks.

However, the decoy sequences do not cover all missing and/or under-
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represented regions. Also, they cannot capture the copy numbers of the se-
quences. Miga et al. [201] proposed to build a sponge database. The sponge
database is formed by all WGS reads that cannot be mapped to the primary
reference genome. The database consists of 246M bp unmapped reads (which is
roughly 8.2% of the human genome). Most of the reads in the sponge database
are tandem repeats which include ribosomal repeats and satellite DNAs. Many
of these sequences are enriched in centromeric regions and acrocentric short
arms, which are not well assembled in our reference genome.

Given the sponge database, ChIP-seq reads are aligned to both the primary
reference and the sponge database. When a read has multiple alignments, it is
randomly assigned to one of the sites. This approach assigns the correct num-
ber of reads to each region and reduces the alignment bias. Miga et al. [201]
showed that this approach reduces the number of false positive peaks while it
will not affect the sensitivity of peak calling.

9.3.6 Constructing a signal profile by Kernel methods

The algorithm CreateSignalProfile in Figure 9.6 computes the signal profile
by counting the number of ChIP-seq reads covering each loci. This means that
each read assigns equal weight to every loci covered by it. However, we expect
the binding site should be close to the center of the read (or the ChIP-seq
fragment). Hence, it is good if we give higher weight to the center of each ChIP-
seq fragment. Such a weighting scheme can be modeled by a smoothing kernel
such as a Gaussian kernel. This idea is used by Fseq [29] and PeaKDEck [196].
Below, we describe the signal profile constructed by Fseq.

Let {x1,...,2n} be the centers of N ChIP-seq fragments (or reads). Each
ChIP-seq fragment centered at x; is represented by a Gaussian kernel with
mean z; and variance b, where b is a bandwidth that controls the smoothness.
In Fseq, the default value of b is 600. By summing up all Gaussian kernels,
we obtain the signal profile. Precisely, for position z, the signal equals p(x) =
o Zfil K(2=2), where K (v) = \/176’%“2 is the Gaussian kernel with mean

b

0 and variance 1. Figure 9.14 illustr:;ces the pileup of 10 Gaussian kernels.

To compute the signals p(z) for all positions x, we can directly apply
the above formula. However, the computation takes O(nN) time, where n is
the size of the genome, which is slow. Fseq proposes a heuristic to speed up
the computation. Precisely, Fseq ignores the values of the kernel functions
that are smaller than 10~7 for some user-defined 7. Denote w as the smallest
integer such that K (%) > 1077. Typically, w is in the order of thousands. For
instance, when b = 600 and v = 6, w equals 3047. Then, we can approximate
p(x) by s S{K(25%) | |# — 2i| < w}. (Note that when there are no points
x; where |z — z;| < w, we estimate p(z) = 0.) With this heuristic, the signal
profile can be computed in O(wN) time using the algorithm in Figure 9.15
(see Exercise 7).

By kernel methods, we can improve the signal profile to the base pair
resolution. However, this signal profile may contain many local noisy peaks.
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FIGURE 9.14: This is an example with 10 points {z1,...,210} where each
point is represented by a vertical line. Each point is represented as a Gaussian
kernel. By piling up the 10 Gaussian kernels, we obtain the signal profile (the
curve above the 10 Gaussian kernels).

9.4 Sequencing depth of the ChIP-seq libraries

To call peaks, we should sequence enough reads from the ChIP-seq library.
This section discusses the issue of determining the sequencing depth.

Given a set R of N ChIP-seq reads, we can run the peak caller A to predict
a list of peaks P. One important question is as follows: Can we identify more
peaks by increasing the ChIP-seq sequencing depth? If the answer is yes, the
biologist may want to do more ChIP-seq sequencing.

This question can be answered using saturation analysis. Given a random
subset R’ of ChIP-seq reads of R, we can run the peak caller A and identify
another set of peaks P’. If P’ and P are highly overlapped, we say the library
is saturated. In other words, we will not discover a lot more peaks even if we
increase the sequencing depth.

In particular, Kharchenko et al. [137] suggested the following criteria to
check if a ChIP-seq library is saturated. Consider a set R of N ChIP-seq
reads. For any subset R’ of R, let Pr: be the set of peaks found by the peak

caller A. Consider k size-x subsets Rq,..., Ry of R. Denote F4(N,x) as the

average proportion of peaks in Pr, that appear in P, that is, % Zle ‘PT%TM

If F4(N, N—10%) > 0.99, the ChIP-seq library R is said to be saturated. When
a library is saturated, this means that we do not expect to discover more peaks
even if we increase the sequencing depth.

Note that we can run the peak caller A under a different cutoff thresh-
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Algorithm ComputeKernelSignalProfile(X, b, w)

Require: X = {z1,...,zn} is the centers of N ChIP fragments, b is the
bandwidth and w is the window size.

Ensure: ﬁ(l‘) = ﬁ Z|xfzri|§w K<£_bx1)
: for j = —w to w do

1)2

1

2:  Compute K(1) = \/%e*%(b :
3: end for

4: for each z; do

5. forxz=ux; —wtox; +w do
6 Set p(x) = 0;

7. end for

8: end for

9: for each z; do

10 forz=x; —w to z; + w do

11: plx) = pla) + 53 K (255);
12:  end for
13: end for

14: Report p(x) which are non-zero;

FIGURE 9.15: Algorithm to compute the kernel signal profile.

old 6. Denote Ay as the peak caller with cutoff threshold . Another way to
ask the question is as follows: Under the sequencing depth of N reads, what
is the minimum cutoff 6 so that the peak caller Ay can discover all peaks?
This question can be answered by computing the minimal saturated enrich-
ment ratio (MSER) [137]. Precisely, MSER is the minimum cutoff 6 such that
Fu,(N,N —10°) > 0.99.

