
Lecture Notes in 
Control and 
Information Sciences 
Edited by M.Thoma and A.Wyner 

88 

Bruce A. Francis 

A Course in Hoo Control Theory 

Springer-Verlag 
Berlin Heidelberg New York 
London Paris Tokyo 



Series Editors 
M. Thoma • A. Wyner 

Advisory Board 
L. D. Davisson • A. G. J. MacFarlane • H. Kwakernaak 
J. L. Massey • Ya Z. Tsypkin • A. J. Viterbi 

Author 
Prof. Bruce A. Francis 
Dept. of Electrical Engineering 
University of Toronto 
Toronto, Ontario 
Canada M5S 1A4 

Corrected 1st printing 1987 

ISBN 3-540-17069-3 Springer-Verlag Berlin Heidelberg New York 
ISBN 0-387-17069-3 Springer-Verlag New York Berlin Heidelberg 

This work is subject to copyright. All rights are reserved, whether the whole or part of the material 
is concerned, specifically those of translation, reprinting, re-use of illustrations, broadcasting, 
reproduction by photocopying machine or similar means, and storage in data banks. Under 
§ 54 of the German Copyright Law where copies are made for other than private use, a fee is 
payable to "Verwertungsgesellschaft Wort", Munich. 
© Springer-Verlag Berlin, Heidelberg 1987 
Printed in Germany 
Offsetprinting: Mercedes-Druck, Berlin 
Binding: B. Helm, Berlin 
2161/3020-543210 



To my parents 



PREFACE 

My aim in this book is to give an elementary treatment of linear control theory with 

an H.~ optimality criterion. The systems are all linear, time-invariant, and finite- 

dimensional m~d they operate in continuous time. The book has been used in a one- 

semester graduate course, with only a few prerequisites: classical control theory, linear 

systems (state-space and input-output viewpoints), and a bit of real and complex analysis. 

Only one problem is solved in this book: how to design a controller which minim- 

izes the H~-norm of a pre-designated closed-loop transfer matrix. The H~-norm of a 

transfer matrix is the maximum over all frequencies of its largest singular value. In this 

probIem the plant is fixed and known, although a certain robust stabilization problem can 

be recast in this form. The general robust performance problem - how to design a con- 

troller which is H~-optimal for the worst plant in a pre-specified set - is as yet unsolved. 

The book focuses on the mathematics of H~, control. Generally speaking, the 

theory is developed in the input-output (operator) framework, while computational pro- 

cedures are presented in the state-space framework. However, I have compromised in 

some proofs: if a result is required for computations and if both operator and state-space 

proofs are available, I have usually adopted the latter. The book contains several numeri- 

cal examples, which were performed using PC-MATLAB and the Control Systems Tool- 

box. The primary purpose of the examples is to illustrate the theory, although two are 

examples of (not entirely realistic) H~ designs. A good project for the future would be a 

collection of case studies of H,, designs. 

Chapter 1 motivates the approach by looking at two example control problems: 

robust stabilization and wideband disturbance attenuation. Chapter 2 collects some ele- 

mentary concepts and facts concerning spaces of functions, both time-domain and 

frequency-domain. Then the main problem, called the standard problem, is posed in 

Chapter 3. One example of the standard problem is the model-matching problem of 

designing a cascade controller to minimize the error between the input-output response of 

a plant and that of a model. In Chapter 4 the very useful parametrization due to Youla, 

Jabr, and Bongiorno (1976) is used to reduce the standard problem to the model- 

matching problem. The results in Chapter 4 are fairly routine generalizations of those in 
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the expert book by Vidyasagar (1985a). 

Chapter 5 introduces some basic concepts about operators on Hilbert space and 

presents some useful facts about Hankel operators, including Nehari's theorem. This 

material permits a solution to the scalar-valued model-matching problem in Chapter 6. 

The matrix-valued problem is much harder and requires a preliminary chapter, Chapter 7, 

on factorization theory. The basic factorization theorem is due to Bart, Gohberg, and 

Kaashoek (1979); its application yields spectral factorization, inner-outer factorization, 

and J-spectral factorization. This arsenal together with the geometric theory of Ball and 

Helton (1983) is used against the matrix-valued problem in Chapter 8; actually, only 

nearly optimal solutions are derived. 

Thus Chapters 4 to 8 constitute a theory of how to compute solutions to the standard 

problem. But the H= approach offers more than this: it yields qualitative and quantita- 

tive results on achievable performance, showing the trade-offs involved in frequency- 

domain design. Three examples of such results are presented in the final chapter. 

I chose to omit three elements of the theory: a proof of Nehari's theorem, because it 

would take us too far afield; a proof of the main existence theorem, for the same reason; 

and the theory of truly (rather than nearly) optimal solutions, because it's too hard for an 

elementary course. 

It is a pleasure to express my gratitude to three colleagues: George Zames, Bill Hel- 

ton, and John Doyle. Because of George's creativity and enthusiasm I became interested 

in the subject in the first place. From Bill I learned some beautiful operator theory. And 

from John I learned "the big picture" and how to compute using state-space methods. I 

am also grateful to John for his invitation to participate in the ONR/Honeywell workshop 

(1984). The notes from that workshop led to a joint expository paper, which led in turn 

to this book. 

I am also very grateful to Linda Espeut for typing the first draft into the computer 

and to John Hepburn for helping me with unix, troff, pic, and grap. 

Toronto 

May, 1986 

Bruce A. Francis 



SYMBOLS 

R 

C 

L2(-oo, oo) 

L2 (-oo, 0] 

L 2 [0, oo) 

L2 

L~ 

H2 

H.~ 

prefix R 

I1.11 

11.112 

1t.11~ 

superscript 3_ 

A T 

A* 

O* 

F-(S) 

IIi 

H2 

rp 
~X 

Im 

Ker 

X_(A) 

X+(A) 

field of real numbers 

field of complex numbers 

time-domain Lebesgue space 

ditto 

ditto 

frequency-domain Lebesgue space 

ditto 

Hardy space 

ditto 

real-rational 

norm on CnXm; maximum singular value 

norm on L 2 

norm on L~ 

orthogonal complement 

transpose of matrix A 

complex-conjugate transpose of matrix A 

adjoint of operator • 

F (-s) T 

orthogonal projection from L 2 to H~" 

orthogonal projection from L2 to H2 

Hankel operator with symbol F 

image of X under 

image 

kernel 

stable modal subspace relative to A 

unstable modal subspace relative to A 



VIII 

The transfer matrix corresponding to the state-space realization (A, B, C, D) is 

denoted [,4, B, C, D ], i.e. 

[A, B, C, D] :=D +C(s-A)- IB . 

Following is a collection of useful operations on transfer matrices using this data struc- 

ture: 

[A, B, C, D ] = [T-1AT, T-1B, CT, D ] 

[A, B, C, D] -1 = [A-BD-1C, BD -1, -D-1C, D -1 ] 

[A, B, C, D ]- = [-A T, -(2 T, BT, D T] 

[A 1,B 1, C1,D1]×[A2,B2, C2,D2] 

= A2 ' [ B2 J ' [ C I  D1C2],D1D 

= B1Ca A " B1D "[D1C2 C1]'D1D 

[A 1,B1, C1,D1] + [A2, B2, C2, D2] 

= A " B ,[C1 Cz],DI+D 
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CHAPTER 1 

INTRODUCTION 

This course is about the design of control systems to meet frequency-domain perfor- 

mance specifications. This introduction presents two example problems by way of 

motivating the approach to be developed in the course. We shall restrict attention to 

single-input, single-output systems for simplicity. 

To begin, we need the Hardy space H.~. This consists of all complex-valued func- 

tions F (s) of a complex variable s which are analytic and bounded in the open fight 

half-plane, Re s >0; bounded means that there is a real number b such that 

I F ( s ) t < b ,  R e s > 0 .  

The least such bound b is the H~-norm ofF,  denoted IIFII,,. Equivalently 

IIF I1.~ := sup { IF (s) 1 : Re s >0}. (1) 

Let's focus on real-rational functions, i.e. rational functions with real coefficients. 

The subset of H** consisting of real-rational functions will be denoted by RH~,. If F (s) 

is real-rational, then F~ RH~ if and only if F is proper ( IF (o~) I is finite) and stable (F 

has no poles in the closed fight half-plane, Re s>__0). By the maximum modulus theorem 

we can replace the open right half-plane in (1) by the imaginary axis: 

ItFIL, =sup { IF (jc0) 1: o3~ R}. (2) 

To appreciate the concept of H~-norm in familiar terms, picture the Nyquist plot of F (s). 

Then (2) says that IIFtI~. equals the distance from the origin to the farthest point on the 

Nyquist plot. 

We now look at two examples of control objectives which are characterizable as 

H**-norm constraints, 
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V2 

-~1 < R2 u J -  v2 

Figure 1.1. Single.loop feedback system 
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Example 1. 

The first example uses a baby version of the small gain theorem. Consider the feed- 

back system in Figure 1. Here P (s) and K(s)  are transfer functions and are assumed to 

be real-rational, proper, and stable. For well-posedness we shall assume that P or K (or 

both) is strictly proper (equal to zero at s =oo). The feedback system is said to be inter- 

nally stable if the four transfer functions from v 1 and v 2 to u 1 and u 2 are all stable (they 

are all proper because of the assumptions on P and K). For example, the transfer func- 

tion from v 1 to u 1 equals (1-PK) -1 . The Nyquist criterion says that the feedback system 

is internally stable if and only if the Nyquist plot of PK doesn't pass through or encircle 

the point s= l .  So a sufficient condition for internal stability is the small gain condition 

IIPKII~,< 1. 

Let 's extend this idea to the problem of robust stabilization. The block diagram in 

Figure 2a shows a plant and controller with transfer functions P (s)+AP (s) and K(s) 

respectively; P represents the nominal plant and AP an unknown perturbation, usually 

due to unmodeled dynamics or parameter variations. Suppose, for simplicity, that P, AP, 

and K are real-rational, P and AP are strictly proper and stable, and K is proper. Suppose 

also that the feedback system is internally stable for AP =0. How large can lAP I be so 

that internal stability is maintained? 

One method which is used to obtain a transfer function model is a frequency 

response experiment. This yields gain and phase estimates at several frequencies, which 

in turn provide an upper bound for lAP (jco) l at several values of co. Suppose R is a 

radius function belonging to RH~ and bounding the perturbation AP in the sense that 

I AP (jco) I < I R (]co) I for all 0<co<oo, 

or equivalently 

IIR-1APII~, < 1. (3) 

How large can IR I be so that internal stability is maintained? 
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1~ 1 

-I  ......... I 

y . . . .  

Figure 1.2a. Feedback system with perturbed plant 
Y2 

"¢1 

' [ - ~ [ ~  Y v2+Pv 1 

Figure 1.2b. After loop transformation 

Yl 

K (I_PK)-I l_ 
F ...... ~ 2 + P V l  

Figure 1.2c. After loop transformation 
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Simple loop transformations lead from Figure 2a to Figure 2b to Figure 2c. Since 

the nominal feedback system is internally stable, K(I-PK)-I~RH~.  Our baby version 

of the small gain theorem gives that the system in Figure 2c will be internally stable if 

IIAPK(1-PK)-IlI~. < 1. (4) 

In view of (3) a sufficient condition for (4) is 

IIRK(1-PK) -111~ < 1. (5) 

We just used the sub-multiplicative property of the H~.-norm: 

IIFG II~. < IIFII~.IIGIIoo. 

We conclude that an H.o-norm bound on a weighted closed-loop transfer function, i.e. 

condition (5), is sufficient for robust stability. 

Example 2. 

For the second example we need another Hardy space, H2. It consists of all 

complex-valued functions F (s) which are analytic in the open right half-plane and satisfy 

the condition 

(2rr) -1 IF (~+jo~) 12d~ < ~ .  
- . - o o  

The left-hand side of this inequality is defined to be the H2-norm of F, IIF II 2. Again, let's 

focus on real-rational functions. A real-rational function belongs to R H  2 if and only if 

it's stable and strictly proper. For such a function F (s) it can be proved that its H2-norm 

can be obtained by integrating over the imaginary axis: 

IIFII2 = (2re) -1 1F(jm) 12d (6) 
u ~  

Consider a one-sided signal x (t) (zero for t <0) and suppose its Laplace transform 

J(s)  belongs to R t I  2. Then Plancherel's theorem says 

I x(t)2at=l~ll~ . 
o 
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Thus Ilxll 2 can be interpreted physically as the energy of  the signal x (t). 

Next, consider a system with transfer function F (s) in RH~.  Let the input and out- 

put signals be denoted by x (t) and y (t) respectively. It is easy to see that if J e  RH  2 and 

1l}112=1, then ~ e R H  2 and tI~tI2_<I1FII~. Thus the H=-norm of  the transfer function pro- 

vides a bound on the system gain 

sup {11~ 112:.~ RH2, IL~l12=l }. 

The previous discussion was limited to the familiar class of real-rational functions, 

but the results are general. In fact the H,~-norm of  the transfer function equals the sys- 

tem gain. The precise statement is as follows: If FE Ho~ and x~ H2, then Fx~ H2; more- 

over 

llfll~ = sup{ IIFxII2: xE H2, tlxl12=l }. (7) 

With these preliminaries let's look at a disturbance attenuation problem. In Figure 

1 suppose v 1---0 and v2 represents a disturbance signal referred to the output of the plant 

P. The objective is to attenuate the effect of v 2 on the output u2 in a suitably defined 

sense. As before, we shall assume P and K are real-rational and proper, with at least one 

of them strictly proper. The transfer function from v 2 to u2 is the sensitivity function 

S := ( I - P K )  -1 . 

We shall suppose the disturbance v2 is not a fixed signal, but can be any function in 

the class 

{v2:v2=Wx for somexE H2, lbcll2<-i }, (8) 

where W,w-le H,~; that is, the disturbance signal class consists of all v 2 in H2 such that 

[1W-Iv2112 < 1. (9) 

Assuming for now that the boundary values v2(jm) and W(jm) are well-defined, we can 

interpret inequality (9) as a constraint on the weighted energy of  v2: the energy-density 

spectrum tv2(jm)l 2 is weighted by the factor IW(jo~)1-2. For example, if IW(jm)l 

were relatively large on a certain frequency band and relatively small off  it, then (9) 

would generate a class of  signals having their energy concentrated on that band. 

The disturbance attenuation objective can now be stated precisely: minimize the 

energy of u2 for the worst v2 in class (8); equivalently (by virtue of (7)), minimize 
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[IWSIl~, the H~-norm of the weighted sensitivity function. In a synthesis problem P and 

W would be given and K would be chosen to minimize IIWS I1~, with the added constraint 

of internal stability. (In an actual design it may make more sense to employ W as a 

design parameter, to be adjusted by the designer to shape the magnitude Bode plot of S.) 

To recap, we have seen how certain control objectives, robust stability and distur- 

bance attenuation, will be achieved if certain H~-norm bounds are achieved. In Chapter 

3 is posed a general I-L optimization problem which includes the above two examples as 

special cases. 

Notes and References 

The theory presented in this book was initiated by Zames (1976, 1979, 1981). He 

formulated the problem of sensitivity reduction by feedback as an optimization problem 

with an operator norm, in particular, an Hoo-norm. Relevant contemporaneous works are 

those of Helton (1976) and Tannenbaum (1977). The important papers of Sarason (1967) 

and Adamjan, Arov, and Krein (1971) established connections between operator theory 

and complex function theory, in particular, H~-functions; Helton showed that these two 

mathematical subjects have useful applications in electrical engineering, namely, in 

broadband matching. Tannenbaum used (Nevanlinna-Pick) interpolation theory to attack 

the problem of stabilizing a plant with an unknown gain. 

For a survey of the papers in the field the reader may consult Francis and Doyle 

(1986). 



CHAPTER 2 

B A C K G R O U N D  M A T H E M A T I C S :  F U N C T I O N  SPACES 

The purpose of this chapter is to collect some elementary concepts and facts from 

functional analysis. 

2.1 Banach and Hilbert Space 

Let X be a linear space over the field C of complex numbers. A norm on X is a 

function x ~ Itxll from X to the field R of reals having the four properties 

(i) I~tW_>0, 

(ii) Ilxll = 0 i f fx  =0, 

(iii) Ilcxll = I c I Ilxll, c¢ C 

(iv) Ilx+yll < Ilxll + llyll. 

With such a norm we can talk about convergence in X: a sequence {xk} in X converges 

to x in X, and x is the limit of the sequence, if  the sequence of real numbers {Ibck-xll } 

converges to zero; if such x exists, then the sequence is convergent. A sequence {xk } is a 

Cauchy sequence if  

( r e>0) (3  integer n) i,k > n ~ Itxi-xkll<e. 

Intuitively, the elements in a Cauchy sequence eventually cluster around each other, so 

they are "trying to converge". I f  every Cauchy sequence in X is convergent (that is, if 

every sequence which is trying to converge actually does converge), then X is complete. 

A (complex) Banach space is a linear space over C which has a norm and which is com- 

plete. 

A subset S of  a Banach space X is a subspace if  

x , y ~ S ~ x + y ~ S  

and 
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x ~ S ,  c ~ C ~ c x E S ,  

and it is closed i f  every sequence in S which converges in X has its limit in S. (If  the 

dimension of  X is finite, then every subspace is closed, but in general a subspace need 

not be closed.) 

For the definition of  I-filbert space start with X a linear space over C. An inner pro- 

duct on X is a function (x,y) --~ <x,y > from X×X to C having the four properties 

O) <x,x > is real and _>0, 

(ii) <x,x > = 0 iff x =0, 

(iii) the function y ---> <x,y > from X to C is linear, 

(iv) <x,y > = <y,x >. 

Such an inner product on X induces a norm, namely, Ilxll := <x,x >1/2. With respect to 

this norm X may or may not be complete. A (complex) Hilbert space is a linear space 

over C which has an inner product and which is complete. 

Two vectors x, y in a Hilbert space X are orthogonal if  <x,y >=0. I f  S is a subset of  

X, then S -L denotes the set of  all vectors in X which are orthogonal to every vector in S; 

S ± is a closed subspace for any set S. I f  S is a closed subspace, then S ± is called its 

orthogonal complement, and we have 

X = S ± ~ S .  

This means that every vector in X can be written uniquely as the sum of  a vector in S x 

and a vector in S. 

We shall see in the next two sections several examples of  infinite-dimensional 

Banach and Hilbert spaces, but first let 's  recall the familiar finite-dimensional examples 

of each. 

The space C n is a Hilbert space under the inner product 

<x,y > =x*y . 

Here x and y are column vectors and * denotes complex-conjugate transpose. The 

corresponding norm is I txll = ( x ' x )  i/2 

The space C nxm consists of all n×m complex matrices. There are several possible 

norms for cnxrn; for compatibility with our norm on C n we shall take the following. The 

singular values of  A in C nxm are the square roots of  the eigenvalues of  the Hermitian 
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matrix A *A. We define IIA I1 to be the largest singular value. 

Ch. 2 

Exercise 1. Prove that 

IIA I1 =max{ IIAxll : Ilxll = 1 }. 

2.2 Time-Domain Spaces 

Consider a signal x (t) defined for all time, --~<t <oo, and taking values in C n. Thus 

x is a function 

(--o,,, ~,) ~ C n " 

Restrict x to be square-(Lebesgue) integrable: 

S IIx(t)lI2dt < oo  (1) 

The norm in (1) is our previously defined norm on C n. The set of all such signals is the 

Lebesgue space L2(-oo, oo). (To simplify notation we suppress the dependence of this 

space on the integer n.) This space is a Hilbert space under the inner product 

o o  

<x,y > := ~ x (t)*y (t)dt . 

Then the norm of  x, denoted IL:dl2, equals the square root of  the left-hand side of  (1). 

The set of  all signals in L2(-~o, oo) which equal zero for almost all t < 0  is a closed 

subspace, denoted L2[0,*o). Its orthogonal complement (zero for almost all t>0)  is 

denoted L 2 (--~,0]. 

2.3 Frequency-Domain  Spaces 

Consider a function x (j03) which is defined for all frequencies, -oo<e0<oo, takes 

values in C n, and is square-(Lebesgue) integrable with respect to e0. The space of all 

such functions is denoted L 2 and is a Hilbert space under the inner product 

<x,y > := (2g) -1 ~ X (j0~)*y (jco)dm. 
- - o o  
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The norm on L 2 will be denoted Itxll 2. The space RL 2, the real-rational functions in L 2, 

consists of n-vectors each component of which is real-rational, strictly proper, and 

without poles on the imaginary axis. 

Next, H 2 is the space of all functions x (s) which are analytic in Re s >0, take values 

in C n, and satisfy the uniform square-integrability condition 

I ,~ 1/2 
IL ll2:= -1 f tt ( +jo3)fl2do <oo. 

