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PREFACE TO THE SEVENTH EDITION

It gives us great pleasure and satisfaction to present this thoroughly revised and enlarged
edition before the readers. An attempt has been made to correct all errors and omissions. While
revising the book, due consideration has been given to the valuable suggestions made by the
students and teachers of the subject. Almost every chapter has been updated by adding to/
replacing the material in the previous edition. The chapter on Statistical Quality Control has
been thoroughly revised. Many new exercises from the latest examination papers of various
Indian Universities/Engineering. Institutions have been included. The book now covers question
papers up to 2013 examinations.

We are indebted to the publishers, S. Chand & Company Pvt. Ltd., New Delhi for their
sincere efforts, unfailing courtsey and cooperation in bringing out the book in this elegant form.

We hope the readers will find this book even more valuable and interesting than its earlier
versions. Any constructive suggestions for further improvement of the book will be highly
appreciated and thankfully acknowledged.

Er. Prem Kumar Gupta
Dr. D.S. Hira

Disclaimer : While the authors of this book have made every effort to avoid any mistakes or omission and have used their skill,
expertise and knowledge to the best of their capacity to provide accurate and updated information, the authors and S. Chand
do not give any representation or warranty with respect to the accuracy or completeness of the contents of this publication and
are selling this publication on the condition and understanding that they shall not be made liable in any manner whatsoever.
S.Chand and the authors expressly disclaim all and any liability/responsibility to any person, whether a purchaser or reader
of this publication or not, in respect of anything and everything forming part of the contents of this publication. S. Chand shall
not be responsible for any errors, omissions or damages arising out of the use of the information contained in this publication.
Further, the appearance of the personal name, location, place and incidence, if any; in the illustrations used herein is purely
coincidental and work of imagination. Thus the same should in no manner be termed as defamatory to any individual.

(iii)
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PREFACE TO THE FIRST EDITION

For more than thirty years, a new branch of science called Operations Research has been
fast developing. The essence of Operations Research are models which help us arrive at optimum
decisions. It is these models which constitute the subject matter of this book.

While writing on Operations Research a particular problem may be approached in many
different ways. Thus, the exposition may be intended for mathematicians, economists, engineers,
sociologists, etc. This book is written primarily for engineering graduates.

This book is simply an introduction to the vast subject of Operations Research. Efforts have
been made to simplify the technical material without distorting it. The book does not require a
high level of mathematical knowledge on the part of the reader. An elementary knowledge of
differential and integral calculus is all that is required to understand the subject.

Each chapter begins with a number of important and interesting examples taken from a
variety of fields. Almost every problem presents a new idea. The authors feel that knowing the
various fields in which a model can help, the reader will gather more interest and incentive to
know its theoretical and mathematical background and method of application. Additional examples
at the end of each chapter are provided to test the reader’s understanding of the subject matter.

Every effort has been made to present the subject in a easy, clear, lucid and systematic
manner. References at the end of each chapter are given to cover more advanced extension of the
topics presented.

The authors express their deep gratitude and thanks to Shri T.K. Kundra, Design Engineer,
ID.D.C,, IL.T,, New Delhi for his inspiration, valuable suggestions, guidance and help every
moment they sought.

The authors also deeply appreciate Shri Pritam Singh and Shri Bau Singh for the time,
effort, excellent work and most of all, patience in typing the manuscript and preparing tracings
respectively.

Suggestions for further improvement of the book will be gratefully accepted.

Er. Prem Kumar Gupta
Dr. D.S. Hira

)
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CHAPTE Basics of Operations Research

The main purpose of this book is to provide the reader with basic concepts of operations
research (abbreviated to OR). The subject is so vast that in any introductory text, such as this, the
discussion of various topics has got to be limited. Complete volumes have been written on some of
the topics discussed here. Attempt has been made to present a variety of material within a limited
structure. References are indicated at the end to provide the reader with exhaustive treatment of
the different topics.

This chapter provides an overall view of the subject of operations research. It covers some
general ideas on the subject, thus providing a perspective. The remaining chapters deal with specific
ideas and specific methods of solving OR problems.

1.1 DEVELOPMENT OF OPERATIONS RESEARCH

(i) Pre-World War II: No science has ever been born on a specific day. Operations research
1s no exception. Its roots are as old as science and society. Though the roots of OR extend to even
early 1800s, it was in 1885 when Ferderick W. Taylor emphasised the application of scientific
analysis to methods of production, that the real start took place. Taylor conducted experiments in
connection with a simple shovel. His aim was to find that weight load of ore moved by shovel
which would result in maximum of ore moved with minimum of fatigue. After many experiments
with varying weights, he obtained the optimum weight load, which though much lighter than that
commonly used, provided maximum movement of ore during a day. For a “first-class man” the
proper load turned out to be 20 pounds. Since the density of ores differs greatly, a shovel was
designed for each ore so as to assume the proper weight when the shovel was correctly filled.
Productivity rose substantially after this change.

Another man of early scientific management era was Henry L. Gantt. Most job-scheduling
methods at that time were rather haphazard. A job, for instance, may be processed on a machine
without trouble but then wait for days for acceptance by the next machine. Gantt mapped
each job from machine to machine, minimizing every delay. Now, with the Gantt procedure
it 1s possible to plan machine loadings months in advance and still quote delivery dates
accurately.

In 1917, AK. Erlang, a Danish mathematician, published his work on the problem of
congestion of telephone traffic. The difficulty was that during busy periods, telephone operators
were unable to handle the calls the moment they were made, resulting in delayed calls. A few years
after its appearance, his work was accepted by the British Post Office as the basis for calculating
circuit facilities. The formulae he developed on waiting time are of fundamental importance to
the theory of telephone traffic.

The well-known economic lot size model is attributed to F.W. Harris, who published his
work on the area of inventory control in 1915.
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During the 1930s, H.C. Levinson, an American astronomer, applied scientific analysis to
the problems of merchandising. His work included scientific study of customers’ buying habits,
response to advertising and relation of environment to the type of article sold.

However, it was the First Industrial Revolution which contributed mainly towards the
development of OR. Before this revolution, most of the industries were small scale, employing only
a handful of men. The advent of machine tools — the replacement of man by machine as a source
of power and improved means of transportation and communication resulted in fast flourishing
industry. It became increasingly difficult for a single man to perform all the managerial functions
(or planning, sale, purchase, production, etc.). Consequently, a division of management function
took place. Managers of production, marketing, finance, personnel, research and development etc.,
began to appear. With further industrial growth, further subdivisions of management functions took
place. For example, production department was sub-divided into sections like maintenance, quality
control, procurement, production planning, etc.

This industrial development, brought with it, a new type of problems called executive-type
problems. These problems are a direct consequence of functional division of labour in an organization.
In an organization, each functional unit (department or section) performs a part of the whole job
and for its successful working, develops its own objectives. These objectives, though in the best
interest of the individual department, may not be in the best interest of the organization as a whole.
In fact, these objectives of individual departments may be inconsistent and clashing with each other.
Consider, for example, the attitudes of the various departments of a business organization towards
the inventory policy. The production department wants to have maximum production, associated
with the lowest possible cost. This can be achieved by producing only one item continuously.
Thus it is interested in long, uninterrupted production runs, because such runs minimise set-up
and clean-up costs. Thus it prefers to have a large inventory in relatively few product lines.

The marketing department also wants a large but diverse inventory so that a customer may be
provided immediate delivery over a wide variety of products. It would also like to have a flexible
production policy so as to meet special demands at a short notice.

The finance department wants to minimize inventory so as to minimize the unproductive
capital investments ‘tied up’ in it. Funds could be used elsewhere for better returns. It also believes
that inventories should rise and fall with rise and fall in company’s sales.

The personnel department wants to hire good labour and to retain it. This is possible only
when goods are produced continuously for inventory during slack periods also. In other words, it
1s interested in maintaining a constant production level, resulting in large inventory.

To set an inventory policy which serves the interest of the organization as a whole and not
that of any individual department is an executive-type problem, which can be satisfactorily solved
by the application of OR techniques. The decision which is in the best interest of the organization
as a whole is called optimal (optimum or global optimum) decision and the one in the best interest
of an individual department is called sub-optimal decision.

(i) World War II: During World War II, the military management in England called on a
team of scientists to study the strategic and tactical problems of air and land defence. This team
was under the direction of Professor PM.S. Blackett of Univ. of Manchester and a former naval
officer. “Blackett’s circus”, as the group was called, included three physiologists, two mathematical
physicists, one astrophysicist, one army officer, one surveyor, one general physicist and two
mathematicians. Many of these problems were of executive-type. The objective was to find out
the most effective allocation of limited military resources to the various military operations and to
the activities within each operation. The application included the effective use of newly invented
radar, allocation of British Air Force Planes to missions and the determination of best patterns for
searching submarines. This group of scientists formed the first OR team.
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The name operations research (or operational research) was apparently coined in 1940
because the team was carrying out research on (military) operations. The encouraging results of
these efforts led to the formation of more such teams in British Armed Services and the use of
such scientific teams soon spread to Western Allies — the United States, Canada and France.
Thus though this science of operations research originated in England, the United States soon took
the lead. In United States these OR teams helped in developing strategies for mining operations,
inventing new flight patterns and planning of sea mines.

(iii) Post-World War II: Immediately after the war, the success of military teams attracted the
attention of industrial managers who were seeking solutions to their problems. Industrial operations
research in UK. and U.S.A. developed along different lines. In U.K. the critical economic situation
required drastic increase in production efficiency and creation of new markets. Nationalisation of
a few key industries further increased the potential field for OR. Consequently OR soon spread
from military to government, industrial, social and economic planning.

In U.S.A. the situation was different. Impressed by its dramatic success in U K., defence
operations research in U.S.A. was increased. Most of the war-experienced OR workers remained
in military services. Industrial executives did not call for much help because they were returning
to the peace-time situation and many of them believed that it was merely a new application of an
old technique. Operations research has been known by a variety of names in that country such as
operational analysis, operations evaluation, systems analysis, systems evaluation, systems research,
decision analysis, quantitative analysis, decision science and management science.

The progress of industrial operations research in U.S.A. was due to the advent of Second
Industrial Revolution which resulted in automation — the replacement of man by machine as a
source of control. The new revolution began around 1940s when electronic computers became
commercially available. These electronic brains possessed tremendous computational speed
and information storage. But for these digital computers, operations research with its complex
computational problems could not have achieved its promising place in all kinds of operational
environments.

In 1950, OR was introduced as a subject for academic study in American Universities.
They were generally schools of engineering, public administration, business management,
applied mathematics, economics, computer science, etc. Since then this subject has been gaining
ever increasing importance for the students of Mathematics, Statistics, Commerce, Economics,
Management and Engineering. To increase the impact of operations research, the Operations
Research Society of America (ORSA) was formed in 1950. In 1953, the Institute of Management
Sciences (IMS) was established. Other countries followed suit and in 1959 International Federation
of OR Societies was established and in many countries International Journals on OR began to
appear. Some of them (in English) are:

1. Operations Research, 2. Opsearch, 3. Operational Research Quarterly, 4. Management
Science, 5. Transportation Science, 6. Mathematics of Operations Research, 7. International Journal
of Game Theory, 8. Decision Science, etc.

Today, the impact of operations research can be felt in many areas. This is shown by the
ever increasing number of educational institutions offering this subject at degree level. The fast
increasing number of management consulting firms speaks of the pouplarity of the subject. Of late,
OR activities have spread to diverse fields such as hospitals, libraries, city planning, transportation
systems, crime investigation, energy conservation, environmental pollution, etc. Some of the Indian
organisations using OR techniques are: Indian Airlines, Railways, Defence Organizations, Fertilizer
Corporation of India, Delhi Cloth Mills, Tata Iron and Steel Co., etc.
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Operations Research in India

In India, operations research came into existence with the opening of an OR unit in 1949
at the Regional Research Laboratory in Hyderabad. At the same time another OR unit was set up
at the then Defence Science Laboratory to tackle the problems of stores, purchase and weapon
evaluation. An OR unit under Professor P.C. Mahalonobis was established in 1953 in the Indian
Statistical Institute, Kolkata to apply OR methods in national planning and survey. Operations
Research Society of India (ORSI) was formed in 1957 and its first conference was held in Delhi in
1959. It was felt that there existed the need of producing well-trained operations researchers who
could tackle practical problems. It was also decided to bring out a journal on operations research,
the first volume of which came out in 1963 with the name ‘Opsearch’. Some other Indian journals
promoting the cause of operations research are ‘Industrial Engineering and Management’, ‘Materials
Management Journal of India’, ‘Defence Science Journal’, ‘Journal of the Indian Society of Statistics
and Operations Research’ (ISSOR), ‘Pure and Applied Mathematika Sciences’ (PAMS), etc.

Professor Mahalonobis made the first important application of OR in India in preparing the
draft of the Second Five Year Plan. The Draft Plan frame is still the most scientifically formulated
plan bearing programmes of massive economic development of India. It was estimated that India
could become self-sufficient in food merely by reducing its wastage by 15%.

For academic studies, the first M.Sc. Course on OR was started by Delhi University in
1963. At the same time, Indian Institutes of Management at Kolkata and Ahmedabad introduced
OR in their MBA courses. At present, this subject has been introduced in almost all Institutes and
Universities for the students of Mathematics, Statistics, Commerce, Economics, Management and
Engineering. Realising the importance of OR in Accounts and Administration, the government has
introduced this subject for CA, ICWA and IAS examinations.

In the Industrial Sector, organised industries in India are becoming conscious of the role
of operations research and a good number of them have well-trained OR teams. Some of Indian
organisations, using OR techniques are: Indian Airlines, Railways, Defence Organisations, Fertiliser
Corporation of India, Hindustan Steel Ltd., Tata Iron and Steel Co., TELCO, DCM, CSIR, STC,
BHEL, SAIL, ONGC, etc. Assignment models have been used by Kirloskar company for allocation
of their salesmen to different areas so as to maximize the profit. The company has also used linear
programming models to assemble various diesel engines at the lowest possible cost. D.C.M.,
Calico and Binnys’ have been using linear programming techniques for cotton blending. Many
organisations are making use of PERT/CPM techniques for effective management and control
of their construction projects. A number of organisations are utilising OR techniques for solving
problems relating to staffing, production planning, blending, product mix, maintenance, inspection,
advertising, capital budgeting, investment and the like.

1.2 DEFINITION OF OPERATIONS RESEARCH

Operations research, rather simply defined, is the research of operations. An operation may
be called a set of acts required for the achievement of a desired outcome. Such complex, inter-
related acts can be performed by four types of systems: Man, Machine, Man-Machine unit and
any organisation of men, machines, and man-machine units. OR is concerned with the operations
of the last type of system.

Many definitions of OR have been suggested from time to time. On the other hand are
put forward a number of arguments as to why it cannot be defined. Perhaps the subject has
too wide scope of applications to be defined in a precise manner. Also it is not easy to define
operations research as it is not a science representing any well-defined social, biological or physical
phenomenon. Some of the different definitions suggested are:

(1) OR is a scientific method of providing executive departments with a quantitative basis

for decisions regarding the operations under their control. —Morse & Kimball
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(2) OR, in the most general sense, can be characterised as the application of scientific
methods, tools and techniques to problems involving the operations of systems so as to
provide those in control of the operations with optimum solutions to the problems.

—Churchman, Ackoff, Arnoff

(3) Operations research is applied decision theory. It uses any scientific, mathematical or
logical means to attempt to cope with the problems that confront the executive when he
tries to achieve a thorough going rationality in dealing with his decision problems.

—Miller and Starr

(4) Operations research is a scientific approach to problem solving for executive

management. —H M.Wagner
(5) Operations research is the art of giving bad answers to problems, to which, otherwise,
worse answers are given. —Thomas L. Saaty

(6) Operations research is the art of winning wars without actually fighting them.
—Auther Clark
(7) Operations research is an aid for the executive in making his decisions by providing him
with the needed quantitative information based on the scientific method of analysis.
—C Kittel
(8) Operations research is the systematic, method-oriented study of the basic structure,
characteristics, functions and relationships of an organization to provide the executive
with a sound, scientific and quantitative basis for decision-making.
—E.L. Amoff & M.J. Netzorg
(9) Operations research is the application of scientific methods to problems arising from
operations involving integrated systems of men, machines and materials. It normally
utilizes the knowkedge and skill of an interdisciplinary research team to provide the
managers of such systems with optimum operating solutions. —Fabrycky & Torgersen
(10) Operations research is an experimental and applied science devoted to observing,
understanding and predicting the behaviour of purposeful man-machine systems; and
operations research workers are actively engaged in applying this knowledge to practical
problems in business, government and society.
—Operations Research Society of America
(11) Operations research is the application of scientific method by interdisciplinary teams to
problems involving the control of organized (man-machine) systems so as to provide
solutions which best serve the purpose of the organization as a whole.
—Ackoff & Sasieni

(12) Operations research utilizes the planned approach (updated scientific method) and
an interdisciplinary team in order to represent complex functional relationships as
mathematical models for the purpose of providing a quantitative basis fo decision-
making and uncovering new problems for quantitative analysis.

—Thierauf & Klekamp
The most comprehensive and modem definition of operations research can be summarised
as below:

(13) O.R. is the application of modern methods of mathematical science to complex problems
involving management of large systems of men, machines, materials and money in
industry, business, government and defence. The distinctive approach is to develop a
scientific model of the system incorporating measurement of factors such as chance
and risk to predict and compare the outcomes of alternative decisions, strategies or
controls. —J.O.R. Society, UK.
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It may be noted that most of the above definitions are not satisfactory because of the
following reasons:
(i) They have been suggested at different times of development of operations research and

hence emphasize only its one or the other aspect.

(i) The interdisciplinary approach which is an important characteristic of operations research
1s not included in most of its definitions.

(i) It is not easy to define operations research precisely as it is not a science repesenting
any well-defined social, biological or physical phenomenon.

1.3 CHARACTERISTICS OF OPERATIONS RESEARCH

The various definitions of operations research presented in section 1.2 bring out the essential
characteristics of operations research. They are
(@) its system (or executive) orientation,
(i) the use of interdisciplinary teams,
(iii) application of scientific method,
(iv) uncovering of new problems,
(v) improvement in the quality of decisions,
(vi) use of computer,
(vii) quantitative solutions, and
(viii) human factors.
Let us consider each of these in some detail.

1.3-1 System (or Executive) Orientation of OR

One of the most important characteristics of OR study is its concern with problems as a
whole or its system orientation. This means that an activity by any part of an organization has
some effect on the activity of every other part. The optimum operation of one part of a system
may not be the optimum operation for some other part. Therefore, to evaluate any decision, one
must identify all possible interactions and determine their impact on the organization as a whole.

Many problems that appear simple on the surface may not be really so. Take, for example,
the inventory policy of an organization, already considered in section 1.1. Production department
1s interested in long, uninterrupted production runs since they reduce the set-up and clean-up costs.
To solve the porblem with this viewpoint is simple. However, these long runs will result in large
raw material, in-process and finished product inventories in relatively few product lines. This will
result in bitter conflict with finance, marketing and personnel departments. As already discussed
finance department wants to have the minimum possible inventory;, marketing department, a large
but diversified inventory, while personnel department wants continuous production during slack
periods also, resulting in large inventories.

In view of the above difficulties, it is necessary that the problem be analysed with painstaking
care and all parts of the organization affected be thoroughly examined. When all factors affecting
the system (organization) are known, a mathematical model can be prepared. A solution to this
model will optimize the profits to the system as a whole. Such a solution is called an optimal
(optimum or global optimum) solution.

1.3-2 The Use of Interdisciplinary Teams

The second characteristic of OR study is that it is performed by a team of scientists whose
individual members have been drawn from different scientific and engineering disciplines. For
example, one may find a mathematician, statistician, physicist, psychologist, economist and an
engineer working together on an OR problem.

It has been recognised beyond doubt that people from different disciplines can produce more
unique solutions with greater probability of success, than could be expected from the same number
of persons from a single discipline. For example, when confronted with the problem of increasing
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production in a plant, the personnel psychologist will try to select better workers or improve their
training; the mechanical engineer will try to improve the machines; the industrial engineer will
try to simplify the operations or offer incentives, while the systems analyst will try to improve
the flow of information through the plant. Thus the OR team can look at the problem from many
different angles in order to determine which one (or which combination) of approaches is the best.

Another reason for the existence of OR teams is that knowledge is increasing at a very fast
rate. No single person can collect all the useful scientific information from all disciplines. Different
members of the OR team bring the latest scientific know-how in different disciplines to analyse
the problem and help in providing better results.

1.3-3 Application of Scientific Method

The third distinguishing feature of OR is the use of scientific method to solve the problem
under study. Most scientific research, such as chemistry and physics can be carried out well in
the laboratories, under controlled conditions, without much interference from the outside world.
However, the same is not true for the systems under study by OR teams. For example, no company
can risk its failure in order to conduct a successful experiment. Though, experimentation on
sub-systems is sometimes resorted to, by and large, a research approach that does not involve
experimentation on the total system is preferred.

An operations research worker is in the same position as the astronomer, since the latter can
observe the system that he studies, but cannot manipulate it. Therefore, he constructs representations
of the systems and its operations (models) on which he conducts his research. An OR worker also
does the same. The construction of a model is described in section 1.12-2 and the reader may
refer it for further details.

1.3-4 Uncovering of New Problems

The fourth characteristic of operations research, which is often overlooked, is that solution of
an OR problem may uncover a number of new problems. Of course, all these uncovered problems
need not be solved at the same time. However, in order to derive maximum benefit, each one of
them must be solved. It must be remembered that OR is not effectively used if it is restricted to
one-shot problems only. In order to derive full benefits, continuity of research must be maintained.
Of course, the results of OR study pertaining to a particular problem need not wait until all the
connected problems are solved.

1.3-5 Improvement in the Quality of Decisions

OR gives bad answers to problems, to which, otherwise, worse answers are given. It implies
that by applying its scientific approach, it can only improve the quality of solution but it may not
be able to give perfect solution.

1.3-6 Use of Computer

Another characteristic of OR is that it often requires a computer to solve the complex
mathematical model or to manipulate a large amount of data or to perform a large number of
computations that are involved.

1.3-7 Quantitative Solutions

OR approach provides the management with a quantitative basis for decision-making. For
example it will give answer like, “the cost to the company, if decision A is taken 1s X; if decision
B is taken is Y, etc.”
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1.3-8 Human Factors

In deriving quantitative solutions we do not consider human factors, which doubtlessly
play a great role in the problems posed. Definitely an OR study is incomplete without a study of
human factors.

1.4 SCIENTIFIC METHOD IN OPERATIONS RESEARCH

The scientific method in operations research consists of the following three phases:
(i) the judgement phase,
(i) the research phase, and
(iii) the action phase.
Out of these, the research phase is the longest. However, the other two phases are also
equally important as they provide the basis of the research phase. We shall now consider these
phases in a little more detail.

1.4-1 The Judgement Phase

It consists of:

(a) Determination of the operation: An operation is a combination of different actions dealing
with resources (e.g., men and machines) which form a structure from which an action with regard
to broader objectives is attained. For example, the act of assembling an engine is an operation.
It consists of many actions which contribute towards the completed assembly. Any conceivable
operation will always be associated with problems of its successful completion.

(b) Determination of objectives and values associated with the operation: In the judgement
phase, due care must be given to define correctly the frame of references of the operation. Efforts
should be made to find the type of situation, e.g., manufacturing, engineering, tactical, strategic,
etc. The amount of risk involved, other areas affected by the solution, etc., must be determined.
Objectives and values, whether economic, social or aesthetic should be carefully determined so
as to have a clear approach to the solution of the problem. Further, one must determine the time
limits for finding the solution, degree of accuracy desired in the results as well as necessity of
feedback of the obtained information into the operation.

(¢) Determination of effectiveness measures: Effectiveness measure (or measure of
effectiveness) is a measure of success of a model in representing a problem and providing a
solution. It is the connecting link between the objectives and the analysis required for corrective
action. It tests the success of a solution and determines if there is need for improving the method
of attack or even of altering the solution. Measure of effectiveness may be expressed as ratio or
rate. For example, in traffic studies it may be expressed in terms of cars per hour, cars per accident
or delay per car; in bombing of ships it may be expressed as the number of hits per bomb, number
of ships sunk per bomb, etc. Effectiveness measure must be chosen properly, since an improper
choice may result in completely wrong conclusions about the problem.

(d) Formulation of the problem relative to the objectives: Since every operation is study
with problems, the operations analyst must determine the type of problem, its origin and causes.
Problems are of many types:

1. Remedial type with its origin in actual or threatened accidents, e.g., airplane crashes, job
performance hazards.

2. Optimization type, e.g., performing a job more efficiently.

3. Transference type consisting of applying the new advances, improvements and inventions
in one field to other fields. For example, use of isotopes in medicines on one hand (to
determine the rate of absorption of substances in certain parts of human body) and in
machinery on the other (for testing wearing qualities in automobile tyres).
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4. Prediction type, e.g., forecasting the problems associated with future developments and
inventions.

Before selecting a problem for investigation, careful thought must be given to find whether
the problem really exists. Hasty selection of problems often leads to wastage of time (devoted by
the analyst) and wrong results.

1.4-2 The Research Phase

It includes

(a) Observation and data collection for better understanding of the problem: Many a time,
actual observations by trained observers at the scene of operation may be difficult and dangerous
too. If time permits, operational experiments simulating the actual problem should be set up. Where
the information regarding the problem cannot be obtained, the analyst, with the incomplete data
at hand, should try to find the missing parts of the problem.

(b) Formulation of relevant hypotheses and models: Tentative explanations, when formulated
as propositions are called hypotheses. It is very important to state the hypothesis and its anticipated
consequences before starting its verification. The formulation of a good hypothesis depends upon
the sound knowledge of subject-matter. A hypothesis must provide an answer to the problem in
question. It must be capable of verification, otherwise, it may be refuted by empirical evidence.

An essential feature of OR is that it considers a problem as an entity rather than a collection
of disconnected sub-operations. Model is the device which treats the problem as a whole; it is
essentially a hypothesis. Formulation of models may be based on pure theoretical considerations
or on hypothesis derived from known facts and data. The time available for the development of a
model is an important factor. For instance, when urgent answers are needed, little will be gained
by developing elaborate models. Similarly, for rough estimates, a detailed development of model
is only a wastage.

(¢) Analysis of available information and verification of hypothesis: Most of the time that
a scientist spends in training is devoted to learning how to analyse and interpret information.
Qualitative as well as quantitative methods may be used for this purpose. For example, when it
1s required to find out work done by a force, a hypothesis is made. It is based on the knowledge
of mechanics, giving W = F x S, where S is the distance through which the point of application
of the force F moves.

A hypothesis need not be proved for every possibility in order to be acceptable. Sampling
methods are usually sufficient to verify it.

(d) Prediction and generalization of results and consideration of alternative methods: Once
a model has been verified, a theory is developed from the model to obtain a complete description
of the problem. This is done by studying the effects of changes in the parameters of the model.
The theory so developed may be used to extrapolate into the future.

Lastly, the analyst determines the alternative methods of solving the problem and recommends
a new research based on revised hypothesis. The advantages of this approach are obvious and need
little justification if economic and time factors do not stand in the way.

1.4-3 The Action Phase

The action phase consists of making recommendations for remedial action to those who
first posed the problem and who control the operations directly. These recommendations consist
of a clear statement of the assumptions made, scope and limitations of the information presented
about the situation, alternative courses of action, effects of each alternative as well as the preferred
course of action.
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A primary function of OR group is to provide an administrator with better understanding
of the implications of the decisions he makes. The scientific method supplements his ideas and
experiences and helps him to attain his goals more fully.

1.5 NECESSITY OF OPERATIONS RESEARCH IN INDUSTRY

After having studied as to what is operations research, we shall now try to answer as to why
study OR or what is its importance or why its need has been felt by the industry.

As already pointed out, science of OR came into existence in connection with the war
operations, to decide the strategy by which enemy could be harmed to the maximum possible
extent with the help of the available warfare. War situation required reliable decision-making. But
its need has been equally felt by the industry due to the following reasons:

(@) Complexity: In a big industry, the number of factors influencing a decision have
increased. Situation has become big and complex because these factors interact with each other
in complicated fashion. There is, thus, great uncertainty about the outcome of interaction of factors
like technological, environmental, competitive, etc. For instance, consider a factory production
schedule which has to take into account

(i) customer demand,

(i) requirements of raw materials,

(iii) equipment capacity and possibility of equipment failure, and

(iv) restrictions on manufacturing processes.

Evidently, it is not easy to prepare a schedule which is both economical and realistic. This
needs mathematical models, which, in addition to optimization, help to analyse the complex
situation. With such models, complex problems can be split up into simpler parts, each part can
be analysed separately and then the results can be synthesized to give insights into the problem.

(b) Scattered responsibility and authority: In a big industry, responsibility and authority of
decision-making is scattered throughout the organization and thus the organization, if it is not
conscious, may be following inconsistent goals. Mathematical quantification of OR overcomes
this difficulty also to a great extent.

(¢) Uncertainty: There is a great uncertainty about economic and general environment. With
economic growth, uncertainty is also increasing. This makes each decision costlier and time-
consuming. OR is, thus, quite essential from reliability point of view.

(d) Knowledge explosion: Knowledge is increasing at a very fast rate. Majority of the
industries are not up-to-date with the latest knowledge and are, therefore, at a disadvantage. OR
teams collect the latest information for analysis purposes which is quite useful for the industries.

1.6 SCOPE OF OPERATIONS RESEARCH

Having known the definition of OR, it is easy to visualize the scope of operations research.
When we broaden the scope of OR, we find that it has really been practised for hundreds of years
even before World War II. Whenever there i1s a problem of optimization, there is scope for the
application of OR. Its techniques have been used in a wide range of situations:

1.  In Industry

In the field of industrial management, there is of chain of problems starting from the purchase
of raw materials to the dispatch of finished goods. The management is interested in having an
overall view of the method of optimizing profits. In order to take decision on scientific basis, OR
team will have to consider various alternative methods of producing the goods and the return
in each case. OR study should also point out the possible changes in the overall structure like
installation of a new machine, introduction of more automation, etc. OR has been successfully
applied in industry in the fields of production, blending, product mix, inventory control, demand
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forecast, sale and purchase, transportation, repair and maintenance, scheduling and sequencing,
planning, scheduling and control of projects and scores of other associated areas.

2. In Defence

OR has a wide scope for application in defence operations. In modern warfare the defence
operations are carried out by a number of different agencies, namely airforce, army and navy. The
activities performed by each of them can be further divided into sub-activities viz. operations,
intelligence, administration, training and the like. There is thus a need to coordinate the various
activities involved in order to arrive at optimum strategy and to achieve consistent goals. Operations
research, conducted by team of experts from all the associated fields, can be quite helpful to achieve
the desired results.

3. Planning

In both developing and developed economies, OR approach is equally applicable. In
developing economies, there is a great scope of developing an OR approach towards planning. The
basic problem is to orient the planning so that there is maximum growth of per capita income in
the shortest possible time, by taking into consideration the national goals and restrictions imposed
by the country. The basic problem in most of the countries in Asia and Africa is to remove
poverty and hunger as quickly as possible. There is, therefore, a great scope for economists,
statisticians, administrators, technicians, politicians and agriculture experts working together to
solve this problem with an OR approach.