9.5 Further reading

This chapter discusses different computational techniques for calling ChIP-
seq peaks given the sample ChIP-seq library and control ChIP-seq library. For
a recent review of the ChIP-seq technologies, please read [224]. For a review
of computational methods used in ChIP-seq, please read [118, 271].

When a control library is not available, we can still call peaks by assuming
the noise is uniformly distributed. However, this approach will give many false
peaks. To reduce the number of false peaks, we need to correct the background
distribution of the reads based on the GC content, mappability, and copy
number variation. This idea is used by PeakSeq [253].
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This chapter gives methods that call peaks of a sample ChIP-seq library
with respect to a control ChIP-seq library. These methods assume the two
libraries are performed under the same experimental conditions like the same
cell type. We may sometimes want to call peaks by comparing two ChIP-seq
libraries under different experimental conditions. For instance, we may want
to fix the TF and find its differential binding sites under two different tissues.

One solution is to conduct peak calling between the two ChIP-seq con-
ditions treating one as the control. This solution might erroneously detect a
region that is weak in both conditions but significantly enriched in one con-
dition over the other.

Another method is to run peak calling in separate conditions followed by
intersection analysis to identify unique peaks for each condition, but it might
miscall a region when it is barely above and below the peak calling cutoff in
the respective conditions. Some better methods are proposed. They include
ChIPDiff [323], MAnorm [269] and dPCR [120].

Apart from DNA—protein interaction, there is a method called ChiRP-
seq, which allows us to discover regions in our genome which are bound by a
specific RNA.

9.6 Exercises

1. You are provided with the ChIP-seq datasets for Sox2, H3K4mel and
H3K4me3. Can you suggest a way to check if Sox2 is a promoter TF or
an enhancer TF?

2. Suppose you are given a list of reads {R1,..., Ry}. Let pos(R;) be the
leftmost position of each read R;. Assume every read is of length m.
Assume the genome is of length n. Let S[1..n] be the signal profile,
that is, S[i] equals the number of reads covering position i. Can you
give an O(N + n) time algorithm to compute S[1..n]? (You can assume
pos(Ry) < pos(R2) < ...<pos(Ry).)

3. Suppose f(i) is a binary function (i.e. f(i) € {0,1}). Let uy
LY, f() and oF = L3 [f(i) — ps]?. Please show that o%
pf(1— py). (Hint: Observe that f(i)% = f(i).)

4. Suppose we only sequence a sample library. Assume there is no sequenc-
ing and mapping bias due to CG content and mappability. Suppose we
partition the genome into a set of bins. Let a; be the number of reads
in the ith bin. We aim to determine if the ¢th bin is a peak. Can you
describe a way to determine if the ith bin is a peak assuming the back-
ground distribution of the reads follows (a) a Poisson distribution, (b)
a binomial distribution and (c¢) a negative binomial distribution?
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5. We can model the background distribution of the reads using binomial

distribution, Poisson distribution and negative binomial distribution.
Can you comment which background distribution is a better fit for the
ChIP-seq data?

Let S and S, be the set of reads in a sample library and a control library,
respectively. By calling the algorithm CallPeakWithControl(Ss, S.), we
obtain a list of sample peaks (p1,...,p15) whose fold change scores are
18.2,17.8,16.5,15.2,14.1,13.7,13.2,12.1,10.8,9.2,8.5,7.4,6.1,5.7. By
calling the algorithm CallPeakWithControl(S,, Ss), we obtain a list of
control peaks (qi,...,q10) whose fold change scores are 11.2, 10.3, 9.9,
8.7, 8.5, 7.3, 6.8, 5.4, 4.8, 4.1. Suppose we want the FDR to be 10%.
Can you estimate the fold change score cutoff?

Please show that the algorithm in Figure 9.15 correctly computes p(z) =
g 2o <w K (¥57) for all positions z. Please also show that the time
complexity of the algorithm is O(wNV).



Chapter 10

Data compression techniques used in
NGS files

10.1 Introduction

NGS technologies generate hundreds of billions of DNA bases per day per
machine. The throughput is expected to further increase in the future. At
the same time, the demand of NGS service is increasing. The NGS service
is no longer for research use only. Personalized genome sequencing is now
available as a commercial service. Furthermore, the sequencing cost of NGS is
reasonably low now. The cost of sequencing a human genome is approximately
US$1000. The cost is expected to drop further.

Hence, the amount of NGS data is expected to increase dramatically. Even
today, the amount of NGS data is already too much and the data management
cost is already surpassed the sequencing cost. An important aspect of NGS
data management is in raw data storage. Since the amount of raw data is
huge, the current practice is to compress the data using standard and general-
purpose data compression methods (e.g., gzip or bzip2) and archive them on
tape. However, this approach makes data access inconvenient.

Another issue is data communication. We need to transfer the NGS data
from one site to another site (say, transfer the data from the sequencing cen-
ter to the research lab). If the dataset is huge, the network communication
bandwidth may be too slow for transferring NGS data.

To resolve these problems, one solution is to reduce the size of the NGS
files. This chapter covers approaches for NGS data compression. It is orga-
nized as follows. Sections 10.2—10.5 describe the strategies for compressing
fasta/fastq files. Section 10.6 briefly covers the compression methods for other
NGS data formats. (Before reading this chapter, it is recommended to read
Section 3.6 first.)