(We have used the same norm symbol for L2(-*o,~), L2, and H2. Context determines 

which is intended.) This makes H2 a Banach space. Functions in H2 are not defined a 

priori on the imaginary axis, but we can get there in the limit. 

Theorem 1. If xE H 2, then for almost all o3 the limit 

}(jo3) := lim x (~+jo3) 
~ 0  

exists and2 belongs to L 2. Moreover, the mapping x -->x from H 2 to L 2 is linear, injec- 

tive, and norm-preserving. 

It is customary to identify x in H2 and its boundary function :~ in L2. So henceforth 

we drop the tilde and regard H2 as a closed subspace of the Hilbert space L2. The space 

RH 2 consists of real-rational n-vectors which are stable and strictly proper. 

The orthogonal complement H~- of H2 in L2 is file space of functions x (s) with the 

following properties: x (s) is analytic in Re s <0; x (s) takes values in Cn; the supremum 

o o  

up f Ibc(~+jo3)llZdo 

is finite. Again, we identify functions in H~- and their boundary functions in L 2. 

Now we turn to two Banach spaces. First, an nxm complex-valued matrix F(jo3) 

belongs to the Lebesgue space L~ iff IIF (jo3)ll is essentially bounded (bounded except 

possibly on a set of measure zero). The norm just used for F (jo3) is the norm on C "x'~ 

introduced in Section 2.1 (largest singular value). Then the L~-norm of F is defined to 

be 
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IIFIIo, :=ess sup IIF (j0~)ll. 
0~ 

This makes L,o a Banach space. It is easily checked that FE RLoo iff F is real-rational, 

proper, and without poles on the imaginary axis. 

The final space is H~. It consists of functions F (s) which are analytic in Re s >0, 

take values in C nx'n, and are bounded in Re s >0 in the sense that 

sup{llF(s)ll:Res >0} < oo. 

The left-hand side defines the H~-norm of F. There is an analog of Theorem 1 in which 

H2 and L~ are replaced by H,~ and L~ respectively: each function in H= has a unique 

boundary function in L~, and the mapping from H~-function to boundary L=-function is 

linear, injective, and norm-preserving. So henceforth we regard H~ as a closed subspace 

of  the Banach space L~. Finally, RH~ consists of those real-rational matrices which are 

stable and proper. 

Let's recap in the real-rational case: 

RL2: vector-valued, strictly proper, no poles on imaginary axis 

RH2: vector-valued, strictly proper, stable 

RH~- : vector-valued, strictly proper, no poles in Re s <0 

RL..:  matrix-valued, proper, no poles on imaginary axis 

RHoo: matrix-valued, proper, stable. 

Exercise 1. In the scalar-valued case prove that RL2 equals the set of all real-rational 

functions which are strictly proper and have no poles on the imaginary axis. 

2.4 Connections 

This section contains statements of two basic theorems relating the spaces just intro- 

duced. The first, a combined Plancherel and Paley-Wiener theorem, connects the time- 

domain Hilbert spaces and the frequency-domain Hilbert spaces. A mapping from one 

Hilbert space to another is a Hilbert space isomorphism if  it is a linear surjection which 

preserves inner products. (Such a mapping is continuous, preserves norms, is injective, 

and has a continuous inverse.) 
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Theorem 1. The Fourier transform is a Hilbert space isomorphism from L2(--~,,,,,) onto 

L2. It maps L2[0,~)  onto H2 and L2(--oo,0] onto H~.  

This important theorem says in particular that H2 is just the set of Laplace 

transforms of signals in L2 [0,oo), i.e. of signals on t>0 of finite energy. 

The second theorem connects the Hilbert space H 2 with the Banach spaces L.. and 

H~. For F in Lo. and X denoting either L2 or H2, let F X denote the space {Fx : x  ~ X }. 

Theorem 2. (i) I f F ~ L . ,  then F L 2 c L  2 and 

IIFII~ = sup{ I~xl12: x~ L2, IL~112=1 } 

= sup { IIFxlI2: x~ H2, I1x112=1 } • 

(ii) I f F e  H~,, then F H 2 c H 2  and 

IIF II00 = sup { IIFxII2: x~ H2, llx 112=1 }. 

s - 1  
Exercise 1. Let F (s) = s -~ ' "  Prove that FH. .  is closed in H~. 

Exercise 2. Let F (s) = s--~-" Prove that FH2 is not closed in H 2. 

Notes and References 

For Banach and Hilbert spaces the reader is referred to any good book on functional 

analysis, for instance Conway (1985). Standard references for Hardy spaces are Duren 

(1970), Garnett (1981), Hoffman (1962), and Rudin (1966). These references deal 

mainly with scalar-valued functions. For vector- and operator-valued functions, see Sz.- 

Nagy and Foias (1970) and Rosenblum and Rovnyak (1985). Theorem 3.1 can be 

derived from the results in Chapter 11 in Duren (1970). Theorem 4.1 is in Paley and 

Wiener (1934). For an alternative proof see Dym and McKean (1972). A complete 

proof of Theorem 4.2 is not readily available in the literature; a starting point could be 

Problem 64 in Halmos (1982), Theorem II.6.7 in Desoer and Vidyasagar (i975), or 

Theorem 11.1.5 in Conway (1985). 



CHAPTER3 

THE STANDARD PROBLEM 

The standard set-up is shown in Figure 1. In this figure w, u, z, and y are vector- 

valued signals: w is the exogenous input, typically consisting of command signals, distur- 

bances, and sensor noises; u is the control signal; z is the output to be controlled, its com- 

ponents typically being tracking errors, filtered actuator signals, etc.; and y is the meas- 

ured output. The transfer matrices G and K are, by assumption, real-rational and proper: 

G represents a generalized plant, the fixed part of the system, and K represents a con- 

troller. Partition G as 

[ G , I  G12] 
G = [G21 G22J" 

Then Figure 1 stands for the algebraic equations 

z = G l l W  +G12u 

y = G2lw + G22tt 

u=Ky. 

To define what it means for K to stabilize G, introduce two additional inputs, v 1 and 

v2, as in Figure 2. The equation relating the three inputs w, v 1, vz and the three signals 

z, u, y is 0 ]lw ] 
I = I v 1 . 

-Gz2 [G21 0 

It simplifies the theory to guarantee that the proper real-rational matrix 

1 , -G22 

has a proper real-rational inverse for every proper real-rational K. A simple sufficient 
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w z 

ul ...... 
Figure 3.1. The standard block diagram 

Vl 

w 

u 

z 

G 
_(- 'x  

J [ - y  ~--~- v2 

Figure 3.2. Diagram for stability definition 
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condition for this is that G2z be strictly proper. Accordingly, this will be assumed 

hereafter. Then the nine transfer matrices from w, v 1, v 2 to z, u, y are proper. If they are 

stable, i.e. they belong to Rlloo, then we say that K stabilizes G. This is the usual notion 

of internal stability. An equivalent definition in terms of state-space models is as follows. 

Take minima1 state-space realizations of  G and K and in Figure 1 set the input w to zero. 

Then K stabilizes G if and only if the state vectors of G and K tend to zero from every 

initial condition. 

The standard problem is this: find a real-rational proper K to minimize the H~- 

norm of the transfer matrix from w to z under the constraint that K stabilize G. The 

transfer matrix from w to z is a linear-fractional transformation of K: 

Z = [G 11 + G 12 K (I-G 22K) - I  G 21] w. 

Following are three examples of the standard problem. 

A Model-Matching Problem 

In Figure 3 the transfer matrix T 1 represents a "model" which is to be matched by 

the cascade T 2 Q T 3 of three transfer matrices T2, T3, and Q. Here, T i (i =1-3) are given 

and the "controller" Q is to be designed. It is assumed that Ti ~ RH~ (i =1-3) and it is 

required that Q ~ RH~.  Thus the four blocks in Figure 3 represent stable linear systems. 

For our purposes the model-matching criterion is 

sup {llzl12: w ~ H 2, llwlt 2 < 1 } = minimum. 

Thus the energy of  the error z is to be minimized for the worst input w of  unit energy. In 

view of Theorem 2.4.2 an equivalent criterion is 

ItT I - T  2 Q T311,~ = minimum. 

This model-matching problem can be recast as a standard problem by defining 

G := T3 

K := -Q ,  

so that Figure 3 becomes equivalent to Figure 1. The constraint that K stabilize G is then 

equivalent to the constraint that Q ~ RH~.. 
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w 

Figure 3.3. Model.matching 

z 

I I 

Figure 3.4. Tracking 
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This version of  the model-matching problem is not very important p e r  s e  ; its 

significance in the context of this course arises from the fact that the standard problem 

can be transformed to the model-matching problem (Chapter 4), which is considerably 

simpler. 

A Track ing  Problem 

Figure 4 shows a plant P whose output, v, is to track a reference signal r. The plant 

input, u, is generated by passing r and v through controllers C1 and C2 respectively. It is 

postulated that r is not a known fixed signal, but, as in Chapter 1, may be modeled as 

belonging to the class 

{ r : r = W w  for some we H 2, Ilwll 2 _< 1 }. 

Here P and W are given and C1 and C2 are to be designed. These four transfer matrices 

are assumed to be real-rational and proper. 

The tracking error signal is r - v .  Let 's take the cost function to be 

(Ilr-vll~ + llpull~) 1/2, (I) 

where 9 is a positive scalar weighting factor. The reason for including pu in (1) is to 

ensure the existence of an optimal proper controller; for p = 0 "optimal" controllers tend 

to be improper. Note that (1) equals the H2-norm of 

[r;v] 
Z :---- U ' 

Thus the t r a c k i n g  c r i t e r i o n  is taken to be 

sup{llzll2: we H2,tlwll 2 < 1 } = minimum. 

The equivalent standard problem is obtained by defining 

[o,, o,=l 
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A Robust Stabilization Problem 

This example has already been discussed in Chapter 1. The system under con- 

sideration is shown in Figure 1.2a. Assume P is a strictly proper nominal plant and let R 

be a scalar-valued (radius) function in RH~. Now define a family P of neighbouring 

plants to consist of all strictly proper real-rational matrices P+AP having the same 

number (in terms of McMillan degree) of poles in Re s>0 as has P, where the perturba- 

tion ~ '  satisfies the bound 

llAP (j¢0)tl < IR (j¢0) l for all 0_<0~_<oo. 

For a real-rational proper K the robust stability criterion is that K stabilize all plants in P. 

Stability means internal stability, that the four transfer matrices in Figure 1.2a from 

Vl, v2 to u, y all belong to RH~. 

We saw in Chapter I that robust stability is guaranteed by a small gain condition. 

Lemma 1. A real-rational proper K stabilizes all plants in P iff K stabilizes the nominal 

plant P and 

[IRK ( I -PK)  -111~ < 1. 

We can convert to the set-up of the standard problem by defining G so that in Figure 

1 the transfer matrix from w to z equals RK ( I -PK)  -1 . This is accomplished by 

Then Lemma 1 implies that the following two conditions are equivalent: K achieves 

robust stability for the original system (Figure 1.2a); in Figure 1 K stabilizes G and 

makes the transfer matrix from w to z have H~-norm <1. 

Notes and References 

The standard problem as posed in this chapter is based on Doyle (1984). For treat- 

ments of the tracking example see Vidyasagar (1985b) and Wang and Pearson (1984), 

and for robust stabilization see, for example, Kimura (1984). Lemma 1 is due to Doyle 

and Stein (1981) and Chen and Desoer (1982). 
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There are several other examples of the standard problem, for example, the 

weighted sensitivity problem (Zames (1981)) and the mixed sensitivity problem (Verma 

and Jonckheere (1984), Kwakemaak (1985)). 



CHAPTER 4 

STABILITY THEORY 

In this chapter it is shown how the standard problem can be reduced to the model- 

matching problem. The procedure is to parametrize, via a parameter matrix Q in RH.,, 

all K's which stabilize G. 

4.1 Coprime Factorization Over RH~ 

Recall that two polynomials f (s) and g (s), with, say, real coefficients, are said to 

be coprime if their greatest common divisor is 1 (equivalently, they have no common 

zeros). It follows from Euclid's algorithm that f and  g are coprime iff there exist polyno- 

mials x (s) and y (s) such that 

fx +gy=l. (1) 

Such an equation is called a Bezout identity. 

We are going to take the practical route and define two functions f and g in RH~ to 

be coprime (over RH,~) if there exist x, y in RH., such that (1) holds. (The more primi- 

tive, but equivalent, definition is that f and g are coprime if every common divisor of f 

and g is invertible in RH**, i.e. 

h, fh-1, gh-1 ~ R H ~  ~ h -1 e RH~,.)  

More generally, two matrices F and G in RH~. are right-coprime (over RH~) if 

they have equal number of columns and there exist matrices X and Y in RH~ such that 

[X y ] [ F ]  =XF+YG=I. 

This is equivalent to saying that the matrix [ G ] is left-invertible in RH, .  

Similarly, two matrices F and G in RH~ are left-coprime (over RH,~) if they have 

equal number of rows and there exist X and Y in RH,, such that 
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equivalently, [F G ] is right-invertible in RH~. 

Now let G be a proper real-rational matrix. A right-coprimefactorization of G is a 

factorization G--NM -1 where N and M are right-coprime RH,~-matrices. Similarly, a 

left-coprime factorization has the form G=~I-I~[ where/q and/~ are left-coprime. Of 

course implicit in these definitions is the requirement that M and ~/be square and non- 

singular. We shall require special coprime factorizations, as described in the next 

lemma. 

Lemma 1. For each proper real-rational matrix G there exist eight RH~-matrices satis- 

fying the equations 

G =NM -1 =AT/-iN (2) 

Equations (2) and (3) together constitute a doubly-coprime factorization of G. It 

should be apparent that N and M are right-coprime and ~/and M are left-coprime; for 

example, (3) implies 

d - P l  N =I, 

proving right-coprimeness. 

It's useful to prove Lemma 1 constructively by deriving explicit formulas for the 

eight matrices. The formulas use state-space realizations, and hence are readily amen- 

able to computer implementation. 

We start with a state-space realization of G, 

G (s) =D + C (s-A)-IB (4) 

A, B, C, D real matrices, 

with (A,B) stabilizable and (C,A) detectable. It's convenient to introduce a new data 

structure: let 
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[ A , B , C , D ]  

stand for the transfer matrix 

D +C ( s -A  )-IB . 

Now introduce state, input, and output vectors x, u, and y respectively so that y =Gu and 

=Ax + Bu (5a) 

y = Cx + D u .  (5b) 

Next, choose a real matrix F such that AF :=A +BF is stable (all eigenvalues in Re s <0) 

and define the vector v :=u-Fx  and the matrix Ct~ :=C+DF. Then from (5) we get 

.x = A FX + Bv 

u = F x  + v  

y = CFX +Dv .  

Evidently from these equations the transfer matrix from v to u is 

m ( s )  := [AF, B, F, I]  (6a) 

and that from v to y is 

N (s) :=[AF, B, CF,D ] . (6b) 

Therefore 

u = M v ,  y = N v  

so that y =NM -1 u, i.e. G =NM -1 . 

Similarly, by choosing a real matrix H so that AH:=A +HC is stable and defining 

BH :=B +HD 

/¢/(s) := [AH, H, C, I] (6c) 

N(s) := [AH, BH, C, D ], (6d) 

we get G =1~1-1N. (This can be derived as above by starting with G (s) T instead of G (s).) 

Thus we've obtained four matrices in RH~, satisfying (2). 

Formulas for the other four matrices to satisfy (3) are as follows: 

X (s) :=[AF, -H,  CF, I] (7a) 
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Y (s) :=lAp, -H, F, 0] 

)~ (s) := [AH, -BH, F, I ] 

Y(s) := [AH, -H, F, 01. 

(7b) 

(7c) 

(7d) 

The explanation of where these latter four formulas come from is deferred to Section 4. 

Exercise 1. Verify that the matrices in (6) and (7) satisfy (3). 

Example 1. 

As an illustration of the use of these formulas, consider the scalar-valued example 

s - 1  
G (s) = 

s ( s -2)  

A minimal realization is 

G(s)=[A,B, C,D] 

c = [ - 1  11, D = 0 .  

Choosing F to place the eigenvalues Of AF (arbitrarily) at { - 1 , - 1  }, we get 

f = [-1 -4]  

Then 

and 

N(s)=[AF, B, C, O] 

s - 1  

= ( s + i ) 2  

M(s) = [AF, B, F, 1] 

s (s -2)  
(S +1)2 " 

Similarly, the assignment 
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yields 

X (s) = [AF, - n , c ,  11 

f f+6s -23  
(s+l)  2 

Y(s )=[AF , -1 t ,  F, O] 

-41s+ l  
(s+l)2 " 

Finally, in this example we have 

N=N,  aT/=M, :~=X, Y=Y. 

4.2 Stability 

This section provides a test for when a proper real-rational K stabilizes G. 

duce left- and right-coprime factorizations 

G = N M  -1 -- ]IT'/-1]Q 

K = UV-1 = ~-1  ~f. 

Theorem 1. The following are equivalent statements about K: 

(i) K stabilizes G, 

(ii) [0 I ]N  V • RHo,,, 

Intro- 

(la) 

(lb) 
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(iii) 
b[o  i ]  f '  

-1 

e R H ~  . 

The idea underlying the equivalence of (i) and (ii) is simply that the determinant of 

the matrix in (ii) is the least common denominator (in RH~) of all the transfer functions 

from w, v 1 , v2 to z, u, y; hence the determinant must be invertible for all these transfer 

functions to belong to RH~, and conversely. 

The proof of Theorem 1 requires a preliminary result. Insert the factorizations (1) 

into Figure 1, split apart the factors, and introduce two new signals ~ and r] to get Figure 

2. 

Lemma 1. The nine transfer matrices in Figure 1 from w, v I, v2 to z, u, y belong to 

RH~. iff the six transfer matrices in Figure 2 from w, v 1, v 2 to ~, 1"1 belong to RH~. 

Proof. (If) This direction follows immediately from the equations 

[:] 
u =UI1 +v 1 , 

which in turn follow from Figure 2. 

(Only if) By right-coprimeness there exist RH,~-matrices X and Y such that 

X M  + Y N = I .  

Hence 

~ = X M ~  + Y N ~ .  

But from Figure 2 

[:] [zt M~= , N g =  y - v 2  " 

Substitution into (2) gives 

(2) 
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Figure 4.2.1. Diagram for stability definition 
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Figure 4.2.2. With internal signals 
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Hence the three transfer matrices from w, v 1, v2 to ~ belong to RH~. 

A similar argument works for the remaining three transfer matrices to rl. [] 

Ch. 4 

Proof  of Theorem I.  We shaU prove the equivalence of (i) and (ii). First, let's see that 

the matrix displayed in (ii) is indeed nonsingular, i.e. its inverse exists as a rational 

matrix. We have 

[0 1]N V = 

Now 

, 0  i] ioOl 0 I 

G21 G22 

(3) 

Io:] 
is nonsingular because both M and V are. Also, since G22 is strictly proper, we have that 

1 0 I 

G21 G22 

is nonsingular when evaluated at s =~,: its determinant equals 1 at s =~. Thus both 

matrices on the right-hand side of (3) are nonsingular. 

The equations corresponding to Figure 2 are 

-EO, N ] 
Thus by Lemma 1 K stabilizes G iff 

- [0 I]N V RH~. 
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But this is equivalent to (it). [] 

Exercise 1. Prove equivalence of (i) and (iii) in Theorem 1. 

29 

4.3 Stabilizability 

Let's say that G is stabilizable if there exists a (proper real-rational) K which stabil- 

izes it. Not every G is stabilizable; an obvious non-stabilizable G is G12=0, G2t=0, 

G22=0, G 11 unstable. In this example, the unstable part of G is disconnected from u and 

y. In terms of a state-space model G is stabilizable iff its unstable modes are controllable 

from u (stabilizability) and observable from y (detectability). The next result is a stabil- 

izability test in terms of left- and right-coprime factorizations 

G = N M  -1 = ~ I -1N .  

Theorem 1. The following conditions are equivalent: 

(i) G is stabilizable, 

(it) M, [0 I ] N  axe right-coprime and 

M , I ~  ] are left-coprime, 

[0] 
(iii) M, N I are left-coprime and 

M, [0 I] are right-coprime. 

The proof requires some preliminaries. The reader will recall the following fact. 

For each real matrix F there exist real matrices G and H such that 

F = G  0 H. 

The matrices G and H may be obtained by elementary row and column operations, and 

the size of the identity matrix equals the rank of F. The following analogous result for 

RtI~-matrices is stated without proof. 
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Lemma 1. For each matrix F in RH~ there exist matrices G, H, and F 1 in RH~ satisfy- 

ing the equation 

F = G  0 H 

and having the properties that G and H are invertible in RH~ and F t is nonsingular. 