4. Agriculture

OR approach needs to be equally developed in agriculture sector on national or international
basis. With population explosion and consequent shortage of food, every country is facing the
problem of optimum allocation of land to various crops in accordance with climatic conditions
and available facilities. The problem of optimal distribution of water from the various water
resources 1s faced by each developing country and a good amount of scientific work can be done
in this direction.

5. Public Utilities

OR methods can also be applied in big hospitals to reduce waiting time of out-door patients
and to solve the administrative problems.

Monte Carlo methods can be applied in the area of transport to regulate train arrivals and
their running times. Queuing theory can be applied to minimize congestion and passengers’ waiting
time.

OR is directly applicable to business and society. For instance, it 1s increasingly being applied
in L.IC. offices to decide the premium rates of various policies. It has also been extensively used
in petroleum, paper, chemical, metal processing, aircraft, rubber, transport and distribution, mining
and textile industries.

OR approach is equally applicable to big and small organizations. For example, whenever a
departmental store faces a problem like employing additional sales girls, purchasing an additional
van, etc., techniques of OR can be applied to minimize cost and maximize benefit for each such
decision.

Thus we find that OR has a diversified and wide scope in the social, economic and industrial
problems of today.

1.7 OPERATIONS RESEARCH AND DECISION-MAKING

Operations research or management science, as the name suggests, is the science of managing.
As is known, management is most of the time making decisions. It is thus a decision science which
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helps management to make better decisions. Decision is, in fact, a pivotal word in managing. It is
not only the headache of management, rather all of us make decisions. We daily decide about minor
to major issues. We choose to be engineers, doctors, lawyers, managers, etc.— a vital decision
which is going to affect us throughout our lives. We choose to purchase at a particular shop—a
decision of relatively minor importance.

Decision-making can be improved and, in fact, there is a scope of large scale improvement.
The essential characteristics of all decisions are

(i) objectives,
(i) alternatives,
(iii) influencing factors (constraints).

Once these characteristics are known, one can think of improving the characteristics so as
to improve upon the decision itself.

Let us consider a situation in which a decision has been taken to see a particular movie and
the problem is to decide the conveyance. Three alternatives are available: rickshaw, autorickshaw
and a local bus.

In the first level of decision-making, autorickshaw is chosen as the mode of conveyance
just by intuition, i.e., it is decided at random. Evidently, it is a highly emotional and qualitative
way of decision-making.

In the second level of decision-making, the three conveyances are compared and it is decided
qualitatively that autorickshaw will be preferred since, though a little costlier, it is time-saving
and more comfortable.

In the third level of decision-making, the three alternatives are compared and it is suggested
that autorickshaw will be chosen, as it will be taking only 1/3rd time than an ordinary rickshaw
and shall be only 10% costlier while more comfortable. The local bus is rejected since it would
not reach the theatre in time at all.

Though outcome of all these decisions is the same, still we can judge the quality of each
decision. We may brand the first decision as ‘bad’ since it is highly emotional, while we may
call the second decision as ‘good’ since it is scientific though qualitative. The third decision is
doubtlessly the best as it is scientific and quantitative.

It 1s the scientific quantification used in OR, which helps management to make better
decisions. Thus in OR, the essential features of decisions, namely, objectives, alternatives and
influencing factors are expressed in terms of scientific quantifications or mathematical equations.
This gives rise to certain mathematical relations, termed as a whole as mathematical model. Thus
the essence of OR i1s such mathematical models. For different situations different models are used
and this process 1s continuing since World War II when the term OR was coined. However, with
the advance of science and technology, decision-making in business and industry has become
highly complex and extremely difficult. The decision-maker is not only faced with a large number
of interacting variables, which at times do not lend themselves to neat quantitative treatment
but also finds them too numerous and dynamic. Above all he has to take into consideration the
actions of the competitors over which he has no control. This complexity of decision-making
made the decision-makers look for various aids in decision-making. It is in these situations that
operations research comes to our help. The managers today make full use of the OR techniques
in various functional areas. It has been realised beyond doubt that intuition alone has no place in
decision-making since such a decision becomes highly questionable when it involves the choice
among several alternatives. OR provides the management much needed tools for improving the
various decisions.

fb.com/cgaspirant



Download From - www.cgaspirants.com

BASICS OF OPERATIONS RESEARCH +* 13
1.8 SCOPE OF OPERATIONS RESEARCH IN MANAGEMENT

Operations research is a problem-solving and decision-making science. It is a kit of scientific
and programmable rules providing the management a ‘quantitative basis’ for decisions regarding
the operations under its control. Some of the areas of management where OR techniques have
been successfully applied are:

1. Allocation and Distribution

(a) Optimal allocation of limited resources such as men, machines, materials, time and
money.

(b) Location and size of warehouses, distribution centres, retail depots, etc.
(¢) Distribution policy.
2.  Production and Facility Planning
(a) Selection, location and design of production plants, distribution centres and retail outlets.
(b) Project scheduling and allocation of resources.

(¢) Preparation of forecasts for the various inventory items and computing economic order
quantities and reorder levels.

(d) Determination of the number and size of the items to be produced.
(e) Maintenance policy and preventive maintenance.
() Scheduling and sequencing of production runs by proper allocation of machines.
3. Procurement
(a) What, how and when to purchase at the minimum procurement cost.
(b) Bidding and replacement policies.
(¢) Transportation planning and vendor analysis.
4. Marketing
(a) Product selection, timing and competitive actions.
(b) Selection of advertising media.
(¢) Demand forecasts and stock levels.
(d) Customer’s preference for size, colour and packaging of various products.
(e) Best time to launch a new product.
5. Finance
(a) Capital requirements, cash-flow analysis.
(b) Credit policies, credit risks, etc.
(¢) Profit plan for the company.
(d) Determination of optimum replacement polices.

(e) Financial planning, dividend policies, investment and portfolio management, auditing,
etc.

6. Personnel
(a) Selection of personnel, determination of retirement age and skills.
(b) Recruitment policies and assignment of jobs.
(¢) Wage/salary administration.
7. Research and Development
(a) Determination of areas for research and development.
(b) Reliability and control of development projects.
(¢) Selection of projects and preparation of their budgets.

From all the above areas of applications, it can be concluded that OR can be widely used in
taking timely management decisions and can be also used as a corrective measure.
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1.9 SCOPE OF OPERATIONS RESEARCH IN FINANCIAL MANAGEMENT

Operations research has wide scope and has been successfully applied in the following areas
of financial management:

1. Cash Management

A financial manager is responsible for adequate supply of funds to all the sections, departments
and units of the organisation as adequate funds are essential for their proper function throughout
the year. Linear programming techniques are helpful to determine the allocation of funds to each
section. L.P. techniques have also been applied to identify sections having excess funds; these
funds may be diverted to the sections that need them.

2. Inventory Control

In big organisations the amount invested in inventories can run into millions of rupees.
Inventory control techniques of OR can help management to develop better inventory policies
and bring down the investment in inventories. These techniques help to achieve optimum balance
between inventory carrying costs, ordering costs and shortage costs. They help to determine which
items to hold, how much to hold, when to order and how much to order.

3. Simulation Technique

Simulation considers various factors that affect the present and projected cost of borrowing
money from commercial banks, and tax rates, etc. and provides an optimum combination of
financing (debt, equity or retained earnings) for the desired amount of capital. Simulation replaces
subjective estimates, judgement and hunches of the management by providing reliable information.

4. Capital Budgeting

It involves evaluation of various investment proposals (viz. market introduction of a new
product or replacement of an equipment by a new one). Often the decisions have been made
by considering internal rate of return or net present values. These methods, however, do not
consider the risk factor in the venture. Risk factors can be calculated if the probability distributions
of cash flows can be ascertained, say from past data. Hiller’s and Hertz’s models (simulation) and
decision trees in conjunction with EMV (Expected Monetary Value) can be usefully employed to
evaluate the various investment proposals/projects. OR techniques of linear programming, integer
programming and dynamic programming have also been useful in selection of optimal investment
portfolios (with or without estimates of risk).

1.10 APPLICATIONS OF VARIOUS OR TECHNIQUES

Operations research at present finds extensive application in industry, business, government,
military and agriculture. Wide variety of industries namely, airlines, automobiles, transportation,
petroleum, coal, chemical, mining, paper, communication, computer, electronics, etc. have made
extensive use of OR techniques. Some of the problems to which OR techniques have been
successfully applied are:

1. Linear programming has been used to solve problems involving assignment of jobs to
machines, blending, product mix, advertising media selection, least cost diet, distribution,
transportation, investment portfolio selection and many others.

2. Dynamic programming has been applied to capital budgeting, selection of advertising
media, employment smoothening, cargo loading and optimal routing problems.

3. Inventory control models have been used to determine economic order quantities, safety
stocks, reorder levels, minimum and maximum stock levels.

4. Queuing theory has been helpful to solve problems of traffic congestion, repair and
maintenance of broken-down machines, number of service facilities, scheduling and
control of air traffic, hospital operations, counters in banks and railway booking agencies.
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5. Decision theory has been helpful in controlling hurricanes, water pollution, medicine,
space exploration, research and development projects.

6. Network techniques of PERT and CPM have been used in planning, scheduling
and controlling construction of dams, bridges, roads, highways and development and
production of aircrafts, ships, computers, etc.

7. Simulation has been helpful in a wide variety of probabilistic marketing situations. It
has been, for example, used to find NPV (Net Present Value) distribution for the venture
of market introduction of a new product.

8. Replacement theory has been extensively employed to determine the optimum
replacement interval for three types of replacement problems:

(a) replacement of items that deteriorate with time.
(b) replacement of items that do not deteriorate with time but fail suddenly.
(¢) staff replacement and recruitment.

Other techniques extensively employed are game theory, statistical quality control, investment
analysis, goal programming, etc.

1.11 OBJECTIVES OF OPERATIONS RESEARCH

The industrial growth has brought
with 1t the need for division of management
function within an organisation. Thus every
organisation has in it a number of functional
units or departments, each performing a
part of the whole job and for its successful
working, developing its own policies and
objectives. These objectives, though in the
best interest of the individual department,
may not be in the best interest of the
organisation as a whole. In fact, these
objectives of the individual departments
may be inconsistent and even clashing
with each other. In this context reference
was made in section 1.1 with regard to the Fig. 1.1
attitudes of the various departments of a
business organisation towards its inventory policy. Numerous examples of similar conflicts can
be cited. Consider, for instance, the case of economic order quantity where there is a conflict
between the acquisition cost and the inventory carrying cost with regard to the batch size with the
former decreasing and the latter increasing with the batch size (Fig. 1.1). The total cost curve is
cup-shaped. This cup shape as such or reversed is bound to occur whenever there are conflicting
costs or conflicting gains. The objective of OR is to minimize the total cost i.e., find the minimum
of the cup-shaped cost curve or maxima of the reversed cup-shaped gain curve.

Total cost

o

Inventory carrying cost

Costs —»

Acquisition cost

Y

Batch size —»

With economic growth uncertainty is also growing. This makes each decision costlier and
time-consuming. However, in the competitive world today, one has to take a quick decision because
any delay or postponement may only help the competitors. The decision has to be quick as well
as sound and this requires a rigorous and scientific approach to the problem. The application of
OR methods helps in making decisions in such complex situations. OR combines the knowledge
of various disciplines such as mathematics, statistics, economics, psychology and engineering and
the combined effort of all these disciplines helps in analysing the problem in finer details.
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Two business realities a manager has to face are ‘change’ and ‘uncertainty’. The market
demand fluctuates, raw materials and spares become scarce, production equipment fails or the
change in Govt.’s policy may affect the company’s resources drastically or impose restrictions on
the current manufacturing processes. Under such situations past experience can be a (though only
a rough) guide. A knowledge of the past data and future trends can help the manager to assess
the risk and accordingly make his decisions. OR can help him here. The statistician will analyse
the past data and extrapolate it for near future. The accountant will be able to estimate the cost
associated with any decision while the engineer will assess the effect of changes in technology,
quality of material, and availability of new types of machines.

To summarise, the objective of OR 1is to provide a scientific basis to the managers of an
organisation for solving problems involving interaction of the components of the system, by
employing a systems approach by a team of scientists drawn from different disciplines, for finding
a solution which is in the best interest of the organisation as a whole.

1.12 PHASES OF OR OR METHODOLOGY OF OR or OR APPROACH
or HOW OR WORKS

Operations research, like all scientific research, is based on scientific methodology, which
proceeds along the following lines:
1. Formulating the problem.
. Constructing a model to represent the system under study.
. Deriving a solution from the model.
. Testing the model and the solution derived from it.
. Establishing controls over the solution.

AN L AW N

. Putting the solution to work, i.e., implementation.

1.12-1 Formulating the Problem

It is very essential that the problem at hand be clearly defined. It is almost impossible to
get the ‘right’ answer from a ‘wrong’ problem. The problem may be set out explicitly by the
consumer, the sponsoring organisation or may have to be formulated by the OR team. In OR
it 1s not uncommon to start the study with tentative formulation of the problem, which may be
reformulated over and again during the study. Efforts should, however, be made to formulate the
problem fairly elaborately before starting with the research. The problem formulation phase is
generally lengthy, requiring considerable time and effort; but it is quite justified since, unlike other
researches, OR is a search into the operations of a man-machine organisation and must take into
consideration the economics of the operations.

In formulating a problem for OR study, analysis must be made of the four major components:
(a) the environment,

(b) the decision maker,

(¢) the objectives,

(d) alternative courses of action and constraints.

Out of the four components, environment 1s most comprehensive since it embraces and
provides a setting for the other three. In general, environment is the framework within which a
system of organised activity is directed to attain the prescribed objectives or goals. It involves
physical, social and economic factors which may affect the problem under consideration. OR
team must study the environment or the organisation content involving men, machines, materials,
suppliers, consumers, competitors, the government and the public. Obviously all the contents
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may not be equally important for a particular problem. For instance, in a price setting problem
competitors will be most important, while in a production scheduling problem they may be ignored.

Decision-maker is the second component of the problem. Decision-maker or research
consumer or system operator is the person who is in actual control of the operations (system)
under study but is not satisfied with the existing state of affairs. Before OR approach can be
successful, the operations researcher (operations analyst) must study the decision-maker and his
relationship to the problem at hand.

Objectives are the third component of the problem to which analysis must be made. Objectives
should be defined by taking into account the system (problem) as a whole. A common error is to
identify the objectives, considering only a portion of the entire system. Under such conditions,
what is considered best for this portion of the system, may actually prove harmful for the entire
system. OR tries to take into account as broad a scope of objectives as possible.

Direct questioning of the decision-maker may not bring out all the objectives. Management,
for example, may like to shift the plant in order to avoid an area of strong union influence. Often
probing becomes necessary since the decision-maker is normally vague about the objectives and
outcomes.

Alternatives are the final components of the problem. The research problem is to determine
which alternative course of action is most effective to achieve a certain set of objectives. Others
affected by the decisions under study should also be identified.

Further still, counteractions may be listed down i.e., the expected reactions of the competitors
to a particular course of action of the decision-maker must be noted. It may be easy to know them
by interviews of the workers and public, if involved; but may be pretty difficult in the case of
competitors.

The above list of objectives, courses of actions and alternatives may be too lengthy and may
require editing. Firstly, the intermediate objectives i.e., objectives which are not end in themselves
but means to others already in the list, may be dropped from further consideration. For example, for
maximising profits, reduction in production cost is a pre-requisite and may, therefore, be dropped
out. Secondly, the objectives which remain unaffected by changing the courses of action are not
important for further study and may be omitted. Thirdly, any duplication of the objectives must
be carefully avoided.

Similar screening may be carried out for the courses of action. Technical feasibility, past
experience, legal and social obligations may dictate the exclusion of some courses of action.

Once the modified list of objectives, alternative courses of actions and counteractions is
ready, and the OR team has studied the environment (organisational content and structure) and
identified the decision-maker, the problem can be taken up for further research.

There must be complete agreement on these points between the persons initiating the OR
study (oprations researchers) and the persons performing these operations (system operators). In
addition, a measure of effectiveness must be agreed upon by the parties involved.

1.12-2 Constructing a Model for the Problem Under Study

After formulating the problem, the next step is to construct a model for the system under
study. In OR study, it is usually a mathematical model. A mathematical model consists of a set of
equations which describe the system or problem. These equations represent : (i) the effectiveness
function and (ii) constraints. The effectiveness function, usually called the objective function is
a mathematical expression of the objectives, i.e., mathematical expression of the cost or profit of
the operation. Constraints or restrictions are mathematical expressions of the limitations on the
fulfillment of the objectives. They are caused by the limited resources such as manpower, materials,
money, equipment, space, etc.
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The objective function and constraints are functions of two types of variables, controllable
(also called decision) varniables and uncontrollable variables. A variable that is directly under the
control of the operations analyst is called controllable variable; the values of these variables are
to be determined from the solution of the problem. For example in inventory control problems,
the controllable (decision) variables are the order (batch) size and the interval between orders.
A variable that is a function of the external environment and over which the operations analyst
has no control, is called uncontrollable variable or state of nature. For instance in transportation
problems, the per unit transportation cost is an uncontrollable variable. The general form of a
mathematical model is

Optimize (maximize or minimize) Z = f(x}, X5, ..., X,),

subject to the constraints g (¢, %0, ., %) <, =, > b,

and Xp, Xg, ooy X, > 0,

where x;, x,, ..., x, = controllable or decision variables,

f(x1, x5, .. x,) = effectiveness function to be optimized,

g (X1, X3, s X,) = the /™ constraint,

b; = amount of the i resource (which is uncontrollable),
and i =1,2, .., m

It must not be forgotten that a model is only an approximation of the reality (real situation).
Hence it may not include all the variables. This is often misunderstood by those who are not
familiar with the OR approach.

A model helps to analyse a system without the inerruption of the latter. It makes the problem
more meaningful and clarifies important relationships among the variables. It also tells as to which
of the variables are more important than the others. Once a model is formulated, it is possible to
analyse the problem.

The next thing after the model has been constructed is to collect the data required by that
model i.e., to select the inputs. This information may be obtained from well-kept records, from
current tests and experiments or even from hunches based on experience. Data collection is not a
trivial step in decision-making process. It can affect the model’s output significantly. Never assume
that a problem is solved once the objectives are defined and the model is prepared. A medium-sized
linear programming model with 50 decision variables and 25 constraints will have over 1300 data
elements which must be defined! It requires painstaking effort and time to collect these data if the
data collection errors are to be kept minimum.

1.12-3 Deriving Solution from the Model

A solution may be extracted from a model either by conducting experiments on it, i.e., by
simulation or by mathematical analysis. Some cases may require the use of a combination of
simulation and mathematical analysis. This depends upon the nature and complexity of the system
under study.

Mathematical analysis for deriving an optimum solution from a model consists of two types
of procedures: analytic and numerical.

1. Analytic procedures (solutions)

They make use of the various branches of mathematics such as calculus or matrix algebra.
For example, optimal solution to the E.O.Q. model can be obtained by simple application of
differential calculus. Finite differences are helpful to solve replacement problems. Quite often
some constraints (such as availability of storage space in case of E.O.Q. models) complicate the
solution procedure. Nevertheless, the method of Lagrangian multipliers can be used to solve such
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problems too. In fact, the range of solution techniques is as wide as that of the models. However,
numerical solutions in some cases may be simpler than the strictly analytic procedures.

2. Numerical procedures (solutions)

A numerical procedure consists of trying various values of controllable variables in the model,
comparing the results obtained and selecting that set of values of these variables which gives the
best solution. These procedures vary from simple trial and error to complex iteration. During an
iteration, successive trials of controllable variables tend to approach an optimum solution.

The algorithm starts with a trial (initial) solution and continues following a set of rules that
improve it towards optimality. The trial solution is replaced by the improved one and the procedure
1s repeated till either no further improvement is possible or the cost of further computations is
too high to justify.

3. Monte Carlo methods (Simulation methods)

Simulation is a quantitative procedure which describes a process by developing a model of
that process and then conducting a series of organised trial and error experiments to predict the
behaviour of the process over time. To find how the real process will react to certain changes, we
introduce these changes in the model and simulate the reaction of the real process to them. For
example, in designing an aircraft, its scale model is prepared and its behaviour is observed by
testing it in a wind tunnel.

The Monte Carlo method is the earliest method of simulation; the method employs random
numbers and is used to solve problems that involve probability wherein physical experimentation is
not possible and mathematical formulation is too difficult. It is a method of simulation by sampling
technique. That is, first of all, the probability distribution of the variable under consideration is
determined; then a set of random numbers is used to generate a set of values of that variable that
have the same distribution characteristics as the actual process. The steps involved in carrying out
Monte Carlo simulation are:

(i) Select the measure of effectiveness of the problem. This is the element one wants to
maximize or minimize. For example, this might be waiting time of customers in a
queuing problem or number of items short in an inventory control problem.

(i) Identify the variables that influence the measure of effectiveness significantly. These
may be the number of service facilities in the queuing problem or minimum stock level
in the inventory control problem.

(iii) Determine the probability distribution of each of the variable of interest.

(iv) Convert the probability distributions to cumulative probability distributions.

(v) Get a set of random numbers from random number table.

(vi) With the above random numbers, determine the sequence of values of the variables of
interest.

(vii) Substitute the values of the variables in the formula chosen for the measure of effectiveness
and calculate its value.

(viii) Repeat steps (vi) and (vii) until sample is large enough for the satisfaction of the decision-
maker.

Since a model is an approximation of the real system or problem, the optimum solution for
the model does not guarantee an optimum solution for the real problem. However, if the model
1s well formulated and tested, solution from the model will provide a good approximation to the
solution of the real problem. This book is mainly devoted to the study of the various methods for
finding these solutions.
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1.12-4 Testing the Model and the Solution Derived from it

As already discussed, a model is never a perfect representation of reality. But, if properly
formulated and correctly manipulated, it may be useful in predicting the effect of changes in control
variables on the overall system effectiveness. The usefulness of a model is tested by determining
how well it predicts the effect of these changes. Such an analysis is usually called sensitivity
analysis. The utility or validity of the solution can be checked by comparing the results obtained
without applying the solution with the results obtained when it is used.

The testing may be performed retrospectively. In a forecasting model, forecasts of the (say)
immediately preceding 6 months may be compared with the actual demand that had materialised
during that period.

Sometimes, considerable time may elapse before the data for testing accumulates. For a
new product the forecasts may be made on the basis of demand of another item having similar
characteristics. But one would have to wait for the future demand to materialise so that it can
be compared with the forecasts. It may be noted that collection and editing of the past data for
comparison may sometimes be quite painstaking.

1.12-5 Establishing Controls over the Solution

Life is not static, it is subjected to continuous, unceasing change. A solution which we felt
was optimum today, may not be so tomorrow, since the values of the vanables (parameters) may
change, new parameters may emerge and the structural relationship between the variables may
undergo a change.

A solution derived from a model remains a solution only so long as the uncontrolled
(uncontrollable) variables retain their values and the relationship between the variables does not
change. The solution itself goes ‘out of control’ if the values of one or more uncontrolled variables
vary or relationship between variables undergoes a change. Therefore, controls must be established
to indicate the limits within which the model and its solution can be considered as reliable. Also
tools must be developed to indicate as to how and when the model or its solution will have to be
modified to take the changes into account.

1.12-6 Putting the Solution to work (or Implementation)

Finally, because the objective of OR is not merely to produce reports but to improve the
system performance, the results of the research must be implemented. For this, solution obtained
above should be translated into operating procedures which can be easily understood and applied
by those who control the operations. Changes necessary in existing procedures and resources must
be clearly indicated and should be implemented. After the solution has been applied to the system,
OR group must study the response of the system to the changes made. Actual performance of
the system may indicate some additional changes or modifications to be made on the part of OR
group because many a time solutions which look feasible on paper may conflict drastically with
the capabilities and ideas of persons involved in the system. Many OR recommendations, though
theoretically sound, do not get implemented because they turn out to be practically unworkable.

The success of an OR study depends upon the cooperation received from the management at
the implementation stage. One way of getting this cooperation is to make management an active
participant in all phases of OR study. The importance of this phase cannot be overemphasized
since it 1s from this phase that the benefits of an OR study will be realized.

Finally, since no system is completely static, it is necessary to monitor the environment
within which a system operates to ensure that the changing conditions do not render the solution
‘useless’ for future reference. Quite often products may become obsolete, new technology may
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come up, ‘shortages’ may change to ‘surplus’ and new raw materials may find place in the market.
The solution obtained should, therefore, be continuously reviewed, modified and updated in the
light of changing environment.

These phases of OR study are not rigid rules; they are seldom conducted in the order
presented. In many projects, for instance, the formulation of the problem is not complete until
the project itself is virtually completed. Obviously, there is a considerable interplay between the
different phases.

1.13 MODELS IN OR

A model, as used in operations research, is defined as an idealized representation of the real
life situation. It represents one or a few aspects of reality. Diverse items such as a map, a multiple
activity chart, an autobiography, PERT network, break-even equation, balance sheet, etc. are all
models because each one of them represents a few aspects of the real life situation. A map, for
instance, represents the physical boundaries but normally ignores the heights of the various places,
above the sea level. The objective of the model is to provide a means for analysing the behaviour
of the system for the purpose of improving its performance.

1.14 CLASSIFICATION SCHEMES OF MODELS

The various schemes by which models can be classified are
. By degree of abstraction
. By function
. By structure

1
2
3
4. By nature of the environment
5. By the extent of generality

6

. By the time horizon

1. By Degree of Abstraction

Mathematical models (viz. linear programming formulation of the blending problem
or transportation problem) are the most abstract type since it requires not only mathematical
knowledge but also great concentration to get the idea of the real-life situation they represent.

Language models (cricket or hockey match commentary) are also abstract type. Concrete
models (model of earth, dam, building or plane) are the least abstract since they instantaneously
suggest the shape or characteristics of the modelled entity.

2. By Function

Descriptive models explain the various operations in non-mathematical language and try
to define the functional relationships and interactions between various operations. They simply
describe some aspects of the system on the basis of observation, survey or questionnaire, etc. but
do not predict its behaviour. The organisational chart, pie diagram and layout plan describe the
features of their respective systems.

Predictive models explain or predict the behaviour of the system. Exponential smoothing
forecast model, for instance, predicts the future demand.

Normative or prescriptive models develop decision rules or criteria for optimal solutions.
They are applicable to repetitive problems, the solution process of which can be programmed
without managerial involvement. Linear programming is a prescriptive or normative model as it
prescribes what the managers must follow.
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3. By Structure
(a) Iconic or Physical Models

In 1conic or physical models, properties of the real system are represented by the properties
themselves, frequently with a change of scale. Thus, iconic models resemble the system they
represent but differ in size; they are images. For example, globes are used to represent the
orientation and shape of various continents, oceans and other geographical features of the earth.
A model of the solar system, likewise, represents the sun and planets in space. Iconic models
of atoms and molecules are commonly used in physics, chemistry and other sciences. However,
these models are usually scaled up or down. For example, in a globe, the diameter of the earth
1s scaled down, but its shape, relative sizes of continents, oceans, etc., are approximately correct.
On the other hand, a model of the atom is scaled up so as to make it visible to the naked eye.
Iconic models may be two-dimensional (photographs, maps, blue prints, paintings, sketches of
insects, etc.) or three-dimensional (globes, automobiles, airplanes, etc.). Ordinarily it is easier to
work with the model of a building, earth, sun, atom, etc., than with the modelled entity itself.
Iconic models are quite specific and concrete but difficult to manipulate for experimental purposes.
They represent a static event. Characteristics that are not relevant are not included. For instance,
in the models used for the study of atomic structure, the colour of the model is irrelevant since it
contributes no help in the study of the atom. Another limitation of iconic model is that it is either
two-dimensional or three-dimensional. If a situation involves more than three dimensions, it cannot
be represented by an iconic model.

(b) Analogue or Schematic Models

Analogue models can represent dynamic situations and are used more often than iconic
models since they are analogous to the characteristics of the system under study. They use one
set of properties to represent some other set of properties which the system under study possesses.
After the model is solved, the solution is re-interpreted in terms of the original system.

For example, graphs are very simple analogues. They represent properties like force, speed
age, time, etc., in terms of distance. A graph is well suited for representing quantitative relationship
between any two properties and predicts how a change in one property affects the other.

An organizational chart is a common schematic model. It represents the relationships existing
between the various members of the organization. A man-machine chart is also a schematic model.
It represents a time varying interaction of men and machines over a complete work cycle. 4 flow
process chart is another schematic model which represents the order of occurrence of various
events to make a product. Contour lines on a map are analogous of elevation. Flow of water through
pipes may be taken as an analogue of the ‘flow’ of electricity through wires. Similarly, demand
curves and frequency distribution curves used in statistics are examples of analogue models. In
analogue computers quantities are represented by voltages and they are, therefore, aptly termed
analogue.

Transformation of properties into analogous properties increases our ability to make changes.
Usually it is easier to change an analogue than to change an iconic model and also lesser number
of changes are required to get the same results. For example, it is easier to change the contour
lines on a two-dimensional chart than to change the relief on a three-dimensional one. In general,
schematic models are less specific and concrete but easier to manipulate than iconic models. They
can represent dynamic situations and are more commonly used than the iconic models.

(c) Symbolic or Mathematical Models

Symbolic models employ a set of mathematical symbols (letters, numbers, etc.) to represent the
decision variables of the system under study. These variables are related together by mathematical
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equation(s)/inequation(s) which describe the properties of the system. A solution from the model
1s, then, obtained by applying well developed mathematical techniques. The relationship between
velocity, acceleration and distance is an example of mathematical model. Similarly, cost-volume-
profit relation is a mathematical model used in investment analysis. Allocation, sequencing,
replacement models are all mathematical models.

In many research projects, all the three types of models are used in sequence; iconic and
analogue models are used as initial approximations, which are, then, refined into symbolic model.

Mathematical models differ from those traditionally used in physical sciences in two ways:

1. Since OR systems involve social and economic factors, these models use probabilistic
elements.

2. They consist of two types of variables; controllable and uncontrollable. The objective
is to select those values for controllable variables which optimize some measure of
effectiveness. Therefore, these models are used in decision situations rather than in
physical phenomena.

In OR, symbolic models are used wherever possible, not only because they are easier to
manipulate but also because they yield more accurate results. Most of this text, therefore, is devoted
to the formulation and solution of these mathematical models.

4. By Nature of the Environment

(a) Deterministic Models

In deterministic models variables are completely defined and the outcomes are certain.
Certainty is the state of nature assumed in these models. They represent completely closed systems
and the parameters of the system have a single value that does not change with time. For any given
set of input variables, the same output variables always result. E.O.Q. model is deterministic; here
the effect of changes in the batch sizes on the total cost is known. Similarly linear programming,
transportation and assignment models are deterministic models.

(b) Probabilistic Models

They are the products of an environment of risk and uncertainty. The input and/or output
variables take the form of probability distributions. They are semi-closed models and represent
the likelihood of occurrence of an event. Thus they represent, to an extent, the complexity of the
real world and the uncertainty prevailing in it. As an example, the exponential smoothing model
for forecasting demand is a probabilistic model. Similarly, game theory is a probabilistic model.

5. By the Extent of Generality

(a) General Models

Linear programming model is known as a general model since it can be used for a number
of functions (viz. product mix, production scheduling, marketing, etc.) of an organisation.

(b) Specific Models

Sales response curve or equation as a function of advertising is applicable in the marketing
function alone.