289
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10.2 Strategies for compressing fasta/fastq files

The NGS raw reads are represented in fasta or fastq format (see Sec-
tion 2.2). They can be compressed using general-purpose data compression
methods like gzip or bzip2. For example, fasta and fastq are usually com-
pressed into fasta.gz and fastq.gz, respectively, by gzip. This approach can
reduce the size to 30% of the original size. One important question is whether
we can further compress them.

Observe that the fasta/fastq file can be separated into different fields. For
instance, for a fastq file, the 3 fields are (a) identifiers, (b) DNA bases and (c)
quality scores. Since different fields use different datatypes, it may be possible
to improve the compression ratio by compressing different fields separately. In
fact, we can improve the compression ratio by the following simple two-step
method: (1) partition the fastq file into 3 files, each storing a particular field,
(2) compress the 3 files separately using gzip. As a bonus, this method runs
faster. The improvement is because similar datatypes share similar features,
which make the data more compressible. For instance, each DNA base can be
encoded using at most 2 bits. However, if we mix the DNA bases with other
data, the compression method does not have prior knowledge and it may use
more than 2 bits to store each DNA base.

This principle has been applied by many methods to compress fasta and
fastq files, including fqzcomp [26], DSRC1 [64], DSRC2 [249] and LFQC [225].
G-SQZ [293] also uses this approach. Moreover, it treated each DNA base and
its associated quality score together and recoded them using Huffman code.
(Note that Huffman code has better compression efficiency when the alphabet
size is big.)

Sections 10.3—10.5 are devoted to discussing specific compression methods
for (a) identifiers, (b) DNA bases and (c¢) quality scores.

10.3 Techniques to compress identifiers

In fasta/fastq files, each read has an identifier. This section discusses meth-
ods used to compress identifiers. In particular, we discuss the technique used
in fqzcomp [26] and LFQC [225].

Figure 10.1 lists some examples of identifiers. Observe that identifiers have
uniform format. If we tokenize the identifiers and align them vertically, many
columns will look similar. We can improve the compression by compressing
each column using a different compression scheme. Precisely, for alphabetical
columns, we can use run-length encoding (see Section 3.6.7) to encode them.
For numerical columns, if the difference between the current value and the
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©@M01853:169:000000000-AE4HA:1:1101:14385:1130
©@M01853:169:000000000-AE4HA:1:1101:16874:1132
@M01853:169:000000000-AE4HA:1:1101:14623:1133
@M01853:169:000000000-AE4HA:1:1101:10934:1134

N:0:
:0:
:0:
:0:
@M01853:169:000000000-AE4HA:1:1101:12674:1134 :0:

oelilnilion
2222
AN

FIGURE 10.1: An example of the read names extracted from a fastq file
(from Ilumina Mi-seq sequencer). We can observe that many columns look
alike.

previous value is smaller than 255, we store their differences; otherwise, we
store the current value itself. This method works well for identifiers that can
be tokenized. For a free text identifier, gzip will be good enough.

10.4 Techniques to compress DNA bases

The alphabet for DNA bases is {A,C, G, T}. Hence, each nucleotide can be
represented using log, 4 = 2 bits. Here, we aim to compress DNA bases using
less than 2 bits per base. As shown in the literature, the entropy of a DNA
sequence is between 1.8—2.0 bits per base. This means that DNA raw reads are
highly incompressible. If we compress DNA raw reads by general compressors
(like gzip and bzip2), it is unlikely to give a good compression ratio. In this
section, we discuss various techniques for compressing DNA bases. There are
4 techniques:

1. Statistical-based approach: e.g., Quip [126] and fqzcomp [26].

2. Reference-based approach: e.g., GenCompress [59], SlimGene [148],
Quip [126] and Cramtool [107].

3. BWT approach (without reference): e.g., BEETL [56].

4. Assembly-based approach: e.g., Quip [126].

10.4.1 Statistical-based approach

The statistical-based approach tries to compress the DNA reads based on
statistical properties. Note that reads are not pure random sequences. They
are extracted from the genome of some species. When we have a long enough
context (say, length-k substring), we can predict the next base. Based on this
observation, we can use a k-th order Markov chain to model the reads (see
Section 3.6.6).
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Below, we detail the method. Consider a set of reads R. First, we
learn the k-th order Markov chain model. That is, we learn the probability
Pr(blby ...by) that b is the nucleotide following the k-mer by ...b; in R. As
stated in Section 3.6.6, Pr(b|by ...by) can be learned by checking all (k 4 1)-
mers in R. Next, we encode every read R € R. We first store R[1..k] using
2 bits per base. For i > k, the i-th base R[i] is encoded by the Huffman
code (or the arithmetic code) based on the frequency Pr(R[i]|R[i — k..i — 1]).
Figure 10.3 details the algorithm. Figure 10.2 gives an example for encoding
three length-7 reads R;, Rs, R3 using the 3rd order Markov chain. For each
read, the first three bases are encoded by the table in Figure 10.2(a); then, the
remaining bases are encoded by the table in Figure 10.2(b). The lengths of the
encodings of Ry, Ry, and R3 are 7, 9 and 8, respectively. (As a comparison, if
each length-7 read is encoded by the 2-bit code in Figure 10.2(a), each read
requires 14 bits.)

The k-th order Markov chain approach is used by a few methods, including
Quip [126] (with k& = 12), fqzcomp [26] (with k£ = 14), DSRC1 [64] and
DSRC2 [249] (with k£ = 9).