This result is now used to prove the following useful fact that if M and N are right- 
r . ~ ' l  

coprime, then the matrix / N  I can be filled out to yield a square matrix which is inverti- 

ble in RH~. 

Lemma 2. Let M and N be RH=-matrices with equal number of columns. Then M and 

N are right-coprime iff there exist matrices U and V in RH~ such that 

Proof. (It') Define 

where a question mark denotes an irrelevant block. Then 

IX YI N =I, 

so M and N are right-coprime. 

(Only if) Define 

and bring in matrices G, H, and Fx as per Lemma 1. Since F is left-invertible in RH~ 

(by right-coprimeness), it follows that 
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is left-invertible in RH~ too. 

with F~ 1 ~ RIt~.  Defining 

K : = G [  0 

we get 

Thus the definition 

gives the desired result, that 

is inverfible in R t L .  [] 

But then it must have the form 

The obvious dual of Lemma 2 is that M and N are left-coprime iff there exist U and 

V such that 

Proof of Theorem 1. We shall prove equivalence of (i) and (ii). 

(i) ~ (ii): If G is stabilizable, then by Theorem 2.1 there exist U and V in RH~ such that 

[0 I ]N V ~ RH~. 
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This implies by Lemma 2 and its dual that 

M, [0 I]N are right-coprime 

and 

ro] 
M, [ iJ  U are left-coprime. 

But the latter condition implies left-coprimeness of 

(ii) ~ (i): 

that 

 i,0] 

Ch. 4 

Choose, by right-coprimeness and Lemma 2, matrices X and Y in RHo~ such 

M X] -1 
[0 I]N ~ R H ~ , .  

Also, choose, by left-coprimeness, matrices R and T in RH~ such that 

Now define 

(1) 

(3) 

The two matrices on the left in (3) have inverses in RH~, hence so does the matrix on the 

right in (3). 

[° I:] 
= [ 0 I ] N  V ' 

Then we have from (1) and (2) that 

U := TX (2a) 

V := Y -  [0 1 ]NRX. (2b) 



Ch. 4 33 

The next step is to show that V is nonsingular. We have 

[0 I ]N  V = 

, [0] 
[0 I]G v 

I 0 0" 

0 I U 

G21 G22 V 

U 

(4) 

Evaluate all the matrices in (4) at s=,~; then take determinants of both sides noting that 

G22 is strictly proper and the matrix on the left-hand side of (4) is invertible in RH~.  

This gives 

0~detV (¢,,) detM(,~). 

Thus detV(~)~0, i.e. V -1 exists. Hence we can define K:=UV -1 . 

Next, note that U and V are right-coprime (this follows from invertibility in RH~ of  

the matrix on the right-hand side of  (3)). We conclude from Theorem 2.1 that K stabil- 

izes G. [] 

Exercise 1. Prove equivalence of (i) and (iii) in Theorem 1. 

Hereafter, G will be assumed to be stabilizable. Intuitively, this implies that G and 

G22 share the same unstable poles (counting multiplicities), so to stabilize G it is enough 

to stabilize G22. Let 's define the latter concept explicitly: K stabilizes G22 if in Figure 

2.1 the four transfer matrices from v i and v 2 to u and y belong to RH~,  

Theorem 2. K stabilizes G i f fK  stabilizes G22. 

The necessity part of  the theorem follows from the definitions. To prove sufficiency 

we need a result analogous to Lemma 2.1. 

Lemma 3. The four transfer matrices in Figure 2.1 from v 1, v 2 to u, y belong to RH** iff 

the four transfer matrices in Figure 2.2 from v 1, v2 to ~, rl belong to RH,~. 
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The proof is omitted, it being entirely analogous to that of Lemma 2.1. 

Proof of Theorem 2. Suppose K stabilizes G22. To prove that K stabilizes G it suffices 

to show, by Lemma 2.1, that the six transfer matrices in Figure 2.2 from w, v t , va to ~, ~1 

belong to RH~. But by Lemma 3 we know that those from Vl, v2 to ~, ~1 do. So it 

remains to show that the two from w to {, 11 belong to RH~. 

Set v 1 =0 and v z=0 in Figure 2.2 and write the corresponding equations: 

l 
Vn = [0 I ] N ~ .  (6) 

By left-coprimeness there exist matrices R and T in RH~ such that 

Post-multiply (7) by l~ I w to get 

r -  . , , i  

M R  w +  I T w =  w . (8) 

Now subtract (8) from (5), rearrange, and define 

['l {1 : = ~ - R  0 w (9) 

[o; v 1 :=T w (I0) 

to get 

L0,j vl+    
Also, rearrange (6) and define 

v 2 := [0 I ] N R  w (12) 

to get 
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VTI= [0 I]N~t +v2.  (13) 

The block diagram corresponding to (11) and (13) is Figure 1. By Lemma 3 and the fact 

that K stabilizes G22 we know that the transfer matrices in Figure 1 from v 1 , v 2 to ~1, rl 

belong to RH~. But by (10) and (12) those from w to vl, v2 belong to RH=. Hence 

those from w to ~I, rl belong to RH=. Finally, we conclude from (9) that the transfer 

matrix from w to ~ belongs to RH~. [] 

Exercise 2. Suppose G t t =G 12=G21=G 22. Prove that G is stabilizable. 

4.4 Parametrization 

This section contains a parametrization of all K's which stabilize G 22. To simplify 

notation slightly, in this section the subscripts 22 on G22 are dropped. The relevant 

block diagram is Figure 1. 

Bring in a doubly-coprime factorization of G, 

G =NM -1 =,(,/-1~ 

[ _ ~  ~ 1  [NM Y3 =I ,  (1) 

and coprime factorizations (not necessarily doubly-coprime) of K, 

K = U V _  1 = ~ - 1 ~ / .  

The first result is analogous to Theorem 2.1; the proof is omitted. Lemma 1. The fol- 

lowing are equivalent statements about K: 

(i) K stabilizes G, 

(ii) • RH,+ , 

(iii) • RH~.  

The main result of this chapter is the following. 
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0 

v,/-~ ~ M-~ ~'~[_] N ~[ .... 

Figure 4.3.1. For proof of Theorem 4.3.2 

V1 

...... ~ y 
v2 

Figure 4.4.1. Diagram for controller parametrization 
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Theorem 1. The set of all (proper real-rational) K's stabilizing G is parametrized by the 

formulas 

K = (Y-MQ)(X-NQ)- I  (2) 

Q~ RH•. 

Proof. Let's first prove equality (3). Let Q~RH~.  From (1) we have 

I'o ;] [io-,O]--, 
so that 

- X-NQJ = I .  (4) 

Equating the (1,2)-blocks on each side in (4) gives 

( 2 - Q ~ X r - M Q  ) = ( f ' - Q ~ t X X - N Q  ~ , 

which is equivalent to (3). 

Next, we show that if K is given by (2), it stabilizes G. Define 

U := Y - M Q ,  V :=X-NQ 

b :=~-Qgt, ~:=2-Q~ 

to get from (4) that 

It follows from (5) that U, V are right-coprime and U, I1 are left-eoprime (Lemma 3.2). 

Also from (5) 

So from Lemma 1 K stabilizes G. 
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Finally, suppose K stabilizes G. We must show K satisfies (2) for some Q in RH.~. 

Let K=UV -1 be a right-coprime factorizafion. From (1) and defining D :=~IV-NU we 

have 

The two matrices on the left in (6) have inverses in RH~, the second by Lemma 1. 

Hence D-1 e RH~. Define 

Q :=-(XU-I'V)D-I, 

so that (6) becomes 

[_~ ~ ]  IN U] =[10 -QDD ] . (7) 

Pre-mulfiply (7) by 

[::] 
and use (1) to get 

Therefore 

(X -NQ )D J " 

Substitute this into K= UV -I to get (2). [] 

take 

As a special case suppose G is already stable, i.e. Ge RH~. Then in (1) we may 

N=~' =G 

X= r--1 

y=0, 

in which case the formulas in the theorem become simply 
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X =-Q (I -GQ) -1 

= - ( I - Q G ) q Q .  

There is an interpretation of Q in this case: -Q equals the transfer matrix from v2 to u in 

Figure 1 (check this). 

We can now explain the idea behind the choice (1.7) of X, Y, X, Y in Section 1. 

Recall that the state-space equations for G were 

Jc = Ax + Bu 

y = Cx + Du,  

that 

A F : = A + B F ,  AH:=A+HC 

were stable, and that we defined 

B H : = B + H D ,  CF :=C+DF.  

Let's find a stabilizing K by observer theory. The familiar state-space equations for 

Kare 

:x =Ax +Bu +H(Cx +Du - y )  

u--fx, 

or equivalently 

# =AJ+/~y 

where 

,4 :=A + BF + HC + HDF = AI: + HCF 

: = - H  

:=F. 

Thus in terms of our data structure 

^ ^ ~  
K(s )=[A ,B ,  ,0].  

By observer theory K stabilizes G, 
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Now find coprime factorizations of K in the same way as we found coprime factori- 

zations of G in Section 1. To get a right-coprime factorization K = YX -1 we first choose 

/3 so that ,4F :=,4+/~F is stable. It is convenient to take/3 :=CF, so that AF=AF. By 

analogy with (1.6) we get K = YX -1 , where 
^ ^ ^ 

X(s):=[AF, B,F,I]  

=[AF,-1-1, CF, I] 

01 

= [AF, -H, F, 0]. 

A similar derivation leads to a left-coprime factorization K =~-1~ ,  where 

X(s) := [All, -BH, F, I] 

IZ (s ) := [AH, -H, F, 0]. 

These formulas coincide with (1.7). 

By Lemma 1 we know that 

and 

Hence the product 

must be invertible in RH~.  The only surprise is that the product equals the identity 

matrix, as is verified by algebraic manipulation. 

Exercise 1. In Figure 4 suppose G (s) = - -  
s ( s - l )  

. Consider a controller of the form 

K = - Q  
1-GQ 

where Q is real-rational. Find necessary and sufficient conditions on Q in order that K 
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stabilize G. 
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4.5 Closed-Loop Transfer Matrices 

Now we return to the standard set-up of Figure 1, Chapter 3. Theorem 4.1 gives 

every stabilizing K as a transformation of a free parameter Q in RH**. The objective in 

this section is to find the transfer matrix from w to z in terms of Q. 

In the previous section we dropped the subscripts on G22; now we must restore 

them. Bring in a doubly-coprime factorization of G22: 

o2= =N2M~ t =f~If~2 

-Y2 M2 Y2 

-IV2 M2 N2 X2 

Then the formula for K is 

Nowdefine 

= I .  (1) 

K = (Y2-M2Q)(X2-N2Q) -1 (2a) 

(2b) 

T1 :=Gll  +G12M2Y2G21 (3a) 

T2 := G 12M2 (3b) 

T 3 :=M2G21. (3c) 

Theorem 1. The matrices Ti (i =1-3) belong to RH~,. With K given by (2) the transfer 

matrix from w to z equals T1-T2QT3. 

Proof. 

second statement we have 

Z = [G 11 -t- G 12 (I-KG 22 )-1 KG 21 ]w. 

Substitute G22 = N 2 ~  1 and (2b) into (I-KG22) -1 and use (1) to get 

( I - K G  22) -1 = M2  (YC 2 - Q N  z) . 

The first statement follows from the realizations to be given below. For the 

(4) 
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Thus from (2b) again 

(I-KG 22)-l K =M2(Y2-Q/~z). 

Substitute this into (4) and use the definitions of Ti to get 

z =(T1-TzQT3)w.  [] 

For computations it is useful to have explicit realizations of the transfer matrices T i 

(i=1-3). Start with a minimal realization of G: 

G(s)=[A, B, C, D].  

Since the input and output of G are partitioned as 

[:] 
the matrices B, C, and D have corresponding partitions: 

B=[BI  Bz] 

C= C2 

F ,I 
D = LD21 D22 " 

Then 

Gij(s) = [A, Bj, Ci, Di)], i , j= l ,2 .  

Note that D22=0 because G2z is strictly proper. It can be proved that stabilizability of G 

(an assumption from Section 3) implies that (A,B2) is stabilizable and (C2,A) is detect- 

able. 

Next, find a doubly-coprime factorization of G22 as developed in Section 1. For 

this choose F and H so that 

AF :=A +B2F,  A H :=A +HC2 

are stable. Then the formulas are as follows: 

M2(s) = [AF, Bz,  F, I] 
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N2(s)=[AF, B 2, C 2, 0] 

itS/2 (s) = [AH, H, C2, I] 

N2(s)=[AH, B2, C2, 0] 

X2(S)=[AF,-H, C2,I] 

Y2(s) = [AF,-H, F, 0] 

X2(s) =[All, -B 2, F, I1 

Y2(s)=[A H, -H, F, 0]. 

Finally, substitution into (3) yields the following realizations: 

Tl(s)=[A,B, C, Dll] 

A= AH 

B= BI+HD21 

C = [C I+D 12F -D 12Fl 

r2(s)  = [AF,B2,CI+D 12F, D 121 

T3(s) = [Att,B 1+HD21,C2,D21] . 

It can be observed that Tie RII~ (i =1-3), as claimed in Theorem 1. For example, this is 

how the realization of T 2 is obtained: 

r2(s)  = G 12 (s)M2(s) 

=[A, B2, C1,DI2]×[AF, B2, F, I] 

= A ' B 2 ' [CI  D12F]'D12 

[Eo 0] [o] ] = AF ' , [C1 CI+D12F],D12 

=[AF, B2, C1+D12F, D12]. 

Similarity transformation by [ I0 ~] was used in (5). 

(5) 
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Example 1. 

Consider the tracking example of  Chapter 3 with 

s - 1  P(s)= - -  
s (s -2)  

s + l  W(s) = - -  
lOs+l  

and p=l .  We have 

_F ~- ~'~] 

s + l  ~ s - 1  

Gll(s)=[ l~s~l] ' GI2(s)= 1 

G21(s)=Gn(s), G22(s) = s - 1  " 

A minimal realization of G is 

s ( s -2 )  

G(s)=[A, B, C, D] 

° i] liil A =  2 , B =  

1 

 o!1t 1 o  .olO ~:[~o1 ° :  
For F and H we may take 

Then 

F = [0 - 3  -11 

H =  

B, 1 

AF = 0 
0 

0 0 

-1 , A l l  = 

1 [i1°  4 7 
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Finally, 

A =  

"- . I  0 0 0 0 0- 

0 - I - 1  0 3 1 

0 1 0 0 0 0 

0 0 0 - . 1  0 0  

0 0 0 0 - 7 9  

0 0 0 0 - - 4 5  

[7 C =  -3  -1 0 3 " 

_ s + l  

S--1 

S2+S+l 

T2(s) = s ( s -2)  

s2+s+l  

T3(s)=Tl(s).  

"1" 

0 

0 

1 

0 

L °. 

Exercise 1. It's desired to find a K which stabilizes G and makes the dc gain from w to z 

equal to zero (asymptotic rejection of steps). Give an example of a stabilizable G for 

which no such K exists. Find necessary and sufficient conditions (in terms of Ti, i =1-3) 

for such K to exist. 

The results of  this chapter can be summarized as follows. The matrix G is assumed 

to be proper, with G 22 strictly proper. Also, G is assumed to be stabilizable. The for- 

mula (2) parametrizes all K's  which stabilize G. In terms of  the parameter Q the transfer 

matrix from w to z equals T1-T2QT 3. Such a function of  Q is called affine. 

In view of these results the standard problem can be solved as follows: First, find a 

Q in RH~, to minimize IIT1-T2QT311,o, i,e. solve the model-matching problem of 

Chapter 3. Then obtain a controller K by substituting Q into (2). 
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Notes and References 

The material of this chapter is based on Doyle (1984). Earlier relevant references 

are Chang and Pearson (1978) and Pernebo (1981); a more general treatment is given in 

Nett (1985). 

As a general reference for the material of this chapter see Vidyasagar (1985a). The 

idea of doing coprime factorization over RHoo is due to Vidyasagar (1972), but the idea 

was first fully exploited by Desoer et  al. (1980). The state-space formulas in Section 1 

are from Nett et  al. (1984). The important parametrization of Theorem 4.1 is due to 

Youla et  al. (1976) as modified by Desoer et  al. (1980). Finally, see Minto (1985) for a 

comprehensive treatment of stability theory by state-space methods. 



CHAPTER 5 

BACKGROUND MATHEMATICS :  OPERATORS 

The purposes of this chapter are to introduce some basic definitions about operators 

on Hilbert space and to study in some detail a certain type of  operator, namely, a Hankel 

operator. 

5.1 Hankel Operators 

Let X and Y be Hilbert spaces and let qb be a linear function from X to Y. The 

function ~ is bounded if  there exists a real number a such that 

II@xII <altxll, x ~ X .  

The least such a is called the norm of  @, denoted 11~11. The following equations are not 

hard to derive: 

11~11 = sup { llqbxll : Ilxll < 1 } 

= sup { IIq~xll : Ilxtl = 1 }. 

Such a bounded linear function is called an operator. 

Example 1. 

The Fourier transform, denoted Y, is an operator from L2(-o%~ ) to L 2. Theorem 

2.4.1 says that its norm equals 1. 

Example 2. 

Recall from Section 2.3 the direct sum 

L2 ( -~ ,  ¢~) = L2 (--0% O] (~L 2 [0,~) .  

Each function f in L2(-oo, o~) has a unique decomposition f= f l+ f2  with f i e  L2(-oo,O] 

and f2~ L2[O, oo): 
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f l ( t )= f ( t ) ,  f 2 ( t ) = 0 ,  t<0 

f l ( t ) = 0 ,  f2( t)=f  (t), t>0 .  

The function f - + f l  from L2(-oo,oo ) to L2(-oo,0] is an operator, the orthogonal projec- 

tion of L2(--~, ,,,,) onto L2(-oo,0]. It's easy to prove that its norm equals 1. 

In the same way we have 

L2 = H~- @H2. 

The orthogonal projection from L 2 onto H~- will be denoted 1~ 1 and from L 2 onto H 2 by 

I-I 2 . 

Example 3. 

Let F~  L~ and define the function AF from L 2 to L 2 via 

AFg :=Fg. 

Thus the action of AF is multiplication by F. Obviously Ap is linear. Theorem 2.4.2 says 

that IIAF[[ = [IFII~, so A F is bounded. This operator is called a Laurent operator and F is 

called its symbol; so A/: is the Laurent operator with symbol F. 

A related operator is AF I H2, the restriction of AF to H 2, which maps t t  2 to L 2. 

Theorem 2.4.2 says that its norm also equals IIF[I~. 

Observe that if F e  H~, then, also by Theorem 2.4.2, 

AFH 2 c H 2 . 

The converse is true too: if  AFH2CH2, then F~  H~. (The rational version of this result 

will be proved in Lemma 8.3.1.) 

Example 4. 

This is the time-domain analog of the previous example. Recall that convolution in 

the time-domain corresponds to multiplication in the frequency-domain. Suppose F (s) is 

a matrix-valued function which is analytic in a vertical strip containing the imaginary 

axis and which belongs to L , .  Taking the region of convergence to be this strip, let f (t) 

denote the inverse bilateral Laplace transform of F(s). Now define the convolution 

operator Ef  from L2( -~ ,~ )  to L2(---~,'~) via 
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L2(-o%~ ) 

L2 

Ef 

AF 

L 2 ( - ~ , ~  ) 

:~ I, 2 

Figure 5.1.1. Example 4 
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y =Efu 
o o  

y (t) = I f (t-x)u ('c)d~. 

This system is linear, but not necessarily causal because f (t) may not equal zero for 

negative time. Note that the system is causal iff Ef maps L2[0, oo) into L2[0,oo), i.e. "El 

leaves the future invariant". The operators Ef and A F are intimately related via the 

Fourier transform. The relationship is exhibited in the commutative diagram of Figure 1. 

Example 5. 

Again let F a  L~. The Toeplitz operator with symbol F, denoted OF, maps H 2 to 

H z and is defined as follows: for each g in It 2, ®Fg equals the orthogonal projection of 

Fg onto H2. Thus 

OF = FIzAF I H2. 

The relevant commutative diagram is Figure 2. As a concrete example consider the 

scalar-valued function F (s) = 1~(s-l) in RL=. For g in H2 we have 

Fg=gl +g2 

gl~H~-,  g2~H2 

g 1 (s) =g (1)/(s-I) 

g2(s) = [g (s)-g (1)]/(s-I).  

Thus OF maps g to g 2. 

Example 6. 

For F in L= the Hankel operator with symbol F, denoted FF, maps H2 to H~ and is 

defined as 

FF := HIAF IH2. 

The corresponding commutative diagram is Figure 3. For the example F (s)= 1/(s-1), 

FF maps g (s) in H2 to g (1)/(s-i) in H~-. Note that FF---0 i fF~  H~. 