6. By the Time Horizon

(a) Static Models

They are one-time decision models. They represent the system at a specified time and
do not take into account the changes over time. In these models cause and effect occur almost
simultaneously and time lag between the two is zero. They are easier to formulate, manipulate
and solve. Economic order quantity model is a static model.
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(b) Dynamic Models

They are the models for situations in which time often plays an important role. They are
used for optimization of multistage decision problems which require a series of decisions with
the outcome of each depending upon the results of the previous decisions in the series. Dynamic
programming is a dynamic model.

1.15 CHARACTERISTICS OF A GOOD MODEL
1. The number of simplifying assumptions should be as few as possible.

2. The number of relevant variables should be as few as possible. This means the model
should be simple yet close to reality.

3. It should assimilate the system environmental changes without change in its framework.
4. Tt should be adaptable to parametric type of treatment.

5. It should be easy and economical to construct.

1.16 ADVANTAGES OF A MODEL
. It provides a logical and systematic approach to the problem.
. It indicates the scope as well as limitations of a problem.

. It helps in finding avenues for new research and improvements in a system.

A W N =

. It makes the overall structure of the problem more comprehensible and helps in dealing
with the problem in its entirety.

5. It permits experimentation and analysis of a complex system without directly interfering
in the working and environment of the system.

1.17 LIMITATIONS OF A MODEL

1. Models are only idealised representation of reality and should not be regarded as absolute
In any case.

2. The validity of a model for a particular situation can be ascertanied only by conducting
experiments on it.

1.18 CONSTRUCTING THE MODEL

It was pointed out in previous sections that formulation of the problem requires analysis of
the system under study. This analysis shows the various phases of the system and the way it can
be controlled. With the formulation of the problem, the first stage in model construction is over.
The next step is to define a measure of effectiveness, i.e., the next step is to construct a model in
which effectiveness of the system is expressed as a function of the variables defining the system.
The general form of OR model is

E = f(x;, ¥,
where E = effectiveness of the system,

x; = variables of the system that can be controlled,
y; = variables of the system that cannot be controlled but do affect E.

Deriving of solution from such a model consists of determining those values of control
variables x;, for which the measure of effectiveness is optimized. Optimization includes both
maximization (in case of profits, production capacity, etc.) and minimization (in case of losses,
cost of production, etc.).
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Various steps in the construction of a model are
1. Selecting components of the system

2. Pertinence of components

3. Combining the components

4. Substituting symbols

1.18-1 Selecting Components of the System

All the components of the system which contribute towards the effectiveness measure of
the system should be listed.

1.18-2 Pertinence of Components

Once a complete list of components is prepared, the next step is to find whether or not to
take each of these components into account. This is determined by finding the effect of various
alternative courses of action on each of these components. Generally, one or more components
(e.g., fixed costs) are independent of the changes made among the various alternative courses of
action. Such components may be temporarily dropped from consideration.

1.18-3 Combining the Components

It may be convenient to group certain components of the system. For example, the purchase
price, freight charges and receiving cost of a raw material can be combined together and called
‘raw material acquisition cost’. The next step is to determine, for each component remaining on
the modified list, whether its value is fixed or variable. If a component is variable, various aspects
of the system affecting its value must be determined. For instance manufacturing cost usually
consists of

(¥) the number of units manufactured, and

(i) the cost of manufacturing a unit.

1.18-4 Substituting Symbols

Once each variable component in the modified list has been broken down like this, symbols
may be assigned to each of these sub-components.

The foregoing steps will be clear from the example considered below:

A newsboy wants to decide the number of newspapers he should order to maximize his
expected profit. He purchases a certain number of newspapers everyday and is able to sell some
or all of them. He earns a profit on each paper sold. He can return the unsold papers, but at a loss.
The number of persons who buy newspapers varies from day-to-day.

To construct the model for this problem, we identify the various relevant components
(variables) and then assign symbols to them.

Let N

A = profit earned on each newspaper sold,

number of newspapers ordered per day,

B = loss on each newpaper returned,
D = demand i.e. number of newspapers sold per day,

p(D)

probability that the demand will be equal to D on
any randomly selected day,

P = net profit per day.
If D > N ie., demand is more than the number of newspapers ordered, the profit to the
newsboy is
P(D > N) = NA.
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If on the other hand, demand is less than the number ordered, the profit is
P(D <N) = DA- (N -D)B.
.. Net expected profit per day, P can be expressed as

D=N ©
P = > pMDIDA-(N-D)BJ+ > p(D)-NA.
D=0 D=N+1

This is a decision model of the risk type. Here, P is the measure of performance, N is the
controlled variable, D is an uncontrollable variable, while A and B are uncontrollable constants.
Solution of this model consists of finding that value of N which maximizes P.

1.19 APPROXIMATIONS (SIMPLIFICATIONS) IN OR MODELS

While constructing a model one comes across two conflicting objectives:
(i) the model should be as easy to solve as possible,
(i) 1t should be as accurate as possible.

Moreover, the management must be able to understand the solution of the model and must
be capable of using it. Obviously, one must pay due care to the mathematical complexity of the
solution. Therefore, while constructing the model, the reality (problem under study) should be
simplified but only to the point that there is no significant loss of accuracy. Some of the common
simplifications include

1. Omitting certain variables

2. Aggregating variables

3. Changing the nature of variables

4. Changing the relationship between variables, and
5. Modifying constraints

1.19-1 Omitting Certain Variables

Clearly, variables having a large effect on system’s performance cannot be omitted. It requires
a lot of study to decide which variables have and which do not have large effects. For instance, in
production and inventory control models, the effect of production-run sizes on in-process inventory
costs is usually negligible as compared to effect of other variables and is, therefore, neglected.

1.19-2 Aggregating Variables

Most problems involve a large number of decision variables. For instance, some inventory
problems involve the purchase of more than a million items. For solving such problems, the
controlled variables are grouped into ‘families’. A family is, then, supposed to consist of all
identical members. One principle of ‘family’ formation is

1. Low usage, low cost

2. Low usage, high cost
3. High usage, low cost
4. High usage, high cost

1.19-3 Changing the Nature of Variables

The nature of variables may be changed in three ways:
(i) by treating a variable as constant,

(if) by treating a discrete variable as continuous, and

(iii) by treating a continuous variable as discrete.
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A variable may be treated as constant with its value equal to the mean of the variable’s
distribution. For example, in most production quantity models setup cost is treated as constant.

From both analytical and computational viewpoints it is easier to treat a discrete variable as
continuous. Most of OR techniques deal with continuous variables. Even if the discrete variables are
few in number, the computational difficulties become quite large. For instance, in inventory control
models, withdrawals of items from stock that are actually discrete are assumed as continuous at
a constant rate, over a planning period.

However, for processes in which time between events is a relevant variable, considerable
simplification may be obtained by assuming that events occurring within a certain period occur
instantaneously at the beginning or end of the period.

1.19-4 Changing the Relationship between Variables

Models can be simplified by modifying the functional form of the model. Non-linear functions
require a complex solution method. The most powerful computational techniques are applicable
only to models having linear functions. Therefore, non-linear functions are usually approximated
to linear functions (e.g., in linear programming). Many times, a curve is approximated to a series
of straight lines (e.g., in non-linear programming). Quadratic functions are used as approximations
since their derivatives are linear (e.g., in quadratic programming). Discrete functions (e.g., binomial
and Poisson) are sometimes approximated to continuous normal functions.

1.19-5 Modifying Constraints

Constraints can be deleted, added or modified to simplify the model. If it is not possible to
solve a model with all the constraints, some of them may be temporarily ignored and a ‘solution’
obtained. If this ‘solution’ happens to satisfy these constraints too, it is accepted. If it does not,
constraints are added, one at a time, with increasing complexity, until a solution satisfying these
constraints is obtained. A general rule regarding constraints is that when they are dropped the
solution derived from the model becomes optimistic (it gives better performance than the ‘true’
solution). On the other hand, adding of constraints makes the solution pessimistic.

1.20 TYPES OF MATHEMATICAL MODELS
Many OR models have been developed and applied to problems in business and industry.
Some of these models are:
1. Mathematical techniques
. Statistical techniques
. Inventory models
. Allocation models
. Sequencing models
. Project scheduling by PERT and CPM
. Routing models
. Competitive models
. Queuing models
. Simulation techniques
. Decision theory
. Replacement models
. Reliability theory
. Markov analysis
. Advanced OR models
. Combined methods.
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1.20-1 Mathematical Techniques

In principle, any mathematical technique can become a useful tool for operations analyst.
Mathematical techniques most commonly employed are: differential equations, linear difference
equations, integral equations, operator theory, vector and matrix theory. Detailed description of
these techniques is beyond the scope of this book. For details, the reader is referred to any standard
text on calculus.

1.20-2 Statistical Techniques

Some of the most commonly applied techniques come from probability theory and statistics.
Since in the world we live, the course of future events cannot be predicted with absolute certainty,
probabilities are associated with these events to analyse the uncertainties and supply data with
reasonable accuraey for decision-making. Probabilities are of the type—objective and subjective.
The former has associated with it definite historical evidence and common experience i.e., there
1s objective evidence to support the assignment of probabilities e.g., in the game of tossing a fair
coin, the probability of the coin lying with its head or tail up is each 0.5. In subjective probability,
on the other hand, there is no historical evidence available and one has to rely on one’s own
estimation and the possible outcomes.

Statistical techniques also include discrete and continuous probability, renewal theory,
Markov processes and stochastic processes. All these techniques are useful when dealing with
uncertainty, errors, sampling, estimation and prediction.

1.20-3 Inventory Models

Inventory models deal with idle resources such as raw materials, spare parts, semi-finished
and finished products. These models are concerned with two decisions:

(i) how much to order (produce or purchase) to replenish the inventory of an item and
(ii) when to order so as to minimize the total cost.

For the first decision—-how much to order, there are two basic inventory costs taken into
consideration: ordering costs and carrying costs. Ordering costs are basically the costs of getting
the item into firm’s inventory and consist of cost of sending the requisition to the purchase office,
cost of issuing the purchase order, follow-up cost, receiving (the item) cost, cost of stationery,
etc. The inventory carrying costs (also referred to as holding costs) include interest on capital
invested in inventory, obsolescence cost, storage space cost, stores operation cost, taxes, insurance
and pilferage cost and are expressed as a percentage of average inventory value (say 20 percent
per year to hold inventory) or as cost per unit per unit time period (say Rs. 1.50 per unit per
month to hold inventory). It can be seen that while the ordering costs decrease, the carrying costs
increase with the quantity ordered at a time. Economic Order Quantity (E.O.Q.) is then calculated
by balancing the two costs.

For the second decision—when to order, it is sufficient to fix the reorder level, which is the
level of stock at which replenishment order is placed and is equal to the lead time multiplied with
the demand during the lead time, where lead time is the time period (in days, weeks, etc.) between
the placement of order and receipt of the goods. The reorder level is calculated by balancing the
two costs—the inventory carrying costs and the cost of disservice to the customers in case of
stockout (shortages) when the orders are not met in time. Besides E.O.Q. equations, linear, dynamic
and quadratic programming are used to solve inventory models.

There are two basic inventory procedures namely, continuous time review system and fixed
time review system. In continuous time review system, the stock position is continuously reviewed
and as soon as the stock level reaches a predetermined level (reorder level), a fixed quantity is
ordered. This procedure is suitable for items which are expensive and critical.
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In the fixed time (periodic) review system, the inventory position is reviewed periodically.
There is a pre—determined level known as replenishment level up to which the stock is replenished
at every review period. This procedure is suitable for items which are less expensive and non-
critical. Chapter 12 deals with these models.

1.20-4 Allocation Models

Allocation models are used to solve problems in which (a) there are a number of jobs to be
performed and there are alternative ways of doing them and (b) resources or facilities are limited.

In such situations, the objective is to allot the resources to the jobs so as to optimize the
overall effectiveness (i.e. minimize the total cost or maximize the total profit). This is called
mathematical programming. When the objective function can be expressed as a linear function of
the variables and the constraints are expressed as linear equalities/inequalities, this is called linear
programming. Chapter 2 is devoted to this topic.

The simplest type of allocation model involves the association of a number of jobs to
the same number of resources (men). This is called assignment model. The assignment problem
becomes more complex if some of the jobs require more than one resource or if the resource can
be used for more than one job. Such a problem is called transportation problem. The transportation
and assignment models are discussed in Chapter 3 and Chapter 4 respectively.

1.20-5 Sequencing Models

These are applicable in situations in which the effectiveness measure (time, cost or distance)
1s a function of the order or sequence of performing a series of jobs (tasks). The selection of the
appropriate order in which waiting customers (jobs) may be served is called sequencing. In these
problems, generally there are #n jobs to be performed, where each job requires processing on some
or all of m different machines. The order in which these machines are to be used for processing
each job as well as the processing time of each job on each machine is known and the problem
1s to select the sequence that minimizes the total elapsed time from the start of the first job to the
completion of the last job as well as idle time of machines.

Only simple problems of this kind have been solved analytically. For others, simulation and
heuristic methods have been used. Solution of sequencing models by analytical methods is taken
up in Chapter 5.

1.20-6 Project Scheduling by PERT and CPM

In a large and complex project involving a number of interrelated activities, requiring a
number of men, machines and materials, it is not possible for the management to make and execute
an optimum schedule just by intution. Managements are, thus, always on the look out for some
methods and techniques which may help in planning, scheduling and controlling the project. PERT
and CPM are two of the many project management techniques used for these purposes. The project
1s diagrammatically represented with the help of network made of arrows representing different
activities and interrelationships among them. This representation is used for identifying critical
activities and critical path. CPM is used when the times required for the activities are known for
sure and PERT is used when their times are not known for sure — only probabilistic estimates
of times are known. Construction of network and identification of critical path further helps in
guiding the transfer of resources from slack (non-critical) areas to critical areas in order to meet
scheduling requirements. These techniques help to achieve project coordination and efficient use
of resources. They are also used to determine time-cost trade-off, resource allocation and updating
of networks. Chapter 14 deals with these techniques.
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1.20-7 Routing Models
Routing problems in networks are the problems which are related to sequencing. There are
two important routing problems:

(a) the travelling salesman problem
(b) the minimal path problem

In the travelling salesman problem, there are a number of cities a salesman has to visit. The
distance (or time or cost) between every pair of cities is known. The salesman is to start from his
home city, visit each city only once and return to his home city, and the problem is to find the
shortest route in distance (or time or cost). These problems are discussed in Chapter 4.

In the minimal path problem, there are many routes available between one city (origin) and
the other (destination) and the problem is to find the shortest route. These problems have been
dealt with in Chapter 5.

1.20-8 Competitive Models (Game Theory)

These models are used when two or more individuals or organizations with conflicting
objectives try to make decisions. In such situations a decision made by one decision-maker affects
the decision made by one or more of the remaining decision-makers. Competitive models are
applicable to a wide variety of situations such as two players struggling to win at chess, candidates
fighting an election, two enemies planning war tactics, firms struggling to maintain their market
shares, situations of collective bargaining, etc. The contending individuals or organisations may
not always be at cross purposes. As an example, an equipment dealer and customer may be at
cross purposes with regard to the price but would like to strike a bargain to their mutual benefit.
Likewise, in a collective bargaining process, the trade union and management strive to strike a
mutually advantageous deal and keep the company operations going.

Bidding problems involving bidding for contracts, rights, concession, license, etc. are quite
common in industries. In bidding problems, as the bids are increased, the chance of winning
increases but the expected profits decrease. The problem, then, is to decide the optimal bid that
will balance the chances of winning and profits. Chapter 9 is devoted to competitive models.

1.20-9 Queuing Models

Queuing models involve the arrival of units to be serviced at one or more service facilities.
These units (or customers) may be trucks arriving a loading station, customers entering a
departmental store, patients arriving a doctor’s clinic, ships arriving a port, letters arriving a typist’s
desk, etc. The arriving units may form one line and get serviced, as in a doctor’s clinic. This will
occur when the system has a single service channel. The system may have a number of service
channels, which may be arranged in parallel or in series or a complex combination of both. In
case of parallel channels, several customers may be serviced simultaneously, as in a barbar’s shop.
For series channels, a customer must pass successively through all the channels before service
1s completed e.g., a product undergoing different processes over different machines. In queuing
systems there is either too much or too less demand on the facilities so that either the units or the
facilities have to wait. Costs are associated with both types of waiting times. In either case, the
problem is to either schedule arriving units or provide extra facilities or both so as to obtain an
optimum balance between the costs associated with waiting time and idle time. Queuing models
are discussed in Chapter 10.

1.20-10 Simulation Techniques

Someties it may be very risky, cumbersome or time consuming to conduct real study or
experiment to know more about a situation or problem. Also, sometimes due to a large number
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of variables or large number of interrelationships between variables, and the complexity of
relationships, it may not be possible to develop an analytical model representing the situation.
Even if a model is constructed, it may not be possible to solve it. Simulation may be helpful
in such situations. It may be noted that simulation does not solve a problem; it only generates
information or data needed for decision-making. Thus, simulation is a data generation technique
and is used when actual experimentation is not feasible and analytical methods of building models
and solving them are not helpful.

For example, to design an aeroplane, the designer can solve the various equations describing
the aerodynamics of the plane. However, if these equations are too difficult to solve, a scale model
of the aeroplane can be prepared and tested in a wind tunnel.

Simulation is a very powerful tool and is one of the most widely used operations research
techniques. Many important managerial decision-making problems are too intricate to be solved
by mathematical analysis and the experimentation with the actual system, even if possible, is too
costly and risky. Simulation offers the solution by allowing experimentation with a model of the
system without interfering with the real system. Simulation is thus, often, a bypass for complex
mathematical analysis.

Simulation methods have been used in production lines, public transport system, warehouse
management, queuing situations, inventory control problems, etc. The essence of simulation is
to produce a model which imitates a real system, so that the model may be used as a basis for
testing the policies.

1.20-11 Decision Theory

Decision-making is an every day process, it is a major part of a manager’s job. As wrong
decisions can be disastrous for the companies, the importance of right decisions cannot be
overemphasized. Decisions may be classified into two categories: tactical decisions and strategic
decisions. Tactical decisions are those that affect the organisation in the short run. Decisions
regarding number of shifts to operate or number of salesmen to appoint are tactical decisions.
Strategic decisions, on the other hand, have a far-reaching effect as they usually involve long-term
commitment of resources. Launching of a new product, entering into new regions for business,
diversification of products, automation, etc. form strategic decision of the company.

In the process of decision-making, the manager tries to identify the various alternative
courses of action available to him and the risk associated with each. Modern statistical theory can
be very useful in this context. Decision theory tries to quantify the outcome of each decision. While
uncertainties are taken care of by estimating the probabilities of various outcomes, the outcomes
are quantified in the form of monetary payoffs and the decision resulting in highest payoff is taken.

As an example consider a television manufacturing company that has to select the best among
several alternative methods of expanding its production to meet the increased market demand.
There could be the following three viable alternatives:

(i) expand the existing plant,

(i) build a new plant,

(iii) subcontract extra production to other television manufacturing company.

Having identified the viable alternatives, the next step is to list the future events (called states
of nature) that may occur. In the problem under discussion, the greatest uncertainty is about the
future demand of the televisions. The various future events related to demand can be

(i) high demand,

(i) moderate demand,

(iii) low demand,

(iv) no demand.
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The expected return or payoff in rupees associated with each state of nature is then found
out and the decision resulting in the highest payoff is taken.

Decision theory covers three categories of decision-making:

1. Decision-making under conditions of certainty: Here, only one state of nature exists i.e.,
there is complete certainty about the future. Very few business situations will ever fall
in this category.

2. Decision-making under conditions of risk: Here, more than one states of nature exist
and there is enough information available to assign probability to each of the possible
states.

3. Decision-making under conditions of uncertainty: Here, more than one states of nature
exist but there is no information about the various states, not even sufficient knowledge
to assign probabilities to them.

Decision theory is covered in Chapter 9.

1.20-12 Replacement Models

The replacement theory deals with industrial, military and other equipment that gets worn
with usage and time and thereby functions with decreasing efficiency. For example, a machine
requires higher operating cost, a transport vehicle requires more and more maintenance cost, a
railway timetable becomes more and more out of date with time. The ever increasing repair and
maintenance cost necessitates the replacement of equipment. However, there is no sharp, clearly
defined time which indicates the need for this replacement. The replacement policy, in this case,
consists of calculating the increased operating cost, maintenance cost, scarp value and cost of
equipment to determine the optimal replacement interval.

Another category of replacement problem involves items such as electric bulbs, radio tubes,
etc. which do not deteriorate with time but suddenly fail. The problem, here, is of finding which
items to replace and whether or not to replace them in a group and, if so, when. The objective
1s to minimize the sum of the cost of the item, cost of replacing the item and the cost associated
with failure of the item.

There is still another situation in which replacement becomes necessary. This is obsolescence
due to new discoveries and better design of equipment. The equipment needs replacement not
because it no longer performs to the design standards, but because more modern equipment
performs to the higher standards. Chapter 11 is denoted to these problems.

1.20-13 Reliability Theory

Reliability is the capability of an equipment to work without any break down or failure for
a specified period of time under given environmental conditions. The equipment may be simple
device like a switch, a fan, an electric heater or a large and complex one such as a computer, a
radar or an aeroplane. Reliability of the complex equipment depends upon the reliability of its
components. It is essential that an equipment should well perform the function for which it is
designed. Failure could result in great hazard and high costs. For instance, large downtime cannot
be permitted in a computer, malfuntioning of parts is unthinkable in an aircraft.

The quantitative measure of reliability can be obtained for individual components by
appropriate statistical procedures such as life testing. The reliability of the equipment can then by
ascertained by using the reliability of the individual components and the design of the equipment
which indicates the interconnection of the components.

Assessment of reliability is extremely useful in designing a complex, sophisticated equipment
containing a large number of components.
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1.20-14 Markov Analysis

Markov analysis for decision-making is used in situations where various states are defined.
The probability of going from one state to another is known and depends on the present state but
independent of how that state was reached. Morkov analysis is used to determine the long run
probability of being in a particular state (steady state probability). This steady state probability is
used in decision-making.

Markov analysis analyzes the current behaviour of some variable in order to predict the
future behaviour of that variable. This was first used by the Russian mathematician A. Markov to
describe and predict the behaviour of gas particles in a closed container. In operations research, it
has been successfully applied to a wide variety of situations. It has been used in examining and
predicting the behaviour of customers in terms of their brand loyalty and their changing from one
brand to another. It has also been used to study the life of newspaper subscriptions. Recently it has
been used to study the customers’ accounts behaviour i.e., to study the customers as they change
from ‘current account’ through ‘one month overdue’ to ‘two months overdue’ to ‘bad debt’. In all
these applications, future behaviour has been predicted by analysing the present one.

1.20-15 Advanced OR Models
() Non-Linear Programming

Non-linear programming is used to solve problems in which either the objective function
and/or one or more of the constraints are non-linear in nature. Factors such as price discounts
on bulk purchases, graduated income tax, etc. may cause non-linearity in the model. The non-
linearity of the functions makes the solution of the problem much more involved as compared to
linear programming problems, and there is no single algorithm like simplex method, which can
be employed for solution of the problem. Though a number of algorithms have been developed,
each is applicable to a specific type of non-linear programming problem only.

(i) Dynamic Programming

Dynamic programming models are used to make a series of interrelated decisions for multi-
stage problems that extend over a number of time periods. For example, a company may wish to
make a series of marketing decisions over time which will result in highest possible sales. The
underlying principle of this model is that regardless of what the previous decisions are, it tries to
determine the optimum decision for the periods that still lie ahead. The dynamic programming
approach divides the problem into a number of subproblems or stages. The decision made at each
stage influences not only the next stage but also every stage to the end of the problem. Though
dynamic programming has been used to solve problems in which time plays an essential role, yet
in many dynamic programming problems time is not a relevant variable. For instance, suppose
a company has marked capital C to be spent on advertising its products through three different
media—newspaper, radio and television. In each medium the advertisement can appear a number of
times per week. Each appearance has associated with it certain costs and returns and the problem is
to determine the number of times the product be advertised in each medium so that the returns are
maximum and the total cost is within the prescribed limit. In this situation time is not a variable,
but the problem can be divided into stages and solved by dynamic programming.

Whereas linear programming has standard ways to formulate the problems and solve them,
there is no such ‘standard approach’ in dynamic programming. It is, on the other hand, a general
way of solving large, complex problems by splitting them into smaller problems which are more
easily solved. It requires, however, a good bit of ingenuity to decide when a problem might be
solved by using dynamic programming and how that solution should be approached. Dynamic
programming involves manipulation of a large amount of data and requires electronic computers.
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(iti) Integer Programming

It 1s used to solve problems in which some or all varialbles must have non-negative integer
values. When all the variables are constrained to be intergers, the problem is called all (pure)
integer programming problem and in case only some of the variables are restricted to have integer
values, the problem is said to be a mixed integer programming problem. In some situations each
variable can take on the values of either zero or one as in ‘do’ or ‘not do’ type of decisions. Such
problems are referred to as zero-one programming problems.

Examples on integer programming are: number of trucks in a fleet, number of generators in
a power house, etc. Approximate solutions can be obtained without using integer programming
methods, but the approximation generally becomes poorer as the values of the variables become
smaller. There are techniques like Gomory’s cutting plane algorithm, branch and bound algorithm
and Bala’s additive algorithm to solve these problems.

(iv) Goal Programming

Goal programming is quite similar to linear programming but is applied for situations which
have multiple goals or objectives. For a company manufacturing lathes and milling machines, there
can be the following objectives:

() maximize profit in rupees,

(i) maximize number of lathes to be manufactured,

(#if) maximize number of milling machines to be manufactured.

It 1s obvious that the three goals cannot be added, since their units are different. Moreover
goals (ii) and (iii) are conflicting. Goal programming asks the management to set some targets for
each of the goals and rank them in the order of importance. Having received this information, goal
programming tries to minimize the deviations from the targets. It starts with the most important
goal and continues till the achievement of a less important goal would cause management to fail
to achieve a more important one.

(v) Heuristic Programming

According to Thierauf and Klekamp, heuristic programming uses rules of thumb or intuitive
rules and guidelines (generally under computer control) to explore the most likely paths and to
make educated guesses in arriving at a problem’s solution. Thus, checking all the alternatives, so as
to obtain the optimum one, is not required. Heuristic models seem to be quite promising for future
OR work. They bridge the gap between strictly analytical formulations and the operating principles
which managers are habitual of using. They involve step-by-step search towards the optimal
solution when a problem cannot be expressed in mathematical programming form. The search
procedure examines successively a number of combinations that lead to stepwise improvement in
the solution and the search stops when a near-optimal solution has been obtained.

(vi) Quadratic Programming

Quadratic programming refers to problems in which objective function is quadratic in form
(contains squared terms) while the constraints are linear. A number of efficient algorithms have
been developed for such problems.

(vii) Sensitivity Analysis

Once the optimal solution to a linear programming problem has been attained, it may be
desirable to study how the current solution changes when the parameters of the problem get
changed. The study of the effect of discrete changes in the values of the parameters on the optimal
solution is called sensitivity analysis or postoptimality analysis. The objective is to determine how
sensitive 1s the optimal solution is to the changes in the values of these parameters.
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(viiiy Parametric Programming

The study of the effect of continuous changes in the values of the parameters on the optimal
solution to a linear programming problem is called parametric programming. It is an extension of
sensitivity analysis and aims at finding the various basic solutions that become optimal, one after
the other, as the parameters of the problem change continuously their values.

(ix) Stochastic Programming

Also called probabilistic programming, it refers to linear programming that includes an
evaluation of relative risks and uncertainties in various alternatives or choices available for
management decisions.

1.20-16 Combined Methods

Real systems may not involve only one of the models discussed above. A production control
problem, for example, normally consists of a combination of inventory, allocation and queuing
models.

The usual method of solving such combined models consists of ‘solving’ them one at a
time in some logical sequence. However, OR combines these models and constructs some type of
master model, which takes into account the interaction of individual models.

Lastly, it must be emphasized that the above classification does not cover all OR problems.
However, it does cover most of them. It is expected that in the days to come more and more of
new processes will be revealed and subjected to mathematical analysis.

1.21 ROLE OF COMPUTERS IN OPERATIONS RESERACH

It was said in section 1.1 that the computer played a vital role in the development of OR.
But for the computer, OR would not have achieved its present position. It is because in most OR
techniques, computations are so complex and involved that these techniques would be of no real
use in the absence of the computer. Most large-scale applications of OR techniques which require
only a few minutes on the computer, may take weeks, months and even years to yield the same
results manually.

Most of linear programming models for even small scale industries usually involve hundreds
of decision variables and constraints. Likewise, most of the business problems, such as blending
problems of oil refineries, may involve thousands of variables and constraints. It is simply impossible
to solve such large problems manually; they are solved using sophisticated software packages.
Many computer manufacturing companies have developed software packages for problems to be
solved by the application of OR techniques. Companies such as IBM, ICL, UNIVAC, CDC have
done so for solving scheduling, inventory, simulation, queuing, networking (PERT/CPM) and
many other OR problems.

No doubt, the computer is an essential and integral part of OR. Today, OR methodology
and computer methodology are growing in parallel. It appears that in the coming years the line
dividing the two methodologies will disappear and the two sciences will combine to form a more
general and comprehensive science.

1.22 DIFFICULTIES IN OPERATIONS RESEARCH

The previous sections have brought out the positive side of OR only. However, there is also
the need to point out the negative side. Certain common traps and pitfalls can and have, ruined
the otherwise good work. Some of these pitfalls are quite obvious while others are so subtle and
hidden that extreme care is required to locate their presence.
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In the very first phase of OR—the problem formulation phase—a number of pitfalls can and
do arise. It is necessary that the right problem be selected and it must be completely and accurately
defined. Is the right problem being solved? Is the scope considered wide and proper? Will it result
in optimization or only sub-optimization? Will the solution properly reflect the objectives as well
as the imposed constraints? Are proper effectiveness measures being used? This phase of problem
formulation is perhaps the most important and toughest part of OR study.

Secondly, data collection may also consume a very large portion of time and money spent
on OR study.

Thirdly, the whole study by operations analyst is based on his observations in the past.
Strictly speaking, these observations can only be related to the laws that operated in the past, as
there is no evidence that the laws will continue to operate in future also. If the laws are applied
to the future, it clearly amounts to extrapolation in time.

Fourthly, the operations researcher, while making observations, may affect the behaviour
of the system he is studying. Moreover, however comprehensive his experiments may be, his
observations can never be more than a sample of the whole. These difficulties present special
hazards to operations researcher. His aim 1is to find out what happens in a working organization.
He can get the information in two ways: by direct observations or from the previous records. The
behaviour of an organization depends upon the activities of the persons in it and the very fact
that they are being observed is bound to affect their behaviour. On the other hand, accuracy of
previous records is always doubtful and they seldom provide the complete information in all the
points sought.

Perhaps the greatest difficulty in OR, however, is created by the time factor. The managers
have to make decisions one way or the other, and a fairly good solution to the problem at the
right time may be much more useful than the perfect solution too late. Further, the cost involved
1s also an important factor. Sometimes, some simple application of OR may yield a good solution
quickly and it may be unwise to spend a lot of money and effort to produce a slightly better
solution much later.

Other pitfalls in problem solving include

(i) warping the problem to fit a standard model, tool or technique,
(iF) failure to test the model and solution before implementation, and
(iii) failure to establish proper controls.