10.4.2 BWT-based approach

Let R ={R1,...,Rmn} beaset of reads in a fasta file. R can be compressed
using bzip2 as follows. First, all reads in R are concatenated and separated by
end markers $, i.e., S = R1$R2$... R,,$, where $ is a non-nucleotide symbol
that represents the end marker. Then, bzip2 first applies the Burrow—Wheeler
transform (BWT, see Section 3.5.3) to convert S to a string BJ[1..|S|]. B has
a few good properties: (1) it can convert back to S and (2) it has relatively
more consecutive runs of the same symbols. Hence, B is more compressible.
Bzip2 compresses B by applying different encoding techniques, like run-length
encoding (see Section 3.6.7) and Huffman code (see Section 3.6.4).

For example, consider a set of 4 reads & = {TCGCAT, AAGCAT, CTTCAT,
GAGCAT}. After adding end markers, we have

S = TCGCAT$AAGCATSCTTCATSGAGCATS.

The second column of Figure 10.4 gives the string B, which is the BWT of S.
We can see that B has many runs of the same nucleotides. Hence, with the
help of run-length encoding, bzip2 can compress B better than S.

Although bzip2 can compress B better than S, BEETL [56] showed that
we can further reduce the size by reordering B. Cox et al. [56] observed that
the characters in B can be reordered while B still represents all reads in R.
Precisely, for elements with the same suffix (excluding the end marker), we
reorder the characters in lexicographical order. The resulting string is called
Bsap and we can show that Bgap also represents the same set of reads R
(see Exercise 6). Furthermore, Bgap has more consecutive runs of the same
nucleotide than B. Hence, Bgap is more compressible. BEETL compresses
Bgap using 7-zip.
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[ base | code | mm

A 00 ACGT 1
C 01 CGTC 2 2/4=0.5 0
€ 10 CGTG 1 1/4=0.25 10
T 11 CGTT 1 1/4=0.25 11
(a) GTCG 2 1
GTTC 1 1
TCGT 3 1
TTCC 1 1
(b)
lm-ﬂﬂﬂﬂﬂ- code
R, ACGTCGT 0001100
R, CGTCGTG 01 10 11 0O 10 011011010
R, TCGTTCC 11 01 10 11 11011011

(c)

FIGURE 10.2: Consider three reads Ry = ACGTCGT, R, = CGTCGTG and
R3; = TCGTTCC. Encode them using a 3rd order Markov chain. (a) The encoding
table for each individual base. (b) The table of all 4-mers b;bobsby in the
Ry, Ry, R3. The second column shows the frequency of the 4-mers. The third
column shows Pr(bs|b1b2bs). The fourth column gives the Huffman code. (c)
shows the encoding for each base in Ry, Ro, R3.
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Algorithm k-Markov(R)

Require: R is a set of reads
Ensure: The encoding of every read in R
1: For every length-(k + 1) substring by ...bgt1, set ¢(by...bg11) be its
number of occurrences in R;
2: for every length-k substring by ...b; do
3:  for every base b € {A,C,G,T} do
4 Set Pr(blby ...by) = o(by...bi.b)
5
6

(b1 bR A) (b1 b, C)tc(b1..bxG)Fe(br.. brT)
end for

Given the frequency Pr(Alb;y...bx), Pr(Clby...by), Pr(G|by...by)
and Pr(T|by ...by), we compute Huffman code H (b|b; ... by) for every
base b € {A,C,G,T};

7: end for

8: for every read R € R do

9:  We encode every base in R[1..k] using 2 bits;

10 fori=k+1to|R|do

11: We encode RJ[i] using Huffman code H(R[i]|R[i — k..i — 1]);

12:  end for

13:  Report the encoding of R;

14: end for

FIGURE 10.3: The algorithm k-Markov(R) computes the encoding of all
reads in R.
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As an illustration, for the string B in the second column of Figure 10.4,
there are 5 intervals (highlighted by the curly brackets) whose suffixes are the
same (excluding the end markers). We can reorder the characters in these in-
tervals in lexicographical order to generate more consecutive runs of the same
nucleotide. The resulting string is Bsap, which is the last column of Fig-
ure 10.4. Bgap is in fact the BWT of S = TCGCATSCTTCATSGAGCATSAAGCATS.
Note that Bgap still represents all reads in R, though the ordering of the
reads in S’ is different from that in S.

10.4.3 Reference-based approach

Given the reference genome T (say human), NGS reads are expected to
be perfectly or near perfectly aligned to 7. By this observation, each NGS
read can be represented by (1) its aligned interval in T and (2) the variations
between the read and T'. Storing the read as an interval requires less space than
storing the actual DNA sequence itself. Empirical study showed that it can
achieve 40—fold compression [148]. A number of methods use this approach
to reduce the storage space. They include GenCompress [59], SlimGene [148],
Cramtool [107] and Quip [126].

Below, we present the reference-based scheme used by Cramtool. In Cram-
tool, each read R is described by three features: the mapping position, the
strand flag (1 bit, indicates if the read is mapped on the +ve or the —ve
strand) and the match flag (1 bit, indicates if the read matches the reference
T perfectly). If the match flag equals 0, we also store the list of variations.
Each variation is stored as (1) its position on the read, (2) the variation type
(substitution, insertion and deletion) and (3) the corresponding base change
or length of deletion. For example, Figure 10.5(a) gives the alignments of three
reads on the reference genome. Figure 10.5(b) represents the three reads by
their features.