The relationship between the three operators A/7, OF, and FF can be described as 

follows. We have 
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H2 

L2 

FI2 

> tt 2 
®p 

Figure 5.1.2. Example 5 

L2 

H 2 _ =- H~ F~ 

Fit 

Figure 5.1.3. Example 6 
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AF:H2 -t" ~ H  2 --~ H~ ~H2 ,  

and correspondingly we can regard Av as a 2x2 matrix with operator entries: 

[An A12] 

AF = [A21 A22J" 

For example 

All = I'IIA F 1I-I 3 . 

It follows from the definitions that A12=FF and A22=OF . Thus 

AF I H2 = OF " 

Ch. 5 

Example 7. 

In this example we study the Hankel operator with the special symbol 

F (s)=[A, B, C, 0], 

where A is antistable (all eigenvalues in Re s >0). Suppose A is n×n. Such F belongs to 

RL... The inverse bilateral Laplace transform o f F  (s) is 

f ( t )=-ceatB,  t<0 

f ( t )=0,  t>O. 

The time-domain analog of the Hankel operator, denoted rf ,  maps a function u in 

L2[0,oo) to the function y in L2(--oo,0] defined by 

c o  

y (t) = I f  (t---'c)u ('c)d'c, t <0 
0 

e~o 

=-ceat  I e-AXBu (~)d'c, t <0. (1) 
0 

Define two auxiliary operators: the controllability operator 

'fc:L2 [0,,,~) ---> C" 
c ~  

~Pcu :=-f e-a~Bu ('c)dz 
o 
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and the observabiIity operator 

Wo:C n ~ L2 (-~o,0] 

(WoX)(t) := ceatx  , t <0.  

From (1) we have that 

ri=Vo% 

53 

Exercise 1. Show that ~c  is surjective if (A,B) is controllable and that g o  is injective if  

(C,A) is observable. 

There is a systemic interpretation of r f  in terms of the usual state-space equations 

~c =Ax + Bu (2) 

y =Cx.  (3) 

To see the action of I f ,  solve these equations in the following way. First, apply an input 

u in L2[0,oo) to equation (2) with initial condition x (0)=x0 and such that x (t) is bounded 

on [0,oo). Then 

t 

X (t) = eAtxo + e At ~ e-AXBu ('c)d'C, t>-.O 
o 

so that 

Xo =-~  e-AXBu(x)d'c 
o 

=~Jc u . 

Now solve (2) and (3) backwards in time starting at t=0 and noting that u (t)=0 for t<0.  

The solution is 

y (t) = ceAtxo 

=  oXo)(t), t <0.  

In this way Ff  maps future input to initial state to past output. 
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We shall need the concept of the adjoint of an operator q) from X to ¥ ,  two Hilbert 

spaces: it's the unique operator ~* from Y to X satisfying 

<~x,y>=<x, eb*y>, x ~ X ,  y ~ Y .  

The operator ~*qb from X to X is self-adjoint, i.e. it equals its adjoint. The norms of q~ 

and ~ * ~  are related as follows: 

Ilq)ll 2 = [l~*qbll. (4) 

The adjoint of a Laurent operator Ar  can be obtained explicitly as follows. Intro- 

duce the notation 

F - ( j ~ )  :=F (jr.o)*, (5) 

where * here denotes complex-conjugate transpose. If F ~  RL~, then we shai1 interpret 

F -  as 

F-(s) : = F  ( - s )  r , 

which is consistent with (5). If g and h belong to L2, then 

<AFg, h > = <g, AF h > 

and 

<AFg, h> = (2x) -x 

e t a  

I g (jco)*F (j~)*h (jo~)dco 
~ o o  

=<g,F-h>. 

We conclude that A )  equals the Laurent operator with symbol F - .  

Similarly, the adjoint of a Hankel operator F r  can be characterized as follows. Let 

ge  H2 and he  H~-. Then 

<g, FFh>=<Frg,h> 

= <II1Fmh > 

=<Fg, h> because II2Fg-l_h 

=<g,F-h> 

= <g, FI2F~h> because g _I_FflF-h. 
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We conclude that 

r ;  =l-I2A} IH}. 

For example if F (s)= ( s - l )  -1 , then F} maps h (s) in H~- to - h  (-1)/(s+1) in H2. (Ver- 

ify .) 

Exercise 2. Show that the adjoints of Wc and tP o are as follows: 

tlJ* : cn---)L2[O, oo) 

(tlL*X )(t ) =-B r e-A rtX , t_>O; 

W~ : L2 (--~,0]---~C n 

0 
~oY= I eArtcTy(t)dt" 

The rank of an operator q) : X-+Y is the dimension of the closure of its image space 

~X. 

Our interest is in Hankel operators with real-rational symbols, Example 7 being a 

special case. 

Theorem 1. If F~  RL,~, then F F has finite rank. 

Proof. There is a unique factorization (by partial-fraction expansion, for example) 

F = F  1 +F2 ,  where F 1 is strictly proper and analytic in Re s_<0 and F2 is proper and ana- 

lytic in Re s>_0, i.e. F2~ RH~. Since FF=FF1, we might as well assume at the start that 

F is strictly proper and analytic in Re s <0. Introduce a minimal realization: 

F(s)=[a, B, C, 0]. 

The operator FF and its time-domain analog have equal ranks. As in Example 7 the 

latter operator equals WoWc. By controllability and observability Wc is surjective and W o 

is injective. Hence tPotP ¢ has rank n, so FF does too. [] 

We need another definition. Let (I) be an operator from X to X, a Hilbert space. A 

complex number X is an eigenvalue of q) if  there is a nonzero x in X satisfying 
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CI~x = ~ .  

Then x is an eigenvector corresponding to %. In general an operator may not have any 

eigenvalues! 

For the remainder of this section let F~ RL~. The self-adjoint operator I'~FF maps 

Hz to itself and its rank is finite by Theorem 1, This property guarantees that it does in 

fact have eigenvalues. We state without proof the following fact, 

Theorem 2. The eigenvalues of F)FF are real and nonnegative and the largest of them 

equals llFFFrll. 

This theorem together with (4) says that IIFFII equals the square root of the largest 

eigenvalue of F~F F. So we could compute IIFFII if we could compute the eigenvalues of 

F~FF. How to do this latter computation is the last topic of this section. 

We continue with the notation introduced in Example 7 and the proof of Theorem 1. 

The self-adjoint operators ~c~P~ * and ~oWo map C n to itself, Thus they have matrix 

representations with respect to the standard basis on C n. Define the controllability and 

observability gramians 

o o  

Lc := I e-AtBB r e-art dt (6) 
o 
e , o  

L° := I e-artcTce-Atdt" (7) 
0 

It is routine to show that Lc and Lo are the unique solutions of the Lyapunov equations 

AL c +LcA T =BB T (8) 

A TL o +LoA = c T c .  (9) 

Exercise 3. Prove that the matrix representations of WcW* and ~ W  o are L c and L o 

respectively. 

Theorem 3. The operator F~:FF and the matrix LcLo share the same nonzero eigen- 

values, 
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Proof. Let X be a nonzero eigenvalue of FFFF. It 's easy to show that 9~ is also an eigen- 

value of the time-domain analog of FI:FF, whmh equals ~c~Po~PogAc . Hence there exists 

a nonzero u in L2[0,oo) satisfying 

=Xu. (Io) 

Pre-multiply (10) by Wc and define x :=WcU to get 

LcLox = )tx . (11) 

If x, i.e. gAcU, were to equal zero, then so would ~.u from (10). This is not possible (both 

~. and u are nonzero), so x is an eigenvector of  LcLo and ~. is an eigenvalue. 

Conversely, let % be a nonzero eigenvalue of LcLo and x a corresponding eigenvec- 

tor. Pre-multiply (11) by UL*cLo and define u :=~P*cLox to get (10). The function u is 

nonzero because x is nonzero and W c and L o are injective. Therefore E is an eigenvalue 

of WcWoWoW c, hence of F FFF. [] 

In summary, the norm of FF for F in RL~ can be computed as follows. First, find a 

minimal realization (A,B, C) of the antistable part of F (s), i.e. 

F (s) = [A, B, C, 0]+ (a matrix in RH~) .  

Next, solve the Lyapunov equations (8) and (9) for L c and L o. Then IIFFII equals the 

square root of the largest eigenvalue of LcLo. 

5.2 Nehari ' s  Theorem 

In this section we look at the problem of  finding the distance from an L~-matrix R 

to Hoo: 

dist(R, Ho.) := inf { {~ -X {{oo: Xe Hoo }. 

In systemic terms we want to approximate, in Leo-norm, a given unstable transfer matrix 

by a stable one. Nehari's theorem is an elegant solution to this problem. 

A lower bound for the distance is easily obtained. Fix X in H,~. Then 

I[R -XII~ = IIAR-AxII 

> II1-I 1 (A R-AX) I H21I 
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= l l r R - r x l t  

= IIF R II. 

The last equality is due to the fact that Fx=0. Thus IIF R I1 is a lower bound for the dis- 

tance from R to H,,~. In fact it equals the distance. 

Theorem 1. There exists a closest H~-matrix X to a given L~-matrix R, and 

IIR-XII = I~FRII, 

In general there are many X's nearest R. Interpreted in the time-domain Theorem 1 

states that the distance from a given noncausal system to the nearest causal one (the sys- 

tems being linear and time-invariant) equals the norm of the Hankel operator; in other 

words the norm of the Hankel operator is a measure of noncausality. How to find nearest 

H~-matrices is the subject of Section 8.3. 

Example 1. 

As an illustration, let's find the distance from 

1 4 
s2-1 

R(s)= 1 s+l  

s2-s+ l  s -1  

to H... First, find the strictly proper antistable part of R. In this simple case partial frac- 

tion expansion suffices; a state-space procedure is described in the proof of Theorem 

7.3.1. We get 

R (s) =R l(s)+R2(s) 

RI(S)= 
~:Ss_ll ...... 20 ] 

S2-s+l s - l"  

R2~RH~. 

Now get a minimal realization: 
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RI(S)=[A,B,C, O] 

A =  0 1 0 , B =  

0 0 0  

- .5- .5 .5 01 
C =  0 1 -1 lJ  • 

The solutions of the Lyapunov equations are 

I .33033 

.6250 
-I .125 

Lo = .6250 

-.3333 

0 -.1667 !]  
.1667 0 

0 .3333 
0 0 

-1.125 .6250 
2.625 -1.625 

-1.625 t.125 
1 -.6667 

_3 33] 

Finally, the distance from R to H~ equals the square root of the largest eigenvalue of 

LcLo, 1.2695. 

Notes and References 

An elementary book on operators is Gohberg and Goldberg (1981). Many relevant 

and interesting results can also be found in Halmos (1982) and Rosenblum and Rovnyak 

(1985). Theorem 1.1, known as Kronecker's lemma, is a basic fact used in linear system 

theory. Theorem 1.2 is a special case of a result on compact operators; see for example 

Theorem 4.4 in Gohberg and Goldberg (1981). Example 1.7 and Theorem 1.3 are from 

Glover (1984). Theorem 2.1 is a generalization of Nehari's original result (Nehari 

(1957)); for a (relatively) simple proof see Power (1982). 



CHAPTER 6 

MODEL-MATCHING THEORY: PART I 

The model-matching problem is this: given three matrices Ti in RH~, find a matrix 

Q in Rtto, to minimize IITI-T2QT311... This chapter discusses when the problem is solv- 

able and gives a complete solution in the scalar-valued case. 

6.1 Existence of a Solution 

To each Q in RHoo there corresponds a model-matching error, IIT1-T2QT311~o. Let 

denote the infimal model-matching error: 

:=inf{IITt-T2QT 311~: Q~ RH~ }. (1) 

A matrix Q in RH,. satisfying 

o~ = IIT1-T2QT 3 Iloo 

will be called optimal. 

This section is concerned with the question of when an optimal Q exists. Let's look 

at a few examples to get a feel for the problem. 

Example 1. 

The trivial case is when the linear equation 

T 1 =T2QT 3 (2) 

has a solution in RH_. Such a solution is obviously optimal. It is not a difficult prob- 

lem, but is not germane to this course, to get necessary and sufficient conditions for sol- 

vability of (2). Solvability hardly ever occurs in practice, because it means in the stan- 

dard problem that the exogenous signal w can be completely decoupled from the output 

signal z. 

The remaining examples are of the special case where Ti and Q are scalar-valued. 

Then there's no need for both T2 and T 3 since T2QT3=T2T3Q, so we may as well 
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suppose T3=1. In addition, we'll need the following definition: a function F in RL** is 

all-pass if  I F ( j@ I = constant. 

Example 2. 

Take T 2 to have one zero in Re s >0: 

s - 1  
T2(s ) = 

s + l  " 

Then for every Q in RH** 

IIT1-T2QII.~ >_ ITI(1)-T2(1)Q (1)1 

= ITI(1)1,  

so ~& ITI(1) I. Defining 

Q := [T1-T 1 (1)]/T 2 , 

we have Q~ RH** and 

IIT1-T2QIL, = IT1(1) I,  

so Q is optimal. Moreover, T1-T2Q is all-pass; in fact it 's a constant. Thus in this 

example an optimal Q exists and, furthermore, TI-T2Q is all-pass. We'l l  see later that 

the optimal Q is unique in this example. 

Example 3. 

Take 

1 
T2(s)=  s + i  " 

So T 2 has a zero at s =,,o but no (finite) zeros in Re s>0. For Q in RH~ 

IIT1-T2QiI~ >__ ITl(oo) l ,  

so ~ I T x ("~) I. As in the previous example, defining 

Q := [T 1-T 1 (°°)]/T2, 

we have that Q is optimal and T1-T2Q is again all-pass. If, however, 

ITt (o~) I =IITIlI~, 
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then Q=0 is also optimal, but T]-T2Q is not all-pass unless T t  happens to be. 
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Example 4. 

For an example where an optimal Q doesn't exist take 

1 1 
T l ( S ) = s + l  ' Tz(s)=(s 1)-+--2 " 

It is claimed that c~-0. To see this define 

Then 

s + l  
Qe(s) :=-----77-.,, e>0.  

E s + I  

(T1-T2Qe)(s) = 
(s +l)(es +l  ) ' 

so from the Bode plot of this function 

IIT1-T2QeI[~ <e. 

Thus IIT1-T2QII~ can be made arbitrarily small by suitable choice of Q in RH~,  i.e. 

cx=0. But the only solution of 

IIT1-T2Q I1~. = 0 

is Q (s)=s+l ,  which doesn't belong to RH~.  So an optimal Q doesn't exist. 

The following theorem provides a sufficient condition for an optimal Q to exist. 

Theorem 1. An optimal Q exists if the ranks of the two matrices T2(jo)) and T3(j0)) are 

constant for all O_<0L<oo. 

The proof of this theorem involves some advanced tools from functional analysis 

and so is omitted. The rank conditions will be assumed to hold for the remainder of  this 

chapter. Note that they don't  hold in Examples 3 and 4; since an optimal Q does exist in 

Example 3, the conditions are not necessary for existence. 

Let 's see what the rank conditions mean for a specific control problem. 
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Example 5. 

Consider the tracking problem outlined in Chapter 3. We have 

[Gll  G12] 

G =[G21 G22] 

[:] I-'] Gl l=  'G12= pI 

To conform with the assumptions of Chapter 4 (G proper, G22 strictly proper, G stabiliz- 

able), assume We RtI~ and P is strictly proper. 

Bring in a doubly-coprime factorization of P: 

p =NpM~I =]~?l~p 

_~,~, N , x ,  :~ -  

Then a doubly-coprime factorization of G22 as in (4.5.1) is 

[°1 N2= Np ' M2=MP 

[; o] 
X2= Xp " Y2=[0 YP] 

From (4.5.3) 

[+] T2 = G 12M2 = pMp 
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If  p>0, then rank T2(]o~) is constant for all 0<c0_<oo; this follows from right- 

coprimeness ofNv,  Mp. If  p were equal to zero, then T2(oo ) would equal 0 because P is 

strictly proper. Thus T2 satisfies the rank condition iff the control energy is weighted in 

the performance function (see equation (3.1)). 

The matrix T3 satisfies the rank condition iff rank W (jc0) is constant for all 0_<0j_<oo. 

This is a type of nonsingularity condition on the reference signal r in Figure 4 of Chapter 

3. 

Exercise 1. Find 

for 

inf {lIT 1 -T2QII.~ : Q~ RH.~ } 

10s+l T2(s)= + 
TI(S)= s + l  ' S 1 " 

6.2 Solution in the Scalar-Valued Case 

This section contains a complete solution to the model-matching problem when the 

Ti's are scalar-valued. As mentioned in the previous section, we may assume T3=I. To 

conform with Theorem 1.1 it is also assumed that T2(jro)e0 for all 0___05_<oo. Finally, it is 

assumed that T~21 ~ RH** to avoid the trivial instance of the problem. 

We begin with the notions of inner and outer functions. A scalar-valued function T 

in RH~ is inner if  T -T=I ,  i.e. 

T(-s)T(s)= I , 

and outer if  it has no zeros in Re s >0. Examples of inner functions are 

1-s 1-s +s 2 
1, l + s '  l+s+s 2 "  

Inner functions have pole-zero symmetry with respect to the imaginary axis: s=s 0 is a 

zero iff its mirror image s =-go is a pole. Observe that the zeros of an inner function all 

lie inside the right half-plane (hence the adjective "inner"). Examples of outer functions 

are 
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s+2 s 
1 ~  - -  

s+ l  ' s + l  

The zeros of  an outer function all lie outside the right half-plane Re s >0 (hence "outer"). 

In electrical engineering terminology, an inner function is stable and all-pass with unit 

magnitude and an outer function is stable and minimum phase. 

Lemma I. Every scalar-valued function T in RH~ has a factorization T=TiTo with Ti 

inner and T o outer. If  T (jc0)~-0 for all 0_<¢0<~, then Tgol ~ RH~.  

Proof. Let Ti be the product of all factors of the form 

a-s  

-d+s 

where a ranges over all zeros of  T in Re s >0, counting multiplicities, and define 

To:=T/Ti. Then Ti and To are inner and outer respectively, and T=TiTo. If  T is not 

strictly proper and has no zeros on the imaginary axis, then To has these two properties 

too, so T-oo 1~ RH~.  [] 

A factorization of  the above form is called an inner-outer factorization. (A state- 

space procedure for doing matrix inner-outer factorization will be developed in Section 

7.4.) 

Exercise 1. Prove that inner and outer factors are unique up to sign, i.e. if  

u i u o  = ViVo 

Ui, Vi inner 

Uo, Vo outer and nonzero,  

then either 

or 

u~=½, uo--vo 

u~ =-½, Uo---vo. 
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Returning to the model-matching problem, bring in an inner-outer factorization of 

T2: T2=T2iT2o. For Q in RH~, we have 

I1T1-T2Q I1~ = lIT 1 -T2iT2o Q 11~ 

= tlT2i (T~] T1-T2oQ)ll- 

=,, lrl-r2o0,,- 
=ilR-Xll~, 

where 

(1) 

R := T-221Zl (2) 

X := T2oQ. (3) 

Equality in (1) follows from the property I T2i(jo~ ) I=1. Note that Re  RL~. Also, since 

T2o and T~otERH~, (3) sets up a one-to-one correspondence between functions Q in 

RH~ and functions X in RH~. We conclude that 

o: = inf { IIR -XII~ : Xe RH~, } (4a) 

= dist(R, RH~) .  (4b) 

A function X in RH** satisfying 

ct = I[R-XII** 

will be called optimal. An optimal X yields an optimal Q via (3). 

The optimization problem in (4) is much like that in Section 5.2, finding the dis- 

tance from R to H~. Since R H ~ c H ~  we have 

dist(R, RH~)_> dist(R, H~.). (5) 

It will turn out that the distances are in fact equal because R is real-rational, so that, from 

(4) and Nehari's theorem, o~ equals IIF R II. 

For the main results we shall use the machinery of Chapter 5. Factor R as 

R=RI+R2 

with R1 strictly proper and analytic in Res_<0 and R2 in RH~,. Then R1 has a minimal 

state-space realization 

R 1 (s) = [A, B, C, 01 (6) 
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The controllability and observability grammians are the unique solu- with A antistable. 

tions of 

ALc +LcA T = BB T (7) 

A TLo +LoA = c T c  . (8) 

Let )2 equal the largest eigenvalue ofLcL o and let w be a corresponding eigenvector: 

LcLow =~,2w. (9) 

Defining v := )~-lLow, we have the pair of equations 

LcV = )~w (1 O) 

Low=Xv  . (11) 

Finally, define the real-rational functions 

f (s):=[A, w, C, 0] (12) 

g (s) :=[-A T, v, B T, 0]. (13) 

Observe that f e  RH~- and ge  RH 2. 