It 1s the responsibility of OR scientist to translate his highly specialised and technical
thoughts, ideas and concepts into simple operational procedure capable of being easily understood
by the management and workers alike. He must also ascertain that the new proposals are properly
implemented. But for the proper implementation, the whole OR study becomes useless.

Lastly, what may appear to be a pitfall is the fact that OR study may raise more questions
than it answers. However, this may ultimately result in more deep insight into the system, yielding
further benefits and improvements.

1.23 LIMITATIONS OF OPERATIONS RESEARCH

1. Mathematical models, which are essence of OR, do not take into account qualitative
factors or emotional factors which are quite real. All influencing factors which cannot
be quantified find no place in mathematical models.

2. Mathematical models are applicable to only specific categories of problems.

3. OR tries to find optimal solution taking all the factors of the problem into account.
Present day problems involve numerous such factors; expressing them in quantity and
establishing relations among them requires huge calculations.
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4. Being a new field, generally there is a resistance from the employees to the new proposals.

5. Management, who has to implement the advised proposals, may itself offer a lot of
resistance due to conventional thinking.

6. Young enthusiasts, overtaken by its advantages and exactness, generally forget that OR
1s meant for men and not that men are meant for it.

Thus at the implementation stage, the decision cannot be governed by quantitative
considerations alone. It must take into account the delicacies of human relationships. That is, in
addition to being a pure scientist, one has to be tactful and learn the art of getting the decisions
implemented. This art can be achieved by experience as well as by getting training in social
sciences, particularly psychology.

In fact, many managers may make a joke of OR as they think that the decisions made
otherwise may be better. But being aware of its limitations, they need to be convinced of its utility,
which doubtlessly forms the essential guideline for making better decisions.

EXERCISES

1. Discuss the origin and development of OR. What are the limitations of OR? How computer has
helped in popularising OR? [PT.U. MBA, 2005; PU. M.Sc.(I.T), 2003]

2. What is OR? What are the characteristics and limitations of OR techniques?
[PTU. B.Tech. (Mech.) Dec., 2011; May, 2011; 2010, R T M. Nagpur U.B. Tech. Dec.,
2006, Dec., 2003; HP.U. B.E. (Mech.) 2009; Nagpur U. B.E. 2003;
PU. B.E.(Mech.) Nov.,, 2002; May, 2002; BE. (E. & Ec.) 2002]
3. Describe the various objectives of OR. Write any two merits of OR.
[PTU. B.Tech. (Mech.) 2010]
4. What are the main characteristics of OR? Explain with suitable examples.
[PT.U. BE. May, 2012; Madras UMBA Nov.,, 2012; R TM. Nagpur UB.E. (Mech.)
2011; Chennai UB.C.A. Nov,, 2010; PT.U. MCA, 2010; HP.U. B.Tech. (Mech.) 2007;
PUB.E.(E.&Ec.) April, 2002; MBA August, 2006, B. Com. 2006)
5. Describe some methods of OR. [PU.B.Com. 2002, B.E. (Mech.) June, 1992]
. Operations research. What, where, why and how? [PU.B.E.(Elect) 2001]
7. Define operations research. Give features of OR. Briefly discuss techniques and tools of OR.
[Chennai U.B.C.A. Nov., 2010; PU.BBA 2001; B.Com. 1999; Sept., 2006, Sept., 2005]
8. (a) What is the role of decision-making in OR? Define scientific decision-making and explain how
it affects OR decisions. [HPU.B.Tech. 7th Semester (Mech.) 2009; Nov., 2007;
P.UB.E. (Mech.) Nov., 2006; M.D.U. Rohtak B.E. (Mech.) Dec., 2006]
(b) Discuss the scope and limitations of OR.
[Gujarat Tech. UB.E. Dec., 2012; U.P.U. MBA, 2010; V.T.U. Karnataka B.E. June, 2010;
RTM. Nagpur U.B.Tech. June, 2006; PU.B.E. 2001, 2000; B.Com.
2006, 03, 02, 00; B.E.(E.&Ec.) April, 2008, 2006,
Pbi. U. MCA, 2001; Jammu U.B.E.(Mech.) 2004]
9. “OR is the application of scientific methods, techniques and tools to problems involving the
operations of a system so as to provide those in control of the system with optimum solutions to
the problems.” Discuss. [RTM. Nagpur, U. B.Tech. Dec., 2005]
10. What is OR? Describe briefly its applications.
[PU. MBA, 2010; RTM. Nagpur U.B.Tech., 2009; JN.T. U. Hyderabad B.Tech. May, 2011,
Nov., 2010; Chennai Univ. B.B.A. Nov., 2010; PT.U. MCA, 2010; M.D.U. Rohtak B.E. (Mech.)
Dec., 2006; Jammu U. B.E.(Mech.) 2004; P.U. B.Com., 2000; B.E.(T1.T) Nov., 2004]
11. Discuss the significance and scope of OR in modern management.
[J.N.TU. Hyderabad B.Tech. August, 2011, 2010; PU. BBA, 2010, 08; R.T.M. Nagpur, B.Tech.
June, 2007, HP.U. B.Tech. (Mech.) 2007, PU.B.E.(Mech.) 2002; B.Com.
April, 2007, Sept., 2004; Jammu U. B.E. (Mech.) 2004, PU.B. Com. Jan., 2005]

[))
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12. Explain how and why OR methods have been valuable in aiding executive decisions.
[J.N.TU. Hyderabad B.Tech. August, 2011; PU.B.E.(E.&Ec.) 1999]
13. “Mathematics of OR is mathematics of optimization.” Discuss. [Pbi.U. MCA, 2001]

14. Discuss the various phases in solving an OR problem.

[Madras UMBA Nov., 2012; V.T.U. Karnataka B.E. June, 2012; U.P.U. MBA, 2010;
Mumbai U. MBA, 2010; PT.U. M.Tech. Dec., 2011; RT. M. Nagpur U. B.Tech., 2010,09,06,04,03;
SVSM PGDM, 2009; HP.U.B.E. (Mech.) 2010, 2008; IGNOU MCA, 2003;
Nagpur U. B.E.(Mech.) 2003; PUB.E. (E. & Ec.) April, 2008; 2006, 2000; B.Com., 2003]
15. (@) Discuss scientific method in OR.  [Pbi.U. MCA, 2001; B.Com., 1996; REC Hamirpur, 1998]
(b) Explain the role of operations research in business. [Chennai U. B.B.A. Nov., 2010]
(¢) Explain methodology of OR [PT.U. MBA, 2009]

16. What is the role of OR in decision-making ? [H.PU.B. Tech. (Mech.) Nov., 2010; P.U. B.Com.
April, 2007; MBA Feb., 2009; August, 2006; Pondicherry UM.B.A. August, 2006;

PT.U. B.Tech. (Mech.) May, 2007; RU. B.E.(Mech.) 2002, 1998, 95; Dayalbagh Edu.

Inst. M.Tech., 1998; Nagpur U. MBA, 1998; G.N.D.U. B.Com., 1995]

17. “OR is an aid for the executive in making his decisions by providing him with the needed
quantitative information, based on the scientific method analysis”. Discuss this statement in detail,
illustrating it with OR methods that you know. [Meerut (Stat.) 1995]

18. State three properties and three advantages of OR models.

19. Discuss briefly the components of a problem and mention the three major types of problems in
decision-making under different environments.

20. Write short notes on the following:
(i) Areas of application of OR.
[PU. BE.(E.&Ec.) 2000; B.Com. March, 2006; Karn.U. B.E.(Mech.) 1997; IIM.S. Kolkata, 1996]
(i) Role of constraints and objectives in the construction of mathematical models.
(i1i) Statistician’s role as a member of the OR team.
(iv) Application of OR Techniques in areas of production, planning, financial management, etc.
(v) Scope of OR in public utilities and in Industry. [H.PU.B.Tech.(Mech.) June, 2010]
21. What are the situations where OR techniques will be applicable? [Mumbai U. MBA, 2010]
22. Comment on the following statements:
(7)) OR is the art of winning wars without actually fighting them.
(i) OR is the art of finding bad answers where otherwise worse exist.
[J.N.TU. Hyderabad B.Tech. June, 2009; PT.U. MBA June, 2003]
(iif) OR replaces management by personality.
[Nellore MBA, 2002; D.U. MBA, 1991; REC Hamirpur, 1995; C.A., 1983, 81]
23. Define a scientific model. Discuss in detail three types of models with special emphasis on the
important logical properties and the relationships the three types bear to each other and to modelled
entities.
[J.N.TU. Hyderabad B.Tech. April, 2011; HP.U. B.Tech. (Mech.) Sept.,2009; Nov., 2007]
24. Explain the different types of models used in OR. Explain briefly the general methods for solving
these OR models. [Madras UMBA. Nov., 2012, PT.U. M.Tech. Dec., 2011; B. Tech. (C.Sc.)
2009; PU.B.Com. Sept., 2006, Nagpur U. B.E.(Comp. Tech.) 2003; Nellore MBA, 2002;
Pbi.U. MCA, 2001, PT.U. MBA, 2003]
25. “Model building is the essence of OR approach”. Discuss.
[RTM. Nagpur U. B.Tech. (Mech.) June, 2007, Nellore MBA, 2002]
26. Discuss in brief the role of OR models in decision-making.
[RTM. Nagpur U. B.E.(Mech.) 2011; Jammu U. B.E.(Mech.) 2004]
27. Give the essential characteristics of the following types of processes:
(a) Allocation (b) Competitive (¢) Inventory (d) Waiting Line
(e) Replacement [H.PU. B.Tech. (Mech.) June, 2010; Dec., 2009; 2007,
RTM. Nagpur U. B.Tech., Sept., 2008, PU. B.E.(Mech.) 2002]
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28. Give an account of the information requirements, assumptions and applications of the following

models:
(a) Iconic (b) Analogue (c) Sequencing (d) Dynamic programming
(e) Replacement (H) Simulation

[HPUB. Tech. Mech.) 2010; J NT.U. Hyderabad B.Tech. May, 2009]
29. Describe the classification schemes of OR models.
[J.N.TU. Hyderabad B.Tech. Nov., 2010; RTM.
Nagpur U. B.E.(Mech.) 2003, PU.B.E.(Mech.) 2002]
30. What do you understand by deterministic and probabilistic models?
[Nagpur U. B.E.(Mech.) 2003]

31. Explain approximations in OR models. What are advantages and characteristics of a good
model? [PU.B.E.(Mech.) Nov., 2006; Nov., 2002; Nov., 1998]

32. Give two definitions of a model. What are OR models? What is the role of approximations in OR
models? How OR models are classified and constructed? [H.PU. B.E. (Mech.) 2008,
PU.B.E.(Mech.) 2001]

33. What is an OR model? Give the main advantages of an OR model. Describe its limitations.
[J.N.TU. Hyderabad B. Tech. May, 2011; PU.B.E.(E.&Ec.) 2001]
34. (a) Give any four comprehensive definitions of OR.
[PU.B.E.(Mech.) 2000; B.Com. Sept., 2005, 04]
(b) Explain with examples the various classification schemes of models.
[HP.UB. Tech. (Mech.) June, 2010, PU.B.E.(Mech.) 2000]

(¢) Discuss the scope of OR in business. [Madras U.MBA April, 2012]
35. (a) What are the essential characteristics of OR? Enumerate various types of models. Give a brief
account of methods used in model formulations. [PU.B.E.(Mech.) 1997]

(b) What are limitations of OR?
[PT.UB. Tech. (Mech.) May, 2007; HP.U. B.Tech. Nov., 2007; Pondicherry UM.B.A. June, 2007; 2006]
36. Discuss the advantages and disadvantages of the following models :
(a) Verbal (b) Schematic (c) Iconic  (d) Mathematical
[Dayalbagh Edu. Inst. Agra M. Tech. Dec., 2007]

37. Explain the role of computers in OR. [PT.U. MCA, 2010; PU.B.E.(Mech.) 1999]
38. Discuss the role of OR in real life Problems. [PT.U. B.Tech. (C.Sc.) 2009]
39. What are the advantages of using results from a mathematical model to make decision about
operations ? [PT.U. B.Tech. (Mech.) 2009]
40. What are the limitations of using results from a mathematical model to make decision about
operations ? [VT.U. Karnataka B.E. Dec., 2010;

RTM. Nagpur UB.Tech., 2011; PT.U. B.Tech. (Mech.) 2008]

41. (a) “Operations research is more than just mathematics”. Justify the statement, with an example.
(b) List and explain the steps in conducting an ‘operations research’ study.

[V.T.U. Karnataka B.E. June, 2011]

42. Write a detailed note on the use of models for decision-marking. The answer should specifically
cover the following:

(a) Need for model building.
(b) Type of model appropriate to the situation.
(c) Steps involved in the construction of the model. [Kuru. U. B.E.(Mech.) June, 2012]
43. Explain the role of operations research in solving industrial problems.
[PT.U. B.Tech. (Mech.) June, 2011]
44. Discuss briefly the scope of OR in financial management.
[J.N.T.U. Hyderabad B.Tech. August, 2011]

45. Is OR a discipline or a profession or set of techniques or a philosophy or a new name of an old
thing? Justify your answer. [J.N.TU. Hyderabad B.Tech. Nov., 2010]
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46. Define OR. Given reasons why most definitions of OR are not satisfactory.
[RTM. Nagpur U. B.Tech. June, 2005]
47. Explain the role of OR in solving industrial problems. [PT.U. B.Tech. (Mech.) Dec., 2011]

48. Suggest a suitable OR model, giving reasons if any, for each of the following OR problems:
(a) Stockpiling of crackers prior to Divali.

(b) Decision to replace police jeeps after 10 years of running even though some of them may be
in working condition.

(¢) Reinforcing the strength of maintenance staff at the ship dock in Bombay.

(d) A newspaper boy deciding the no. of copies of a daily paper he should order per day.
(e) A scooter, its driver and his companion riding towards their office.

() Statistical forecasting of the sales of ice-cream.

(g) Establishing dependency relationships among the activities involved in the manufacture and
marketing of a new product.

(h) Modification in the design of a new product.

() Improving means of verbal communication to provide better feedback for control of a jobbing
workshop.

[Hint. (a) It is an OR problem. Objective is to maximize the profit. Alternative courses
of actions are the various quantities of crackers that may be stockpiled. Overstocking would result
in wastage of unsold crackers left over after the end of Divali; while understocking would cause
regret or opportunity loss. An empirical sales distribution may be compiled from the past historical
data. Time of purchasing the crackers is also significant. Too early purchase will be associated
with tie-up of capital as well as enhanced risk of deterioration of crackers while too late marketing
may result in regret later. (b) Replacement (¢) Queuing (d) Inventory (e) Although the driver and
his companion are driving with a purpose in view, there is hardly any conflict amongst the three.
There is no other alternative course of action but to drive. It is, therefore, not an OR problem. (f)
Forecasting inventory (g) Network (%) Not an OR problem (7) Production scheduling/control.]

49. Suggest a suitable OR model, if any, for the following situations:
(7) Deciding the quantities of the three products to be produced per week by the company.
(if) Opening another reservation counter at the railway station.
(iif) Setting minimum stock level of bicycles in a cycle store.
(iv) Deciding the optimal lot size of a product for placing order by a trading company.
(v) Adapting the exponential smoothing forecast model for fluctuations in demand.
(vi) Deciding the recruitment policy of salesmen in a state on the expansion of business.
(vit) Determination of the number of bomb hits to destroy enemy’s nuclear plant.
[Ans. (?) Allocation (i7) Queuing (iii) Inventory (iv) Inventory
(v) Inventory control (vi) Replacement (vii) Simulation]
50. Suggest the suitable model (whether iconic, analogue or symbolic) for the following:
(a) microfilmed documents,
(b) flow process chart in an organisation,
(c) exponential smoothing forecast (empirical) model,
(d) monogram for computing economic order quantity,
(e) motion film,
(f) normal distribution curve,
(g) templates used for manipulation towards best layout,
(h) histogram of the rainfall at a place,
(i) economic order quantity formula.

[Hint. Iconic: (a), (e); analogue: (), (d), (), (g), (h), symbolic: (¢), ()]
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2.1 INTRODUCTION

Linear programming is perhaps the most widely applied mathematical technique that helps
managers in decision-making and planning for the optimal allocation of limited resources. It deals
with the optimization (maximization or minimization) of a function of variables known as objective
function, subject to a set of linear equations and/or inequalities known as constraints. The objective
function may be profit, cost, production capacity or any other measure of effectiveness, which is to
be obtained in the best possible or optimal manner. The constraints may be imposed by different
resources such as raw material availability, market demand, production process and equipment,
storage capacity, etc. By linearity is meant a mathematical expression in which the expressions
among the variables are linear e.g., the expression a;x; + ayx, + azx; + ... + a,x,, 1s linear. Higher
powers of the variables or their products donot appear in the expressions for the objective function
as well as the constraints (they donot have expressions like x,3, x,>?, x1x,, a;x; + a, log x,,
etc.). The variables obey the properties of proportionality (e.g., if a product requires 3 hours of
machining time, 5 units of it will require 15 hours) and additivity (e.g., amount of a resource
required for a certain number of products is equal to the sum of the resource required for each).

It was in 1947 that George Dantzig and his associates found out a technique for solving
military planning problems while they were working on a project for U.S. Air Force. This technique
consisted of representing the various activities of an organization as a linear programming (L.P.)
model and arriving at the optimal programme by minimizing a linear objective function. Afterwards,
Dantzig suggested this approach for solving business and industrial problems. He also developed
the most powerful mathematical tool known as “simplex method” to solve linear programming
problems.

2.2 REQUIREMENTS FOR A LINEAR PROGRAMMING PROBLEM

All organizations, big or small, have at their disposal, men, machines, money and materials,
the supply of which may be limited. If the supply of these resources were unlimited, the need
for management tools like linear programming would not arise at all. Supply of resources being
limited, the management must find the best allocation of its resources in order to maximize the
profit or minimize the cost/loss or utilize the production capacity to the maximum extent. However,
this involves a number of problems which can be overcome by quantitative methods, particularly
the linear programming.

Generally speaking, linear programming can be used for optimization problems if the
following conditions are satisfied:

1. There must be a well defined objective function (profit, cost or quantities produced)
which is to be either maximized or minimized and which can be expressed as a linear function of
decision variables.

41
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2. There must be constraints on the amount or extent of attainment of the objective and
these constraints must be capable of being expressed as linear equations or inequalities in terms
of variables.

3. There must be alternative courses of action. For example, a given product may be processed
by two different machines and problem may be as to how much of the product to allocate to which
machine.

4. Another necessary requirement is that decision variables should be interrelated and non-
negative. The non-negativity condition shows that linear programming deals with real life situations
for which negative quantities are generally illogical.

5. As stated earlier, the resources must be in limited supply. For example, if a firm starts
producing greater number of a particular product, it must make smaller number of other products
as the total production capacity is limited.

2.3 ASSUMPTIONS IN LINEAR PROGRAMMING MODELS

A linear programming model is based on the following assumptions:

1. Proportionality: A basic assumption of linear programming is that proportionality exists
in the objective function and the constraints. This assumption implies that if a product yields a
profit of ¥ 10, the profit earned from the sale of 12 such products will be ¥ (10 x 12) =¥ 120. This
may not always be true because of quantity discounts. Further, even if the sale price is constant,
the manufacturing cost may vary with the number of units produced and so may vary the profit
per unit. Likewise, it is assumed that if one product requires processing time of 5 hours, then
ten such products will require processing time of 5 x 10 = 50 hours. This may also not be true
as the processing time per unit often decreases with increase in number of units produced. The
real world situations may not be strictly linear. However, assumed linearity represents their close
approximations and provides very useful answers.

2. Additivity: It means that if we use ¢, hours on machine A4 to make product 1 and ¢, hours
to make product 2, the total time required to make products 1 and 2 on machine 4 is ¢, + ¢, hours.
This, however, is true only if the change-over time from product 1 to product 2 is negligible. Some
processes may not behave in this way. For example, when several liquids of different chemical
compositions are mixed, the resulting volume may not be equal to the sum of the volumes of the
individual liquids.

3. Continuity: Another assumption underlying the linear programming model is that the
decision variables are continuous i.e., they are permitted to take any non-negative values that satisfy
the constraints. However, there are problems wherein variables are restricted to have integral values
only. Though such problems, strictly speaking, are not linear programming problems, they are
frequently solved by linear programming techniques and the values are then rounded off to nearest
integers to satisfy the constraints. This approximation, however, is valid only if the variables
have large optimal values. Further, it must be ascertained whether the solution represented by the
rounded values is a feasible solution and also whether the solution is the best integer solution.

4. Certainty: Another assumption underlying a linear programming model is that the various
parameters, namely, the objective function coefficients, R H.S. coefficients of the constraints and
resource values in the constraints are certainly and precisely known and that their values do not
change with time. Thus the profit or cost per unit of the product, labour and materials required
per unit, availability of labour and materials, market demand of the product produced, etc. are
assumed to be known with certainty. The linear programming problem is, therefore, assumed to
be deterministic in nature.

5. Finite Choices: A linear programming model also assumes that a finite (limited) number
of choices (alternatives) are available to the decision-maker and that the decision variables are
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interrelated and non negative. The non-negativity condition shows that linear programming deals
with real-life situations as it is not possible to produce/use negative quantities.

Mathematically these non-negativity conditions do not differ from other constraints. However,
since while solving the problems they are handled differently from the other constraints, they are
termed as non-negativity restrictions and the term constraints is used to represent constraints other
than non-negativity restrictions and this terminology has been followed throughout the book.

2.4 APPLICATIONS OF LINEAR PROGRAMMING METHOD

Though, in the world we live, most of the events are non-linear, yet there are many instances
of linear events that occur in day-to-day life. Therefore, an understanding of linear programming
and its application in solving problems is utmost essential for today’s managers.

Linear programming techniques are widely used to solve a number of business, industrial,
military, economic, marketing, distribution and advertising problems. Three primary reasons for
its wide use are:

1. Alarge number of problems from different fields can be represented or at least approximated
to linear programming problems.

2. Powerful and efficient techniques for solving L.P. problems are available.

3. L.P. models can handle data variation (sensitivity analysis) easily.

However, solution procedures are generally iterative and even medium size problems
require manipulation of large amount of data. But with the development of digital computers,
this disadvantage has been completely overcome as these computers can handle even large L.P.
problems in comparatively very little time at a low cost.

2.5 AREAS OF APPLICATION OF LINEAR PROGRAMMING

Linear programming is one of the most widely applied techniques of operations research
in business, industry and numerous other fields. A few areas of its application are given below.

1. INDUSTRIAL APPLICATIONS

(a) Product mix problems: An industrial organisation has available a certain production
capacity (men, machines, money, materials, market, etc.) on various manufacturing processes to
manufacture various products. Typically, differents products will have different selling prices, will
require different amounts of production capacity at the several processes and will therefore, have
different unit profits; there may also be stipulations (conditions) on maximum and/or minimum
product levels. The problem is to determine the product mix that will maximize the total profit.

(b) Blending problems: These problems are likely to arise when a product can be made
from a variety of available raw materials of various compositions and prices. The manufacturing
process involves blending (mixing) some of these materials in varying quantities to make a product
of the desired specifications.

For instance, different grades of gasoline are required for aviation purposes. Prices and
specifications such as octane ratings, tetra ethyl lead concentrations, maximum vapour pressure, etc.
of input ingredients are given and the problem is to decide the proportions of these ingredients to
make the desired grades of gasoline so that () maximum output is obtained and (i) storage capacity
restrictions are satisfied. Many similar situations such as preparation of different kinds of whisky,
chemicals, fertilisers and alloys, etc. have been handled by this technique of linear programming.

(¢) Production scheduling problems: They involve the determination of optimum production
schedule to meet fluctuating demand. The objective is to meet demand, keeping inventory and
employment at reasonable minimum levels, while minimizing the total cost of production and
inventory.
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(d) Trim loss problems: They are applicable to paper, sheet metal and glass manufacturing
industries where items of standard sizes have to be cut to smaller sizes as per customer requirements
with the objective of minimizing the waste produced.

(e) Assembly-line balancing: It relates to a category of problems wherein the final product
has a number of different components assembled together. These components are to be assembled
in a specific sequence or set of sequences. Each assembly operator is to be assigned the task /
combination of tasks so that his task time is less than or equal to the cycle time.

(f) Make-or-buy (sub-contracting) problems: They arise in an organisation in the face of
production capacity limitations and sudden spurt in demand of its products. The manufacturer, not
being sure of the demand pattern, is usually reluctant to add additional capacity and has to make
a decision regarding the products to be manufacured with his own resources and the products to
be sub-contracted so that the total cost 1s minimized.

2. MANAGEMENT APPLICATIONS

(a) Media selection problems: They involve the selection of advertising mix among
different advertising media such as T.V., radio, magazines and newspapers that will maximize
public exposure to company’s product. The constraints may be on the total advertising budget,
maximum expenditure in each media, maximum number of insertions in each media and the like.

(b) Portfolio selection problems: They are frequently encountered by banks, financial
companies, insurance companies, investment services, etc. A given amount is to be allocated
among several investment alternatives such as bonds, saving certificates, common stock, mutual
fund, real estate, etc. to maximize the expected return or minimize the expected risk.

(c) Profit planning problems: They involve planning profits on fiscal year basis to maximize
profit margin from investment in plant facilities, machinery, inventory and cash on hand.

(d) Transportation problems: They involve transportation of products from, say, n sources
situated at different locations to, say, m different destinations. Supply position at the sources,
demand at destinations, freight charges and storage costs, etc. are known and the problem is to
design the optimum transportation plan that minimizes the total transportation cost (or distance
or time).

(e) Assignment problems: They are concerned with allocation of facilities (men or machines)
to jobs. Time required by each facility to perform each job is given and the problem is to find the
optimum allocation (one job to one facility) so that the total time to perform the jobs is minimized.

(/) Man-power scheduling problems: They are faced by big hospitals, restaurants and
companies operating in a number of shifts. The problem is to allocate optimum man-power in
each shift so that the overtime cost 1s minimized.

3. MISCELLANEOUS APPLICATIONS

(a) Diet problems: They form another important category to which linear programming has
been applied. Nutrient contents such as vitamins, proteins, fats, carbohydrates, starch, etc. in each
of a number of food stuffs is known. Also the minimum daily requirement of each nutrient in the
diet as well as the cost of each type of food stuff is given and the problem is to determine the
minimum cost diet that satisfies the minimum daily requirement of nutrients.

(b) Agriculture problems: These problems are concerned with the allocation of input
resources such as acreage of land, water, labour, fertilisers and capital to various crops so as to
maximize net revenue.

(c) Flight scheduling problems: They are devoted to the determination of the most
economical patterns and timings of flights that result in the most efficient use of aircrafts and crews.

(d) Environment protection: They involve analysis of different alternatives for efficient
waste disposal, paper recycling and energy policies.
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(e) Facilities location: These problems are concerned with the determination of best location
of public parks, libraries and recreation areas, hospital ambulance depots, telephone exchanges,
nuclear power plants, etc.

Oil refineries have used linear programming with considerable success. Similar trends are
developing in chemical industries, iron and steel industries, aluminium industry, food processing
industry, wood products manufacture and many others. Other areas where linear programming
has been applied include quality control inspection, determination of optimal bombing patterns,
searching of submarines, design of war weapons, vendor quotation analysis, structural design,
scheduling military tanker fleet, fabrication scheduling, steel production scheduling, balancing of
assembly lines and computations of maximum flows in networks.

In fact linear programming may be used for any general situation where a linear objective
function has to be optimised subject to constraints expressed as linear equations/inequalities.

2.6 FORMULATION OF LINEAR PROGRAMMING PROBLEMS

First, the given problem must be presented in linear programming form. This requires
defining the variables of the problem, establishing inter-relationships between them and formulating
the objective function and constraints. A model, which approximates as closely as possible to the
given problem, is then to be developed. If some constraints happen to be non-linear, they are
approximated to appropriate linear functions to fit the linear programming format. In case it is not
possible, other techniques may be used to formulate and then solve the model.

EXAMPLE 2.6-1 (Production Allocation Problem)

A firm produces three products. These products are processed on three different machines.
The time required to manufacture one unit of each of the three products and the daily capacity of
the three machines are given in the table below.

TABLE 2.1
Machine Time per unit (minutes) Machine
Product 1 Product 2 Product 3 capacity
(minutes/day)
M, 2 3 2 440
M, 4 — 3 470
M; 2 5 — 430

1t is required to determine the daily number of units to be manufactured for each product.
The profit per unit for product 1, 2 and 3 is ¥ 4, T 3 and T 6 respectively. It is assumed that all
the amounts produced are consumed in the market. Formulate the mathematical (L.P.) model that

will maximize the daily profit. [G.N.D.U. BBA Sept., 1998; HP.U. MCA, 1999]
Formulation of Linear Programming Model
Step 1:

From the study of the situation find the key-decision to be made. It this connection, looking
for variables helps considerably. In the given situation key decision is to decide the number of
units of products 1, 2 and 3 to be produced daily.

Step 2:

Assume symbols for variable quantities noticed in step 1. Let the number of units of products,
1, 2 and 3 manufactured daily be x;, x, and x;.

Step 3:

Express the feasible alternatives mathematically in terms of variables. Feasible alternatives
are those which are physically, economically and financially possible. In the given situation feasible
alternatives are sets of values of x;, x, and x,
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where X, X3, X3 2 0,
since negative production has no meaning and is not feasible.
Step 4:

Mention the objective quantitatively and express it as a linear function of variables. In the
present situation, objective 1s to maximize the profit.

i.e., maximize 7 = 4x; + 3x, + 6x5.

Step S:

Put into words the influencing factors or constraints. These occur generally because of
constraints on availability (resources) or requirements (demands). Express these constraints also
as linear equations/inequalities in terms of variables.

Here, constraints are on the machine capacities and can be mathematically expressed as

2x; + 3x, + 2x5 < 440,
4x, + Ox, + 3x5 < 470,
2x; + 5x, + Ox5 < 430.
Therefore, the complete mathematical (L.P.) model for the problem can be written as

maximize 7 = 4x; + 3x, + 6x3,
subject to constraints, 2x; + 3x, + 2x; < 440,
4x; + 3x5 < 470,
2x; + 5x, < 430,

where x;, x5, x3 2 0.

EXAMPLE 2.6-2 (Diet Problem)

A person wants to decide the constituents of a diet which will fulfil his daily requirements of
proteins, fats and carbohydrates at the minimum cost. The choice is to be made from four different
types of foods. The yields per unit of these foods are given in table 2.2.

TABLE 2.2
Food wpe Yield per unit Cost per unit
Proteins Fats Carbohydrates )
1 3 2 6 45
2 4 2 4 40
3 8 7 7 85
4 6 5 4 65
Minimum
requirvement 800 200 700

Formulate linear programming model for the problem.

Formulation of L.P. Model

Let x;, x5, x5 and x, denote the number of units of food of type 1, 2, 3 and 4 respectively.
Objective is to minimize the cost i.e.,

Minimize Z = ¥ (45x; + 40x, + 85x; + 65x,).
Constraints are on the fulfilment of the daily requirements of the various constituents.

i.e., for proteins, 3x; + 4x, + 8x; + 6x, > 800,
for fats, 2x; + 2x, + Tx5 + 5x, = 200,
and  for carbohydrates, 6x, + 4x, + Tx; + 4x, > 700,

where x,, x,, X3, x4, €ach > 0.

fb.com/cgaspirant



Download From - www.cgaspirants.com

LINEAR PROGRAMMING %+ 47

EXAMPLE 2.6-3 (Blending Problem)
A firm produces an alloy having the following specifications:
(i) specific gravity < 0.98,
(ii) chromium = 8%,
(iii) melting point > 450°C.