To store the features for each read space efficiently, we use different encod-
ing schemes. The mapping positions are in increasing order. Instead of storing
the absolute positions, we store the relatively positions of the reads. We ob-
serve that most of the relative positions are small. Hence, they can be encoded
space-efficiently by Golomb code (see Section 3.6.3). (Note that Golomb code
requires a parameter M, which is set to be the average of the relative dis-
tances between adjacent reads.) For the strand flag and the match flag, each
is stored explicitly in 1 bit. Each variation has three features. For (1), the
position is stored by Golomb code. (The parameter M for Golomb code is set
to be the average distance between successive variations.) For (2), the three
variation types are encoded in two bits. Precisely, substitution, insertion and
deletion are encoded by 0, 10 and 11, respectively. Feature (3) describes the
corresponding base change or length of deletion. For deletion, the length of
deletion is encoded by Gamma code (see Section 3.6.2). For substitution, if
base i is substituted with base j, we store ((C(j) —C(i)) mod 5)—1 in 2 bits,
where C(A) =0, C(C) =1, C(G) = 2, C(T) = 3, and C(N) = 4. For example,
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sorted suffixes | B[] | B,
.

AAGCATS,
AGCATS,
AGCATS,
ATS,
ATS,
ATS,
ATS,
CATS,
CATS,
CATS,
CATS,
CGCATS,
CTTCATS,
GAGCATS,
GCATS,
GCATS,
GCATS,
TS,

TS,

TS,

T$,
TCATS,
TCGCATS,
TTCATS,

)\

\

OWn|A(Z> || || |IOnundo(d|Oa|0olo(o|l0o(a|>[n|Ad(d]4(4
oMWV |>|O0|P|>(unund|d(o|(a|joo|jo|jlo|a|>(n|d(d|4d

FIGURE 10.4: Consider S = TCGCAT$AAGCATSCTTCATSGAGCATS. The first
column of the figure is the list of suffixes of S sorted in alphabetical or-
der. As shorthand, we denote $1, $2, $3 and $4 as SAAGCATSCTTCATSGAGCATS,
$CTTCATSGAGCATS, $GAGCATS and $, respectively. We also highlight elements
with the same suffix using the curly brackets. The second column is the BWT
B[] of S. The last column is Bg4p[], which is formed by the reordering of the
characters in B whose corresponding suffixes (excluding the end markers) are
the same.
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1 2 3
1234567890123456789012 345678901234567
Ref: CTACAAGACATGCCAGACATGA--CACGTACCAGAGGAT

rl TGAGTCACGT
r2 CAAGTCA---CAG
r3 CGTACCAGAG
(a)
Name | Pos Strand | Match Variation 1 Variation 2
r2 4 +(1) 0 (5,5,A>T) (8,D,3)
rl 20 [+(1) 0 (4,1,GT)
r3 25 +(1) 1
(b)

Golombg(4), 1, 0, [Golomb,(5), 0, 10], [Golomb,(3), 11, Gamma(3)]
Golombyg(16), 1, 0, [Golomb,(4), 10, 100, 101, 111]
Golombyg(5), 1, 1

(c)

FIGURE 10.5: (a) An example of alignments of three reads to the reference.
(b) The reads are sorted in increasing order of their mapping locations. The
table shows the strand flag, match flag, and the list of variations. (¢) The
binary encoding of the three reads. (Gamma(v) stands for Gamma encoding
of v and Golombys(v) stands for Golomb encoding of v with parameter M.)

for the substitution from A to G, since ((C(G) — C(4)) mod 5) — 1 = 1, such
substitution is represented by 01. For insertion, we encode A,C,G,T and N by
00, 01, 100, 101 and 110, respectively. We also use 111 to denote the end of
the sequence. Figure 10.5(c) gives the actual binary encodings of the three
reads.

Paired-end reads can be compressed similarly. In addition, we need to store
paired-end read information, which includes a bit indicating whether a read is
paired, whether the read is the first of the pair, and the relative offset between
the positions of the pair of reads (using Golomb code). An example is shown
in Figure 10.6.

10.4.4 Assembly-based approach

Reads can be compressed effectively if the reference genome is known (Sec-
tion 10.4.3). If the reference genome is not available, we can apply genome
assembly to reconstruct the genome (see Chapter 5). Then, by treating the re-
constructed assembly as a reference, we can store the reads using the reference-
based approach. This approach has a good compression ratio. However, com-
puting a full assembly is slow and memory intensive, which makes the ap-
proach impractical.
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1

2

1234567890123456789012

3

4

3456789012345678901234
Ref: ATCGAACTGACTGGACTACAAC**CGTGACTGGACTGATCTAGACT

R1 AAGTG--TCG GGTGTGAT
R2 TGACTGGA.....ciiiriiiicneans GACGGGAC
R3 CAGCGTCG
(a)
Name | Pos | Strand | Match | Variation1 | Variation2 | Variation3 | Paired | First Offset
R1 5 +(1) 0 (3,5C>G) | (6,0,2) (7,5,G>0C) 1 1 4
R2 8 +(1) 1 1 1 2
R3 19 | +(1) 0 (3,5A>6G) | (5,,60) 0
R2 26 | -(0) 0 (4,5T>G) 1
R1 30 |-(0) 0 (3,5A>T) | (4,5,C>G) 1

(b)

Golomb(5), 1, 0, [Golomb,(3), 0, 00], [Golomb,(3), 11, Gamma(2)], [Golomb,(1), 0, 11], 1, 1, Golomb,(4)

Golomb,(3), 1, 1, 1, 1, Golomb,(2)

Golombs(11), 1, 0, [Golomb,(3), 0, 01], [Golomb,(2), 10, 01, 100, 111], 0

Golomb(7), 0, 0, [Golomb,(4), 0, 10], 1

Golombs(4), 0, 0, [Golomb,(3), 0, 10], [Golomb,(1), 0, 00], 1

FIGURE 10.6: Consider two paired-end reads Ry = (AAGTGTCG, ATCACACC)
and Ry = (TGACTGGA, GTCCCGTC) and one single-end read Rz = CAGCGTCG. (a)
An example of alignments of Ry, Ry and R3 on the reference. (b) The reads
are sorted in increasing order of their mapping locations. The table shows
the strand flag, match flag, the list of variations, and the paired-end read
information. (c) The binary encoding of the three reads. (Gamma(v) stands
for Gamma encoding of v and Golomby;(v) stands for Golomb encoding of v

with parameter M.)