Lemma 2. The functions fand  g satisfy the equations 

FRg =)~f 

r; f=ze. 

(14) 

(15) 

Proof. To prove (14) start with (7). Add and subtract sLc on the left-hand side to get 

- ( s - A  )Le + L~(s +A r)  =BB r . 

Now pre-multiply by C (s-A)-1 and post-multiply by (s +A T)-lv to get 

-CLc(s  +A r)-I  V + C ( s - A  )-I Lcv 

= C (s -A  )-IBB T (s +A T)-I v. (16) 

The first function on the left-hand side belongs to H2; from (10) and (12) the second 

function equals )~f (s); and from (6) and (13) the function on the right-hand side equals 

R 1 (s)g (s). Project both sides of (16) onto H~- to get 

~ f  =I-IiR ig 
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=FR,g. 

But FRI=FR; hence (14) holds. 

Equation (15) is proved similarly starting with (8). [] 

Ch. 6 

Vectors f and  g satisfying (14) and (15) are said to be a Schmidt pair for the opera- 

tor r" R . 

Exercise 2. Prove tha t f - f=g-g .  

Notice from (14) and (15) that 

* 2 FRI'Rg =3, g ,  (17) 

i.e. g is an eigenvector of F~FR corresponding to ~2, the largest eigenvalue (by Theorem 

5.1.3). 

Theorem 1. The infimal model-matching error cz equals IIFRII, the unique optimal X 

equals R -czf/g, and, for the optimal Q, T t-T2Q is all-pass. 

Proof. From Nehari's theorem there exists a function X in H~ such that 

tte-XLL. = ttFR II. 

It is claimed that 

(e -X)g  =Vkg. 

To prove this, define h := (R -X)g and look at the L2-norm of h-Feg: 

IIh-FRgll~ = <h-FRg,h-FRg > 

= <h,h > + <FRg, FRg > 

-<h, FRg > -  <FRg,h >. 

Being in H~-, FRg is orthogonal to the H2-component of h. Thus 

<h, FRg > = <l-It h, FRg >. 

But 

(18) 

(19) 

(20) 
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Hence 

FI 1 h = 17I 1 (R -X)g 

= YI1Rg 

=FRg. 

<h, FRg > =<rRg, FRg >.  (21) 

Using (21) in (20) we get 

IIh-FRgl122 = <h,h > - <FRg, FRg > 

$ 

= <h,h >-<g ,  FRFRg > 

=<h,h>-~.Z<g,g > from (17) 

= H(R - X ) g  1122 - ~,2 IIg I1~ 

<_ Ote  - X  )lrg . 

But IIR -XII~=~ from (18), so h=FRg. This proves the claim. 

From the claim we get the first two assertions in the theorem statement as follows. 

Every X in H~. satisfying (18) also satisfies (19). But (19) has a unique solution, namely, 

X =n -~ . f / g .  

(Here (14) is used.) Since the latter function belongs to RH=, equality holds in (5). 

Thus from (4) and Nehari's theorem 

0~=~.= IIFell. 

Therefore X =R -o~f /g. 

To prove the third assertion in the theorem statement start with (2) and (3) to get 

T 1 - T 2 Q  =T2i(R-X) .  

To prove that T1-T2Q is all-pass, it suffices to show that R - X  is all-pass. But 

R - X  = X f / g  and 

I f  (j0~) I = Ig ( jo )  [ 

from the preceding exercise. [] 
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Let's summarize this section in the form of an algorithm to compute ct and the 

optimal Q. 

Step 1. Do an inner-outer factorization 

T 2 = T2iT2o, 

Step 2. Define 

R :=T~2]T 1 

and find a minimal realization 

R (s) = [A, B, C, 0] + (a function in RH~). 

Step 3. Solve the equations 

AL c + Lc AT =BB T 

ATLo +LoA = c T c .  

Step 4. Find the maximum eigenvalue ~2 of LcLo and a corresponding eigenvector w, 

Step 5, Define 

f (s)=[A, w, C, 0] 

g (s)=[-A T, ~,-1Low, B T, 0] 

X=R -~,f  /g. 

Step 6. Set ct=~, and Q=T~loX, 

Example 1. 

The algorithm applied to 

s+ l  
Tl(S)= 10s+ l '  T2(s)- 

goes like this: 

(s-1)(s-S) 
(s +2) 2 
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Step 1. 

T2i(s) = (s-1)(s -5) (s+1)(s+5) 
(s+l)(s+5) ' T2°(s)- (s+2) z 

Step 2. 

g(s)= (s+l)2(s+5) 
(lOs +l)(s-1)(s -5) 

[ ~ ]  _[-6/11] 
A= , B-[90/51 j 

C=[1 1] 

Step 3. 

Z c 

.1488 -,1604] [ .5 .1667" 
-.1604 .3114] ' Lo=[.1667 .1 

Step 4. 

E19] ~,=.2021, w = -,776 

Step 5. 

.223 ls -4.223 -.223 ls --4.2231 
f (s) = , g (s) = (s -1)(s -5) (s +l)(s +5) 

X(s)=3.021 (s+l)(s+5) 
(10s+l)(s+18.93) 

Step 6. 

(s +2) 2 
~=.2021, Q (s)=3.021 

(10s+l)(s+18.93) 
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6.3 A Single-Input, Single.Output Design Example 

This section illustrates an application of the previous one to a very simple design 

problem. It is emphasized that the design problem is not meant to be entirely realistic; in 

particular, it lacks bandwidth constraints on the controller and ignores stability margin. 

Consider the single-loop feedback system in Figure 1 and assume P is strictly 

proper and K is proper. The transfer function from reference input, w, to tracking error, 

z, is the sensitivity function 

S := II(I+PK). (1) 

Suppose w has its energy concentrated on a frequency band, say [0,oh]. Then an 

appropriate performance specification would be 

tS(jm) 1 < e for al lmin [0,ml], 

where e is pre-specified and less than 1. For example, e=.01 would provide less than 1% 

tracking error of  all sinusoids in the frequency range [0,ml]. To simplify notation 

slightly, define the L,~-function 

~(jm) := 1 if  Ic0l <0) 1 

:=Oif IO~l >fO 1 . 

Then the performance specification is 

IIzSII** < e. (2) 

We consider the following design problem: given P, col, and e, design K to achieve 

specification (2) subject to the constraint of feedback stability. 

Figure i looks like Figure 4.4.1 with G :=-P.  Thus Theorem 4.4.1 yields a formula 

for all stabilizing controllers. Bring in a coprime factorization o f - P :  

-P  =N/M (3) 

M X  - N Y  = 1. (4) 

As usual, N, M, X, Y all ~ RH~,. Then all proper stabilizing K's are given by the formula 

K = (Y-MQ)/(X -NQ) (5) 

Q ~ RH~.. 

Substitute (3) and (5) into (1) and simplify using (4) to get 
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w 

Figure 6.3.1. Single-loop feedback system 

db 0 

-20k 

! 

100} 1 1000~ 1 

Figure 6.3.2. Bode plot of W k 
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(6) S =MX - M N Q .  

So the design problem is reduced to determining a function Q in RH.~ such that 

IIz(MX-MNQ)II** < e. (7) 

The left-hand side of (7) has the form 

IIT1-T2QII~. , 

but the Ti's belong to L~ instead of RH~ as required in the previous section. So let's 

approximate % by an RH**-function W k where 

W(s)  := (.010)iI s +1)/(. lo0]-ls+l). 

The piecewise-linear magnitude Bode plot of W k is shown in Figure 2. Its characteristics 

are that it is nearly unity on the operating band [0,0)1] (in fact to a decade above) and 

then it drops off to -20k db at high frequency. The integer k remains unspecified at this 

stage; it's regarded as a design parameter and its function is explained below. 

We now observe that if IIWkSIl.~<e, then IIzSII~ is less than e, or at least not much 

larger than e. This is because I W(jo)) I k and X(j0)) are nearly equal on the operating 

band. Using (6) again we conclude that the design problem reduces to this: find k>_l and 

Q in RH~. such that 

IIWk(MX-MNQ)II.~ < 8, 

i.e. 

IIT1-T2QII.~ < e,  (8) 

where T 1 :=W/CMX, T2:=WkMN. Clearly T 1 and T2E RH~. 

As in (1.1) define 

ot := inf { llT i - T  2 Q ll~ : Q E R H ~ } .  

Here ct depends on the integer k, so let's write o~k. The following result justifies the 

introduction of k. 

Lemma 1. If P has no zeros on the imaginary axis in the frequency range [0, I000)1], 

then 

lim a k = 0 .  
k---),,* 
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Proofi Let )~1 (J0)) equal 1 up to o1=100o11 and 0 beyond. We have 

~k = inf {IIWkM(X-NQ)II** : Q ~ RH. .  }. 

For an arbitrary 8>0 choose a function Q in RH** such that 

tlz1 (X-NQ)II** < 5. (9) 

It's possible to do this because N has no zeros on the imaginary axis in the frequency 

range [0,100o)1]; so Q can be chosen to approximate X/N over this segment of  the ima- 

ginary axis. (A rigorous justification of  Q's  existence uses Runge's theorem.) Now we 

get 

o~k < IIWkM (X-NQ )II~ 

< IIMII,., max(ll)o Wk(X-NQ)II,~,, II(I-zt)Wk(X-NQ)II~).  (10) 

Since IlWkll**<l we have from (9) 

IIXl wk(X-NQ)II~ < 8. (11) 

Also 

II(1-Z1 )Wk(X -NQ )11,., < IIX -NQ I1~ I1( i-~1 )Wkll**. 

Using (11) and (12) in (10) gives 

~k < IIMII** max(g, IIX-NQ II**II(1-z1)WklI**). 

It follows from Figure 2 that 

lim II(1-z1)WklI.~ =0 .  
k----~, 

Thus for sufficiently large k, c~k < IIMII~,8. 

[] 

(12) 

Since 5 was arbitrary, we conclude that c~k---)0. 

In view of Lemma 1 the design problem reduces to choosing k such that cck<e and 

then finding a Q in RH,~ to satisfy (8). There remains one hitch though: it's not true that 

T2(j¢o)~) for all 0<¢o_<~; in particular, T 2 is strictly proper because P is. So in fact the 

infimum 

inf {tlT1-T2QII,~ : Q e R H ~ }  (13) 

is not achieved. 
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Let's see how to approach the optimization problem (13) when P has neither poles 

nor zeros on the imaginary axis. Then T2(j0~)e0 for ali 0<0)<,,~, but T2(j~)--0. Intro- 

duce a polynomial 

V(s)  = (s+l)  z 

where the integer l equals the relative degree of T2, number of poles minus number of 

zeros. Then T2V is proper but not strictly proper. Instead of (13), consider 

inf { IIT1-T2VQ 111~ : Q 1~ RH~ ] .  

The theory of the previous section applies to this problem, and there exists a unique 

optimal Q 1. Now define Q :=VQ 1. Then Q is stable but not proper. We can approxi- 

mate Q on the operating band [0, 0) 1] by rolling off at high frequency, say a decade above 

0)1 : 

Qa(s ) :=Q (s )/(.10)-(l s + l ) l . 

Let's recap by listing the steps in the design procedure. The input data are P, 0)1, 

and e, and P has neither poles nor zeros on the imaginary axis. 

Step 1. Do a coprime factorization of -P:  

-P  =NIM 

M X - N Y =  1. 

Step 2. Define the weighting function 

W (s)=(.OlcoTls +l )/(.lo3Tls +l) 

and initialize k to 1. 

Step 3. Set 

T 1 = W kMX 

T 2 = WkMN 

v (s) = (s +1) ~ 

l = relative degree of P .  
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Step 4. By the method of Section 2 compute 

o~ k = rain { IIT1-T2VQ 111~ : Q I c RH~, }. 

If cck>e, increment k by 1 and go back to Step 3. Otherwise, continue. 

Step 5. By the method of Section 2 compute the function Q 1 in RH..  such that 

~k = IIT1-T2VQ 111.o. 

Step 6. Define 

Qa(s ) = V (s )Q 1 (s )/(. lolT is +1) t 

K = (Y-MQa)/(X-NQa).  

How the performance specification (2) is (approximately) achieved is summarized 

as follows. We have in succession 

IIzS I1~ = IIz/(I+PK)II~, 

= IIz(MX-MNQa)Ik. 

~: IIz(MX-MN Q 1)11.. 

<E.  

Example 1. 

This example illustrates the above procedure for the nonminimum phase plant 

(s-1)(s-2) 
P (s) = (s +l)(s2+s+l)  

and the performance specs oh=0.01, e---0.1 (-20 db). Thus we are to achieve less than 

10% tracking error up to 0.01 rad/s. 

Step 1. 

N = - P ,  M = I ,  X = I ,  Y=O 
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Step 2. 

w(s)= s+l  
lOs+l 

Step 3. 

r,(s)=[ ,o-67Z?J +1 1 
T2(S)= - s+l  

V(s)=s+l 

(s-l)(s-2) 
(s + l )(s2+s + l ) 

Step 4. 

Thus a2<e. 

oq = .2299 

c~ 2 = .05114 

Step 5. 

Q 1 (s) =-6.114 (s +.3613)(s 2+s +1) 
(s +4.656)(s +1) 2 

Step 6. 

Qa(s) =-6.1t4  

K(s)=.6114 

(s +,3613)(s2+s +1) 
(s +4.656)(s +l)(lOs +l) 

(s +.3613)(s + l )(s2 +s + l ) 

(s +.004698 ) (s +.5280) (s 2+5.612s +9.599) 

The Bode magnitude plot for this design is shown in Figure 3. The design didn't 

quite meet the spec (IS(,01j) 1=-18,4 db); this is because of the approximations made 

during the procedure. 
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Notes and References 

The question of when the model-matching problem has a solution is dealt with in, 

for example, Francis (1983). 

An example of  the scalar-valued model-matching problem is the weighted sensi- 

tivity problem. This was solved in Zames and Francis (1983) and Francis and Zames 

(1984). Lemma 2.2 is from Glover (1984) and the proof of Theorem 2.1 is adapted from 

the elegant paper of Sarason (1967). The nice state-space formulas for fand  g (equations 

(2.12) and (2.13)) are due to Silverman and Bettayeb (1980). 

The design problem of Section 3 can be made more realistic by incorporating global 

bounds on IS I, as for example in O'Young and Francis (1985), or bounds on the com- 

plementary sensitivity function l-S, as in Foo and Postlethwaite (1984), Kwakernaak 

(1985), and Verma and Jonckheere (1984). 
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Figure 6.3.3. Magnitude Bode plot of S, Example I 
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F A C T O R I Z A T I O N  T H E O R Y  

The purpose of this chapter is to develop some basic tools required for the solution 

of the model-matching problem in the matrix-valued case. 

7,1 The Canonical Factorization Theorem 

Consider a scalar-valued real-rational function G (s) which is proper and has no 

poles on the imaginary axis; thus G~ RL~. Suppose in addition that G has no zeros on 

the imaginary axis nor at infinity. Then G - I ~  RLo. too. Now consider the problem of 

factoring G as G =G+G_ where G+ has all its poles and zeros in Re s >0 and G_ has all 

its poles and zeros in Re s <0. Furthermore, we require that G+ and G_ be proper and 

have proper inverses. When does such a factorization exist? A moment's thought will 

lead to the conclusion that G has such a factorization iff it has the property 

{no. poles in Re s <0} = {no. zeros in Re s<0},  

or equivalently 

{no. poles} = {no. zeros in Re s <0} + {no. poles in Re s >0}. 

The purpose of this section is to derive the analogous condition in the matrix case and 

give a procedure for doing such a factorization. 

Let G (s) be a square matrix such that G, G - I ~  RL~. Thus G and its inverse are 

proper and have no poles on the imaginary axis. Our goal is to factor G as G =G+G_, 

where the factors G+ and G_ are square and have the properties 

G_, G: 1 ~ RHoo 

G+, (G+ I )-e RH~.  

The latter condition means that G+ and its inverse are proper and analytic in Res  <0. 

For ease of  reference let's call a factorization as just described a canonicalfactorization 

of G. 
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We begin with a minimal realization, 

G(s)=[A, B, C, D].  

Since G (~)=D and G-1 e RL**, we see that D is inverfible. 

A × :=A -BD-1C 

and write the state-space equations for G: 

Jc =Ax + Bu 

y =Cx+Du. 

Re-arrange to get y as input and u as output: 

]c = A ×x + BD-ly  

u =-D-1Cx + D- ty  . 

Thus 

Define 

G (s) -I = [A x, BD -1, -D-1 C, D -1 ]. (1) 

Next we recall the notions of modal subspaces. Suppose A is of dimension nxn. 

Let a(s) denote the characteristic polynomial of A and factor it as a(s)=a_(s)cz+(s), 

where m has all its zeros in Res <0 and c~+ has all its zeros in Re s >0. (There are no 

zeros on the imaginary axis.) Then the modal subspaces of R n relative to A are 

X_(A) := Ker~x__(A) 

X+(A) := Ker a+(A), 

where Ker denotes kernel (null space). It can be shown that X_(A) is spanned by the 

generalized (real) eigenvectors of A corresponding to eigenvalues in Re s <0; similarly 

for X+(A). These two modal subspaces are complementary, i.e. they're independent and 

their sum is all of R n. Thus we write 

R n = X_(A)  ~ X + ( A ) .  

(The two subspaces are not orthogonal in general.) 

Bases for modal subspaces can be computed using standard numerical linear alge- 

bra. For example, suppose it 's desired to compute a basis for X_(A). Transform A to 

real Schur form, ordering the eigenvalues with increasing real part. Then partition the 
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Schur form as 

[Ao 1 A 4 ' (2) 

where A I has all its eigenvalues in Re s <0 and A 4 has all its eigenvalues in Re s >_0. Let 

T be the orthogonal transformation matrix, i.e. TTAT equals matrix (2), and partition T 

conformably: 

T=[T1 T2]. 

Then X_(A)=ImT1, the column span ofT 1. 

Now consider the two modal subspaces X_(A ×) and X+(A). The former is associ- 

ated with left half-plane zeros of G and the latter with right half-plane poles of G. 

Theorem 1. G has a canonical factorization if X_(A ×) and X+(A) are complementary. 

Since the proof is constructive and is used several times in the sequel, it's useful to 

present it as an algorithm. 

Step 1. Obtain real matrices T 1 and T 2, each with full column rank, such that 

X-(AX) =ImT1 (3) 

X+(A)=ImT2. (4) 

Define T :=[7" 1 T2] and note that T is square and nonsingular by the hypothesis of the 

theorem. 

Step 2. Introduce the partitions 

[ a l a 2 ]  
T-1AT= A3 A4 (5) 

T-1B = B2 (6) 

CT= [C 1 C21 (7) 

corresponding to the above partition of T, e.g. A 1 is square and its dimension equals that 
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of X..(AX). 

Step 3. Define 

G+(s) := [A 4, B 2, C2, D ] (8) 

G_(s) := [A 1, B 1, D-1C1, I]. (9) 

The proof that these steps do indeed result in a canonical factorization uses the fol- 

lowing two exercises. 

Exercise 1. In (5) show that A 2 =0, A 1 is stable, and A4 is antistable (all eigenvalues in 

Re s >0). (Hint: use (4).) 

From the partitions (5)-(7) we have 

A1-B1D-1C1 -B1D-1C2 

T-1AXT= [A3_B2D-1C1 A4-B2D-IC2 

Exercise 2. Show thatA3-B2D-1C1 =O, A1-B 1 D - l C l  is stable, andA4-B2D-1C2 is 

antistable. (Hint: use (3).) 

It follows from the first exercise that G+, G_~ RH~.  Also, since 

G+(s) -x = [A 4-B 2D-1 C2, B 2D-1, _D-1 C2 ' D -1 ] 

G_(s) -1 =[,41-B ID-1C 1, B 1, -D-1C1, I], 

we conclude from the second exercise that G "q , (G+ 1 )-E RH~.. Finally, the verification 

that G = G+G_ is as follows: 

G+(s)G_(s)=[An,B2, C2,D ]x[A1,B I,D-1CI,I] 

= B2D-1C1 A 4 ' B2 '[C1 C2],D 

= A3 A4 • B 2 ,[C1 C2],D 
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=[T-1AT, T-aB, CT, D] 

=[A,B, C,D] 

= G ( s ) .  

The converse of Theorem 1 is true too, but we shan't need it. 

7.2 The Hamiltonian Matrix 

In this section we examine the modal subspaces relative to a certain type of matrix, 

namely, a Hamihonian matrix of the form 

[ a - l r ]  
H := _Q -A " (1) 

Here A, Q, and R are real n×n matrices, Q and R are symmetric, and R is either positive 

semi-definite or negative semi-definite. The modal subspaces of H live in R 2n. 