Raw materials A, B and C having the properties shown in the table can be used to make the alloy.

TABLE 2.3
Properties of raw material
Property
A B C
Specific gravity 0.92 0.97 1.04
Chromium 7% 13% 16%
Melting point 440°C 490°C 480°C

Costs of the various raw materials per ton are: T 90 for A, ¥ 280 for B and T 40 for C.
Formulate the L.P. model to find the proportions in which A, B and C be used to obtain an alloy
of desired properties while the cost of raw materials is minimum.

[G.N.D.U. BBA April, 2006; PU.B.E. (E. and Ec.) 1998]
Formulation of Linear Programming Model

Let the proportions of raw materials A, B and C to be used for making the alloy be x,;, x,
and x5 respectively.

Objective is to minimize the cost
minimize Z = 90x; + 280x, + 40x;.
Constraints are imposed by the specifications required for the alloy.

ie.,

They are
0.92x; + 0.97x, + 1.04x5 < 0.98,
Tx; + 13x, + 16x; > 8,
440x, + 490x, + 480x; > 450,
and Xt x, txy; =1,

as xj, x, and x3 are the proportions of materials A, B and C in making the alloy.
Also X}, X3, X3, each > 0.
EXAMPLE 2.6-4 (Advertising Media Selection Problem)
An advertising company wishes to plan its advertising strategy in three different media—

television, radio and magazines. The purpose of advertising is to reach as large a number of
potential customers as possible. Following data have been obtained from market survey:

TABLE 2.4
Television Radio Magazine I | Magazine 11
Cost of an advertising unit T 30,000 < 20,000 T 15,000 < 10,000
No. of potential customers
reached per unit 2,00,000 6,00,000 1,50,000 1,00,000
No. of female customers
reached per unit 1,50,000 4,00,000 70,000 50,000

The company wants to spend not move than I 4,50,000 on advertising. Following are the

further vequivements that must be met:
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(i) at least 1 million exposures take place among female customers,
(ii) advertising on magazines be limited to ¥ 1,50,000,
(iii) at least 3 advertising units be bought on magazine I and 2 units on magazine II,
(iv) the number of advertising units on television and radio should each be between
5 and 10.

Formulate an L.P. model for the problem.
[HPUB. Tech. (Mech.) June, 2010; PT.U. MBA May, 2002]

Formulation of Linear Programming Model
Let x1, x, x3 and x, denote the number of advertising units to be bought on television, radio,

magazine I and magazine II respectively.
The objective is to maximize the total number of potential customers reached.

ie., maximize Z = 10° (2x; + 6x, + 1.5x; + x,).
Constraints are
on the advertising budget: 30,000x; + 20,000x, + 15,000x; + 10,000x, < 4,50,000

or 30x; + 20x, + 15x3 + 10x4 < 450,

on number of

female customers reached by

the advertising campaign: 1,50,000x; + 4,00,000x, + 70,000x; + 50,000x, > 10,00,000
or 15x; + 40x, + 7x; + 5x4 > 100,

on expenses on magazine

advertising: 15,000x; + 10,000x,4 < 1,50,000
or 15x; + 10x, < 150,

on no. of units on magazines:  x; > 3,

X4 > 2,
on no. of units on television: 5<x;<100rx; =25, %, <10,
on no. of units on radio: 5<x,<100rx; =25, x, <10,

where x;, x5, X3 x4, €ach > 0.

EXAMPLE 2.6-5 (Inspection Problem)

A company has two grades of inspectors, I and Il to undertake quality control inspection. At
least 1,500 pieces must be inspected in an 8-hour day. Grade I inspector can check 20 pieces in
an hour with an accuracy of 96%. Grade II inspector checks 14 pieces an hour with an accuracy
of 92%.

Wages of grade I inspector are X 5 per hour while those of grade Il inspector are X 4 per hour.
Any error made by an inspector costs X 3 to the company. If there are, in all, 10 grade I inspecitors
and 15 grade Il inspectors in the company, find the optimal assignment of inspectors that minimizes
the daily inspection cost. [P.U. B.Com. April, 2008; D.U. MBA, 2003, 02, 00; NIIFT Mohali, 2000]

Formulation of L.P. Model

Let x; and x, denote the number of grade I and grade II inspectors that may be assigned the
job of quality control inspection.

The objective is to minimize the daily cost of inspection. Now the company has to incur
two types of costs: wages paid to the inspectors and the cost of their inspection errors. The cost
of a grade I inspector/hour 1s

T(5+3x0.04 x20) =% 7.40.
Similarly, cost of a grade II inspector/hour is
T4 +3x%x008x14) =7%736.
.. The objective function is
minimize Z = 8(7.40x; + 7.36x;) = 59.20x; + 58.88x,.
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Constraints are

on the number of grade I inspectors : x; < 10,

on the number of grade II inspectors : x, < 15,

on the number of pieces to be inspected daily: 20 x 8x; + 14 x 8x, > 1,500
or 160x; + 112x, = 1,500,

where x;, x, > 0.

EXAMPLE 2.6-6 (Product Mix Problem)

A chemical company produces two products, X and Y. Each unit of product X requires 3
hours on operation I and 4 hours on operation I, while each unit of product Y requires 4 hours
on operation I and 5 hours on operation II. Total available time for operations I and Il is 20 hours
and 26 hours respectively. The production of each unit of product Y also results in two units of a
by-product Z at no extra cost.

Product X sells at profit of ¥ 10/unit, while Y sells at profit of T 20/unit. By-product Z brings
a unit profit of ¥ 6 if sold; in case it cannot be sold, the destruction cost is T 4/unit. Forecasts
indicate that not more than 5 units of Z can be sold. Formulate the L.P. model to determine the
quantities of X and Y to be produced, keeping Z in mind, so that the profit earned is maximum.

[PU.B. Com. April, 2006; Jammu U.B.E. (Mech.) 2004; P.T.U.B.Tech. 2000;
R.E.C. Hamirpur, 1998]

Formulation of L.P. Model

Let the number of units of products X, Y and Z produced be x,, x,, x,, where
x, = number of units of Z produced
= number of units of Z sold + number of units of Z destroyed
= x3 + x4 (say).

Objective is to maximize the profit. Objective function (profit function) for products X and
Y is linear because their profits (X 10/unit and ¥ 20/unit) are constants irrespective of the number
of units produced. A graph between the total profit and quantity produced will be a straight line.
However, a similar graph for product Z is non-linear since it has slope +6 for first part, while a
slope of —4 for the second. However, it is piece-wise linear, since it is linear in the regions (0 to 5)
and (5 to 2Y). Thus splitting x, into two parts, viz. the number of units of Z sold (x;) and number
of units of Z destroyed (x,) makes the objective function for product Z also linear.

Thus the objective function is

maximize Z = 10x; + 20x, + 6x;3 — 4x,.

Constraints are

on the time available on operation I: 3x; + 4x, < 20,

on the time available on operation II: 4x; + 5x, < 26,

on the number of units of product Z sold: x3 < 5,

on the number of units of product Z produced: 2Y = Z

or2x, =x3+x, or —2x,+x3+x,=0,

where x;, x5, X3, x4, €ach > 0.

EXAMPLE 2.6-7 (Product Mix Problem)

A firm manufactures three products A, B and C. Time to manufacture product A is twice that
for B and thrice that for C and if the entive labour is engaged in making product A, 1,600 units
of this product can be produced. These products are to be produced in the vatio 3 : 4 : 5. There
is demand for at least 300, 250 and 200 units of products A, B and C and the profit earned per
unit is T 90, T 40 and T 30 respectively.

Formulate the problem as a linear programming problem.

fb.com/cgaspirant



Download From - www.cgaspirants.com

50 < OPERATIONS RESEARCH

TABLE 2.5
Raw material Requirement per unit of product (kg) Total
A B C availability (kg)
P 6 5 2 5,000
@] 4 7 3 6,000

[R.T'M. Nagpur U. B.Tech. Dec., 2003; H.P.U. B.Tech. (Mech.) Nov. 2010, PT.U.B.E., 2001

Formulation of L.P. Model

Let x;, x, and x; denote the number of units of products A, B and C to be manufactured.

Objective is to maximize the profit.

i.e., maximize Z = 90x; + 40x, + 30x;.

Constraints can be formulated as follows:

For raw material P, 6x; + 5x, + 2x3; < 5,000,

and for raw material Q, 4x; + 7x; + 3x3 < 6,000.

Product B requires 1/2 and product C requires 1/3rd the time required for product A.

Let ¢ hours be the time to produce A. Then ¢/, and #/; are the times in hours to produce B

and C and since 1,600 units of A will need time 1,600z hours, we get the constraint,

t t X, X
tx + — Xy + g X3 < 1,600t or x; + ?4‘? < 1,600,

2
or 6x; + 3x, + 2x3 < 9,600.
Market demand requires
x; 2 300,
x, 2 250,
and x3 = 200.

Finally, since products A, B and C are to be produced in the ratio 3: 4: 5,
X1 xy x3::3:4:5

X _ X
o 3 40
X2 X3
and n 5
Thus there are two additional constraints
4x1 — 3XZ = O,
and SX2 — 4X3 = O,
where X1, X9, x3 2 0.

EXAMPLE 2.6-8 (Trim Loss Problem)

A paper mill produces rolls of paper used in making cash registers. Each roll of paper is
100m in length and can be used in widths of 3, 4, 6 and 10cm. The company s production process
results in rolls that arve 24 cm in width. Thus the company must cut its 24cm roll to the desived
widths. It has six basic cutting alternatives as follows:

Cutting alternatives Width of rolls (cm) Waste (cm)
3 4 6 10
1 4 3 - — —
2 — 3 2 — —
3 1 1 1 1 1
4 - — 2 1 2
5 — 4 1 — 2
6 3 2 1 — 1
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The minimum demand for the four volls is as follows:

Roll width (cm) Demand
2 2,000
4 3,600
6 1,600
10 500

The paper mill wishes to minimize the waste resulting from trimming to size. Formulate the
L.P. model. [P.U. B.Com. April, 2006]

Formulation of L.P. Model

Key decision 1s to determine how the paper rolls be cut to the required widths so that trim
losses (wastage) are minimum.
Letx; (j = 1, 2, ..., 6) represent the number of times each cutting alternative is to be used.
These alternatives result/do not result in certain trim loss.
Objective is to minimize the trim losses.
ie., minimize Z = x5 + 2x, + 2x5 + xg.
Constraints are on the market demand for each type of roll width:
For roll width of 3cm, 4x; + x5 + 3x5 > 2,000,
for roll width of 4 cm, 3x; + 3x, + x5 + 4x5 + 2x5 > 3,600,
for roll width of 6cm, 2%, + x5 + 2x, + x5 + x5 = 1,600,
and for roll width of 10cm, x5 + x, > 500.
Since the variables represent the number of times each alternative is to be used, they can
not have negative values.
X1, X, X3, X4, X5, Xg, €ach > 0.

EXAMPLE 2.6-9 (Production Planning Problem)

A factory manufactures a product each unit of which consists of 5 units of part A and 4
units of part B. The two parts A and B require different raw materials of which 120 units and
240 units respectively ave available. These parts can be manufactured by three different methods.
Raw material vequirements per production run and the number of units for each part produced
are given below.

TABLE 2.6
Method Input per run (units) Output per run (units)
Raw material 1 | Raw material 2 Part 4 Part B
1 7 5 6 4
2 4 Z 5 8
3 2 9 7 3

Formulate the L.P. model to determine the number of production runs for each method so
as to maximize the total number of complete units of the final product.
[H.P.U. B.Tech. (Mech.) June, 2008]

Formulation of Linear Programming Model

Let x;, x,, x5 represent the number of production runs for method 1, 2 and 3 respectively.

The objective is to maximize the total number of units of the final product. Now, the total
number of units of part A produced by different methods 1s 6x; + 5x, + 7x3 and for part B is 4x;
+ 8x, + 3x;. Since each unit of the final product requires 5 units of part A and 4 units of part B,
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it 1s evident that the maximum number of units of the final product cannot exceed the smaller
value of

6x; +5x, +7 4x; +8x, +3
1T X% T /X and X TOX, +5X%
5 4
Thus the objective is to maximize

6x; + 5%, + Tx; 4x, +8x, + 3x3)
5 ’ 4 ‘

Constraints are on the availability of raw materials. They are, for

Z = Minimum of [

raw material 1, 7x; + 4x, + 2x; < 120,
and raw material 2, 5x; + 7x, + 9x; < 240.

The above formulation violates the linear programming properties since the objective function
1s non-linear. (Linear relationship between two or more variables is the one in which the variables
are directly and precisely proportional). However, the above model can be easily reduced to the
generally acceptable linear programming format.

6x, + 5%, +7x, 4x, +8x, + 3x
Lety=Min[ 1 z i 2 3)
5 4
6x; + 5%, +7x5 4x, +8x, +3x;
It follows that f >y and f >y.

ie, ©6x;+5x,+Tx;—50>0, and 4x; +8x, +3x3—4y >0.
Thus the mathematical model for the problem is
Maximize Z. = y,
subject to constraints  7x; + 4x, + 2x3 < 120,
S5x1 + Txy + 9x;3 < 240,
6x; + 5x, + Tx3 — 5y 2 0,
4x; + 8xy + 3x3 — 4y 2 0,
where X1, X3, X3, ¥ = 0.

EXAMPLE 2.6-10 (Fluid Blending Problem)

An o0il company produces two grades of gasoline P and Q which it sells at ¥ 30 and X 40
per litre. The company can buy four different crude oils with the following constituents and costs:

TABLE 2.7
Crude Constituents Price/litre
oil A B C )
1 0.75 0.15 0.10 20.00
2 0.20 0.30 0.50 22.50
3 0.70 0.10 0.20 25.00
4 0.40 0.10 0.50 27.50

Gasoline P must have at least 55 per cent of constituent A and not morve than 40 per cent
of C. Gasoline Q must not have move than 25 per cent of C. Determine how the crudes should be
used to maximize the profit. [PU. B.E. (Mech.) Dec., 1978]

fb.com/cgaspirant



Download From - www.cgaspirants.com

LINEAR PROGRAMMING %+ 53

Formulation of Mathematical Model

Key decision to be made is how much of each crude oil be used in making each of the two
grades of gasoline. Let these quantities in litres be represented by x;;, where i = crude oil 1, 2, 3,
4 and j = gasoline of grades P and Q respectively. Thus

x1, = amount in litres of crude oil 1 used in gasoline of grade P,
X, = amount in litres of crude oil 2 used in gasoline of grade P,

ij>

x14 = amount in litres of crude oil 1 used in gasoline of grade Q,
X4 = amount in litres of crude oil 2 used in gasoline of grade Q,

Objective is to maximize the net profit.
ie., maximize Z = T [30(x;, + xpp + x3, + Xgp) + 4001, + Xp5 + X3, + X4y)
= 200x1p, T x19) = 22.50 (x5, + x30) — 25(x3p + x35) — 27.50 (x4 + x49)]
or maximize Z = ¥ [10x;, + 7.50x;, + 5x3, + 2.50x4, + 20x;4 + 17.50x,, + 15x3,
+ 12.50x4).
Constraints are on the quantities of constituents A and C to be allowed in the two grades
of gasoline.

l“e‘, 0‘75x1p + O‘20pr + O‘7OX3P + O‘4OX4P >0.55 (xlp + X2p + X3p + X4p),
0. lelp + O‘SOpr + O‘2OX3P + O‘SOX4P <040 (xlp + X2p + X3p + X4p),
and 0. lelq + O‘SOqu + O‘2OX3q + O‘SOX4q <025 (xlq + X2q + X3q + X4q),

where x1,, X3, X3p, Xap, X145 X2g> X3g> Xag €aCh > 0.

EXAMPLE 2.6-11 (Production Planning Problem)

A company manufacturing air coolers has, at present, firm ovders for the next 6 months.
The company can schedule its production over the next 6 months to meet orders on either regular
or overtime basis. The order size and production costs over the next six months are as follows:

Month : 1 2 3 4 5 6
Orders ;640 660 700 750 550 650
Cost/unit %) for
regular production : 40 42 41 45 39 40
Cost/unit %) for
overtime production 52 50 53 50 45 43

With 100 air coolers in stock at present, the company wishes to have at least 150 air coolers
in stock at the end of 6 months. The regular and overtime production in each month is not to
exceed 600 and 400 units respectively. The inventory carrying cost for air coolers is ¥ 12 per unit
per month. Formulate the L.P. model to minimize the total cost.

Formulation of L.P. Model

Key decision is to determine the number of units of air coolers to be produced on regular
as well as overtime basis together with the number of units of ending inventory in each of the
six months.

Let x;; be the number of units produced in month j (f = 1, 2, ..., 6), on a regular or overtime
basis (i = 1, 2). Further let y, represent the number of units of ending inventory in month j (j =
1,2,..,6).

Objective is to minimize the total cost (of production and inventory carrying).

i.e., minimize Z = (40x,; + 42x;, + 41x)5 + 45x,4 + 39x;5 + 40x,4)

+ (52x5; + 50x,, + 53x55 + 50x,, + 45x,5 + 43x5)
120 2ty tyatyst+ye).
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Constraints are

for the first month, 100 + x;; + x5, — 640 =y,

for the second month,  y; + x5 + x5, — 660 =y,

for the third month, Yy + X153 + %53 — 700 =y,

for the fourth month, V3 + x4 T xp4 — 750 = Y

for the fifth month, V4t x5+ x55 — 550 = ys,
and  for the sixth month, Vs + X6 T Xp6 — 650 = Y
Also, the ending inventory constraint is

ye = 150.

Further, since regular and overtime production each month is not to exceed 600 and 400
units respectively,
X11> X12- X13> X14» X15, X1, €ach < 600,
and Xy, Xy, X33, Xo4, X5, Xo6, €ach < 400.
Also x;20(@(=1,2; j=1,2,..,6),y;20.

2
EXAMPLE 2.6-12 (Transportation Problem)

A dairy firm has two milk plants with daily milk production of 6 million litres and 9 million
litres respectively. Each day the firm must fulfil the needs of its three distribution centres which
have milk requirement of 7, 5 and 3 million litres respectively. Cost of shipping one million litres of
milk from each plant to each distribution centre is given, in hundreds of rupees below. Formulate
the L.P. model to minimize the transportation cost.

Distribution Centres

1 2 3 Supply
1] 2 3 11 6
Plants 2| 1 9 6 9
Demand 7 5

Formulation of L.P. Model

Key decision 1s to determine the quantity of milk to be transported from either plant to each
distribution centre.
Let x;, x, be the quantity of milk (in million litres) transported from plant 1 to distribution
centre no. 1 and 2 respectively. The resulting table representing transportation of milk is shown below.
Distribution Centres
1 2 3 Supply

1 x; X, 6 —x;—%, 6

Plants 2 | 7-x | 5-x, [9-(T-x)| 9
==

Demand 7 5 3
Objective is to minimize the transportation cost.
ie., minimize Z = 2x; + 3x, + [1(6 —x; —x) + (7T —x;) + 95 — x)

+ 6[9 - (7 —xl) - (5 - XZ)] = 100 - 4x1 - lle‘
Constraints are

6-x;—-x,20 or x+x, £6,

7-x,20 or x; £,

5-x2>20 or x, £5,

and 9-T-x)-5-x)=20 or x tx, 23,

where x;, x, > 0.
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EXAMPLE 2.6-13 (Product Mix Problem)

A plant manufactures washing machines and dryers. The major manufacturing departments
are the stamping deptt., motor and transmission deptt. and assembly deptt. The first two departments
produce parts for both the products while the assembly lines ave different for the two products.
The monthly deptt. capacities are

Stamping deptt. ;1,000 washers or 1,000 dryers
Motor and transmission deptt. ;1,600 washers or 7,000 dryers
Washer assembly line ;9,000 washers only
Dryer assembly line ;5,000 dryers only.
Profits per piece of washers and dryers are X 2,700 and % 3,000 respectively. Formulate the
L.P. model. [V'T.U. Karnataka B.Tech. Dec., 2011; Dec., 2010; P.U. B.Com. Jan., 2005]

Formulation of Linear Programming Model

Let x; and x, represent the number of washing machines and dryers to be manufactured
each month.
The objective is to maximize the total profit each month.
i.e. maximize Z = 2,700x; + 3,000x,.
Constraints are on the monthly capacities of the various departments.

For the stamping deptt., 1’();)0 L;ﬁs 1, or x; + x, < 1,000,
for the motor and transmission deptt.,
A 402 <1 or 70x, + 16x, < 1,12,000,
1,600 7,000
for the washer assembly deptt., x; £ 9,000,

and for the dryer assembly deptt., x, £ 5,000,
where x; 20, x, > 0.

EXAMPLE 2.6-14 (Agriculture Problem)

A certain farming organization operates three farms of comparable productivity. The output
of each farm is limited both by the usable acreage and by the amount of water available for
irrigation. Following are the data for the upcoming season:

Farm Usable acreage Water available
in acre feet
1 400 1,500
2 600 2,000
3 300 900

The organization is considering three crops for planting which differ primarily in their
expected profit per acre and in their consumption of water. Furthermore, the total acreage that
can be devoted to each of the crops is limited by the amount of appropriate harvesting equipment
available.

Crop  Minimum acreage  Water consumption Expected profit

in acre feet per acre per acre
A 400 5 T 400
B 300 4 3300
C 300 3 %100

In order to maintain a uniform work load among the farms, it is the policy of the organization
that the percentage of the usable acreage planted must be the same at each farm. However, any
combination of the crops may be grown at any of the farms. The organization wishes to know how
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much of each crop should be planted at the respective farms in order to maximize expected profit.
Formulate this as a linear programming problem.

[Delhi U. M.B.A., 1975]

Formulation of Linear Programming Model

The key decision is to determine the number of acres of each farm to be allotted to each crop.
Let x; (i = farm 1, 2, 3; j = crop A, B, C) represent the number of acres of the ith farm to

be allotted to the jth crop.

The objective is to maximize the total profit.

3 3 3
ie., maximize Z = X 4002 X, + 3002 X;p + lOOZ X |
i=1 i=1 i=1

Constraints are formulated as follows:
For availability of water in acre feet,

Sxyy + 4x15 + 3%, < 1,500,

S5x54 + dx,5 + 3x,50 £ 2,000,

Sx34 + 4x35 + 3x30 < 900.
For availability of usable acreage in each farm,

x4 t x5 + x,0 < 400,

X9y + X35 + x50 < 600,

X34 + X35 + x30 < 300.
For availability of acreage for each crop,

X4t x94 + x5, = 400,

x5 t x55 + x35 = 300,

X1+ x50 * X3¢0 = 300.
To ensure that the percentage of usable acreage is same in each farm,

X4t X5 X Xo4 T X5 +Xp¢ X34 X35 + X3¢

x 100 = x 100 = x 100
400 600 300
or 30c1q +x15 T x10) = 2004 + X5 + X50),
and (o4 T x25 + X50) = 2(x34 + X35 + X30),

where X145 X1B> X105 X245 X2B> X205 X345 X3B> X305 each > 0.
The above relations, therefore, constitute the L.P. model.

EXAMPLE 2.6-15 (Product Mix Problem)

Consider the following problem faced by a production planner in a soft drink plant. He

has two bottling machines A and B. A is designed for 8-ounce bottles and B for 16-ounce bottles.
However, each can be used on both types of bottles with some loss of efficiency. The following
data are available :

Machine 8-ounce bottles 16-ounce bottles
A 100/minute 40/minute
B 60/minute 75/minute

The machines can be run for 8 hours per day, 5 days a week. Profit on 8-ounce bottle is 15

paise and on 16-ounce bottle is 25 paise. Weekly production of the drink cannot exceed 3,00,000
ounces and the market can absorb 25,000 eight-ounce bottles and 7,000 sixteen-ounce bottles
per week. The planner wishes to maximize his profit subject, of course, to all the production and
marketing constraints. Formulate this as L.P. problem.

[I'T.U. Karnataka B.E. Jan., 2010, REC Hamirpur, 1995]
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Formulation of Linear Programming Model

Key decision is to determine the number of 8-ounce bottles and 16-ounce bottles to be
produced on either of machines A and B per week. Let x4;, xz, be the number of 8-ounce bottles
and x4,, xp, be the number of 16-ounce bottles to be produced per week on machines A and B
respectively.

Objective is to maximize the weekly profit.
ie., maximize Z = % [0.15 (x4 + x5;) + 0.250c4, + x5))].
Constraints can be formulated as follows:

Since an 8-ounce bottle takes ﬁ minute and a 16-ounce bottle takes 4L minute on
machine A and the machine can be run for 8 hours a day and 5 days a week, the time constraint
on machine A can be written as
X X4
lOO+ 20 <5x%x8x%x60
< 2,400, or 2x,4, + 5x4, < 4,80,000.
Similarly, time constraint on machine B can be written as
I8 TB2 <5 400, or Sxpy + dxgy < 7,20,000
< 2,400, or 5xg, + 4xg, < 7,20,000.
60 75
Since the total weekly production cannot exceed 3,00,000 ounces,
8(xyy + x51) + 16(x4 + xp;) < 3,00,000.
The constraints on market demand yield
X41 + XB1 > 25,000,
X42 + XgB) > 7,000,
where x4, Xg1, X42, X532, €ach = 0.

EXAMPLE 2.6-16 (Production Mix Problem)

A manufacturer of biscuits is considering four types of gift-packs containing three types of
biscuits: orange cream (o.c.), chocolate cream (c.c.) and wafers (w.). Market research conducted
to assess the preferences of the consumers shows the following types of assortments to be in good
demand:

Assortment Contents Selling price/kg (%)
A Not Less than 40% of o.c. 200
Not more than 20% of c.c.
B Not less than 20% of o.c. 250
Not more than 40% of c.c.
C Not less than 50% of o.c. 220
Not more than 10% of c.c.
D No restrictions 120
For the biscuits the manufacturing capacity and costs are given below.
Biscuit variety  Plant capacity Manufacturing cost
(kg/day) Rlkg)
o.c. 200 80
c.c. 200 90
w. 150 70
Formulate the L.P. model to find the production schedule which maximizes the profit assuming
that there are no market restrictions. [PU.B.E. (Elect.) May, 1994; B.E.

(Mech.) 1982; Delhi M.B.A., 1999, 1982]
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Formulation of L.P. Model

The key decision is to determine the quantities in kg of o.c., c.c. biscuits and wafers to be
produced per day for gift-packs A, B, C and D respectively.
Letx; (i=1,2,3;j=A,B, C, D) be the quantities produced.
The objective is to maximize the profit.
ie., maximize Z = T 10[{20(x)4 + xp4 + x34) — 8x14 — %oy — TX34}
+ {25015 * X2 * x38) — 8x15 — %25 — Tx3p}
+ {220x1c + x20 + x30) — 8x10 — o0 — Tx3c}
+ {12(x1p + x2p *+ x3p) — 8x1p — 9xa2p — Tx3p}]
=T 10[(12x14 + 11lxyy + 13x34) + (17x,5 + 16x,5 + 18x3p)
+ (14x1c + 13x50 + 15x30) + (4x1p + 3x5p + 5x3p)].
The constraints can be formulated as follows:
(i) on the capacities of the plants: x;, + x5 + x;0 + x1p < 200,
Xo4 + X2B + X)c + X2D < 200,
X34 + X3B + X3¢ + X3p < 150.
(i) on specifications of gift-pack A :
X14 >04 (xlA + Xy + X3A) or O‘6x1A — O4x2A — O‘4X3A > O,
X2y <0.2 (xlA + Xy + X3A) or -— O‘2X1A + O8XZA — O‘2X3A <0.
(iii) on specifications of gift-pack B :
X1B >0.2 (xlB + X2 + X3B) or O‘8XIB — O2x23 - O‘2X3B > O,
X5 <04 (x;p + x5 + x35) or —0.4x;5+ 0.6x,5 — 0.4x35< 0.
(iv) on specifications of gift-pack C:
X102 0.5 (X0 + x50 T x30) or 0.5x;c — 0.5 — 0.5x30 = 0,
X)c <0.1 (xlc + Xy + X3C) or —0. lxlc + O‘9X2C - 0. IX3C < O,
where x; i =1,2,3,7=A,B,C,D)>0.
EXAMPLE 2.6-17 (Product Mix Problem)
A manufacturer has five lathes and three milling machines in his workshop and produces

an assembly that consists of 2 units of part A and 3 units of part B. The processing time for each
part on the two types of machines is given below.

TABLE 2.8
Part Processing time in minutes on a
Lathe Milling machine
A 10 18
B 23 12

In order to maintain a uniform work-load on the two types of machines, the manufacturer
has framed a policy that no type of machine should run more than 40 minutes per day longer
than the other machine. Formulate the problem as L.P. problem if the objective is to produce the

maximum number of assemblies in any 8-hour working day.
[PTU.B. Tech. 2001; PU.B.E. (Mech.) 2006; B.E. (E. and Ec.) 1999]

Formulation of L.P. Model
The key decision is to determine the number of units of part A and B to be produced each

day that make the assembly. Let they be represented by x; and x, respectively.
The objective is to maximize the number of units of the final assembly.

i.e., maximize Z = minimum of [;—1, x?zj [Refer example 2.6-9]
or maximize Z, =y,
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where y<

or x;—2y2>0,
> 1 =<y
X

and y< or x,—-3y>0.

3
Further constraints can be formulated as follows:
There are five lathes and three milling machines that produce x; units of part A and x, units
of part B each day.
.. Constraint on time for lathes yields
10x; + 25x, < 5 x 8 x 60
or 2x; + 5x, < 480,
and constraint on time for milling machines gives
18x; + 12x, < 3 x 8 x 60
or 3x; + 2x, < 240.
The uniform work load constraint can be expressed as

10x; + 25x, 18x; +12x,
- <40
5 3
or | 2xy + 5x5) — (6x; + 4x,) | £ 40
or |—4x1+x2|s40,
which may be expressed as a combination of two constraints
- 4x1 + Xy < 40,

and 4x1 — X3 < 40,
where x; 20,x, >0,y >0.

EXAMPLE 2.6-18 (Product Mix Problem)

A firm produces three different products, 1, 2 and 3. Each product needs to be processed through
two departments, A and B. Department A has two machines A; and A,, while B has three machines,
By, B, and Bs. Product 1 can be manufactured on any type of A and B machines. Product 2 can
be manufactured on any of type A machines and only on B, of type B machines. Product 3 can be
manufactured on machines A, of type A and B; of type B. Time taken to manufacture one unit of each of
product on each type of machine is given in table below. The table also shows total available machine
time per week, cost of running each machine at full capacity in a week, cost of raw material required
per unit product and sale price per unit product. How many of each type of product be manufactured
on which machine so as to maximize the net profit? Formulate the L.P. model for the problem.