(c)
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Instead of reconstructing an accurate genome, computing an approximate
genome may be good enough for the purpose of compression. This approach
is used by Quip [126]. Quip proposed a simplified greedy genome assembler.
Although this assembler is not accurate, it is fast and generates a good enough
reference for compression. The algorithm of the assembler is as follows. First,
k-mers (by default, k=25) are extracted from the first 2.5 million reads (by
default) in the fastq file. These k-mers are stored in a d-left counting Bloom
filter (Section 3.4.3). A read sequence is used as a seed and a contig is ob-
tained by extending the seed on both ends base-by-base. The extension is done
greedily by extending the most frequent k-mer (the most frequent k-mer is
determined by querying the counting Bloom filter) one by one. These contigs
are then used as the reference database to encode the reads.

For example, consider the following set of reads: CAAGAT, AAGATC, GATCGA
and ATCGAT. Assume k = 4. The method first stores all 4-mers using a counting
Bloom Filter. Then, a read, say, GATCGA is chosen as a seed. The seed is
extended in both directions. To extend the seed to the left base-by-base, there
are two possible extensions: A and C with AGAT occurs twice and CGAT occurs
once. By the greedy approach, we extend to the left by A and obtain AGATCGA.
By applying this greedy approach iteratively to the left, the seed will be
extended to CAAGATCGA. Similarly, we can extend the seed to the right and,
finally, we obtain the contig CAAGATCGAT.

With this contig as the reference, the four reads CAAGAT, AAGATC, GATCGA
and ATCGAT can be represented by positions 1, 2, 4 and 5, respectively.

10.5 Quality score compression methods

Apart from the DNA sequences, the quality scores are another important
part of the NGS raw sequence data. The quality score of each base typically has
41—46 distinct values. Hence, 6(= [log, 41]) bits are required to store each
quality score. This section discusses techniques that reduce the storage for
quality scores. Roughly speaking, we can classify the techniques into lossless
compression and lossy compression.

e Lossless compression

— Storing quality score differences between adjacent bases (e.g., Slim-
Gene [148] and Wan et al. [302])

— Storing quality scores using a Markov chain (e.g., SlimGene [148]
and Quip )

e Lossy compression

— Quality budgeting (e.g., Cramtool [107])



300 Algorithms for Next-Generation Sequencing

(a) @M01730:133:000000000-ADYHE:1:1101:14991:1655 1:N:0:1
TGTACCTCTCTATCGCTCTCTCTCTCTTTCTCTTCTTCCTCTTCTTCTCTTGTCGACAACAGCATCACAACACCAACGCTGGCACGCCGTCAGC
GTCAGCTGAGCAGCCTGCTTTTAGTTTGCTTTCGCGCTATCCAGTCGCCTTTTTCCGTTCGTGTTGAACACACGCGTTTTTCAGCTCCACGCCG
TTACTCGCCTTTCACATCTCTTTTCCTTTTGTATTTGTTTTCCGTCGTCGTTCACTCCCCATC
+

68A8CEEFFFFOFEFQEEFCEFFEFFEFFFFFFGFFFEEEFFFEEECFFGG, CF, , €, +C,, ;,;C,C,,C8@@,, B, 7B, +89,8Q@++@E, ,<
+,B,,BE,,,B,,4,,,:9FF,,, :CE,<EFDE+8++8++9=,, :C: : ++8C=E3:+8>A+@+,8,,,8,8,C+6+8>BC@+4,,,,,,,, *44%
*E*469***4:<;,, ,5514=<, ,;4,4=, , X ++4++4; X X3/ 4F) ) 1) ) /x4 4R R x0x
[0 800000000

35 . 700000000

30 600000000

25 500000000

20 400000000

15 300000000

10 200000000

5 100000000

0

0 50 100 150 200 250

(b) (c)

FIGURE 10.7: (a) shows one read in fastq format, where the read is of
length 251. (b) shows the average quality scores at positions 1—251. The
quality scores decrease as the positions increase. (c¢) shows the distribution of
the differences between successive quality scores. Most of the differences are
Zero.

— Binning (e.g., SlimGene [148] and Wan et al. [302])

Below, we discuss these techniques in detail.

10.5.1 Lossless compression

Before we discuss methods for compressing quality scores, we first look to
see if there are some useful properties. For illustration, we use an in-house
fastq file generated by Illumina Mi-seq where every read is of length 251 bp.
Figure 10.7(a) shows one of the reads in the file. From the quality scores of
the read, we observe that the quality scores decrease as the positions increase
and there are many runs of the same quality scores. In fact, this observation
is true in general. Figure 10.7(b) shows the average quality scores at different
positions on the reads. Although the quality score has a big range, the quality
scores gradually decrease as the positions increase. Another observation is that
the quality scores at adjacent positions are usually similar. This is illustrated in
Figure 10.7(c). It shows that the differences between successive quality scores
are mostly zero. Furthermore, SlimGene also observed that the entropy is low
at the beginning (all values are high), and at the end (all values are low), but
increases in the middle, with an average entropy of 3.85. By these observations,
Fqzcomp [26], DSRC1 [64], DSRC2 [249], Wan et al. [302], SlimGene [148] and
Quip [126] suggest that the quality scores can be compressed. Below, we briefly
describe their ideas.