We consider first the simpler case where R =0 and A is stable. The Lyapunov equa- 

tion 

A TX + XA + Q =0 (2) 

has a unique solution X. 

Theorem 1. (R =0, A stable) The modal subspaces relative to H are 

x + ( ~ )  = I m  z 

x _ ( n ) = I m  . 

Proofi Define the nonsmgular matrix 
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Then 

SO 

Hence 

[o °] T-1HT = _A T , 

] 
X+ (H) = TX+ (T -I l iT)  

= I m T  I 

=I ra  I " 

Similarly for X_(H). I-1 
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Now we turn to the general case. It is claimed that the spectrum of  H is symmetric 

with respect to the imaginary axis. To see this, introduce the 2n x2n matrix 

having the property J2=-L Then 

j - 1 H J  = - J H J  = - H  r . 

Thus H and - H  r are similar. Hence )~ is an eigenvalue o f H  iff-)~ is. 

Now assume H has no eigenvalues on the imaginary axis. Then it must have n 

eigenvalues in R e s  <0 and n in Res  >0, i.e. the modal subspaces both have dimension n. 

T h e o r e m  2. Assume H has no eigenvalues on the imaginary axis and (A,R) is stabiliz- 

able. Then X_(H) and Im I are complementary. 

Proof.  Introduce a 2n×n real matrix T such that 



Ch.7 

X_.(H) = Irn T 

and partition it as 

T= T2 

[°] (nxn blocks). Then X_(H) and Im I 

First it is claimed that 

r T r 2 - - - r l r ,  . 

There is a stable nxn matrix H_ such that 

HT=TH_. 

Again, bring in the 2nx2n matrix 

and pre-multiply (5) by TTj: 

Tr JHT = Tr JTH_ . 
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(3) 

are complementary iff T 1 is invertible. 

(4) 

(5) 

(6) 

Now, JH is symmetric, hence so is the right-hand side of (6): 

(TT jT)H_ =HTTT jTT 

=-H r (TTjT). (7) 

Since H_ and (-H_ T) have disjoint spectra, the unique solution of (7) (a Lyapunov equa- 

tion) is TTjT=O. But this is equivalent to (4). 

The next claim is that Ker T 1 is invariant under H_. Let x~ KerT I. Pre-multiply 

(5) by [I 0] to get 

AT1 -RT2 =T1H_. (8) 

Pre-multiply this by xTT~ and post-multiply by x to get 

-xTT~RT 2x = xTTTT1H_x . (9) 

But from (4) the fight-hand side equals 

xTTTT2H_x = O. 
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Thus the left-hand side of (9) equals zero, i.e. 

RT2x = 0. (10) 

We just used the sign semi-definiteness of R. Post-multiply (8) by x and use (10) to get 

T1H_x=O, i.e. H_x~ Ker T1. 

Finally, to prove that T1 is inverfible suppose, on the contrary, that KerTl#0.  Then 

H_ restricted to KerT1 has an eigenvalue )~ and a corresponding eigenvector x: 

H_x =Kx (11) 

R e % < 0 ,  0 # x ~ K e r T 1 .  

Now pre-multiply (5) by [t3 I] :  

-QT1 - A  rT2 = T2H_ . (12) 

Post-multiply this by x and use (11) to get 

(A T+L)T2x = 0. (13) 

Then (10), (13), and stabilizability of (A,R) imply that T2x--O. (Recall that stabilizabil- 

ity implies 

rank[A -~t R ] = n 

for all Reg>_0.) But if Tlx=O and T2x---O, then Tx=O, which implies x=0, a contradic- 

tion. [] 

The Riccati equation associated with H is 

ATx +XA -XRX + Q =0 .  (14) 

Observe that (14) reduces to (2) when R =0. Theorem 2 is related to (14) in the following 

way. 

Corollary 1. 

X such that 

X_(H)=Im . 

Moreover, X is symmetric, it satisfies (14), and A -RX is stable. 

Under file same assumptions as in Theorem 2, there exists a unique matrix 

(15) 



Ch. 7 

Proof. 

is immediate from (3): 

/ =Ira T1 

[xj = h i 1  . 

Uniqueness is easy too, because 

[] ['] I =Im 
Im Xl X2 

i f f X  1 = X  2 . 

To prove that X is symmetric, start with 

X T  1 =T 2 . 

Pre-multiply by T1T to get 

T~xr, =T~T2. 

Now take transpose of (16) and post-multiply by T1 to get 

TTxTT1 =TTT1 .  

Equations (4), (17), and (18) together with nonsingulafity of T1 imply x T = x .  

Next, rewrite equation (5) as 

i.e. 
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Continuing with the notation in the previous proof, define X :=T2Tll 1. Then (15) 

[;] H = T1H_T71 1 . 

Pro-multiply by IX - I  ] to get 

Ix] ix 4]H =0. 

(16) 

(17) 

(18) 

(19) 
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This is precisely the Riccati equation. 

Finally, pre-multiplication of (19) by [I 0] gives 

A -RX =T1H_T~I 1 , 

proving that A -RX is stable since H_ is. [] 

In general the Riccati equation (14) has several 

satisfies (15). 

solutions, only one of which 

7.3 Spectral Factorization 

Consider a square matrix G (s) having the properties 

G, G -1 • RL** (la) 

G- = G (lb) 

G (~) > O. (Ic) 

Such a matrix has pole and zero symmetry about the imaginary axis. Our goal is to fac- 

tor G as 

G = G-_G_ 

G_,G -1 • RH~.. 

This is called a spectralfaetorization of G and G_ is a spectral factor. 

Theorem 1. Every G satisfying (1) has a spectral factorization. 

Proof. The proof is constructive. We begin by factoring G as 

G (s) =D +G t(s)+G2(s), (2) 

where D := G (~), G 1 belongs to RH** and is strictly proper, and G~ belongs to RH~. and 

is also strictly proper. It's worth mentioning in passing that such a factorization can be 

done using state-space methods, starting with a realization of G and doing similarity 

transformation: 

G(s)=[A, B, C, D] 
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LIAr°I[ ] = A4 , B2 , [C1 C2],D 

(A 1 stable, A 4 antistable) 

=D + [A 1,Bi,  C1, 0] + [A4, B2, C2, 0]. 

The condition G-=G implies that 

G~" +G~ =G1 +G2,  

i.e. 

G ' ~ - G 2 = G 1 - G ~ .  

The two sides of this equation are analytic in different half-planes and are strictly proper. 

By Liouville's theorem both sides equal zero. Thus G2=G'f, so from (2) 

G = D  + G I + G ~ .  (3) 

Bring in a minimal realization 

GI(s)=[A1,B1, CI,0]. 

Then 

and 

where 

G'~ (s) r T T = [-,41, -C1, B1,0] 

G(s)=[A,B, C, D], 

[: o] 
A := -A (4) 

B := _Cr (5) 

C :=[C1 B~]. (6) 

We are now set up to do a canonical factorization of G. From (4) we see that [o] 
X+(A)=Im I " (7) 



92 Ch. 7 

As in Section 1 bring in 

A x = A  -BD-1C 

[ ] A 1-B tD-1C 1 -B 1D-1Br~ 

= CrD_IC 1 _(AI_B1D_tC1) T . (8) 

Comparison of (8) and (2.1) shows that A × is a Hamihonian matrix. Note that A x has no 

eigenvalues on the imaginary axis (this follows from the assumption G-leRL~),  

BID -1Blr is positive semi-definite, and 

(A I-B tD-1C 1, B tD-1BIT ) 

is controllable (because (At,B1) is). It follows from Theorem 2.2 and (7) that X__(A x) 

and X+(A) are complementary. So by Theorem 1.1 G has a canonical factorization. 

By virtue of Corollary 2.1 there exists a matrix X such that 

x I 
X_(A ) = I m [ x  1 . 

Defining 

we get 

0 

(question mark means irrelevant) 

T-t B = -( CT +XB 1) 

CT=[CI+BTx BT1]. 

By analogy with (1.8) and (1.9) we have G =G+G_, where 

G+(s) := [-A T, -(CT+XB 1), B/I ", D ] 

G_(s) :=[A I, B1, D-I(C I+BrlX), I1. 

Notice that G+ = G-D, so that G = G-_DG_. Finally, since D is positive definite (by (lc)) 
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it has a square root D In. Redefining G_ as 

G_(s) = [A 1, B 1, D-1/2(C I+BTX), D I/2], 

we get the desired spectral factorization G =G-_G_. [] 
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(9) 

Exercise I. Prove that if (A, B) is controllable and D is positive definite, then 

(A -BD -I C, BD-1B T) 

is controllable. 

A matrix G satisfying (1) also has a co-spectralfactorization: 

G =G_G= 

G_,G "1 ¢ RH.. .  

To get such a factorization, do a spectral factorization of H:=GT: 

H =H-_H_ 

H_,H -1 ~ RH**. 

Then set G_=HT_. 

In applications one may want to do spectral factorization of a matrix given in spe- 

cial form. The method of proof in Theorem 1 can be used to solve the next exercises. 

Exercise 2. Suppose GeRH. ,  and G(jm) has full column rank for all 0<c0_<,~. Derive 

the following procedure for a spectral factorization of G-G: obtain a minimal realization, 

define 

and find the 

G(s)=[A,B,C,D];  

D :=DTD 

[ A- L,-'Jc ] 
H := 

unique matrix X such that 

[,] X_(H)= Im ; 
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then 

[A, B, D-112 (D T c +B Tx), D 1/2] 

is a spectral factor of  G-G. 

Exercise 3. Suppose G (s)=[A, B, C, I] is a minimal realization. Assume A is antistable 

and A -BC is stable. Derive a formula for a spectral factor of G-G. 

Exercise 4. Suppose GE RH~. and T>IIGII**. Derive a formula for a spectral factor of  

~ - G - G  starting from a minimal realization of  G. 

7.4 Inner -Outer  Factorizat ion 

A matrix G in RH~ is inner if G-G=L This generalizes the definition of  an inner 

function. Observe that for G to be inner it must be tall (number of rows > number of  

columns). A useful property of an inner matrix is that its Laurent operator preserves 

inner products: 

<Gf, Gh>=<f,h>, f ,h~L2.  

It follows from this that pre-muttiplication of an L~-matrix by G preserves norms: 

F ~  L~ ~ IIGFII~, = llFll**. 

An example of an inner matrix is 

s + l  q 

A matrix G in l lH~ is outer if, for every Res>0 ,  G(s) has full row rank; 

equivalently, G has a right-inverse which is analytic in Re s >0. This generalizes the 

definition of an outer function. An outer matrix is wide (number of rows _< number of 

columns). Of course, if G is square and 

G,G -I ~ RH**, 

then G is outer. Another example is that IF G] is outer if F and G are left-coprime 
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RH~-matrices, 

An inner-outerfactorization of a matrix G in RH~, is a faetorization 

G =GiGo 

Gi inner, Go outer. 

It's a fact that every matrix in RH.. has an inner-outer factorization. We shall only need 

the following, slightly weaker result. 

Theorem 1. If G is a matrix in RH** and rank G fie)) is constant for all 0<o)<~, then G 

has an inner-outer factorization with the outer factor being right-invertible in RH~.. 

Proof. By Lemma 4.3.1 there exist square matrices G 1, H, K in RH~ satisfying the 

equation 

and having the properties 

H -1,K -1 • RtI~ 

G 1 nonsingular. 

The rank assumption on G implies that G 1(jm) is nonsingular for all 0_<m<_~, i.e. 

G~ 1 • RL~.. Define 

?] F :=H , 

so that 

G=[F 0]K. 

Now F - F  has the properties 

F-F,  (F-F)  -1 • R L ,  

(F-F)-  =F-F  

(F-F)(oo) > O, 

so it has a spectral faetorization by Theorem 3.1: 
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Define 

F - F  =FoFo 

Fo,Fo 1 ~ RH,~. 

Gi := FF o 1 

Go :=[Fo 0]K. 

Then Gi is inner, Go is right-invertible in RH~, and G =GiGo. [] 

Inner-outer factorization is relatively easy when G (]co) has full column rank for all 

0_<0~<~: let Go be a spectral factor of G~G and then set Gi:=GGo 1. 

Example 1. 

To do an inner-outer factorization of 

1 
$+ i  

los c(s )=  

S-1 
s+l  

we follow Exercise 3.2 to get a spectral factor of G-G. We have 

G(s)=[a, B, C, O] 

C= - - , D =  . 

Then 

D :=DTD = 101 

A -BD-1D TC _BD-1B T ] 

H := _cTc+CTDD_IDTc -(A-B---1DTC) j 
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and 

where 

Thus 

Finally 

.01980 -.00990 i1 ] 
-2  1 ' 

-7.9604 -.0198 

_ [27.2530.43" 
X - [30.43 36.09 

Go(s) = [A, B, D- la (D r C +B rX), D la] 

= 10.05 (s+.9837)(s+.2861) 
(s +l)(s+2) 

Gi(s) = G(s)Go(S) -1 

10.05(s +.9837)(s +.2861) 

s+2 

10s (s+l)  

(s-1)(s+21 

A matrix G is said to be co-inner or co-outer if G T is inner or outer respectively. A 

co-inner-outerfactorization has the form 

G = Gco Gci 

Gco co-outer, Gci co-inner. 

An inner-outer factorization of G T yields a co-inner-outer factorization of G. 
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7.5 J-Spectral Factorization 

In this section we look at a rather special factorization required in Section 8.3. We 

start with a real-rational matrix G 1(s) having the properties 

G 1 is strictly proper, (la) 

G 1 is analytic in Re s<0, (lb) 

IIFG1 II < 1. (lc) 

Define the matrices 

j : =  [ :  _0/] (3) 

(not the same J as in Section 2). Our goal is to achieve the following J-spectralfactori- 

zation of G: 

G - J G  =GSJG_ 

G _ , G :  1 e RH~.  

Bring in a minimal realization 

GI(S )=[A1 ,B1 ,  C1,0]. 

Note that A 1 is antistable. Defining 

"_A T cT1c1 - 

A := 0 A 1 

01 B:= 0 B1 

[o :1 C := _B T 

we have 

Also 

(G-JG)(s)=[A,  B, C, J] . 

(4) 
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A × :=A -Bj-1C 

[-at 0] 
=[-B1BT1 A1 " 

Bring in the controllability and observability gramians: 

A1Lc +LcAT=B1BT1 

ATLo+LoA1 =cTc1. 

AS in Theorem 2.1 we have 

Exercise 1. Show that assumption (lc) implies that X_(A x) and X+(A) are complemen- 

tary. 

From this exercise we can proceed with a canonical factorization of G-JG. 
Defining 

N := (I-LoLc) =I , 

we get (after some algebra) 

"-NATN -1 0 ] 
T-1AT = ? A 1 

Nor -NLo  ] 
T -IB= _LcNC T NTB1 J 

C1Lc C1 ] 
CT= _Br -B~Lo " 

Then we obtain from (1.8) and (1.9) that G-JG = G÷G_, where 

G÷(s)=[AI, [-L~NC r NrB1], -B[Lo "J] 
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[C1L.] 
G_(s)=[-NATN-',[NC w -NLoBI], [ BT j ,I]. (5) 

It can be checked that G+ =GZJ, so that G-JG =GZJG_. For future reference we record 

that 

G_(s)-' [-c,L.] 
= [ -  1,[ NCT -NLoB1],[ _B1T J , I ] ,  (6) 

which follows from (5) and some algebra. 

Notes and References  

This chapter is based primarily on Bart, Gohberg, and Kaashoek (1979), Doyle 

(1984), and Ball and Ran (1986): Theorem 1.1 is from Theorem 1.5 of Ban etal. (1979); 

Theorem 2.2 and Corollary 2.1 are based on Section 2.3.3 of Doyle (1984); Section 3 is 

based on Section 2.3.4 of Doyle (1984); and Section 5 is from Ball and Ran (1986). 

Golub and Van Loan (1983) is an excellent source for numerical linear algebra, in 

particular the Schur decomposition. For the standard results on Lyapunov and Riceati 

equations see, for example, Wonham (1985). A standard reference for spectral factoriza- 

tion is Youla (1961). For a general treatment of inner-outer factorizations see Sz.-Nagy 

and Foias (1970). 
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M O D E L - M A T C H I N G  T H E O R Y :  PART H 

This chapter treats the model-matching problem in the matrix-valued case. 

8.1 Reduction to the Nehari Problem 

The model-matching problem is a lot harder when the Ti's are matrix-valued func- 

tions than it is when they are scalar-valued. This section develops a high level algorithm 

for reducing the model-matching problem to the Nchari problem of approximating an 

RL~-matrix by an RH~-matrix; the Nehari problem will then be treated in Section 3. 

Throughout this chapter the rank conditions of Theorem 6.1.1 are assumed to hold. 

The problem is sufficiently hard that we shall content ourselves with accomplishing 

thc following: to compute an upper bound 7 for ¢~ such that 7--0¢ is less than a pre- 

specified tolerance; and then to compute a Q in RHoo satisfying 

IIT1-T2QT311~, <T. (1) 

Such a Q may not be optimal, but it will be as near optimality as we wish. 

To see the development more clearly, let's first do the case T3=I. Bring in an 

inner-outer factorization of  T2, 

T2 =U~Uo 

Ui inner, Uo outer,  

and define the RL~-matrix 

Y := (I-UIU'[)T 1 . 

If T is a real number greater than IIYII~, then the matrix ,/2 _ y - y  has a spectral factor Yo. 

Define the RL~-matrix 

R := Ui'T1Yoo 1 . 

Thus R depends on T. 



102 Ch. 8 

Theorem 1. (7"3--/) 

(i) 0~= inf{y: ltYIl~<y, dist(R, RH~)< 1 } 

(ii) Suppose 

T>a ,  Q,X~RH** 

IIR -XII~, < 1 

X = UoQY~ ~ . 

Then lIT 1 - T 2 Q  I1~ <y. 

(2) 

(3) 

Part (i) of the theorem affords a method for computing an upper bound y for ¢~; then 

part (ii) yields a procedure for computing a nearly optimal Q. A particularly easy case of 

the theorem is when T2 is square and nonsingular. Then Ui is square, Y=0, Yo--TI, 

R _.__y-1U'iT1, and part (i) reduces to 

o~ = dist(U?T1, RI-L) ,  

i.e. ~ equals the norm of  the Hankel operator with symbol UTT1. This is just like the 

scalar-valued case of Section 6.2. 

The proof of Theorem 1 requires two preliminary technical facts. 

Lemma 1. Let U be an inner matrix and define the RL,-matr ix  

E := I - U U -  " 

Then IIEGII~=IIGlI~ for all matrices G in RL~. 

Proof. It suffices to show that E - E = L  But this follows easily from the fact that U-U=I" 

E - E = [ U  I - U U - ]  I - U U -  

= u u -  + q - u u - ) q - u u - )  

=I.  173 
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Lemma 2. Suppose F and G are RL**-matrices with equal number of columns. If 

II I1.. < 7, (4) 

then 

and 

IIG I1.. < 7 (5) 

IIFGo 1 lloo < 1, 

where Go is a spectral factor of  "~-G-G.  Conversely, if (5) holds and 

IIFGo 1 I1® < 1, 

then 

II a II~<T. 

(6) 

Proof. We'l l  prove the first statement. 

because 

Assume (4). Then (5) follows immediately 

IIGII~. <11 II0.. 

It follows in turn from Theorem 7.3. I that ~ - G - G  has a spectral factorization: 

~2 - G - G  =GoGo (7) 

Go,Go 1 ~ RH,~. 

To prove (6), define 

e :=T-  11 I1~, (8) 

let f be an L2-vector of unit norm, and define g :=Golf. Starting from (8) we have in 

succession 

II gl12 < (T---g)llg 112 
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<g, (F-F  +G-G)g > <_~ <g,g > -e(27-e)llgll~ 

<g,F-Fg > <_. <g, (y2-G~G)g > - ~(2T--e)llGol[?. 2 . 

The last step used the inequality 

1 = IIGog 112 < IIGolLIIg 112. 

Now using (7) we get 

IIFg 1122 < IIGog I1~ - e.(27-e)llG o 117~ 2 . 

Hence  

"FC_, oX :lz2 <_ 1 - e ( 2 7 - e ) , C o , 2  2 . 

Since f was arbitrary we find that 

IIFGo 1112 _< 1 - e(27--e)llGo 117. 2 . 

Since e (2y-e )>0 ,  we arrive at (6). []  

Exerc i se  1. Prove  the converse  in L e m m a  2. 

Proof of Theorem 1. 

(i) Let  

Yinf := in f  {7: IIYII~ < 7, dist(R, R H ~ )  < 1}. 

Choose e>0  and then choose y such that a+e>y>ct .  Then there exists Q in R H ~  such 

that 

[ITI - T 2 Q I L  < T .  