TABLE 2.9
Product Time available Cost/week
Machine per week at full
] 2 3 (minutes) capacity (%)
A 4 6 — 5,000 250
A, 5 7 11 10,000 500
B, 7 8 — 8,000 400
B, 8 — 4,000 200
B; 3 7 5,600 280
Material 0.30 0.40 0.50
cost ()
Sale price
) 1.50 1.80 2.40
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Formulation as an L.P. Problem

Key decision 1s to determine the number of units of products 1, 2 and 3 to be manufactured

on each of the machines, 4,, 4,, B;, B, and B; per week.
Product 1 can be manufactured on six different combinations of machines: (4,
Bl)’ (A27 BZ) and (A27 B3) Let X1, X2, 05

BZ)’ (Ala B3)’ (AZ’

Bl)’ (Ala

x¢ be the number of units of product 1
manufactured per week by these six different combinations.
Product 2 can be made by two different combinations of machines: (4, B;)
x7 and xg be the number of units of product 2 made per week by these combinations.
Product 3 can be produced in only one way, i.e. by the combination of machines (4,, B3).
Let xo be the number of units of this product produced per week by this combination.

and (4,, B;). Let

Objective is to maximize the net profit. This profit function can be obtained as follows:
Product 1 can be manufactured by six different combinations of machines. The first one is
B;). We shall find the cost of manufacturing one unit of this product on 4, as well as B;. To

this we shall add material cost and subtract this sum from the sale price of the item. This will give

the net profit per unit for product 1 if manufactured by a combination (4;,

B,) of the machines.
Similarly, we shall find net profit/unit of the three products when made by different

combinations of machines.

Unit manufacturing cost on 4, for product 1
250
=% ——x4 =%0.20.
5,000
Unit manufacturing cost on B, for product 1
400

8,000

*. Unit manufacturing cost on (4;, B;) for product 1= ¥ 0.55.
Material cost/unit for product 1 = ¥ 0.30.

*. Total cost incurred on product 1 = ¥ 0.85.
Sale price/unit of product 1 =73 1.50.
. Net profit/unit of product 1 =73 0.65.

Slmllarly, unit profit of product 1 by 4, By

x7 =%0.35.

=z —[ 250y, 20 ><8]—O‘30=?O‘60‘
i 5,000 4,000 |
Unite profit of product 1 by (4;, B3)
i 250 280 ]
=% [1.50- 3| -030| =% 0.85.
M| [5,000 5,600 ] | =X0%
Unit profit of product 1 by (4,, B;)
i 500 400 ]
=% [1.50- 5+ 7] -0.30 |= % 0.60.
°l [10,000 278000 ] |7o%
Unit profit of product 1 by (4,, B,)
i 500 200 ]
=% [1.50- 5+ 8| -0.30 |=%055.
°l [10,000 2" 1000 ] |70
Unit profit of product 1 by (4,, B3)
i 500 280 ]
=% [1.50- + 3| -0.30 =% 0.80.
°l [10 000~ 5,600 ] |70
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Unit profit of product 2 by (4,, B;)

=X

i 250 400
1.80 — 6+ 8| —0.40 | =% 0.70.
i [5,000 775,000 ] } T070
Unit profit of product 2 by (4,, B;)
500 400
+

x 7 X
10,000 8,000

-7 (1.8 _[ 8] -o‘4o}= %0.65.

Unit profit of product 3 by (4,, B3)

=X ‘O—[ >00 x 11+ 280
i 10,000 5,600

X 7] - 0‘50} =7 1.00.

.. Objective function is to
maximize Z = ¥ [0.65x; + 0.60x, + 0.85x3 + 0.60x, + 0.55x;5
+ 0.80xg + 0.70x7 + 0.65x5 + 1.00xs].

Constraints are on machine capacities. They can be expressed as follows:

Machine 4, is used to manufacture product 1 through combinations (4;, B,), (41, By), (41, B3)
with associated variables x;, x, and x; and to manufacture product 2 through (4,, B,) with associated
variable x;. The total time demand on 4 is 4x; + 4x, + 4x; + 6x5 per week and this should not
exceed 5,000 minutes. Similarly, 4, is used to manufacture product 1 through combinations (4,,
By), (4,, By) and (4,, B;) with associated variables x4, x5 and x¢, product 2 through combination
(4,, B;) with associated variable xgz and product 3 through combination (4,, B;) with associated
variable xo. Thus the total weekly time demand on A, 1s 5x4 + 5x5 + 5x5 + 7xg + 11x4 per week
and this should not exceed 10,000 minutes. Likewise, total time demand on B, is 7x; + 7x4 + 8x;
+ 8xg, on B, is 8x, + 8x5 and on By is 3x; + 3x4 + 7xy which should not exceed 8,000, 4,000 and
5,600 minutes per week respectively. Thus the various constraints can we written as

4x; + 4x, + 4x; + 6x7 < 5,000,
Sx4 + 5x5 + 5x¢ + 7xg + 1lxg < 10,000,

Tx; + Txy + 8x7 + 8x; < 8,000,

8x, + 8x; < 4,000,

3x3 + 3x¢ +7x9 < 5,600,

where xi, x5, ..., Xg, €ach > 0.

EXAMPLE 2.6-19 (Product Mix Problem)

A firm manufactures two items. It purchases castings which are then machined, bored and
polished. Castings for items A and B cost X 2 and X 3 respectively and are sold at X 5 and % 6 each
respectively. Running costs of the three machines are X 20, ¥ 14 and X 17.50 per hour respectively.
Capacities of the machines are

Part A Part B

Machining capacity 25/hr 40/hr
Boring capacity 28/hr 35/hr
Polishing capacity 35/hr 25/hr

Formulate the L.P. model to determine the product mix that maximizes the profit.
[H.PUB. Tech. (Mech.) Nov., 2007, Karn. U.B.E. (Mech.) 1997,
P.U. B.Com. April, 2007; Sept., 2006; Dayalbagh Edu. Inst. M. Tech., 1998;
Delhi U. MBA, 2002 ;NIIFT Mohali, 1998; C.A. May, 1998]
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Formulation of L.P. Model
Let x; and x, represent the number of units of items 4 and B to be manufactured per hour.
The objective is to maximize the profit. Profit per part for items 4 and B is calculated in
the table below.

TABLE 2.10
Cost and profit per part
Part A ) Part B )
Machining cost 20 =080 20 =050
25 ‘ 40 '
Boring cost 14 =050 14 =040
28 35
Polishing cost el 0.50 I&W 0.70
35 25
Casting cost 2.00 3.00
.. Total cost 3.80 4.60
Selling price 5.00 6.00
.. Profit 1.20 1.40

Therefore, objective is to
maximize Z = 1.2x; + 1.4x,.
Constraints are on the capacities of the machines. For one hour running of each machine,
they are
1 1

25 40

1 1
gxl + gxz

1 1
35 x) +Ex2 < 1, or 25x; + 35x, < 875,
or 8x; + 5x, < 200,
S5x; + 4x, < 140,
S5x; + Tx; < 175,

where x; 20, x, > 0.

Xy l, or 4Ox1 + 25.)C2 < 1,000,

IN

IN

1, or 35x; + 28x, < 980,

EXAMPLE 2.6-20 (Network Problem)

Given below is a network in which the figures written against the arrows (links) indicate the
cost of travelling in rupees from the preceding to the following node.

Fig. 2.1
Formulate the linear programming model to find the least cost route from node 1 to nodeS8.
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Formulation of L.P. Model

Let us imagine that the person travels from node 1 to 8 along a succession of links. Let x;
represent the link joining node i to j. If the person uses link x;;, then x;; will be given a value I,
if not, a value zero. The person reaches a node, say, j via one of the links, say, x;; and leaves it
by another link, say, x;. So, if a node j has several arrows, such as ij, Aj, g/ pointing towards it
and several arrows, such as jk, jl, jm pointing away from it, then the equation for node j can be
written as

Xgi + X T Xy — X — X — Xjpy = 0.

This is because, for each of the links x;; and xj, the value is 1 (the person uses this link)
and for each of the links xg;, x;, x; and x;,, the value is zero (the person does not use these links).

For the network shown in Fig. 2.1, we get for

node 2, X12 — X4 — X25 = O,
node 3, X13 — X35 = O,
node 4, Xo4 — X45 — X4 = O,
node 5,  x55 + X35 + X45 — X556 — X357 0,
node 6, Xag T Xs56 — Xg3 = 0,
and node 7, X57 — X718 = 0.

Further, since the person has to start from node 1, along one of the paths (links) starting

from it, we have
—xpp-x3=-1L
Similarly, as the person has to reach node 8 along one of the paths, we get
Xeg T x73 = 1.

The above eight are, then, the constraints (equality type) that must be satisfied. The objective

1s to minimize the total cost of travelling from node 1 to 8, given by
Minimize Z = 5x15, + Tx;3 + 10xy4 + 3x55 + 8x35 + x45 + 6x46 + Txs6 + dxs57 + S5x65 +

3X78‘

This is, then, the linear programming model for the network problem wherein every variable
has a value 1 or 0.

EXAMPLE 2.6-21 (Product Mix Problem)

The Delhi Florist Company is planning to make up floral arrangements for the upcoming
festival. The company has available the following supply of flowers at the costs shown:

Type Number available Cost per flower (%)
Red roses 800 0.20
Gardenias 456 0.25
Carnations 4,000 015
White roses 920 0.20
Yellow roses 422 0.22

These flowers can be used in any of the four popular arrangements whose make up and
selling prices are as follows:
Arrangement Requirements Selling price
Economy 4 red roses 6
2 gardenias
8 carnations

Maytime 8 white roses T8
5 gardenias
10 carnations
4 yellow roses

Spring-colour 9 red roses 210
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10 carnations
9 white roses
6 yellow roses

Deluxe-rose 12 red roses 212
12 white roses
12 yellow roses
Formulate a linear programming problem which allows the florist company to determine
how many units of each arrangement should be made up in order to maximize profits assuming
all arrangements can be sold. [C.A. Dec., 1990]

Formulation of L.P. Model

Let x,, x,, x5 and x4 be the number of units of each arrangement that should be made up to
maximize the profits.

Profit by selling one unit of Economy arrangement

= T[6-(4%.20+2x.25+8x%.15)] = ¥3.50,
profit by selling one unit of Maytime arrangement

= T[8—(8x.20+5x.25+10x.15+4x.22)] =%2.77,
profit by selling one unit of Spring-colour arrangement

= T[10-(9%.20+10%.15+9x.20+6x.22)] = ¥3.58,
and profit by selling one unit of Deluxe-rose arrangement

=T [12-(12x.20+12%.20+12x.22)] = ¥4.56.
Thus the objective is to

maximize 7 =% [3.50x; + 2.77x, + 3.58x; + 4.56x,].
The constraints are on the total number available for each type of flower:
For red roses, 4x, + x5 + 12x, < 800,
for gardenias, 2x; + 5x, <456,
for carnations, 8x; + 10x, + 10x; < 4,000,
for white roses,  8x, + 9x; + 12x, < 920,
and for yellow roses, 4x, + 6x; + 12x, < 422,

where x,, x,, X3, x4, each > 0.

EXAMPLE 2.6-22 (Flight Scheduling Problem)

An aircraft company, which operates out of a central terminal has 8 aircrafts of Type 1, 15
aircrafts of Type Il and 12 aircrafts of Type Il available for today s flights. The tonnage capacities
(in thousands of tons) are 4.5 for Type 1,7 for type Iind 4 for Type III.

The company dispatches its planes to cities A and B. Tonnage requirements (in thousands of
tons) are 20 at city A and 30 at city B; excess tonnage capacity supplied to a city has no value.
A plane can fly once only during the day.

The cost of sending a plane from the terminal to each city is given by the following table:

Type 1 Type 11 Type 111
City A 23 5 1.4
City B 58 10 3.8

Formulate the LP model to minimize the air transportation cost.

Formulation of L.P. Model

The data given in the problem is shown in the table below. The key decision is to determine
the number of each type of plane to be dispatched to either of cities 4 and B. Let x4y, x4, X43
and xg;, Xp,, Xp3 denote the number of planes of type I, II and III to be dispatched to cities 4 and
B respectively.
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Aircraft type: 1 i i
Number: 8 15 12
Tonnage capacity: 4.5 7 4
(thousands of tons)
Requirement
23 5 1.4 (thousands of tons)
A
. XAl XAz Xa3 20
City
B 58 10 3.8 30
XB1 B2 B3 | Cost matrix

Objective is to minimize the total cost of dispatching the planes.
i.e., minimize Z = 23x,; + 5x4, + l.4x,5 + 58x5, + 10xp, + 3.8xz;.
Constraints are
on the number of planes of type I available that can be dispatched to cities A and B,
X +xp <8
Similarly, X4+ xp, < 15,
X3+ x5y < 12
Since tonnage requirements (in thousands of tons) are 20 at city 4 and 30 at city B, supply
cannot be less than these values. As excess tonnage capacity supplied to a city has no value, exactly
20 and 30 (thousands of tons) will be supplied to them. Therefore, the constraints are
4.5x4, + Txyy + 4xy5 = 20,
4.5xp, + Txgy + 4xpy = 30,
where x4, X2, X43, Xg1> Xg2> Xg3, €ach > 0.

EXAMPLE 2.6-23 (Portfolio Selection Problem)

The Agro Promotion Bank is trying to select investment portfolio for a cotton farmer. The
bank has chosen a set of five investment alternatives, with subjective estimates of rates of return
and risk, as follows:

Investment Annual rate Risk
of return (%)

Tax-free municipal bonds 6.0 1.3

Corporate bonds 8.0 L5

High grade common stock 5.0 1.9

Mutual fund 7.0 1.7

Real estate 15.0 2.7

The bank officer in charge of the portfolio would like to maximize the average annual rate
of return on the portfolio. However, the wealthy investor has specified that the average risk of the
portfolio should not exceed 2.0; and does not want more than 20% of the investment to be put
into real estate. Formulate an L.P. model for the problem.

Formulation of L.P. Model

Let x;, x,, x3, X4, x5 be the proportion (fraction) of portfolio allocated to investment of type
1, 2, 3, 4 and 5 respectively.
Objective is to maximize the annual rate of return on the portfolio.
i.e., maximize Z = 0.06x; + 0.08x, + 0.05x; + 0.07x, + 1.5xs.
Constraints are
1.3x, +1.5x, +1.9x; +1.7x, + 2.7x; <

on the average risk: | <20
or l‘3x1 + l‘SX2 + 1‘9X3 + 1‘7X4 + 2‘7XS < 2,
X 20
on investment in real estate: TSS 100 or x5<0.2,
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on the total amount of investment:
where x,, x,, X3, X4, X5, €ach > 0.

x1+xZ+X3+X4+xS= 1,

EXAMPLE 2.6-24 (Investment Problem)

Mr: Krishnamurty, a rvetired Govt. officer, has recently received his retivement benefits, viz.,
provident fund, gratuity, etc. He is contemplating as to how much funds he should invest in various
alternatives open to him so as to maximize veturn on investment. The investment alternatives are:
government securities, fixed deposits of a public limited company, equity shares, time deposits in
banks, national saving certificates and real estate. He has made a subjective estimate of the visk
involved. The data on the return on investment, the number of years for which the funds will be
blocked to earn this return on investment and the subjective risk involved are as follows:

Investment alternatives Return No. of years Risk
Govt. securities 6% 15 1
Company deposits 15% 3 3
Equity shares 20% 6 7
Time deposits 10% 3 1
N.S.C. 12% 6 1
Real estate 25% 10 2

He was wondering what percentage of funds he should invest in each alternative so as to
maximize the return on investment. He decided that average risk should not be more than 4, and
funds should not be locked up for more than 15 years. Formulate an L.P. model for the problem
if he does not want more than 30% of the investment to be put in the real estate.

[Bombay MMS, 1980]

Formulation of L.P. Model

Let x,, x,, X3, X4, X5, X be the percentage of funds to be invested in alternative 1, 2, 3, 4, 5
and 6 respectively.
Objective is to maximize the return on investment.
i.e., maximize Z =0.06x; + 0.15x, + 0.20x; + 0.10x, + 0.12x5 + 0.25x,.
Constraints are
on the average risk
on the lock-up period
on investment in real estate
on the total amount invested
where x,, x,, ..., x5, each > 0.

x;+3x, + Txs + x4 + x5+ 2x5 < 4,

15x; + 3x, + 6x5 + 3x4 + 6x5 + 10x < 15,
xg < 0.3,

X;Fxytx;tx,txs txg =1,

EXAMPLE 2.6-25 (Investment Problem)

A Mutual Fund Company has X 20 lakhs available for investment in government bonds,
blue chip stocks, speculative stocks and short-term deposits. The annual expected return and risk
factor are given below:

Type of investment Annual expected return (%) Risk factor (0 to 100)
Government Bonds 14 12
Blue Chip Stocks 19 24
Speculative Stocks 23 48
Short-term Deposits 12 6
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Mutual Fund is vequired to keep at least X 2 lakhs in shori-term deposits and not to exceed
average risk factor of 42. Speculative stocks must be at most 20 per cent of the total amount
invested. How should Mutual Fund invest the funds so as to maximize its total expected annual
return? Formulate this as a linear programming problem.  [H.P.U.B. Tech. (Mech.) Nov., 2006]

Formulation of L.P. Model

Let x;, x,, x3 and x4 denote the amount of funds to be invested in government bonds, blue
chip stocks, speculative stocks and short-term deposits respectively. Let Z denote the total expected
return.

Since the the company Company has ¥ 20 lakhs available for investment,

x; +x, + x3 + x4 < 20,00,000.
Also, the company is required to keep at least ¥ 2 lakhs in short-term deposits.
Hence x, > 2,00,000.
The average risk factor is given by

12x, 4+ 24x, + 48x; + 6x,
X+ X, + X3+ X, ‘
Since the average risk factor for Mutual Fund Company should not exceed 42, we get the
following constraint:
12x, 4+ 24x, + 48x; + 6x,
X+ X, +x; +xy,
or 12x; + 24x, + 48x3 + 6x4 < 42 (x; + x5 + x3 + x4)
or —30x; — 18x, + 6x3 — 36x4 < 0.
Further, speculative stocks must be at most 20 per cent of the total amount invested, hence
x3<0.20 (x; + x5 +x3 +xy)
or —0.2x; —02x; +0.8x3 — 0.2x, £ 0.
Finally, since the objective is to maximize the total expected annual return, the objective
function for Mutual Fund Company can be expressed as
maximize Z = 0.14x; + 0.19x, + 0.23x5 + 0.12x,.
Thus the linear programming model for the Mutual Fund Company is formulated as below:
maximize Z = 0.14x; + 0.19x, + 0.23x3 + 0.12x4,
subject to the constraints
x; + x5 + x5 + x4 £ 20,00,000,
x4 2 2,00,000,
—30x; — 18xy + 6x3 — 36x4, < 0 or 30x; + 18x, — 6x3 + 36x4 > 0 and
—02x;—02x+ 0.8x3—02x4, <0 or 0.2x; +0.2x; — 0.8x3+0.2x4 20,
where x; 20, x, 20, x; >0 and x, > 0.

<42

EXAMPLE 2.6-26 (Portfolio Selection Problem)

A leading Charted Accountant is attempting to determine the ‘best’ investment portfolio and
is considering six alternative investment proposals. The following table indicates point estimates
for the price per share, the annual growth rate in the price per share, the annual dividend per
share and a measure of the risk associated with each investment.

Portfolio data

Shares under consideration
A B C D E F
Current price/share (%) 80 100 160 120 150 200
Projected annual growth rate 0.08 0.07 0.10 0.12 0.09 0.15
Projected annual dividend per share ) | 4.00 4.50 7.50 5.50 575 0.00
Projected risk in return 0.05 0.03 0.10 0.20 0.06 0.08
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The total amount available for investment is X 25 lakhs and the following conditions are
required to be satisfied.:
(i) The maximum rupee amount to be invested in alternative F is T 2,50,000.
(if)y No more than ¥ 5,00,000 should be invested in alternatives A and B combined.
(iii) Total weighted risk should not be greater than 0.10, where
(Amount invested in alternative j) (visk of alternative j)

total weighted risk =
& Total amount invested in all the alternatives

(iv) For the sake of diversity, at least 100 shares of each stock should be purchased.
(v) At least 10% of the total investment should be in alternatives A and B combined.
(vi) Dividends for the year should be at least I 10,000.

Rupees return per shave of stock is defined as price per share one year hence less current
price per shave plus dividend per share. If the objective is to maximize total rupee return, formulate
the linear programming model for determining the optimal number of shares to be purchased in
each of the shares under consideration. You may assume that the time horizon for the investment
is one year. The formulated L.P. problem is not required to be solved. [C.A. Nov, 1991]

Formulation of L.P. Model

Let x4, xp, X¢, Xp, xg and xp be the number of shares to be purchased in each of the six
alternative investment proposals. The objective is to maximize the total rupee return i.e.,
maximize Z = (80 x 1.08 — 80 + 4) x, + (100 x 1.07 — 100 + 4.50) xp
+ (160 x 1.1 =160 + 7.50) x¢ + (120 x 1.12 — 120 + 5.50) xp
+ (150 x 1.09 — 150 + 5.75) xz + (200 x 1.15 — 200 + 0.00) xp
=104x, + 11.5x5 + 23.5xc + 19.9xp + 19.25x5 + 30xz.
Constraints can be formulated follows:
@) 200xg < 2,50,000 or xp < 1,250.
(i) 80x, + 100xp < 5,00,000 or 0.8x, + xz < 5,000.
@iii) 80xy x 0.05 + 100xg x 0.03 + 160xc x 0.10 + 120xp x 0.20 + 150x5 x 0.06
+ 200xz x 0.08 <0.10 x (80x, + 100xg + 160xc + 120xp + 150xz + 200x)
or 4x,+3xg+ 16xc+ 24xp + 9xp + 16xp < 8xy + 10x5 + 16xc + 12xp + 15x5
+ 2OXF
or —4x,—Txg+ Oxc+ 12xp — 6xp— 4xp <0
or 4xy + Txp— 12xp + 6xg + 4xp > 0.
@iv) 80x4 + 100x5 = 0.1 (80x, + 100xz + 160x + 120x, + 150xz + 200xz)
or 72x, + 90xp — 16x0 — 12xp — 15x5 — 20x5 = 0.
) 4xy + 4.5x5 + 7.5xc + 5.5xp + 5.75xg + Oxz = 10,000.
Also 80x, + 100xg + 160xc + 120xp + 150x; + 200xz < 25,00,000,
Since at least 100 shares of each stock have to be purchased,
X4, XB, XC» Xp» Xg, Xg, €ach = 100.

EXAMPLE 2.6-27 (Product Mix Problem)

Consider a company that must produce two products over a production period of three
months of duration. The company can pay for materials and labour from two sources: company
funds and borrowed funds. The firm faces three decisions:

1. How many units should it produce of product 1 ?

2. How many units should it produce of product 2 ?

3. How much money should it borrow to support the production of the two products ?

In making these decisions the firm wishes to maximize the profit contribution subject to the
conditions stated below:
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(i) Since the company s products are enjoying a seller’s market, it can sell as many units as
it can produce. The company would, therefore, like to produce as many units as possible subject
to production capacity and financial constraints. The capacity constraints, together with cost and
price data, are given in the table below:

Product Selling price Cost of Required hours per unit in deptt.
(R/unit) production I/ A B C
unit)
1 14 10 0.5 0.3 0.2
2 11 8 0.3 0.4 0.1
Available hours per production 500 400 200
period of three months

(if) The available company funds during the production period will be X 3 lakhs.

@iii) A bank will give loans upto X 2 lakhs per production period at an interest rate of 20
per cent per annum provided the companys acid (quick) test ratio is at least 1 to 1 while the
loan is outstanding.

Take a simplified acid test ratio given by

Surplus cash on hand after production + Accounts receivable

Bank borrowings + Interest accrued thereon

(iv) Also make sure that the needed funds are made available for meeting the production
costs.
Formulate the above as linear programming problem. [C.A. Nov., 1992]

Formulation of L.P. Model

Let x; and x, be the number of units of products 1 and 2 to be produced and x; be the amount
in rupees to be borrowed.
Objective is to maximize the net profit.

ie., maximize Z = ¥ [(14 — 10)x; + (11 — 8) x, — cost associated with borrowed
funds]
20 3
=3 |4x; +3x, - —x—
X [ ISR 12’4

= ? (4x1 + 3XZ - OOSX3)
Constraints can be formulated as follows:

On production capacity of deptt. A 0.5x; + 0.3x, < 500,
on production capacity of deptt. B  03x; +0.4x, < 400,
and on production capacity of deptt. C : 02x+0.1x, < 200.

As bank will give loans upto ¥ 2 lakhs,
x3 £ ¥2,00,000.
Now funds available with the company = ¥ (3,00,000 + x3).
Funds required for production = ¥ (10x; + 8x;).
Now funds required for production are < funds available.
o 10x; + 8x, < 3,00,000 + x5
or  10x; + 8x, — x3 < 3,00,000.
The constraint based on acid test ratio can be written as

Surplus cash on hand after production + Accounts receivable

v
—_

Bank borrowings + Interest accrued thereon
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[(3,00,000 + x;) — (10x; +8x,)] + (14x; +11x,) . l

x; +0.05x, 1
or 4x; + 3x, + 3,00,000 = 0.05x;
or 4x; + 3x, — 0.05x; > — 3,00,000
or — 4dx; — 3x, + 0.05x; < 3,00,000.
Thus, the L.PP. is given by
Maximize Z = 4x; + 3x, — 0.05x,,
subject to constraints 0.5x;, + 0.3x, < 500,

0.3x; + 0.4x, < 400,
0.2x; + 0.1x, < 200,
x3 < ¥2,00,000,
10x, + 8x, — x; < ¥ 3,00,000,
—4x; — 3x, + 0.05x; < ¥ 3,00,000,
where x;, x5, x5 2 0.
EXAMPLE 2.6-28 (Product Mix Problem)

PQOR Feed Company markets two mixes for cattle. The first mix, Fertilex, requires at least
twice as much wheat as barley. The second mix, Multiplex, requires at least twice as much barley
as wheat. Wheat costs T 1.50 per kg and 1,000 kg are available this month. Barley costs ¥ 1.25
per kg and 1,200 kg are available. Fertilex sells for T 1.80 per kg upto 99 kg and each additional
kg over 99 sells for T 1.65. Multiplex sells at X 1.70 per kg upto 99 kg and each additional kg
over 99 sells for ¥ 1.55. Bharat farms will buy any and all amounts of both mixes of POR Feed
Company. Formulate the mathematical model for the problem. [C.S. June, 1994]

Formulation of Mathematical Model
The data can be represented in the form of the table below:

Feed mixes Ingredients Selling price/kg
Wheat Barley

Fertilex 2 : 1 < 1.80 upto 99 kg
3 1.65 above 99 kg

Multiplex 1 : 2 % 1.70 upto 99 kg
3 1.55 above 99 kg

Cost/kg I150|%1.25

Available quantity 1.000 kg | 1,200 kg

Let x; and x, be the quantities in kg of Feedmixes Fertilex and Multiplex to be marketed by
the company. The objective is to maximize the monthly profit, which can be expressed as

maximize Z = T [{99 x 1.80 + 1.65 (x; — 99) + 99 x 1.70 + 1.55 (x, — 99)}

- {1‘50 (%’ﬁ +%x2] + 1.25 (%’ﬁ +§x2]H
= [(1.65x; + 0.15 x 99 + 1.55x, + 0.15 x 99)

1
-3 (Bxy + 1.5x, + 1.25x; + 2.5x,)]
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= T [(1.65x, + 1.55x, + 29.7) — % (4.25x, + 4x,)]

=3 (0.23x; + 0.22x, + 29.7).
The constraint for availability of wheat can be written as

%xl + %xz <1,000 or  2x; +x, < 3,000.
Similarly, constraint for availability of barley can be written as
%’ﬁ + %xz <1,200 or x; + 2x, < 3600,
where x;, x, =2 0.

EXAMPLE 2.6-29 (Capital Budgeting Problem)

Renco Foundries is in the process of drawing up a Capital Budget for the next three years. It has
funds to the tune of T 1,00,000 which can be allocated across the projects A, B, C, D, and E. The net
cash flows associated with an investment of X 1 in each project are provided in the following table:

Cash flow at time
0 1 2 3
From inv. A -~ 1 + %05 + 1 20
From inv. B 20 - 31 + %05 + %1
From inv. C - %1 + %12 0 20
From inv. D -~ 1 20 0 + %19
From inv. E 20 20 - %1 + T LS5

Note: Time 0 = present, time 1 = I year from now, time 2 = 2 years from now, time 3 = 3 years from now.

For example, X 1 invested in investment B requires a X 1 cash outflow at time 1 and returns
0.50 at time 2 and X 1 at time 3. To ensure that the firm remains reasonably diversified, the firm
will not commit an investment exceeding X 75,000 in any project. The firm cannot borrow funds;
therefore the cash available for investment at any time is limited to cash on hand. The firm will earn
interest at 8% per annum by parking the uninvested funds in money market instruments. Assume
that the returns from investments can be immediately reinvested. For example, the positive cash
flow received from project C at time 1 can immediately be reinvested in project B.

Required: Formulate the L.P. model that will maximize cash on hand at time 3.

[Delhi U. MBA, 1999; C.A. Nov., 1995]
Formulation of L.P. Model

The company wants to decide the optimum allocation of funds to projects 4, B, C, D, E and
money market investments.

Let x4, xp, x¢o, xp and xz be the amount in rupees invested in investments 4, B, C, D and

E and S,, S;, S, be the amount surplus at year O, 1, 2 which is the amount invested in money
market investments.

The objective is to maximize cash on hand at time 3.

At time 0

Funds available = ¥ 1,00,000.
Amount invested = T (x4 + x¢ + xp).
o So = ¥ [1,00,000 — (x4 + xc + xp)].
At time 1
Funds available = ¥ (0.5x, + 1.2x + 1.08S)).
Amount invested = ¥ x3.
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Constraint 1s x5 < 0.5x4 + 1.2x, + 1.08S,,.
Surplus is S} = (0.5x, + 1.2xx + 1.08Sy) — x5
At time 2
Funds available = ¥ (x, + 0.5x5 + 1.08S)).
Amount invested = T xp.
Constraint 1s xg < x4 + 0.5x5 + 1.08S.
Surplus is S, = (x4 + 0.5x5 + 1.08S)) — x5
At time 3
Funds available = T (xg + 1.9xp + 1.5x5 + 1.08S,).
Therefore, the objective function can be written as
maximize Z = ¥ (xz + 1.9xp + 1.5x5 + 1.08S,).
Also, since the company will not commit an investment exceeding ¥ 75,000 in any project,
X4, Xg, Xc» Xp, Xg, €ach < ¥ 75,000.
Thus the L.P. model can be written as
maximize Z = ¥ (xz + 1.9x, + 1.5x5 + 1.08S),),
subject to constraints

So = 1,00,000 — (x4 + x¢ + xp),

S = (0.5x, + 1.2x- + 1.08Sy) — x5,

S, = (x4 + 0.5x5 + 1.08S)) — xg,
X4 Xg, Xc» Xp, Xg, €ach < ¥75,000,

where X4, XB, X¢5s Xp, Xpg, So, Sl’ Sz, each > 0.

EXAMPLE 2.6-30 (Capital Budgeting Problem)

A company has six independent projects available. The cash flows are given in the table
below, wherein values within parventhesis arve cash outflows and without parenthesis are cash
inflows.

Project cash flows (X°000)

Year A B C D E F
0 (100) — — (40) — (30)
1 (50) (60) — (60) (1200 (10
2 (10) (70) (40) 50 100 20
3 70 10 (80) 10 (10) 10
NPI"R°000) 20 15 10 30 10 5
New capital for these projects is limted to
Year 0 % 1,20,000
Year 1 %2,00,000
Year 2 Nil
Year 3 Nil

Cash generated from these investments can be reinvested in other projects in the same year.
Express the problem in a linear programming format if the objective of the company is to maximize
NP1 and the projects are divisible.