Suppose the quality scores for a length-n read are (q1,qa,...,¢,). Wan et
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al. [302] first convert it to (¢1 — 33,42 — G1,---,Gn — Gn—1), where 33 is the
minimum quality score. By Figure 10.7(c), we expect most of these successive
differences are small integers. These numbers can be positive or negative. They
are converted to positive values by bisection, i.e., c(v) = 2|v| —1 if v is positive
and 2Jv|, otherwise. (Precisely, 0 — 0,1 — 1,—-1 — 2,2 — 3,-2 — 4,...))
After the conversion, we obtain (c(q1 — 33),¢(g2 — q1), - - -,¢(¢n — gn—1)). The
transformed values are called T-gaps. Using Golomb code, Wan et al. showed
that each quality score can be encoded using approximately 3 bits (which is
smaller than 6 bits).

Another compression scheme is proposed by SlimGene [148]. It is also
based on the fact that two successive quality scores ¢; and ¢;+1 have a small
difference. In other words, the quality score g; 1 is in the range [¢; — 1, ¢; + 1]
with high probability. Precisely, we have

number of pairs of successive quality scores (¢;, gi+1)

Pr(g; — g¢i+1) = .
(9 = gi11) number of quality score g;

Given this probability, SlimGene [148] models the quality scores by a 1-order
Markov model (see Section 3.6.6). Every transition from ¢; to ¢;11 is encoded
using a Huffman code of — log(Pr(q; — ¢i+1)) bits. The entropy of the Markov
model is approximately 3.3 bits.

Using a similar principle as [148], Quip [126] uses a 3-order Markov model
instead. Furthermore, Quip observed that some reads may have highly variable
quality scores. A read is considered as having highly variable quality scores if it
has many large jumps (i.e., the positions where |g; — g;+1| > 1). Quip modified
the Markov model so that it not only depends on the quality scores of the
preceding 3 positions, it also depends on the running count of the number of
large jumps. For DSRCI [64] and DSRC2 [249], the quality values are stored
in one of the two ways: (1) an order-1 Huffman coder or (2) arithmetic code
with context lengths up to 6.

Fqzcomp [26] observed that the initial quality value for each read tended to
be a common maximum value; then, the quality values decline along the length
of the sequence (see Figure 10.7(b)). Fqzcomp predicts ¢; using the following
contexts: (1) ¢;—1, (2) max{q;—2,¢:i—3}, (3) a bit indicates if ¢;—2 = ¢;—3, (4)
min{7, |1 3272} max{0,q;-1 — g;}J}, and (5) min{7, [i/8]}.

10.5.2 Lossy compression

Although lossless compression improves the compression of quality scores,
we still need approximately 3 bits per base. It is resource demanding to store
quality scores.

Unlike the base information, it is not necessary to store the exact quality
scores. Hence, a number of lossy compression methods have been suggested.
They include quality budgeting and various different binning methods.

Quality budgeting is used in Cramtool [107]. It is assumed that quality
scores are mostly useful for positions with variations. Instead of storing the
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quality score for every base, we only store quality scores for positions with
variations. People can store additional portions of quality scores based on
their preference. The list of selected quality scores is then further compressed
using a Huffman-based code.

Another solution reduces the space by binning. Note that the PHRED
quality score converts probability 0..1 into 41 quality values in the range
33..73. It is in fact a form of binning. For lossy transformation, we further
reduce the number of bins. SlimGene [148] is the first group that tried to use
binning approach. It stores the quality score using b bits where b is a user-
defined value. Precisely, for any quality score @, we denote LQscorey(Q) =

\ob
rrand(m%), where Q4. 18 the upper bound of the quality score

(73, default), Qi is the lower bound of the quality score (33, default) and
rrand(z) = [z] with probability (x — |x]); and |z] otherwise. Then,

Qap;m“ox = Qmin + LQSCOT€b<Q)'

Given the approximate quality score Qgppror for every base, SlimGene applies
a 1-order Markov chain to further reduce the storage space (see Section 10.5.1).

Wan et al. [302] tried to systematically study different binning strategies.
They suggested three ways to perform binning:

e UniBinning: The probability 0..1 is uniformly partitioned into %k bins.
For example, if we partition the probability into 5 bins, the prob-
ability ranges of the 5 bins are 1.0—0.8, 0.8—0.6, 0.6—0.4, 0.4—0.2
and 0.2—0.0. If the probability is p, the corresponding quality score
is rrand(10log,, p). Hence, the quality scores for the 5 bins are 0—33,
34—34, 35—35, 36—37 and 38—40, respectively.

e Truncating: Transforming 33..126 to 33..(33 + k — 1). In other words,
if the quality score is in the range (33 + k& — 1)..126, we replace it by
33+ k—1).

e LogBinning: Transforming 33..126 into k£ equal bins. For example, if we
would like to obtain k = 19 bins, then the first 18 bins each have 5 scores
while the last bin has 4 scores, i.e., 123..126.

Wan et al. [302] suggested that logBinning is the best. Note that the bin-
ning approach used by SlimGene [148] is logBinning.