Equivalently,  f rom I .~mma 1 

II I - U i U  (T1-T2QllL <7"  (9/ 

N o w  

I -UiU? T 2 =  ' 
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so (9) is equivalent to 

[U:~T1-UoQ" 
Ill y I1~. < T. 

This implies from Lemma 2 that 

llYllo. < y (I0) 

ilUr, T1Y~o 1 - VoQY-~o 1 li** < 1. (i1) 

The latter inequality implies 

dist(R, UoRIIo, Y~o 1) < I .  (12) 

But Uo is dght-invertible in RH.. (Theorem 7.4.1) and Yo is invertible in RH... There- 

fore 

UoRH**I~o I =RH,. ,  

so (12) gives 

dist(R, RH~,) < 1. (13) 

From (10), (13), and the definition of 3tlny we conclude that yinf~_y. Thus ~/iny<ot+e. Since 

e was arbitrary, Yi~-~. 

For the reverse inequality, again choose $>0 and then choose y such that 

$iqq-e>y>yi& Then (10) and (13) hold, so (11) holds for some Q in RH.~. Lemma 2 

now implies that 

[ U?T t-Uoa ill g I1~ <y. 

Finally, this leads (as above) to 

IIT1-T2QIL, ~y.  

Thus a-<T<?~/+e, so a<Tinf. 

(ii) This part follows from the previous paragraph. [] 

We saw in Section 6.2 that 

dist(R, RHo.) = dist(R, H~) 

for a scalar-valued R in RL,.. This is true in the matrix-valued case too. 
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Lemma 3. For R in RL~ 

dist(R, RH. . )=c  list(R, H~)=  III-'RII. 

Proof. We have 

dist(R, RHo.) > dist(R, H.o) = III"R II, 

the latter equality being Nehari's theorem. Choose e>0 and set ~:=}}FRII. Then 

dist[(13+e)-lR, H.o] = (13+e) -IlIFR II 

= 

<1.  

As we shall see in Section 3, this inequality implies there exists X in RH_ such that 

II(~+E)-lg -XII,~ < 1. 

Thus 

dist(R, RHoo) < [~-e 

= dist(R, H~o)+e. 

Since e was arbitrary 

dist(R, RH~.) <dist(R, H**). [] 
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It can also be proved that the distance from R to RH~ is achieved, i.e. there exists X 

in RH** such that 

IIR-XII~ = dist(R, RH~.). 

Based on Theorem 1 and Lemma 3 we have the following high level algorithm for 

finding nearly optimal Q's in the case T3=I. 

Step 1. Compute Y and IIYII~. 

Step 2. Find an upper bound Ix 1 for oz. 
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Step 3. Select a trial value for "/in the interval (IIYII,,, 0q]. 
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Step 4. Compute R and IIF R 11. Then III"RII < 1 iff o~ < %', so increase or decrease the value 

of%, accordingly and return to Step 3. When a sufficiently accurate upper bound for et is 

obtained, continue to Step 5. 

Step 5. Find a matrix X in RH~ such that IIR -XII~ ~ 1. 

Step 6. Solve X = UoQYgo 1 for Q in RH**. 

Step 1 involves implementation of the procedures in the previous chapter for spec- 

tral factorizafion and inner-outer factofization. For Step 2 the simplest bound would be 

0q =lIT1 I1,.. Then binary search could be used to iterate on Y. Step 6 is not too difficult if 

Up is square; this happens when T2 is tall, which frequently can be arranged by suitable 

problem formulation. When Up isn't square, Step 6 would be more difficult. How to do 

Step 5 is the subject of the next two sections. 

Example 1. 

Let's continue with the tracking example of Chapter 3, again taking 

s - 1  
P ( s ) = ~  

s (s-Z) 

s+ l  
W(s)  = 

10s+1 

and 9=1. In Section 4.5 we obtained 
s+ l  

E rl(s)=T3(s)= o 

s -1  
s2+s+l 

Tz(s)  = s (S -2) 

s 2+s +1 

The matrix Q is of dimension lx2: 
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O = [ Q 1  0 2 ] .  

Notice that QT3=W Q 1. Thus by the substitution 

Tz~-WT 2 

we arrive at a model-matching problem with T3=I, namely 

minimize IIT1-T2Q 111_, Q 1~ R H _ .  

The previous algorithm produces the following results. 

Ch. 8 

Step 1. 

Ui(s)= 1 [ - s + l  ] 

(s2 +~7"s + l )(s + l ) 
Uo(s)= (S2+S+1)(lOs+1) 

s + l  [ s2(s2-4) ] 
Y(s) = (lOs+l)(s4_5s2+l) [-s ( s+ l ) ( s -2) ]  

IIYII** =0.1683 

Step 2. 

s t =IITIlI, = 1 

Steps 3 and 4. From the first two steps we know that o~ lies in the interval [.1683, 1]. 

We now use binary search on ~ in this interval, testing if IIFR II < 1. To locate c~ within, 

say, 3% of the length of this interval, we need five iterations: 

-f 

0.5846 

0.3774 

0.2729 

0.2206 

0.2468 

IIrRil 

0.3710 

0.5996 

0.8952 

1.2327 

1.0317 
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We conclude that o~ lies in the interval [.2468, .2729]. Let's proceed with 7=.2729. Then 

a spectral factor of @-Y-Y (calculated via Theorem 7.3.1) is 

Yo(s ) =.2539 s3 +2"678s2 +1"O81s +'107 5 
(s+.l)(sZ+~'s+l) " 

There follows 

.3938(s +l)2(s2+ff7s +l) 
R (s)= (s2~[~-s+l)(s3+2.678s2+l.O81s+.1075) . 

(The values of IIFRtl in the above table are calculated as in Example 5.2.1.) 

Step 5. Since R is scalar-valued, Theorem 6.2.1 can be applied to find the closest func- 

tion X in RH~,. 

R (s) = [,4, B, C, D ] + (a function in RH**) 

"2.189 0 ] 
A = 0 .4569 

B = [ - .9291J  

c=[1 1] 

[ .2463 -.3646" 
Lc--/[_.3646 .9448 

[.2284 .3780 
Lo = [.3780 1.095 

~. := maximum eigenvalue of LcLo = .8952 

w := corresponding eigenvector = [ - ' 3 ;  66 ] 

1 [.3338] 
v:=%- Low=[ 1.07q 

X(s)=R(s)-k[A, w, C, 0]x[-A T, v, B r, 0] -t 

= .8952 (s2+'~7"s+1)(s2+2"656s+l'033) 
(s+3.108)(s 3+2.678s 2+ 1.081s +. 1075) 
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Step 6. 

Q=[Q1 Q2] 

Q 1 (s) = x  (S)Yo(S)Uo(S) < 

=2.273 (s2+s+l)(sZ+2"656s+l'033) 
(s + l )(s + 3.1OS)(s2 +~f7-s + l ) 

The function Q z is unconstrained, and hence may be set to zero. 

Finally, the controller K is computed using formula (4.5.2). 

K=[C1 C2] 

C 1 (s) = -2.273 (s +l)(s 2+s +l)(s 2+2.656s +1.033) 
(s +3.108)(s 2+~7"s + 1)(s 2+5s -18) 

32s -1 
C2(s) = 

$2+5S-18 

Notice that C 1 is unstable, so the controller can't be implemented as shown in Figure 4 

of Chapter 3. (This is a case where every stabilizing controller is itself unstable.) The 

theory guarantees, however, that C2 contains the unstable factor of C~. This unstable 

factor would be moved past the summing junction into the loop. 

The properties of this design are illustrated in the Bode magnitude plot of Figure 1. 

The transfer function, say H1, from reference r to tracking error r - v  has magnitude less 

than -10 db over the frequency range [0, .1], approximately the bandwidth of the weight- 

ing function W (smaller tracking error could be obtained by reducing the weighting p on 

control energy), it peaks to about 4 db, and it rolls off to 0 db at high frequency, as it 

must for a proper controller. The actual quantity being minimized is the H~-norm of the 

transfer matrix 

H 2 , 

where H2 is the transfer function from r to u. This norm equals the supremum of 

(IHI(JO3) 12 + IH2(jo3) 12) 1/2 I W(jo3) I 

over all o3. For our design this function is very nearly flat at -11.3 db. 



Ch. 8 111 

db 

_ 

O~ 

-4 

-8 

-12 

I I I 
0.1 1 10 

CO 

Figure 8.1.1. Magnitude Bode plot of i l l ,  Example i 
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The generalization when T3 ~I uses the following definitions: 

T2 =UiUo, Ui inner, Uo outer 

Y := (I-UiU'i)T 1 

Yo = spectral factor ofy2-Y-Y 

T3 Foo 1 = Vco Vci, Vco co--outer, Vci co-inner 

Z := UTzT1 Y-oo I (I-VciVcl) 

Zco = co-spectral factor o f / - Z Z -  

R :=z 2 U?TI olV';I. 

Notice that R,Y,Z~RL~ and X e R H ~ ;  Y is a function of T 1 and T2; R and Z are func- 

tions of ~, T I, T2, and T 3. The matrix ZcloUo is right-invertible over RH,~ and Vco is 

left-invertible over RH~. 

Theorem 2. 

(i) (x=inf{y: IIYII** <T, IIZII~ < 1, dist(R, RH~) < I}.  

(ii) Suppose 

y>o~, Q, XERH~, 

IIR -XII~, _< 1 

X =Zclo UoQVco. 

Then IIT1-T2QT 3 I1~ <~. 

The proof is analogous to that of Theorem 1 and is therefore omitted. The general 

high level algorithm is as follows: 

Step 1. Compute Y and IIYIIo.. 

Step 2. Find an upper bound eq for o~. 
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Step 3. Select a trial value for Tin the interval (IIYII~,, (I1]. 
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Step 4. Compute Z and IIZII,~. 

Step 5. If  I[Zll** < 1, continue; if not, increase 7 and return to Step 4. 

Step 6. Compute R and IIFRII, Then IIFRII < 1 iff Ct<7, so increase or decrease the value 

of 7 accordingly and return to Step 3. When a sufficiently accurate upper bound for o~ is 

obtained, continue. 

Step 7. Find a matrix X in RH~, such that IIR-XIt~, < 1. 

Step 8. SolveX=Zc2UoQVco for Q in RH**. 

8.2 Krein Space 

This section introduces a geometric structure which will be used to solve the Nehari 

problem. 

Let X and Y be two I-filbert spaces. There is a natural way to add them together to 

get a third Hilbert space, their external direct sum X ~Y. We shall represent vectors in 

X ~Y like this: /~ I . As a set, X ~ Y  consists of all such vectors as x ranges over X and 

y over Y. Vector addition and scalar multiplication are defined componentwise, and the 

inner product is defined as follows: 

( y , y ) : = < x l , x a > + < Y l , Y 2 > .  

Now introduce in addition an indefinite inner-product on X @Y: 

This is indefinite because [z,z] can be negative, zero, or positive, depending on the par- 

ticular z in X ~Y. A more compact way of defining [, ] is to introduce the operator J on 
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X~Y: 

Then [zl,z2] := <z l,Jz 2 >. The external direct sum X@Y together with the above 

indefinite inner-product is called a Krein space. 

A vector z in X @Y is negative if [z,z IS0, and a subspace of X ~Y is negative if all 

its vectors are negative. 

Consider an operator ~ from Y to X. Its graph is a subspace ofX @Y, namely, {[oy] 
It is an elementary fact (and is easy to prove) that the graph is a closed subset of X q~Y. 

Example 1. 

Let F be a matrix in R H .  and consider the compression to H2 of the Laurent opera- 

tor with symbol F (i.e. the Toeplitz operator). Its graph is 

or equivalently 

where we use the notation 

MI-I 2 := {Mg :getI2}. 

This graph is a subspace of H2 ~H2. It's convenient to denote it by Gp. 

Example 2. 

If F e  R L . ,  then the corresponding graph 

lives in L2 ~H2. 
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8.3 The Nehari Problem 

This section solves the Nehari problem posed as follows: given R in RL~ with 

dist(R, H~)<I,  find all X's in RH~, such that IIR-XII.~<I. Only some of these X's are 

closest to R, i.e. satisfy 

ItR-XII,, = dist(R, H,o). 

We saw in Theorem 5.2.1 that the distance equals IIFRII, so the standing assumption in 

this section is that IIFR 1I< 1. 

We may as well assume in addition that R is strictly proper and analytic in Res_<0, 

i.e. R-~RH**. Otherwise, factor R uniquely as 

R = R I + R 2  

R~,R 2 ~ RH~,  R 1 strictly proper. 

We've already observed in Chapter 5 that FR=FR~. So to solve the Nehari problem for R, 

solve it for R 1, i,e. find all X 1 's in RH.. such that IIR 1-X t I1~<1, and then set X =X I+R 2. 

We need a preliminary fact. 

Lemma 1. Let Fe  RL~. Then FH2cI-I 2 iff Fe  RH,,. If F is square and FH2=H2, then 

F-laRH**. 

Proof. The implication 

F~ RH** ~ F H  2 c H  2 

is easy (and has already been noted in Theorem 2.4.2). 

Suppose F H 2 c H  2. Since each column of the matrix (s+l)- l I  belongs to H2, the 

same is true of (s+l)-lF(s). Therefore, this latter matrix is strictly proper and analytic 

in Re s>_0. Hence F is proper and analytic in Res>0, i.e. F~ RHo,. 

Finally, suppose F is square and FH2=H2. Then there exists a matrix G, each of 

whose coIumns belongs to H 2, such that 

F (s)G (s) = (s+l ) - l [ .  

This implies that F has an inverse in RI-L, namely, (s+l)G (s). I-1 
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In terms of S :=R -X, a problem equivalent to the Nehari problem is this: find all 

S's in RL.o such that IISII~<I and R-S~RH... The next lemma gives geometric charac- 

terizations of these two conditions. Define the RL~-matrix 

o:[ 0:1 
Lemma 2. Let S~ RL~. Then IISI1~<1 iff Gs is negative, and R - S e  RH~ iff 

Gs c G  (H 2 ~H2) .  

Proof. Suppose IISII~_<I. A vector in Gs has the form I f  ] 
t _  . d  

tor is negative: 

< (llSIl~-l)ll3ql~ 

<0.  

The converse is equally easy. 

Now suppose R -S~ RH... Then by Lemma 1 

SO 

(S-R)H 2 c H2, 

= G (H 2 ~ H  2). 

for some f i n  H2. This vec- 

Conversely, if 
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then 

Gs c G (H2 ~H2) ,  

Pre-multiply by [-I  R ] to get 

(R -S)H2 c t t2,  

which implies by Lemma 1 that R - S e  RH**. [] 

In view of Lemma 2 we would like to be able to characterize negative graphs con- 

tained in G (H2 ~BH2). The J-spectral factorization of Section 7.5 was introduced for this 

very purpose. Following Section 7.5 we have 

G - J G  = G"JG_  (2) 

G _ , G  -1 ~ RH~. 

,:[,0o] 
Define 

L := GG -1 . (3) 

Then from (2) 

L - J L  =J  (4) 

and from (3) 

L (H2 ~BH2) = G (H2~BH2). (5) 

A square matrix L in RL~ having property (4) is said to be J-uni tary.  Such a 

matrix is invertible in RL..; in fact the inverse of L is JL~J,  which also is J-unitary. The 

usefulness of J-unitary matrices derives from the fact that they preserve Krein space 

inner product: 

[Lf, L g ] = [ f ,  g ] ,  f ,  g ~ L2@L2. 
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Now we have the solution to the Nehari problem as posed in terms of S. 

Theorem 1. The set of all matrices S in I/L** such that IIStLo<I and R -Se  RH~ is given 

by the formulas 

S =X 1X~ ~ 

[::1 
Y~ R H ~ ,  ItYII~,<I. 

Proof. First suppose 

SERL,. ,  IISII~_I, R-SaRHoo. 

By Lemma 2 and (5), Gs is negative and 

Gs c L  (H2 @H2). 

Define 

l 
From this and then (6) we have 

Y2 Ha =L-1Gs 

c H2~H2. 

Thus from Lemma 1, YI, Y2 ~ RH~. 

Then from Lemma i again we have that Y~21 E RH~. Define 

Y:=Y1Y~ a 

L::] ' [:] 
Then 

H2=L Y2 H2 from(7) 

(6) 

(7) 

(8) 

In Lemma 3 below it is proved that Y2H2 =H 2. 

(9a) 

(9b) 
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, om 
Ix1] = X2 tt2 from (9b). (10) 

Pre-mulfiply (10) by [0 I]  to get X2tI2=H 2, i.e. X~ 1 e Rtt~ by Lemma 1. Now pre- 

multiply (10) by [I -S]  to get S =X 1X~ 1 . 

Conversely, suppose Y e RH~ and IIYII,, < 1. Define 

[xX12] :=L [/Y] . (11) 

In Lemma 4 below it is proved that X2It2 = H 2. Therefore, defining S :=X 1X~ l , we have 

Gs= X2 H2 

=LGy from (11). 

Since Gy is negative (Lemma 2) and L is J-unitary, LGr  is negative too. Thus ItSII~ _< 1 

(Lemma 2). Finally, 

Gs =LGy 

cL(H2~)H2) 

= G(HE~H2) from (5), 

so R - S  ~ RH.~ (Lemma 2 again). [] 

Lemma 3. I f S e  R L . ,  ItSII~<I,R-S ~ RH~,, and 

:, 1[;] 
Y2 

then Y2H2 =tI2. 

(12) 

Proof. Since Gs is negative and L -1 is J-unitary, L-1Gs is a negative subspace of 

H2~H2. 
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It is claimed that Y2H2 is a closed subspace of H 2. To see this, suppose {fk} is a 

sequence in Y2H2 which converges to some f in  H2. Then 

Y2 H2 =L-1Gs 

for certain vectors hk in L2. Since {fk } is Cauchy and L -1Gs is negative, it foliows that 

{hk} is Cauchy too, so it converges to some h in L2. Since Gs is closed and 

L, L -I ~ R L , ,  it follows that L -1Gs is closed. Thus 

I;] Y2 1-12' 

s0f~  Y2H2. 

Then 

Now to prove that Y2H2=H2, let g2 be a vector in (Y2H2) -1- and define 

g :=  g 

(;:1 f =  :=Lg . 

f e  L ({0}q~H2) 

c L  (H2~H2) 

= G (H 2 ~ H  2) 

c L 2~H 2 , 

so f2  E H2. Hence g2 and Yzf2 are orthogonal. Now we get 

O=-<g2,Y2f  2> 

(13) 
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= < f l ,  Sf2> -I[f2112. 

Thus 

or 

,f 2,22= <f l,sA> 

< Ilfl I12 IISf2112 

< 11]'111211]'2112, 

11]'2112 < Ilfl tl2, 

i.e. f i s  a positive vector. Since L is J-unitary, g is positive too. But 

[g, g] =-[Igl12 2 . 

Thus g2 =0. Hence (YzH2) -L = {0}. [] 

L e m m a  4. I f  Y e RH_,  IIYIL < 1, and 

X2 :=L I ' 

then X2H2 = H 2. 

(14) 

Proof. The proof requires four preliminary steps. For the first step we need a definition: 

a negative subspace of a Krein space is maximal-negative if it is not contained in any 

other negative subspace. 

Claim #1: Gy is a maximal-negative subspace of H2~H2. 

That G r  is negative follows from Lemma 2. Suppose 

G y c S  c H 2 ~ H  2, S negative. 

Let 

Then 

f = f  eS. 

I f 2 ~  G y c S ,  
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SO 

But S is negative, so f l -Y f2  =0, i.e. f ~  Gr. This proves the claim. 

For the second step define two subspaces of L2~tI2: 

M := G (H2~H2) =L(H2~H2) 

K:= X2 H2=LGY" 

Observe that K is negative. Now bring in a third subspace, 

K O := {f~ L2@H 2 : If, g ] = 0 for all g in K}. (15) 

Claim #2: KQ~M is positive. 

Suppose to the contrary that there is a vector f in Kt3c~M such that If, f ]  < 0. 

Define 

N:=K+span f f ) c M .  

Then N is negative. Moreover, N=LS where 

S := {g ~ H2@H2 :Lg ~ N}. 

Now we get in turn 

K e N  

LGy c L S  

Gy c S c H 2 ~ H  2 . 

But S is negative (since N=LS and N is negative). By Claim #I, Gy=S. Thus K=N, i.e. 

f ~  K. But then f ~  K n K  n, and hence If, f ]=0, a contradiction. This proves the second 

claim. 

For the third claim, define M D by analogy with (15). 

Claim #3: M t3 is positive and M + M n = L2~H 2. 