Formulation of L.P. Model
Let x1, x5, X3, X4, X5 and x4 denote the proportion of projects 4, B, C, D, E and F undertaken.
The L.P. model can be written as
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maximize Z = 20x; + 15x, + 10x3 + 30x4 + 10x5 + Sxq,
subejct to constraints
100x; + 40x, + 30x¢ < 120,
50x; + 60x, + 60x, + 120x5 + 10xs < 200,
10x; + 70x, + 40x; < 50x, + 100x5 + 20xq,
80x;3 + 10xs < 70x; + 10x, + 10x, + 10x,
where X1, X5, X3, X4, X5, Xg, €ach > 0.

EXAMPLE 2.6-31 (Blending Problem)

A manufacturing company making castings uses electric furnace to melt iron which must
have the following specifications:

Minimum Maximum
Carbon  3.10% 3.30%
Silicon 2.15% 2.25%

Specifications and costs of various raw materials used for this purpose are given in
table 2.11.

TABLE 2.11
Material Carbon % Silicon % Cost )
Steel scrap 0.42 0.12 850/tonne
Cast iron scrap 3.80 2.40 900/tonne
Remelt from foundry 3.40 2.30 500/tonne
Carbon briquettes 100 0 7/kg
Silicon briquettes 0 100 10/kg

If the total charge of ivon metal vequired is 4 tonnes, find the weight in kg of each raw
material that must be used in the optimal mix at minimum cost.

Formulation as L.P. Problem

Key descision is to determine the amount in kg of each of the five different raw materials to
be mixed to make 4 tonnes of iron melt. Let x;, x,, x3, x4 and x5 denote there amount.
Objective is to minimize the cost, i.e.,
. 850 900 500
minimize 7 = L.000 x + 1000 x, + 1000
=0.85x; + 0.9x, + 0.5x3 + 7x4 + 10xs.
Constraints are on the specifications of iron melt.
For iron melt to have a minimum of 3.10% carbon,
0.42x; + 3.80x, + 3.40x; + 100x, > 3.10 x 4,000
> 12,400,
for iron melt to have a maximum of 3.30% carbon,
0.42x; + 3.80x, + 3.40x; + 100x, < 3.30 x 4,000
< 13,200,
for iron melt to have a minimum of 2.15% silicon,
0.12x; + 2.40x, + 2.30x3 + 100xs > 2.15 x 4,000
> 8,600,
for iron melt to have a maximum of 2.25% silicon,
0.12x; + 2.40x, + 2.30x; + 100x5 < 2.25 x 4,000
< 9,000.

x; + 7x, +10x;
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Also, since the materials added must make up the full charge weight,
X1 + Xy + X3 + X4 + X5 = 4,000,
where x,, x,, ..., x5, each > 0.

EXAMPLE 2.6-32 (Product Mix Problem)

A truck company has % 50 lakh to invest and is to choose among three types of trucks A, B
and C. Truck A has 12 tonne payload and is expected to average 50 km per hour. It costs T 80,000.
Truck B has a 20 tonne payload, is expected to average 45 km per hour and costs T 1,00,000.
Truck C is a modified form of B. It has sleeping space for the driver, which reduces its payload
capacity to 17 tonne, while raising the cost to X 1,20,000.

Truck A requires a crew of one man, and if driven on three shifts per day, could run for an
average of 20 hours a day. Trucks B and C require a crew of two men each and if driven on three
shifts per day, could be run for an average of 19 hours and 22 hours respectively. The company
has a fleet of 120 crewmen available to it. If the total number of trucks are not to exceed 40, how
many trucks of each type should be purchased if the company wants to maximize its capacity in
tonne km per day ? Formulate the problem as L.P. problem.

Formulation as an L.

P. Problem

Key decision is to determine the number of trucks of type 4, B and C to be purchased.
Let the number of trucks of type 4, B and C to be purchased be x;, x, and x5 respectively.

Constraints are

on the number of crews:

X1 + 2X2 + 2X3 < 120,

on the number of trucks:

80,000x; + 1,00,000x, + 1,20,000x; < 50,00,000

or

given the following data:

X1 +XZ+X3 < 40,
and on the money to be invested:

8x; + 10x, + 12x; < 500.
Objective 1s to maximize the tonne km/per day. For objective function equation, we are

TABLE 2.12
Truck type Payload (tonnes) km/hour Average run
(hours/day)
A 12 50 20
B 20 45 19
C 17 45 22

For truck 4, tonne km per day
= Payload in tonne x km/hour x hours/day

= 12 x 50 x 20 = 12,000.

Similarly, for truck

maximize Z = 12,000x; + 17,100x, + 16,830x;,

B, tonne km per day

=20 x 45 x 19 = 17,100,
and for truck C, tonne km per day
=17 x 45 x 22 = 16,830.
Therefore, the objective function is

where x;, x5, x3 = 0.
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EXAMPLE 2.6-33 (Trim Loss Problem)

A manufacturer of cylindrical containers receives tin sheets in widths of 30 cm and 60 cm
respectively. For these containers the sheets are to be cut to three different widths of 15 cm, 21 cm
and 27 cm rvespectively. The number of containers to be manufactured from these three widths are
400, 200 and 300 respectively. The bottom plates and top covers of the containers are purchased
directly from the market. There is no limit on the lengths of standard tin sheets. Formulate the
L.P. model for the production schedule that minimizes the trim losses.

Formulation as an L.P. Problem

Key decision 1s to determine how each of the two standard widths of tin sheets be cut to the
required widths so that trim losses are minimum.

From the available widths of 30 cm and 60 cm, several combinations of the three required
widths of 15 cm, 21 em and 27 cm are possible. Let x;; represent these combinations. Each
combination results in certain trim loss.

Constraints can be formulated as follows:

The possible cutting combinations (plans) for both types of sheets are shown in the table
below.

Width i =1 (30cm) i=2(60cm)
(cm)
X11 X12 X13 X21 X22 X23 X24 X25 X26
15 2 0 0 4 2 2 1 0 0
21 0 1 0 0 1 0 2 1 0
27 0 0 1 0 0 1 0 1 2
Trim
loss 0 9 3 0 9 3 3 12 6
(cm)

Thus the constraints are
2xq; + dxy; + 2x55 + 2x53 + x54 2 400,
x12 + X + 2xp4 + x5 2 200,
and X135 + X3 + X55 + 2x56 = 300.
Objective is to minimize the trim losses.
ie., minimize Z = x5 + 3x13 + x5 + 3x93 + 3x94 + 12x55 + 6x9,

where X1, X132, X13, X21, X22, X323, X24, X25, X6 = 0.

EXAMPLE 2.6-34 (War Strategy Problem)

The strategic bomber command veceives instructions to interrupt the enemy tank
production. The enemy has four key plants located in separate cities, and destruction of any one
plant will effectively halt the production of tanks. There is an acute shortage of fuel, which limits
the supply to 45,000 litres for this particular mission. Any bomber sent to any particular city must
have at least enough fuel for the round trip plus 100 litres.

The number of bombers available to the commander and their descriptions are as follows:
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TABLE 2.13
Bomber type Description km/litre Number available
A Heavy 2 40
B Medium 2.5 30

Information about the location of the plants and their probability of being attacked by a medium
bomber and a heavy bomber is given below.

TABLE 2.14
Plant Distance Probability of destruction
from base by
(km) a heavy bomber a medium bomber
1 400 0.10 0.08
2 450 0.20 0.16
3 500 0.15 0.12
4 600 0.25 0.20

How many of each type of bombers should be despatched, and how should they be allocated
among the four targets in order to maximize the probability of success ? Formulate the L.P. model.

Formulation of L.P. Model
Key decision to be made 1s how many of either type of bombers be sent to each plant.

Let the bombers sent be x;;, where i = type 4, B and j = plant 1, 2, 3, 4.

ij>
Objective 1s to maximize the probability of success in destroying at least one plant and this is
equivalent to minimizing the probability of not destroying any plant. Let QO denote this probability.

Then, 0= (1-0.1)% -(1-0.2)% -(1-0.15)% - (1 - 0.25)%s .

(1-0.08)" - (1-0.16)"22 - (1 - 0.12)"22 . (1 — 0.20) 2+

Here the objective function is non-linear but it can be reduced to the linear form.

Now minimizing Q is equivalent to minimizing log Q and log Q is linear. Moreover,
minimizing log Q is equivalent to maximizing — log Q or maximizing log 1/Q. Taking base of
log as 10,

log 1/Q = — (x4 log 0.9 + x4, log 0.8 + x45 . log 0.85 + x4, log 0.75
+ xp; log 0.92 + xp, log 0.84 + xp; log 0.88 + xp, log 0.80).
Therefore, the objective is to maximize
log 1/Q = 0.0457x,; + 0.09691x,, + 0.07058x 43 + 0.12493x 4, + 0.03623x5,
+0.07572xp, + 0.05552xp; + 0.09691xp,4.

Constraints are
(a) due to limited supply of fuel
(2 X %+IOO])CA1 +(2 X %+IOO] X4 +(2 X %+ lOO]xA3 +(2 X %+IOO] X 44

400 450 500
+ (2)(34‘100] Xp +(2>< g'l‘lOO]sz +(2X3+100] Xpg3

+ (2 X % + 100] Xg4 < 45,000
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ie., 500x,; + 550x,, + 600x,5 + 700x,, + 420x5, + 460x5, + 500xz; + 580xz,
< 45,000.
(b) due to limited number of aircrafts
Xq1 T Xgp tx43 F x4 <40,
Xgy + xpy + xp3 + xp4 <30,
where x 41, X420, X43, X445 XB1> XB2> Xg3, Xp4, €ach > 0.
EXAMPLE 2.6-35 (Production Scheduling Problem)

A company wants to plan the next week's production of its three products A, B nd C. These
products arve made on three machines—Ilathes, drills and grinders. Time available on lathes, drills
and grinders for the next week is 200 hrs., 250 hrs. and 300 hrs. respectively. The products can
be made through different alternative routes shown in the table below. The products sell in the
market at X 20, T 15 and X 25 per unit respectively.

(a) Formulate the L.P. model assuming unlimited market demand for the products.
(b) There is a fixed order (that has to be satisfied) of 250 units of A, 200 units of B
and 150 units of C.

The customer pays X 20, T 15 and T 25 per unit of products A, B and C in the fixed order
and is willing to pay X 15, ¥ 10 and T 20 per unit for the extra units of A, B and C respectively.
Construct the model that maximizes the sales revenue.

(c) If not more than 200 units of C can be sold in the market, what modifications would
be required in the model ?

(d) If there is possibility of using overtime for making product A, how can it be taken
into consideration ?

TABLE 2.15
Machine Product A Product B Product C Machine
Route Route Route hours
available
i 2 3 1 2 1 2 3
Lathes 0.5 0.7 0.3 s 0.5 0.6 0.5 0.3 200
Drills 0.5 0.3 0.2 0.4 0.3 0.7 0.4 0.1 250
Grinders 0.6 0.4 0.6 0.7 0.5 0.4 0.3 — 300

Formulation of L.P. Model

(a) Key decision to be made is to determine the number of units of products 4, B and C to
be manufactured through first, second and third routes.

Let the number of units of products 4, B and C to be manufactured through first, second and
third routes be x41, X492, X43; X1, Xp2 and x¢q, X¢2, X3 respectively, where each is > 0.

Objective is to maximize the sales revenue.
ie., maximize Z =20(xy; + x4 + x43) + 15(xp; + x52) + 25(xc; + x0a2 + x03).
Constraints are on the machine hours available for each machine. They are
for lathes: 0.5x,; + 0.7x4, + 0.3x43 + 0.5x5, + 0.6xp; + 0.5x0, + 0.3x3 < 200,
for drills: 0.5x4, + 0.3x4, + 0.2x,3 + 0.4xg, + 0.3x5, + 0.7x¢;

+ 0.4xcy + 0.1x03 < 250, and
for grinders:  0.6x4; + 0.4x,, + 0.6x43 + 0.7xp; + 0.5x5, + 0.4xc; + 0.3x0, < 300.

Thus the L.P. model is to maximize Z subject to the constraints and non-negativity restrictions
mentioned above.
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(b) The fixed order 1s for 250 units of 4, 200 units of B and 150 units of C. The total number
of units of product A produced are x,; + x4, + x43 and in order to satisfy the fixed order it must
be > 250.

i.e., for lathes: x,, + x4 + x43 =250,

for drills: xp, + x5, = 200,

for grinders:  xop + xoy + x03 2 150,

These are, then, the additional constaints to be satisfied (along with the three earlier
constraints).

The new objective function is slightly more involved and may be written as

maximize Z; = 250 x 20 + 15 (x4, + x4 + x43 — 250) + 200 x 15
+ 10(xg; + x5, — 200) + 150 x 25 + 20 (x¢; + X0y + x03 — 150).

The problem is, thus, to maximize Z, subject to the above six constraints while satisfying
the non-negativity conditions.

(¢) This market limitation results in a new constraint

xc1 t Xep +xc3 < 200,

and the problem is to maximize Z, while satisfying this 7th (additional) constraint also.

(d) Let x40, X420 and x 43, represent the number of units of product A manufactured during
overtime through routes 1, 2 and 3 respectively. The overtime machine hours available need
to be given in the problem, which will result in three more constraints. The objective function
representing sales revenue will have to be replaced by profit function as production during overtime
1s less profitable than regular production. Though the objective function becomes more complex
and number of constraints becomes large, yet the problem remains a linear programming problem.

EXAMPLE 2.6-36 (Warehouse Problem)

A person running a warehouse purchases and sells identical items. The warehouse can
accommodate 1,000 such items. Each month, the person can sell any quantity he has in stock.
Each month, he can buy as much as he likes to have in stock for delivery at the end of the month,
subject to a maximum of 1,000 items. The forecast of purchase and sale prices for the next six
months is given below.

Month i 1 2 3 4 5 6
Purchase price ¢; %) 12 14 17 19 20 21
Sale price s; ) 13 15 16 20 21 23

If at present he has a stock of 200 items, what should be his policy ?

Formulation of L.P. Model

Key decision is to determine the number of items to be purchased and sold for each of the
six months.
Letx; and y; G = 1, 2, ..., 6) be the number of items purchased and sold for each of the six
months, where x;, y; > 0.
Objective is to maximize the profit i.e.,
maximize Z = 13y, + 15y, + 16y; + 20y, + 21ys + 23ys — (12x; + 14x, + 17x5 +
19x, + 20x5 + 21xg).
Constraints can be formulated as follows:
The person cannot sell anything that is not in stock. Therefore, for each month n = 1,
2,..,6,
n-1
200+Z (x; =y)zy,
j=1
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n-1 n-1
or 200+Z x; = Y+ Vn
Jj=1 Jj=1
n-1 n
or 200 + z x; 2 Y,
Jj=1 Jj=1

n n-1

or Zyj—ijs2OO
j=1 j=1
6 5

or z Y —z x; < 200.
j=1 j=1

Further, since he cannot overstock beyond 1,000 items,

n
200+ (x;-¥) < 1,000
j=1

n n

or ij—Zyj < 800

j=1 j=1

6 6
or ij—Zyj < 800.

j=1 j=1
The above relations, therefore, constitute the L.P. model.

EXAMPLE 2.6-37 (Caterer Problem)

A caterer is to organise garden parties for a week. He needs a total of 160, 120, 60, 90,
110, 100 and 120 fresh napkins during the seven days of the week. Each new napkin costs ¥ 3. He
can use soiled napkins after getting them washed from a laundry. Ordinarily, washing charges are
% 0.60 per napkin and they are returned after four days. However, the laundry also provides express
service at a cost of T 1 per napkin, in which case they are returned after two days. Formulate the
L.P. model to determine the planning schedule the caterer should adopt to buy or send napkins to
the laundry so as to minimize the cost.

Formulation of L.P. Model

Key decision is to determine the number of napkins to be bought, to be sent for express
laundry service, for ordinary laundry service or not to be sent at all, each day of the week.

Let x; = number of napkins bought on jth day,
y; = number of napkins sent for express laundry service on jth day,
z; = number of napkins sent for ordinary laundry service on jth day,
and v; = number of napkins soiled on jth day but not sent to laundry on jth day,
where x;, y;, z;, v; 2 0.
Constraints can be formulated as follows:

On the first day, the caterer, obviously, has to start with new napkins. After use, if he sends
napkins for washing, the earliest he can get washed napkins (by express service) is by the beginning
of the 4th day. Therefore, he has to buy napkins for the first three days, which means,

X = 160,
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x, = 120,

and x; = 60.

At the end of first day, he will send y, and z; number of napkins for 2 days’ and 4 days’
service and v; will be the number kept in stock of soiled napkins: y; and z; will be received from
the laundry for use at the beginning of 4th and 6th day respectively. Similarly, y, and z, sent to the
laundry on the second day will be received for use at the beginning of 5th and 7th day. Likewise, y;
and z5 sent to the laundry on the third day will be received for use at the beginning of 6th and 8th
day. Since 8th day is beyond the planning period, z; = 0. In the same manner, y, sent to the laundry
for express service on 4th day will be received for use at the beginning of 7th day, while z, = 0.

Thus the schedule of supply of napkins during the 7 days is as shown below.

Day 1 2 3 4 5 6 7
Type
New napkins X Xy X3 X4 X5 X6 X7
Express service — — — b2} V) 3 Va4
Ordinary service — - — — — z Z5
Total required 160 120 60 90 110 100 120
Therefore, requirement constraints are
X = 160,
Xy = 120,
X3 = 60,
X4 +y1 = 90,
X5 + Y2 = | 10,
X6 +y3+21 = 100,
and x7 +y, + 2z, = 120.

There is need to form another set of constraints on the total number of soiled napkins. The
total number of soiled napkins on the jth day must be equal to the number of napkins sent to
laundry plus those left in stock of soiled napkins.

However, the number of soiled napkins on the jth day = number used on jth day + number
left on (j — 1)th day. These constraints are thus given by

y +2z; +v; = 160,
Vot 2zt vy, = 120 + vy,
y3+2z3+v3 =60 + vy,
Va4t z4+ vy =90+ vy,
ys tz5+tvs = 110 + vy,
ys t 25 +vg = 100 + vs,

and y7tz7+tv; = 120 + g

Further as already discussed,

Ys=ys=y7 =0,
and Z3=Z4=25=Z6=Z7=O‘
This reduces the above set of constraints to
y +2z; +v; = 160,
Vot 2zt vy, = 120 + vy,
y3+V3 = 60+V2,
Yot vy =90+,

Vs = 110 + Va,
Vg = 100 + Vs,
and vy = 120 + Vs.
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Objective is to minimize the cost of napkins.
ie., minimize = T [3(x; + x, + x3 + x4 + x5 + x5 + x7)
+ 1 +y, ty3 Ty +0.6(z; +2,)]
=X [30r; +x, +x3 x4 + x5+ X5+ x7)
Tty tystyy) 0.6z +2))].
The above relations, therefore, form the L.P. model.

EXAMPLE 2.6-38 (Product Mix Problem)

WELLTYPE manufacturing company produces three types of typewriters. All the three models
are required to be machined first and then assembled. The time required for various models is
as follows:

Type Manual Electronic Deluxe electronic
typewriter typewriter typewriter
Machine time 13 12 14
(hours)
Assembly time 4 3 5
(hours)

The total available machine time and assembly time is 3,000 hours and 1,200 hours
respectively. The data regarding the selling price and variable costs for the three types ave:

Type Manual Electronic Deluxe electronic
Selling price ) 4,100 7,500 14,600
Labour, material

and other variable 2,500 4,500 9,000
costs (%)

The company sells all the three types on credit basis, but will collect the amounts on the
first of next month. The labour, material and other variable expenses will have to be paid in cash.
This company has taken a loan of T 40,000 from a Cooperative Bank and this company will have
to repay it to the bank on 1st April, 1993. The TNC Bank from whom this company has borrowed
% 60,000 has expressed its approval to renew the loan. The balance sheet of this company as on
31.3.1993 is as follows:

Liabilities T | Assets z
Equity share capital 1,50,000 | Land 90,000
Capital reserve 15,000 | Building 70,000
General reserve 1,10,000 | Plant and machinery 1,00,000
Profit and loss account 25,000 | Furniture and fixures 15,000
Long term loan 1,00,000 | Tehicles 30,000
Loan from TNC Bank 60,000 | Inventory 5,000
Loan from Cooperative Bank 40,000 | Receivables 50,000

Cash 1,40,000
Total 5,00,000 | Total 5,00,000

The company will have to pay a sum of I 10,000 towards the salary of top management
executives and other fixed overheads for the month. Interest on long-term loans is to be paid every
month at 24% per annum. Interest on loans from TNC and Cooperative Banks may be taken to
be ¥ 1,200 for the month. Also this company has promised to deliver 2 manual typewriters and 8
deluxe-electronic typewriters to one of its valued customers next month.
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Also make sure that the level of operations in this company is subject to the availability of
cash next month.

This company will also be able to sell all the types of typewriters in the market. The senior
manager of this company desires to know as to how many units of each typewriter must be
manufactured in the factory next month so as to maximize the profits of the company. Formulate
this as L.P. model. [C.A. May, 1993]

Formulation of L.P. Model

Let x,, x, and x5 denote the number of manual, electronic and deluxe-electronic typewriters
respectively to be manufactured in the factory next month i.e., in the month of April, 1993.
Objective is to maximize the net profit.
ie., maximize Z = ¥ [(4,100 — 2,500) x; + (7,500 — 4,500) x, + (14,600 — 9,000) x;
— (10,000 + 2,000 + 1,200)]
= ¥ [1,600x; + 3,000x, + 5,600x; — 13,200].
Constraints can be formulated as follows:
on machine time: 15x; + 12x, + 14x5 < 3,000,
on assembly time: 4x; + 3x, + 5x5 < 1,200.
The level of operations in the company is subject to the availability of cash next month i.e.,
the cash required for manufacturing the three models can not exceed the cash available next month.
Now cash required = ¥ (2,500x; + 4,500x, + 9,000x;).
The availability of cash next month from balance sheet can be calculated as follows:
Cash availability = Cash balance + receivables — loan to be repaid to cooperative
bank — interest on loan from TNC and cooperative banks
— interest on long term loans — top management salary and
fixed overheads

- 7 {1.40,000 +50,000 — (40,000 +1,200 + 2200, 24
12 100
+10,000)]

=¥ [1,90,000 — (40,000 + 1,200 + 2,000 + 10,000)]
=¥ 1,36,800.
We get the constraint
2,500x;, + 4,500x, + 9,000x; < 1,36,800.
Further, the company has promised to deliver 2 manual typewriters and 8 deluxe-electronic
typewriters to one of its customers.
X1 > 2, X3 > 8.
Also x, 2 0.
These relations, therefore, represent the L.P. model.

EXAMPLE 2.6-39 (Product Mix Problem)

A manufacturing company has two plants, which produce and supply two products X and Y.
Each plant can work up to 15 hours a day. In plant A, it takes 3 hours to prepare and pack 1,000
litres of X and 2 hours to prepare and pack 1 ton of Y. In plant B, it takes 2 hours to prepare and
pack 1,000 litres of X and 2.5 hours to prepare and pack 1 ton of Y. In plant A, it costs T 20,000
to prepare and pack 1,000 litres of X and X 25,000 to prepare and pack 1 ton of Y, whereas these
costs are T 22,000 and T 23,000 respectively in plant B. The company wants to produce 12,000
litres of X and 10 tons of Y and wants to organize the production so as to produce the products
at minimum cost. Formulate this problem as an L.P. model.
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Formulation of L.P. Model

Key decision 1s to determine the quantity of products X and Y in each of the plants 4 and B.
Let x;, x, = quantity of product X (in ‘000 litres) to be produced and packed in plants 4 and
B respectively,
X3, x4 = quantity of product ¥ (in tons) to be produced and packed in plants 4 and B
respectively.
Objective is to minimize the total cost.
i.e., minimize Z = ¥ (20,000 x; + 22,000 x, + 25,000 x5 + 23,000 x,).
Constraints are
(a) On the preparation time o 3%+ 2x3 <15,
2x, + 2.5x, < 15.
(b) On the daily production requirement : x; + x, > 12,
x5 +x, 210,
where x1, X, X3, x4, cach > 0.
EXAMPLE 2.6-40 (Product Mix Problem)

A company produces two parts P\ and P, used in television sets. A unit of P; costs the
company X 5 in wages and X 6 in material, while a unit of P, costs the company ¥ 20 in wages
and X 10 in material. The company sells both parts on one-period credit terms, but the company
labour and material expenses must be paid in cash. The selling price of P; is ¥ 25/ unit and P,
is T 60/ unit. The company’s production capacity is limited by two considerations. First, at the
beginning of period 1, the company has an initial balance of ¥ 35,000 (cash + bank credit +
collections from past credit sales). Second, the company has available in each period 1,600 hours
of machine time and 1,400 hours of assembly time. The production of each P; requires 2 hours
of machine time and 1.5 hours of assembly time, while production of each P, requires 2 hours
of machine time and 3 hours of assembly time. Formulate the problem as L.P. model to maximize
the total profit to the company. [P.U. B.E. (T1T) Dec., 2008]
Formulation of L.P. Model

The data of the problem can be expressed in the form of a table shown below.

Parts Total
Resources
P; P, availability
Budget T (5 + 6)/unit 3 (20+10)/unit < 35,000
Machine time 2 hours/unit 2 hours/unit 1,600
Assembly time 1.5 hours/unit 3 hours/unit 1,400
Cost price < 11/unit < 30/unit
(wages + material)
Selling price 3 25/unit % 60/unit

Key decision is to determine the number of parts P; and P, to be produced. Let x; and x,
denote the number of these parts.

Objective is to maximize the total profit.

ie., maximize Z = Selling price — Cost price

T [(25 - 11) x; + (60 — 30) x,]
T (14 x; + 30 xy).

Constraints are
(a) on the total budget available : 11x; + 30x, < 35,000,
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(b) on the machine time available : 2x; + 2x, < 1,600,

(¢) on the assembly time available: 1.5 x; + 3x, < 1,400.
where x;, x; =2 0.

EXAMPLE 2.6-41 (Personnel Problem)

A company, engaged in producing tinned food, has 300 trained employees on the rolls, each
of whom can produce one can of food in a week. Due to developing taste of the public for this
kind of food, the company plans to add to the existing labour force by employing 150 persons, in a
phased manner, over the next 5 weeks. The newcomers would have to undergo a two-week training
programme before being put to work. The training is to be given by employees from among the
existing ones and it is known that one employee can train three trainees. Assume that there would
be no production from the trainers and the trainees during training period as the training is off-the-
job. However; the trainees would be remunerated at the rate of ¥ 300 per week, the same rate as
for the trainers. The company has booked the following orders to supply during the next 5 weeks :

Week : 1 2 3 4 5

No. of cans : 280 298 305 360 400

Assume that the production in any week would not be more than the number of cans booked
in the ovder so that every delivery of the food will be ‘fresh’.

Formulate this problem as an L.P. model to develop a training schedule that minimizes the
labour cost over the five-week period. [Delhi UM.B.A., 2000; Nov., 1998]

Formulation of L.P. Model

Key decision is to determine the number of trainees to be recruited in the beginning of week
1, 2, 3, 4 and 5 respectively. Let x|, x,, x5, x4 and x5 denote their number.

Now trainees recruited in the beginning of week 1 would get salary for all the five weeks;
those recruited in the beginning of week 2 would get salary for four weeks and so on.

Objective is to minimize the labour cost

i.e., minimize Z = T 300 [5x; + 4xy + 3x3 + 2x4 + x5].

Constraints can be formulated as follows :

Week 1 : There are 300 trained empolyees available. Out of them, );—1 will be required to

train the x, trainees recruited in the beginning of the week. As each trained employee can produce
one can/week, we have the relation :

300 — ’;—‘ >280.
Week 2 : On Similar reasoning,

X

300 - L — 25908
3 3

Week 3 : As the training period is 2 weeks, x; workers recruited in the beginning of week
1, would complete the training and become the trained employees and therefore,

300+x — 2 — 23 5305,
3 3
In the same manner we have the following relations for week 4 and 5 :
3 _ %

Week 4 - 300 + x, +x, —x? - 2360.

Week 5 : 300 + x; +x2+x3—x?4 - );—52400‘
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As 150 new persons, in all, are to be added during the five-week period,
X1 +x2 +X3 +X4 +XS = 150,
where X1, X9, X3, X4, X5 >0

EXAMPLE 2.6-42 (Advertising Media Selection Problem)

An advertising agency is preparing an advertising campaign for a group of agencies. These
agencies have decided that their target customers should have the following characteristics with
importance (weightage) as given below.

Characteristics Weightage (%)
Age 25—45 years 20
Annual income Above T 80,000 40
Female Married 40

The agency has made a careful analysis of three media and has compiled the following data:

Data item Media
Magazine Radio Television

Audience size (‘000) 800 1,000 1,500
Cost per advertisement (I) 10,000 30,000 1,00,000
Min. no. of advertisements allowed 15 10 10
Max. no. of advertisements allowed 25 15 15
Reader characteristics

(i) Age 25-45 years 70% 60% 50%

(ii)  Annual income above I 80,000 60% 50% 40%
(iii) Females married 45% 40% 30%

The advertising agency has earmarked a budget of ¥ 10,00,000 for this purpose. Formulate
the L.P. model for the problem to maximize the total expected effective exposure.

Formulation of L.P. Model

Key decision is to determine the number of advertisements in each of the media. Let x;, x,
and x; denote the number of advertisements in magazine, radio and television respectively.

Objective is to maximize the total expected effective exposure. For this, first, effectiveness
coefficient for each advertising media is calculated as follows :

Media Effectiveness coefficient

Magazine 0.70(0.20)+0.60(0.40)+0.45(0.40) = 0.56
Radio 0.60(0.20)+0.50(0.40)+0.40 (0.40) = 0.48
Television 0.50(0.20)+0.40 (0.40)+0.30(0.40) = 0.38

Now effective exposure of each media = Effectiveness coefficient x Audience size.
Thus effective exposure of

magazine = 0.56 x 8,00,000 = 4,48,000,

radio = 0.48 x 10,00,000 = 4,80,000,
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television = 0.38 x 15,00,000 = 5,70,000.
The objective function can be expressed as
maximize Z = 4,48,000x; + 4,80,000x, + 5, 70,000x;.
Constraints can be formulated as follows :
(a) budget constraint : 10,000x; + 30,000x, + 1,00,000x; < 10,00,000
or x; + 3x, + 10x5 < 100.
() minimum no. of advertisements allowed
constraints : x; 2 15, x, > 10, x5 > 10.
(¢) maximum no. of advertisements allowed
constraints ox; £25,x, <15, %3 < 15,

where x;, x,, x5 = 0.

EXAMPLE 2.6-43 (Product Mix Problem)

A paper mill produces paper for books as well as for magazines. Each kg of paper for books
requives 2 kg of material A and 3 kg of material B. For magazines the proportion is 2 kg of A
and 2 kg of B for each kg of paper. The mill needs 15,000 kg paper for books and 6,000 kg for
magazines. Materials A and B arve availables as 3 and 5 lakhs kg respectively. Requirement for
books is twice that for magazines. Selling price per book paper is ¥ 14/kg and for magazines it is
% 10/kg. Cost of material A is X 2/kg and that for mateiral B is T 2.50/kg. It is required to find the
product manufacturing plan and the optimum total profit. Formulate L.P. model for the problem.