10.6 Compression of other NGS data

Previous sections focused on methods for compressing fasta/fastq files.
They are useful for archiving data.
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In NGS analysis, we have other file types that are for genome annotation
and for data analysis. These file types include SAM, BED, VCF, Wiggle, bed-
Graph, etc (see Chapter 2). They are not only for archiving. Users will query
these files to perform analysis. Hence, we not only need to reduce their sizes,
but also need to enable efficient query. The standard solution is as follows.
The features are sorted by genomic locations. Then, they are partitioned into
blocks By, ..., B, where each block B; represents features in a particular in-
terval of the genome. Each block is compressed using gzip-like method. To
enable random access, an R-tree data structure is built on top of all blocks.
The R-tree indexes the starting positions of all blocks. To identify informa-
tion appearing at position p in the genome, we just query the R-tree to find
the block containing position p; then, information can be extracted from that
block.

The above standard approach is widely used for compressing various NGS
file types. For SAM, the compressed format is BAM. For BED, the compressed
format is bigBed [135]. For VCF, the compressed format is BCF. For Wiggle
and bedGraph formats, the compressed format is bigWig [135].

For bigWig, in addition to enabling fast access to data, it also supports
the following query types for any selected interval: max, min, average, stan-
dard derivation (as shown in Section 2.6). These queries facilitate efficient
downstream analysis and enable fast visualization of the data.

For example, bigWig supports the mean intensity query, which reports the
mean intensity m Zg:p r; for every genomic region p..q, where r; is the
intensity for the genome position 1.

To support efficient mean intensity query, bigWig file stores more informa-
tion. Every block (starts at position s) in the bigWig file stores the intensity
sum Zf;ll r;. To compute the mean intensity of the region p..q, we can query
the R-tree to find the block B, whose starting position p’ is just bigger than p
and the block B, whose starting position ¢’ is just smaller than ¢. Note that

1 q
7T Dip Vi €quals

) p—1 q—1 P -1 4
T —pT1 Z;m—i—(;m— ;m)—i—;m

The second and third summations in the equation can be extracted from the
blocks B, and B,. The first and the last summations can be computed by
extracting the information from blocks B,_; and B,, respectively.

Utilizing bigWig, the UCSC genome browser can support interactive
browsing of density data. BigWig is one of the most popular track types.
In the hgl9 browser, about 4400 tracks (10% of all hgl9 tracks) are bigWig
tracks; and they use 1.6 TB (it is equivalent to 31% of the total space used
to store all UCSC hgl9 tracks). In the future, the number of bigWig tracks
is expected to increase. Hence, a new file format ¢cWig [112] is proposed. It
reduces the file size of bigWig threefold while it improves the query time by
10- to 100- folds.
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10.7 Exercises

1.

Consider the sequence AACGTAACGTAACGTACGTC. What is the 0-order en-
tropy, the 1-order entropy, and the 2-order entropy?

. Consider a sequence R = ACTCGAAGCA and its corresponding sequence

of quality scores, @ = (40, 30, 20, 30, 10, 20, 40, 20, 30, 20).

(a) What is the space required to encode R using Huffman code?
(b) What is the space required to encode @ using Huffman code?

(c) What is the space required to encode {(R[i],Q[i]) | ¢ = 1,...,10}
using Huffman code? Is it better than storing R and @ separately?

Consider two DNA reads Ry = CGCGCT and Ry = TCGCGA. Can you
encode them using a second-order Markov chain? What are the lengths
of the encoded reads?

Consider two DNA reads R; and Ry of length 6. This table shows the
frequencies of all 3-mers in R; and Rs. Using a second-order Markov
chain, R; and R5 are encoded as 010100011 and 01011010, respectively.
Suppose Rs = CCTCCT. Can you guess what R; is?

b1babs | CCA | CCC | CCT | CTC | CTC
freq 1 3 2 1 1

. Can you build the BWT B[] and Bgap[] for the string S =

GTCAGA$CCTCGSACCAGASGGTCGS?

Consider a set of reads S. Let S be the concatenation of all the reads in
S, separated by the end marker $. Let B be the BWT of S. Let Bsap
be the sequence formed by the reordering of the characters in B whose
corresponding suffixes (excluding the end markers) are the same. Can
you show that both B and Bgap represent the same set of reads S?

Consider three reads Ry = (CTAGACAGAT, GCGGCATCT), Ry = TAAACTCTCT,
Rs3 = (GTCTCGTG, CACAGTAG). The following figure shows the alignment of
the three reads. Please encode these three reads by the encoding scheme
of Cramtools.
1 2 3 4
12345 67890123456789012345 678901234567890123456789

T: CACTA-ACAGATTTAGCCACAGTAGA-GCCGCATTGCCACGATACAGCCCA

Rl  CTAGACAGAT......ooooosorssoron AGATGCCGC

R2 AGAGAG-TTTA

R3 (09:YoF:Net -\ CACGAGAC
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Consider a read of length 10. Suppose the corresponding quality scores
for the 10 bases are (60,59, 59,40,58,59,57,56,58,57). Can you trans-
form it to T-gaps?

Suppose we aim to partition the quality scores 33—73 into 4 bins. For
UniBinning, Trancating and LogBinning, can you state the mapping
from the quality scores to the 4 bins for (a) UniBinning, (b) Trancating
and (c) LogBinning?

Section 10.6 discussed the data structure of bigWig for computing mean
intensity of any genomic regions. Can you propose a data structure for
computing the standard derivation of intensities in any genomic region?
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