We have from the definitions of G and M 
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From this latter representation of M it is routine to verify that 

rn I 

That M D is positive now follows from the assumption that IIFRII < 1. 

and (17) we have 

D I ± I 

But 

I I 

123 

(16) 

(17) 

Combining (16) 

(18) 

= 0 ( H ~ H 2 ) .  (19) 

The last subspace equals H~-@H2 because I -FRF~ is invertible (IIFRll < 1). Then (18) 

and (19) yield 

M +  MID = (H~-@H2) + (H2@{0}) 

= L 2~H2.  

This proves the third claim. 

Claim #4: K D is positive. 

From Claim #3 we have 

K D = KDt~(M + MD). 

This intersection distributes because M D c K D, i.e. K c M. Hence 

K c3 = K D n M  + M  D" 

Since K D n M  and M D are positive (Claims #2 and 3) and orthogonal in the Krein space 

inner product, their sum is positive. This proves the fourth claim. 



124 Ch. 8 

Finally, since 

K :=  X2 H 2 c L 2 @ H 2 '  

we have X2H 2 c H  2. Also, K is closed and negative, so X2H2 is closed. 

a vector in I-I 2 orthogonal to X2It 2 and define 

g =  g ~ L 2 ~ H 2 .  

For every f2 in H 2 we have 

XI 
[g, [x2]f2] =-{g2,Xzf2) =0" 

Thusg ~ K t3. By Claim#4 [g, g]_>0. But then g2 =0. Hence (X2H2)±={0}. [] 

Suppose g2 is 

The formulas in Theorem 1 yield S as a linear fractional transformation of Y. To see 

this, partition L as 

L= L3 L4 . 

Then 

S =(L1Y+L2)(L3Y+L4) -1 . 

One possible candidate for Y is Y=O, in which case S is simply L2L~ 1. 

Let's summarize the results of this section in the form of an algorithm. The input is 

a matrix R in RL~ having the properties 

R is strictly proper 

R - ~  RH~ 

IIFRI[ < 1 

and the output is a matrix X in RH= such that IIR-XIt~_<I. 

Step 1. Find a minimal realization of R: 

R (s)=[A, B, c, o1. 
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Step 2. Solve the Lyapunov equations 

ALc + Lc AT = BB T 

ATLo+LoA =cTc  

and set N :=(I-LoLc) -1. 

Step 3. Set 

Li(s)--[A, -LcNC T, C, I] 

L2(s) = [A, NTB, C, 0] 

L3(s) = [-A T, NC T, -B T, 0] 

Ln(s) = [-A T, NLoB, B T, I]. 

Step 4. Select Y in RH** with IIYII**<I (for example Y=0) and set 

X =R -(LIY+L2)(L3Y+L4) -1 . 

Exercise 1. Derive the formulas for L i in Step 3 using the equations 

L = GG-__ 1 , 

G(s)=[A,[OB],[ C] ,I] ,  

and (7.5.6). 

Example I. 

Let 

.5 0 
s -1  

R(s)= 1 2 

sZ-s+l  s -1  

We computed in Section 5.2 that dist(R, RH,~)=1.2695, Scale R by, say, 1/1.28, i.e. 

redefine R to be 
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.5 0 
1 s - I  

R (s) = - i ~  ~ 2 

s2 - s+ l  s -1  

The algorithm applied to this matrix has the following results: 

Step 1. 

R(s)=[A,B,  C,D] 

A = 0  1 0 , B =  0 

0 0 0 1.563 

C= 0 1 -1 , D = O  

Step 2. 

~ =  

.2035 0 -.1017 0 

0 .1017 0 0 
-.1017 0 .2035 0 

0 0 0 1.221 

ro 

.6250 -1.125 .6250 -.33331 
1 / - 1 . 1 2 5 2 . 6 2 5 - 1 . 6 2 5  

0 ~ 0  1 ~ ,  ~ ,  0 , 6 ~ ,  
5J , ~  ~ 6007 

1.507 -5.447 5.093 -29.27- 
-1.253 15.69 -13.83 79.37 

N =  .7918 -9.640 10.11 -52.14 

-.5339 6.614 -6.251 36.90 

Step 4. Take Y=0. Then 

X (s) =R (s) -L2(s)L4(s)  -1 
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=[A, B, C, 0]-[A, NTB, C, O]x[-A T, NLo B, B T, i]-1 

-- A _NTBBT , NrB ,[C--CO], . 

0-AT-NLoBBTJ [NLoBJ 

The resulting X (s) is 

-4.315(s +2.473)(s 2+1.206s +.3951) 

(s +84.53)(s 41.101)(sZ+l.381s +1.110) 

31.10(s+l.086)(s2+l.118s+.7120) 

(s +84.53)(s+1.lOl)(s2+l.381s +l.llO) 

10.47(s + 1.054)(s + 1)2 ] 

(s +84.53)(s + l.lO1)(s2 + l.381s + l.110)" 

1 -76.19(s2+l.279s +.9036) 

(s +84.53)(s2+1.38 Is +1.110) 

Exercise 2. Take 

Tl(s)= 1 T2(s)= s - I ,  T3(s)= 1 
s +--q-' 

First, compute c~ using the method of Section 6.2. Second, choose 7>o~ (keep y variable) 

and define R as in Theorem 8.1.1. Third, using the previous algorithm find an X in RH~ 

such that IIR -XIIoo < 1. Fourth, get Q from Theorem 8.1.1. This Q depends on y. Finally, 

in the coefficients of Q let y tend to a. You should get the optimal Q for the original 

model-matching problem. 

8.4 Summary: Solution of the Standard Problem 

We have completed our solution of the standard problem posed in Chapter 3. The 

first step is to reduce the standard problem to a model-matching problem; state-space 

tools for this reduction are given in Section 4.5. In the single-input, single-output case 

the model-matching problem is relatively easy to solve (Section 6.2). In the multi-input, 

multi-output case the model-matching problem is reduced to the Nehari problem (Section 

8. i). Finally, the Nehari problem is solved in Section 8.3. 
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Notes and References 

The first multivariable H~ problem to be solved was the disturbance attenuation 

problem (equivalently, the weighted sensitivity problem): Chang and Pearson (1984) 

used matrix interpolation theory, Francis, Helton, and Zames (1984) used the geometric 

Ball-Helton theory, and Safonov and Verma (1985) used operator theory. 

The approach of Section 1, called T-iteration, is due to Doyle (1984); Francis (1983) 

independently developed a similar approach for the case T3 =L A detailed treatment of 

T-iteration is contained in Chu, Doyle, and Lee (1986). 

For a comprehensive treatment of Krein spaces see Bognar (1974). The approach in 

Section 3 to the Nehari problem is due to Ball and Helton (1983) and Ball and Ran 

(1986); the proofs are modifications of those in Francis et al. (1984). An alternative 

state-space approach to the Nehari problem (which inspired the work of Ball and Ran) is 

that of Glover (1984). 

An alternative approach to the model-matching problem is that of Kwakernaak 

(1985, 1986). 

In the scalar-valued model-matching problem the value of c~ can be computed 

directly: it's the norm of a certain Hankel operator. The method presented in this chapter 

for computing o~ in the matrix-valued case is iterative: o~ isn't equal to the norm of a 

Hankel operator except in the very special case where T2 and T3 are both square and 

nonsingular. Feintuch and Francis (1986) showed that 0t equals the norm of a certain 

(non-Hankel) operator. An alternative formula has been derived by Young (1986b). 

This latter formula is simple enough to state here. Define two subspaces X and Y of L2, 

X := T~ I Hz 

:= {f~ L2 : T3f~ H2 } 

Y := orthogonal complement of T 2 H 2 in L 2 . 

Now define the operator E from X to Y as follows: 

F.f := orthogonal projection of T I f  onto Y, f~  X. 

Then Young's formula is cz= tl~ll. Along these lines, an alternative approach to comput- 

ing ¢x is that of Jonckheere and Juang (1986). 
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PERFORMANCE BOUNDS 

For some simple examples of the standard problem it's possible to obtain useful 

bounds on achievable performance, sometimes even to characterize achievable perfor- 

mance exactly. This brief chapter presents three illustrative examples. 

Figure 1 shows a feedback system with a disturbance signal w referred to the output 

of the plant P. As usual, P is strictly proper and K is proper. The transfer matrix from w 

to y is the sensitivity matrix S := ( I - P K )  -1 . 

Suppose first that the spectrum of w is confined to a pre-specified interval of fre- 

quencies [0,601], 601 >0. Then the problem of attenuating the effect of  w on the output y 

of the plant is equivalent to that of making ItS (j0~)ll uniformly small on the interval 

[0,601]. As in Section 6.3 introduce the characteristic function 

Z(j'co) := 1 if 1 60 1 <601 

:=0 i f  1601 >ml • 

Then the maximum value of IIS (j60)11 over the interval [0,601] equals the L~-norm of zS. 

It may happen that as we try to make IIzSII~ smaller and smaller, the global bound IISII** 

becomes larger and larger. This is unpleasant because a large value of IISII~. means the 

system has poor stability margin. Think of the scalar-valued case: if IISllo. is large, then 

I 1 - (PK) ( jo3 )  1 is small at some frequency, i.e. the Nyquist plot of P K  passes near the 

critical point s =1. 

The first result says that if P is minimum phase (in a certain sense), then IIxSII~ can 

be made as small as desired while IISII,~ is simultaneously maintained tess than any bound 

5. Of course, ~ must be greater than 1 since ItSII~>_I for every stabilizing K. 
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Figure 9.1. Disturbance rejection 
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Theorem 1. If P has a right-inverse which is analytic in Re s_>0, then for every e>0 and 

5> 1 there exists a stabilizing K such that 

II~SII~ < E, IISII.~ < 5. 

Proof. The idea is to approximately invert P over the frequency range [0, coil while rol- 

ling off fast enough at higher frequencies. The first step is to parametrize all stabilizing 

K's as in Section 4.4. Bring in a doubly-coprime factorization of P: 

e =NM -1 =MI-1N (1) 

Then the formula for K is (Theorem 4.4.1) 

K = (Y-MQ)(X -NQ )-1 (3) 

Q~ RHoo. 

With these two representations of P and K and using (2) we get 

S = (X-NQ)Ai .  (4) 

Now fix ~>0 and 5> 1. Choose c >0 so small that 

cI[X?~/II,, < min(e, 5) (5) 

(l+c) 2 < 5. (6) 

It follows from (2) that 

X/~/-NY =1.  

Since P is strictly proper, so is N. Hence 

X (~)M (~,) = I ,  

so that 

iLY(oo)~t(~)fl = 1. 

Since ItX(jco)/~(jco)ll is a continuous function of co, it's possible to choose co2>col such 
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( 
Figure 9.2. For proof of Theorem 1 
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that 

ltx qo~)~(jto),_< 1+ c,  o~_~. 
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(7) 

IlxSII~, _< IIx2SII~ since 032:>031 

= IIx2(I-V)X~/II~ 

< IIX2(1-V)IIJXMII~ 

Thus 

Bring in another characteristic function, 

z2fj0~):=I, Io~1---c02 

:=0, Io~1>o~2, 

so that (7) is equivalent to 

II(1-Z2~Jl~/ll~ < 1 + c .  (8) 

The assumption on P implies that N has a right-inverse, say Nri, which is stable (but 

not proper). Choose a scalar-valued function V in RH~ with the following three proper- 

ties: 

VNri is proper 

IIz2(1-V)II~ <c (9) 

Ill-VII** <_ 1 + c .  (10) 

The idea behind the choice of V can be explained by the picture of the complex plane in 

Figure 2. The Nyquist plot of V should lie in the smaller disk up to frequency o~ (ine- 

quality (9)), and in the larger disk thereafter (inequality (10)). In addition, V should roll 

off fast enough so that VNri is proper. 

Finally, take Q to be 

Q := VNri X . 

Substitution into (4) gives 

S =(X-VNNriX)~I 

= (1-V)X~I. 
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and 

< c IIX37/11~, from (9) 

< min(e, 8) from (5) 

II(1-x2)Slloo = 11(1-X2)(1-V)XMtG 

< 111-VILo 11(1-•2 )X/I) llo, 

<( l+c)  2 from (8) and (10) 

< 8 from (6). 

The two inequalities 

11)~2SIIoo < 

II(1-x2)SIG < 8 

imply IISIIo~<5. [] 

On the other hand, i fP  has a zero in the right half-plane, then IISII~ must necessarily 

increase without limit if IIxSII~, tends to zero. This might be described as the "waterbed 

effect". 

Theorem 2. Assume there is a point So in Res >0 such that the rank of P (So) is less 

than the number of  its rows. Then there exists a positive real number a such that for 

every stabilizing K 

tlxStLottStlL_> i .  

Proof. We continue with the notation of the previous proof. Fix some stabilizing K. 

Then S must have the form 

S = (X-NO)~I.  (4bis) 

By assumption, there is a point So in Res >0 and a nonzero complex vector x such that 

x*P(so)=O. (11) 

Scale x so that x*x =1. 
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It is claimed that 

x*S (So) =x*.  (12) 

To see this, first get from (2) that 

)IT/X -2~T =I .  

Pre-multiply by 3) -1 , post-multiply by A4, and use (1) to get 

X&I -PY~I  =I . 

Therefore from (11) 

x*X (so)~t (so)=x* (13) 

Similarly, (11) also implies that 

x*N(so)=O. (14) 

Then (13) and (14) imply (12). 

Map the right half-plane onto the unit disk via the mapping 

S o - - S  
S ----) Z = " - -  

¥o+s 

So--~oZ 
Z.--->S = ~  

l+z 

The point S=So is mapped to the origin, z=0, and the interval [0,jcol] is mapped onto an 

a r c  

{e j° :01<0-<02 }. (15) 

Let ~) be the angle subtended by this arc, i.e. ~)= 102-01 I, and define 

R (z) :=S [(So--SoZ)/(l+z)]. (16) 

Then R is rational and analytic in the closed unit disk. Moreover 

max{llR (eJ°)ll:01 <0-<02 } = IIxSIL. (17) 

and 

max{llR (eJ°)ll:0_<0<_2x} = IISII~,. (18) 
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Now let n be any integer greater than 2~/~ and define 

T (z) :=R (z)R (zeJ2~n)...R (zeJ2~"-l~/"). (19) 

Then T is rational and analytic in the closed unit disk. Since the angle 2rc/n is less than d~, 

at least one of  the n points 

ze j2r~kln , k----O ..... n - i  

lies in the arc (15) for each z on the unit circle. Thus from (19) 

c := max{ liT (e j0)11:0<_0<_27~ } 

< [max{ IIR (eJO)ll:0_<0_<2n }],,-1 

× [max{ IIR (eJ°)ll:01 <0_<02 }], 

or from (17) and (18) 

c < llSllallzSII.,, (20) 

where a :=n -1 .  Notice that n depends only on 4, which in turn depends only on So and 

co 1 . Thus a is independent of  K. It remains to show that c_>l. 

Now (12) and (16) imply 

x*R (0) = x *. 

This and (19) yield 

x*T(O)=x . 

Thus 

x*T(O)x =x*x = 1. (21) 

But x*T(z)x  is analytic in the closed unit disk. So (21) and the maximum modulus 

theorem imply that 

Ix*T(eJ%)xl > 1 (22) 

for some 0o. Now 

c 2 =max max y*T(eJ°)T(eJ°)*y 
o y'y=l 

>x*T(eJ°°)T(eJ°°)*x.  (23) 

Define the vector 
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Then 

Xo :=T(eJ%)*x. 

1 <_ lxox I from (22) 

<_ (x;x o ) l'2 (x*x ) 

= (x;xo) 1:2 

<c from (23). [] 

For the third result consider, again with respect to Figure 1, the problem of attenuat- 

ing the effect of w (no longer restricted to be bandlimited) on the control signal u; that is, 

the problem is to achieve feedback stability by a controller which limits as much as pos- 

sible the control effort. The transfer matrix from w to u equals KS, so the objective is to 

minimize IIKSII... The case where P is stable is trivial: an optimal K is K=0. So we sup- 

pose P is not stable. For technical reasons it is assumed that P has no poles on the ima- 

ginary axis; thus P belongs to RLo. but not RIL..  

Bring in Fp, the Hankel operator with symbol P. Let Omi~(Fv) denote its smallest 

singular value, i.e. the square root of the smallest nonzero eigenvalue of F~,Fp. This 

number can be easily computed via Theorem 5.1.3. 

Theorem 3. If  P belongs to RLo. but not RH~,  then the minimum value of IIKSII.. over 

all stabilizing K's equals the reciprocaI of Crain(Fe). 

Proof. The proof is an interesting application of operator theory; some of the details are 

left as exercises. 

Again, we continue with the notation introduced in the proof of  Theorem 1. From 

(1) and (2) we have 

p =NM -1 

J2M - f'N = I ,  

so that 

 -Pp = M  - t  " 



138 Ch. 9 

Thus M -1E RL... It follows from Theorem 7.4.1 that M has an inner-outer factorization: 

M =MiMo, 

Mi inner, 

Mo,M o 1 ~ RHo.. 

Thus P = (NM~o 1)M71. Hence we may as well assume from the start that M is inner; simi- 

larly that M is co-inner. 

From (3) and (4) we have 

KS = ( Y - M Q  )~/I . 

Hence the minimum value of ILKSII~. over all stabilizing K's equals 

rain{ II(Y-MQ)~IIIo.:Q¢ RH~ } 

= min { IIY-MQ IIoo:Q ~ RH~  } 

= dist(M -1 Y, RIt~) 

= dist(M -1 Y, H.,) by Lemma 8.1.3 

= IIFRII by Nehari's theorem, 

where 

R := M-I y .  (24) 

So proving the theorem is equivalent to showing that 

l ip  R 1[--- [(3~min(Fp)] -1 . (25)  

It would simplify matters if the two Hankel operators in (25) were surjective, but 

they're not: they're finite rank (Theorem 5.1.1). To make them surjective, we'll restrict 

their co-domains. 

The image of Fp is 1-I1PH 2. This subspace of H~- is finite-dimensional, hence 

closed. Let's redefine F e to be 

Fp:H 2 ---~ HIPH 2 

F p f  := Il  1Pf. 

Now P =NM -1 and M -1 is the symbol of the Hankel operator 
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FM-~ :H 2 --) IIIM-1 H2 . 

Introduce a new operator, 

~N :1-[1M -1 H2 ----) rIIPH2 

f ~ N f  := 1-I1Nf . 

Exercise 1. Verify that 

r p  = n N r u - ,  . 

It follows from (2) that MY=Y/17/. Thus R=P~/-1. 

Exercise 2. Use the fact that M is inner to prove 

rM-, r~-, = ~  

Similarly 

r ~  ' r~t- '  = I .  

It follows from (2) that 

x ~ - / @  =i 

f(M-~=I. 
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(26) 

(27) 

(28) 

Exercise 3. Use these two equations to prove 

These two equations imply that 

=(aNON) . 

From (26) and (27) we have 

$ * 

r e r e  = ~ N ~ ; ¢ .  

Similarly 

(29) 

(3O) 
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Thus 

rRr~ =a~a}. 
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(31) 

, r R r ~ ,  = , n ~ f ~  ~,, from (31) 

= II(a~flN) -111 from (29) 

= i l ( a N ~ , )  -I II 

= i l (r~r~)  -111 from (30). 

This proves (25) since the largest eigenvalue of (FpF~) -1 equals the reciprocal of the 

smallest eigenvalue of Fpr~.  [] 

Example 1. 

The simplest possible example to illustrate Theorem 3 is 

1 
P ( s ) =  

s -1  

Then 

~min (Fp) = IlrpII = 1/2. 

Let's stabilize with a constant controller, K (s)=-k. Then 

s -1  
(KS)(s)=-k 

s+k-1 

Clearly K stabilizes P iff k > 1. We compute that 

tlKSIt~ =k i f k ~  

k 
= i f l < k < 2 .  

k-1  

Thus IIKSII~. is minimized by the gain k=2. 

Notes and References 

The idea of Theorem 1 is due to Bensoussan and Zames: Bensoussan (1984) proved 

the theorem in the scalar-valued case with P stable, and Zarnes and Bensoussan (1983) 

proved a result like Theorem 1 but where P was assumed to be diagonally dominant at 

high frequency and K was required to be diagonal. The proof given here is from Francis 
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(1983). Theorem 2 is the multivariable generalization of a result of Francis and Zames 

(1984). Theorem 3 is due independently to Glover (1986), whose proof uses state-space 

methods, in contrast to the operator-theoretic one here, and to Verma (1985). Actually, 

their result pertains to the mathematically equivalent problem of robust stabilization: the 

largest radius of plant uncertainty for robust stabilizability equals the reciprocal of the 

smallest Hankel singular value of the nominal plant. 

For other results on achievable performance see, for example, Boyd and Desoer 

(1984), Freudenberg and Looze (1985), and O'Young and Francis (1985, 1986). 
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