[P.T.U. MBA, 2009]

Formulation of L.P. Model

Let the mill purchase (and then sell) x; kg of paper for books and x, kg of paper for
magazines. The data given in the problem can be expressed in the form of a table shown below:

Material A Material B Requivement  Sale price
(kg) (kg) of paper (kg) X/ kg)
Paper for books (kg) 2 3 15,000 14/-
Paper for magazines (kg) 2 2 6,000 10/-
Available materials (kg) 3 lakhs 5 lakhs
Cost R/ kg) 2/- 2.50/-

Profit is the difference between the total sales received from paper for books and magazines
and the total cost of the two materials. Thus the objective functions can be wirtten as

Maximize  Z = ¥ [(14x; + 10x,) — 2 2x; + 2x5) — 2.50 (Bx; + 2x,)]
= ¥ (2.50x; + x,).
Constraints can be formulated as follows:

On the requirement of paper for books 2% + 3x; 2 15,000 or x; > 3,000,
on the requirement of paper for magazines : 2x, + 2x, > 6,000 or x, > 1,500,
on the availability of material A : 2x; + 2x, £ 3,00,000,

on the availability of material B : 3x; + 2x, £ 5,00,000,

as requirement of paper for books is twice that for magazines,
X1 = 2XZ or x| — 2XZ = O,
where x5, %2 0.
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EXERCISES 2.1

11.

12.

. What are the essential characteristics of a linear programming model?

[PT.U.B. Tech., 2010; D.U. M. com., 2000; IGNOU MCA4, 2003]

. Explain the terms: key decision, objective, alternatives and constraints in the context of linear

optimization models by assuming a suitable industrial situation.
[J.N.TU. Hyderabad B.Tech. (Mech.) May, 2012; PT.U. B. Tech., 2010, 2009,]

. Explain important characteristics of the industrial situations to which L .P. method can be successfully

applied. Illustrate application of this technique with a suitable example.
[PUB.E. (Mech.) 1977, 78, 79]

. What is linear programming ? Discuss the application of linear programming to managerial decision

making. [J.N.TU. Hyderabad B. Tech. August, 2011, Osmania U. MBA, 2010;
PUB.E. (Mech.) 1999; BE. (Elect.) 1997; M.Com., 2002]

. Discuss in detail the role of linear programming in managerial decision-making, bringing out limitations

if any. [PUM. Com., 2003, 2001]

. Discuss the assumptions of proportionality, additivity, continuity, certainty and finite choices in the context of

linear programming problems. [PT.U.B.Tech. (Mech.) 2012; May, 2011; V.T.U. KarnatakaB.E. Jan., 2010;
Gujarat T.U. MBA Jan., 2011; Osmania U.MBA, 2010;

R.TM. Nagpur UB.Tech., 2003; PT.U. B.Tech. (Mech.) 2010; MBA, 2008; PU. B.E. (TI.T)

Dec., 2008; M.Com., 2001; PU.B.Com. Jan., 2005; Sept., 2005; Sept., 2006; April, 2008]

. Explain the meaning of a linear programming problem stating its uses and give its limitations.

[Chennai UBBA Nov., 2010; Podicherry Univ. M.B.A. August, 2006; PU. M.B.A. August, 2006]

. Write at least five application areas of linear programming.

[PT.U. B.Tech., 2010, 2009; B. Tech. (Mech.) 2009; PU.B.E. (Mech.) Nov., 2006;
B.Com. Jan, 2005; PT.U. B.Tech. (Mech.) 2010, Dec.,2006;,
C.A. (Final) Nov,, 1995; Nov., 2000]

. Give some important applications of L.P. [Madras UMBA Nov.,, 2012]
. A small manufacturer employs 5 skilled men and 10 semi-skilled men and makes an article in two

qualities, a deluxe model and an ordinary model. The making of a deluxe model requires 2 hours work
by a skilled man and 2 hours work by a semi-skilled man. The ordinary model requires 1 hour work by
a skilled man and 3 hours work by a semi-skilled man. By union rules no man can work more than 8
hours per day. The manufacturer’s clear profit of the deluxe model is T 10 and of the ordinary model
¥ 8. Formulate the model of the problem. [NIIFT Mohali, 2000, 01]
(4ns. Maximize Z = 10x; + 8x,, subject to 2x; + x, < 40, 2x; + 3x, < 80, x;, x, 2 0.)
Old hens can be bought for T 2 each but young ones cost T 5 each. The old hens lay 3 eggs per week
and young ones 5 eggs per week, each egg being worth 30 paise. A hen costs T 1 per week to feed. If
a person has only ¥ 80 to spend on the hens, how many of each kind should he buy to get a profit of
more than ¥ 6 per week assuming that he cannot house more than 20 hens ?
[NIIFT Mohali, 1999; PU.B.Com. April, 2006; April, 2003]
(Ans. Maximize Z = 0.3 (3x; + 5x5) — (x7 + x3) = 0.5x, — 0.1x;,
subject tox; tx, < 20, 2x1 + 5x2 < 80, -0. 1x1 + O‘SXZ
26 and x;, x, 2 0;
X1 = O, Xy = 16, Zmax =X 8)
A firm plans to purchase at least 200 quintals of scrap containing high quality metal X and low quality
metal Y. Scrap can be purchased from two suppliers A and B. Scrap must contain 100 quintals of metal
X and no more than 35 quintals of metal Y. The percentages of X and Y metals in terms of weight in
the scrap supplied by A and B are given as

Metal Supplier A Supplier B
X 25% 75%
Y 10% 20%

The price of A’s scrap is T 200 per quintal and that of B’s is ¥ 400 per quintal. Formulate as an L.P.P.
to determine the quantity to be purchased from each supplier so that the cost is minimum.

[PTU. B. Tech. (C.Sc.) 2009; D.U. MBA, 2001, 1998]

(Ans. Minimize Z = 200x, +400xp_

subject to x, + xp > 200,
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0.25x4 + 0.75x5 2 100,

0.1x, + 0.2xp < 35,

x4, x5 2 0.)

13. A firm manufactures pain relieving pills in two sizes A and B. Size A contains 4 grains of element X,
7 grains of element Y and 2 grains of element Z. Size B contains 2 grains of element X, 10 grains of
element Y and 8 grains of element Z. It is found by users that it requires at least 12 grains of element
X, 74 grains of element Y and 24 grains of element Z to provide immediate relief. It is required to
determine the least number of pills a patient should take to get immediate relief. Formulate the problem
as standard L .PP. [PT.U. B. Tech., (Mech.) 2009, 2008]
(4ns. Minimize Z = x, + xp,

subject to 4x, + 2xp > 12,

Txy + 8xp > 24,

2x, + 8xp 2 24,

x4 +x520)

14. A company sells two different products A and B. The company makes a profit of ¥ 40 and ¥ 30 per unit
respectively on the two products. The products are produced by a common production process and are
sold in two different markets. The production process has a capacity of 30,000 man-hours. It takes 3
hours to produce a unit of product A and 1 hour to produce a unit of product B. The market has been
surveyed and company officials found out that the maximum units that can be sold for product A and

B are 8,000 and 12,000 respectively. Formulate the above as a linear programming problem.

[Chennai UB.B.A. Nov., 2010]

[Ans. Maximize Z = 40x; + 3x,,

subject to = 3x; + x, < 30,000,

x; < 8,000,

x, < 12,000,

where x;, x, 2 0.)

15. A firm manufactures headache pills in two sizes A and B. Size A contains 2 grains of aspirin, 5 grains
of bicarbonate and 1 grain of codeine. Size B contains 1 grain of aspirin, 8 grains of bicarbonate and 6
grains of codeine. It is found by users that it requires at least 12 grains of aspirin, 74 grains of bicarbonate
and 24 grains of codeine for providing immediate relief. Formulate the problem as standard L.PP. It
is required to determine the minimum number of pills a patient should take to get immediate relief.
[PT.U. MCA4, 2010]

(4ns. Find x; and x,,

subject to 2x; + x, > 12,

5x1 + 8x2 > 74,

X1 + 6x2 > 24,

X5, %, 20

16. A paper mill produces paper for books as well as for magazines. Each kg of paper for book requires 2
kg of material A and 3 kg of material B. For magazines the proportion is 2 kg of A and 2 kg of B for
each kg of paper. The mill needs 15,000 kg of paper for books and 60,000 kg for magazines. Materials
A and B are available as 3 lakh kg and 5 lakh kg respectively. Requirement for books is twice that of
magazines. Selling price of book paper is ¥ 7 and of magazine paper is ¥ 5. Cost of material A is T 2
and that of material B is ¥ 2.50. Objective is to find the product manufacturing plan and the optimum
annual profit. Formulate the problem as L.PP. [P.T.U. B.Tech. (Mech.) 2010, MBA, 2008]
(Ans. Maximize Z = T(x14 + x15) t(x24 + X2p)

—2(xpq T X24) — 2.50(x1 + X2p)

= leA + 4‘5013 + 3x2A + 2.50x, N

subject to x4 + x;5 = 15,000,

X24 + x2B 2 60,000,

x4+ %04 < 3,00,000,

X1B + XoB < 5,00,000,

x1A+x13—2xl4—2x23=0,

X145 X185 X245 X2p 2 0.
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17.

18.

19.

20.

A firm manufactures three products 4, B and C. The profits per unit product are ¥ 3, ¥ 2 and T 4
respectively. The firm has two machines and the required processing time in minutes for each machine
on each product is given below.

Product
A B C
Machine X 4 3 5
Y 2 2 4

Machines X and Y have 2,000 and 1,500 machine-minutes respectively. The firm must manufacture

100 A’s, 200 B’s and 50 C’s but no more than 150 A’s. Set up an L.P. model to maximize the profit.
[PU.B. com. April, 2008; 1.IM.S. Kolkata, 1996]
(Ans. Maximize Z = 3x, + 2xg + 4x,,

subject to 4x, + 3xg + 5x- < 2,000,
2x, + 2xp + 4x- < 1,500,

x4 2 100,

x; < 150,

xg = 200,

Xc > 50)

The manager of an oil refinery has to decide upon the optimal mix of two possible blending processes,
of which the inputs and outputs per production run are as follows:

Input Output
Process Crude A Crude B Gasoline X Gasoline Y
1 5 3 5 8
2 4 5 4 4

The maximum amount available of crude A and B is 200 units and 150 units respectively. Market
requirements show that at least 100 units of gasoline X and 80 units of gasoline Y must be produced.
The profits per production run from process 1 and process 2 are ¥ 3 and T 4 respectively. Formulate
the problem as a linear programming problem.
[PU. MBA, 2000; PU.B.E. (Mech.) 1995; B.Com. Sept., 2005]
(4ns. Maximize Z = 3x; + 4x,,
subject to 5x; + 4x, < 200,
3x; + 5x, < 150,
5x; + 4x, 2 100,
8x; + 4x, 2 80,
X1, %, 2 0.)
A company sells two different products A and B. The company makes a profit of ¥ 40 and T 30 on
the two products respectively. They are produced by a common production process and are sold in
two different markets. The production process has a capacity of 30,000 man-hours. It takes 3 hours
to produce a unit of A and 1 hour to produce a unit of B. The maximum number of units of A and
B that can be sold in the market are 8,000 and 12,000 respectively. Formulate the above as a linear
programming problem. [Chennai U.BBA, Nov, 2010; G.N.D.U. BBA, Sept., 1996]
(Ans. Maximize Z = 40x; + 30x,,
subject to 3x; + x, < 30,000,
x; < 8,000,
x, < 12,000,
X1, X, 2 0.)
A firm manufactures headache pills in two sizes A and B. Size A contains 3 grains of aspirin, 5 grains
of bicarbonate and 4 grains of codeine. Size B contains 4 grains of aspirin, 8 grains of bicarbonate
and 6 grains of codeine. It is found by users that it requires at least 62 grains of aspirin, 74 grains of
bicarbonate and 64 grains of codeine for providing immediate relief. Formulate the problem as standard
L PP [PT.U. MC4, 2010]
(Ans. Minimize Z = x; + x,,
subject to 3x; + 4x, > 62,

IV IV IA A

v
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5x1 + 8x2 > 74,
4x1 + 6x2 > 64,
X1, X2 > 0)
21. A firm plans to purchase at least 200 quintals of scrap containing high quality metal X and low quality
metal Y. Scrap can be purchased from two suppliers A and B. Scrap must contain 100 quintals of metal
X and no more than 35 quintals of metal Y. The percentage of X and Y in metals in terms of weight
in the scrap supplied by A and B is given as

Metal Supplier A Supplier B
X 25% 75%
Y 10% 20%

The price of A’s scrap is ¥ 200 per quintal and that of B’s is T 400 per quintal. Formulate the L.PP. to
determine the quantity to be purchased from each supplier so that the cost is minimum.

[PT.U. B. tech., 2010; Delhi U. MBA, 2001, 1998]

(Ans. Minimize Z = 200x; + 400 x,

subject to x; + x, > 200,

0.25x; + 0.75x, 2 100,

0.10x; + 0.20x, < 35,

X1, X2 > 0)

22. A firm manufactures pain relieving pills in two sizes A and B. Size A contains 4 grains of element X, 7

grains of element Y and 2 grains of element Z. Size B contains 2 grains of element X, 10 grains of element

Y and 8 grains of element Z. It is found by users that it requires at least 12 grains of element X, 74 grains

of element Y and 24 grains of element Z to provide immediate relief. It is required to determine the least

number of pills a patient should take to get immediate relief. Formulate the problem as standard L.P.P.

[PT.UB. Tech., 2009]

(Ans. Minimize Z = x; + x,,

subject to 4x; + 2x, > 12,

7x1 + IOXZ > 74,

2x1 + 8x2 > 24,

X1, X2 > 0)

23. A company produces two types of leather belts, type A and B. Belt A is of superior quality and B is

of lower quality. Profits on the two types of belts are 40 paisa and 30 paisa per belt respectively. Each

belt of type A requires twice as much time as required by a belt of type B. If all belts were of type B,

the company would produce 1,000 belts per day. Belt A requires a fancy buckle and 400 fancy buckles

are available for this per day. For belt of type B, only 700 buckles are available per day. Formulate

L.PP. model to determine the number of belts of the two types to be manufactured to get maximum

profit. [/.N.TU. Hyderabad B. Tech. April, 2011; PT.U. B. Tech., 2008; Andhra U.B.E., 1996]

(Ans. Maximize Z = 0.40 x; + 0.30x,,

subject to x; + x, < 800,

2x1 + Xo < 1,000,

x1 <400,

x5 <700,

X1, X2 > 0)

24. A firm makes products X and Y and has total production capacity of 9 tons per day. X and Y require

same production capacity. The firm has permanent contract to supply at least 2 tons of X and at least

3 tons of Y to another company. Each ton of X requires 20 machine-hours of production time and

each ton of Y requires 50 machine-hours of production time. Maximum possible machine-hours per

day are 360. All the firm’s output can be sold and profit made is ¥ 80 per ton of X and ¥ 120 per ton

of Y. Determine the production schedule for maximum profit.

[RTM. Nagpur B.E. (Mech.) Sept, 2010, 2008; 2007]

(4ns. Maximize Z = 80x + 120y,

subject to x; > 2,

X > 3,

X1 + X < 9,

20x; + 50x, < 360,

X1, X2 > 0)
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25. A firm makes two products X and Y and has a total production capacity of 9 tonnes per day, X and Y
requiring the same production capacity. The firm has a permanent contract to supply at least 2 tonnes
at X and at least 3 tonnes of Y per day to another company. Each tonne of X requires 20 machine-
hours of production time and each tonne of Y requires 50 machine-hours of production time. The
daily maximum possible number of machine-hours is 360. All the firm’s output can be sold, and the
profit made is ¥ 80 per tonne of X and T 120 per tonne of Y. It is required to determine the production
schedule for maximum profit and to calculate this profit.

[RTM. Nagpur U.B.Com. (Mech.) June, 2007; Dec., 2004]

26. A plant manufactures two products A and B. The profit contribution per unit has been estimated to be
¥ 20 and T 24 for products A and B respectively. Each product passes through two departments of the
plant. Time required for each product and the total time available in each department are as follows:

Time (hrs. red/unit
Department e fhrss) required/unit of Available time (hrs.) per month
Product — A Product — B
1 2 2 1,500
2 3 2 1,500

The plant has to supply the products to market where the maximum demand for product B is 450 units/
month. Formulate the problem as an LP model and find graphically, the number of products A and B
to maximize the total profit per month. [V'T.U. Karnataka B.E. June, 2011]

27. Evening shift resident doctors in a government hospital work five consecutive days and have two
consecutive days off. Their five days of work can start on any day of the week and the schedule rotates
indefinitely. The hospital requires the following minimum no. of doctors working :

Days Doctors
Sunday 35
Monday 55
Tuesday 60
Wednesday 50
Thursday 60
Friday 50
Saturday 45

Not more than 40 doctors can start their five working days on the same day. Formulate a general linear
programming model to minimize the number of doctors employed by the Hospital.

[RTM. Nagpur BE. (I.T) 2009]

28. A pregnant woman is advised to take Iron, Zinc and Folic acid at least in the quantities 100mg, 150 mg

and 100mg per day respectively. There are two types of medicines available in the form of a 500mg

tablet and 250mg capsule. Each tablet is composed of 30mg of Iron, 45mg of Zinc and 40mg of Folic

acid while a capsule contains the three ingredients as 20, 15 and 25mg respectively. The cost of each

tablet is ¥ 3 and that of each capsule is ¥ 2. Determine the number of tablets and capsules to be purchased

so that the total cost of medicines is minimum. [J.N.T.U. Hyderabad B. Tech. (C.Sc.) Dec., 2011]

29. A firm can produce three types of cloth, say, A, B and C. Three kinds of wool are required for it, say,

red wool, green wool and blue wool. One unit length of type A cloth needs 2 yards of red wool and 3

yards of blue wool; one unit length of type B cloth needs 3 yards of red wool, 2 yards of green wool

and 2 yards of the blue wool; and one unit length of type C cloth needs 5 yards of green wool and 4

yards of blue wool. The firm has a stock of only 8 yards of red wool, 10 yards of green wool and 15

yards of blue wool. It is assumed that the income obtained from one unit length of type A cloth is ¥

3, of type B cloth is ¥ 5 and that of type C cloth is ¥ 4. Formulate the problem as linear programming

problem. [Madras U. M.Com. Nov., 2012: NIIFT Mohali, 2000; Meerut B.Sc. (Math.) 1971]

(Ans. Maximize Z = 3x, + 5xp + 4x,,
subject to 2x, + 3x5 < 8,

2xp + 5x- < 10,

3x, + 2xp + dxc < 15,

X4, X, Xc 2 0.)

fb.com/cgaspirant



Download From - www.cgaspirants.com

92 <» OPERATIONS RESEARCH

30. A dairy feed company may purchase and mix one or more of the three types of grains containing
different amounts of nutritional elements. The data are given in the table below.
The production manager specifies that any feed mix for his livestock must meet at least minimal
nutritional requirements, and seeks the least costly among all such mixes.

One unit weight of Minimal
Item Grain 1 Grain 2 Grain 3 Requirement

A 2 3 7 1,250
Nutritional B 1 1 0 250
ingredients C 5 3 0 900

D 6 25 1 232.5
Cost/unit
weight (%) 41 35 96

Analyse the situation to recognize the key decision, objective, aiternatives and restrictions. Formuiate
linear programming model for the problem. [PUB.E. (Mech.) 1978]

(4Ans. Minimize Z = 41x; + 35x, + 96x;,
subject to 2x; + 3x, + Tx; > 1,250,

x; +x, 2 250,
S5x; + 3x, 2 900,
6x; + 25x, + x5 2 2325,
X1, X9, x3 2 0.)

31. A farmer has a 100-acre farm. He can sell all the tomatoes, lettuce or radishes he can raise. The price
he can obtain is T 1 per kg for tomatoes, T 0.75 a head for lettuce and T 2 per kg for radishes. The
average yield per acre is 2,000 kg of tomatoes, 3,000 heads of lettuce and 1,000 kg of radishes. Fertilizer
is available at T 0.50 per kg and the amount required per acre is 100 kg each for tomatoes and lettuce
and 50kg for radishes. Labour required for sowing, cultivating and harvesting per acre is 5 man-days
for tomatoes and radishes and 6 man-days for lettuce. A total of 400 man-days of labour are available
at T 20 per man-day.

Formulate the L.P. model for this problem in order to maximize the farmer’s total profit.

[Dayalbagh Edu. Inst. Agra MBA Dec., 2011; JN.T.U. Hyderabad B.Tech. April, 2011;
V'TU. Karnataka B.E. June, 2010; Nagpur U.B.E., 2003; Jammu U.B.E. (Mech.) 2004;
PU. BE. (Mech.) Nov.,, 2002]
(Ans. Maximize Z = (2,000 — 50 — 100)x; + (2,250 — 50
—120)x, + (2,000 — 25 — 100)x;
= 1,850x; + 2,080x, + 1,875x;,

subject to x; + x, + x3 < 100,

5x; + 6x5 + 5x3 < 400,

X1, X5, %3 2 0.)

32. A manufacturer of metal office equipment makes desks, chairs, cabinets and bookcases. The work is
carried out in three major departments: metal stamping, assembly and finishing. The exhibits A, B and
C give requisite data of the problem.

Exhibit A
Department Time required in hours per unit of product Hours
Desk Chair Cabinet Bookcase ayelable
per week
Stamping 4 2 3 3 800
Assembly 10 6 8 7 1,200
Finishing 10 8 800
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Exhibit B
Cost () of operation per unit of product

Department Desk Chair Cabinet Bookcase
Stamping 15 8 12 12
Assembly 30 18 24 21
Finishing 35 28 25 21
Exhibit C

Selling price (%) per unit of product
Desk: 175 Chair: 95
Cabinet: 145 Bookcase: 130

In order to maximize weekly profits what should be the production programme ? Assume that the items
produced can be sold. Which department needs to be expanded for increasing profits ?
[Gujarat U. April, 1976]
(4ns. Maximize Z = [175 — (15 + 30 + 35)]x; + [95 — (8
+ 18 + 28)]x, + [145 — (12 + 24 + 25)]x3
+[130 — (12 + 21 + 21)]xy
= 95x1 + 41x2 + 84X3 + 76X4,

subject to 4x; + 2x, + 3x3 + 3x, < 800,
10x; + 6x5 + 8x3 + x4 < 1,200,
10x; + 8x, + 8x3 + 8x4 < 800,
X1, X2, X3, X4 = 0.)

33. The financial secretary of a firm wants to invest a sum of ¥ 10,000 so as to maximize its yield. He has
the following alternatives :
Investment type A, A, B, B, C, C,
Yield 3% 2.5% 3.5% 4% 5% 4.5%
It is the firm’s policy that at least 40% of the whole amount be invested in units of type A and not
more than 35% in any of the other two types. Make a model for the investment plan if the whole of

¥ 10,000 is to be invested. [PT.U. MBA May, 2002; PU.B.E. (Mech.) 2001]
Ans. Maximize Z = 0.03x 4 +0.025x, + 0.035x
(Ans. Maximize Al A2 B1

+ 0‘04"32 + 0‘05xC1 +0‘O45xc2 R

subjectto x4 +x, +xp +xp +Xxo +xc, =10,000,
Xy tx, 24,000,

xp +xp < 3,500,

Xc, +Xp, <3500,

Xy Xg4,>%Xp>Xp sXc X, 20.)

34. A truck company requires the following number of drivers for its trucks during 24 hours:

Time No. required
00 - 04 hr. 5
04 - 08 hr. 10
08 - 12 hr. 20
12 - 16 hr. 12
16 - 20 hr. 22
20 - 24 hr. 8

According to the shift schedule a driver may join for duty at midnight, 04, 08, 12, 16, 20 hours
and work continuously for 8 hours. Formulate the problem as L.P. problem for optimal shift plan.

[/ .N.TU. Hyderabad B. Tech. August, 2011; PU.B.E. (Mech.) 2002]

[Hint: Let x;, x,, x3, x4, x5 and x5 denote the number of drivers joining duty at 00, 04, 08, 12, 16
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and 20 hours respectively. The objective is to minimize the number of drivers required i.e., minimize
Z =x1tx,+tx3+ x4+ x5+ x6.
Drivers who join duty at 00 hours and 04 hours shall be available between 04 and 08 hours. As
the number of drivers required during this interval is 10, we have the constraint
X1 + Xn > 10.
Likewise, Xy + x5 2 20,
X3 + Xy > 12,
x4t x5 222,
X5 + X6 > 8,
and Xg T X1 2 5,
where X1, X2, ..., Xg, €ach > 0.

35. A foundry is faced with a problem of scheduling production and subcontracting for three products,
each requiring casting, machining and assembly operations. Casting operation for product 1 and 2
could be subcontracted but the castings for product 3 require special equipment and hence cannot be
subcontracted. In foundry each unit of product 1 requires 6 minutes of casting time, product 2 requires
10 minutes and product 3 requires 8 minutes of casting time. Machining times per unit of products 1, 2
and 3 are 6, 3 and 8 minutes while assembly times are 3, 2 and 2 minutes respectively. The time available
per week for casting, machining and assembly is 8,000, 12,000 and 10,000 minutes respectively. The
overall profits obtained per unit of product 1, 2 and 3 are ¥ 7, ¥ 10 and ¥ 11 respectively with castings
produced in foundry. With castings obtained from subcontractor the profit per unit for product 1 and
2 are ¥ 5 and T 9 respectively. How should the foundry schedule its production and subcontracting so
as to maximize the profit ? Formulate mathematical model only. [PUB.E. (Prod.), 2001]

[Hint: Let x,, x,, x3 be the number of units of products 1, 2 and 3 respectively to be produced and x,,
x5 be the number of units of products 1 and 2 to be subcontracted for casting only per week. Then the
mathematical model for the problem will be

Maximize 7= 7x1 + IOX2 + 11)C3 + SX4 + 9x5,

subject to 6x; + 10x, + 8x; < 8,000,
6(x; + x4) + 3(x, + x5) + 8x3 < 12,000,

and 3(x; + x4) + 2(xy + x5) + 2x3 < 10,000,

where X1, Xo, X3, Xg, X5 2 0.]

36. A city hospital has the following minimal daily requirement of nurses:
Period Clock time Minimal number
(24 hrs. day) of nurses required

1 6 AM. to 10 AM. 2
2 10 AM. to 2 PM. 7
3 2 PM. to 6 PM. 15
4 6 PM. to 10 PM. 8
5 10 PM.to 2AM. 20
6 2AM to 6 AM. 6

Nurses report to the hospital at the beginning of each period and work for 8 consecutive hours. The
hospital wants to determine the minimal number of nurses to be employed so that there is sufficient
number of nurses available for each period. Formulate this as linear programming problem.

[Karn. UB.E. (Mech.) 1997, PU.B.E. (Mech.) 1997]

(Ans. MinZ =x; + x, + x3 + x4 + x5 + x4,

subject to x; + x5, 2 7, %, + x3 2 15, %3 + x4 2 8, x4 + x5

220, x5 +xg26and xg +x; 22,

X1, X5, ..., X, €ach 2 0.)

37. A manufacturing firm closed down the production of a certain unprofitable product line. This necessitated

the rational utilization of released excess production capacity. Management has been contemplating
to devote this excess capacity to the manufacture of one or more of three products 4, B and C. The
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details about available excess machine capacity and machine requirements for the various products are
given in I and II.

I.  Machine type Available excess machine time
Milling machine 250 hours/week
Lathe 150 hours/week
Grinder 50 hours/week
II. Machine type Machine hour requirements per unit of product
A B C
Milling machine 8 2 3
Lathe 4 3 —
Grinder 2 — 1
It is assumed that the unit profit would be ¥ 20, ¥ 6 and T 8 respectively, for products 4, B, and
C. Formulate the L.P. problem. [Indian Statistical Institute May, 1974]

(Ans. Maximize Z = 20x; + 6x, + 8x3,
subject to 8x; + 2x, + 3x3 < 250,

4x, + 3x, < 150,

2x; + x3 £ 50,

X1, X2, X3 2 0.)

38. A farmer has 1,000 acres of land on which he can grow corn, wheat or soyabeans. Each acre of corn
costs T 100 for preparation, requires 7 man-days of work and yields a profit of ¥ 30. An acre of wheat
costs T 120 to prepare, requires 10 man-days of work and yields a profit of ¥ 40. An acre of soyabeans
costs ¥ 70 to prepare, requires 8 man-days of work and yields a profit of ¥ 20. If the farmer has
¥ 1,00,000 for preparation and can count on 8,000 man-days of work, formulate the L.P. model to
allocate the number of acres to each crop to maximize the total profit.

[Univ. of Madras BBA April, 2012; R T M. Nagpur U.B. Tech. June, 2003; C.A. May, 1977]
(Ans. Maximize Z = 30x; + 40x, + 20x;,
subject to 100x; + 120x, + 70x; < 1,00,000,
Tx; + 10x, + 8x3 < 8,000,
x; + xy +x3 < 1,000,
X1, X2, X3 2 0.)

39. A manufacturer of a line of patent medicines is preparing a production plan on medicines 4 and B.
There are sufficient ingredients available to make 20,000 bottles of 4 and 40,000 bottles of B but
there are only 45,000 bottles into which both the medicines can be put. Furthermore, it takes 3 hours
to prepare enough material to fill 1,000 bottles of 4, it takes 1 hour to prepare enough material to fill
1,000 bottles of B and there are 66 hours available for this operation. The profit is ¥ 8 per bottle for
A and ¥ 7 per bottle for B. Formulate the problem as a linear programming problem.

[HP.U. B.E. (Mech.) 2008]

(Ans. Maximize Z = 8x4 + Txp,
subject to x4 < 20,000,
xp < 40,000,

x4 +xg < 45,000,

3
2 b——x, <66
1.000 4 " 1,000 "2
or 3x, + x5 < 66,000,
x4 x5 2 0.)

40. A farm is engaged in breeding pigs. The pigs are fed on various products grown on the farm. Because
of the need to ensure certain nutrient constituents, it is necessary to buy additionally one or two
products, which we shall call 4 and B. The nutrient constituents (vitamins and proteins) in each unit
of the products are given below.
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41.

42.

43.

Nutrient contents in the products Minimum
amount of
Nutrient
A B Nutrients
1 36 6 108
2 3 12 36
3 20 10 100

Product A4 costs ¥ 20 per unit and product B costs < 40 per unit. Formulate the L.P. model for products
A and B to be purchased at the lowest possible cost so as to provide the pigs, nutrients not less than

that given in the table. [CA 2002, 2001; Delhi M.B.A., 1973]
(Ans. Minimize Z = 20x, + 40xp,
subject to 36x, + 6xp > 108,
3x, + 12x5 > 36,
20x, + 10xz > 100,
x4, xg 2 0.)

The ABC Electrical Appliance Company produces two products: refrigerators and ranges. Production
takes place in two separate departments. Refrigerators are produced in deptt. I and ranges are produced
in deptt. II. The weekly production cannot exceed 25 refrigerators in deptt. I and 35 ranges in deptt.
I, because of limited available facilities in the two deptts. The company regularly employs a total of
60 workers in the two deptts. A refrigerator requires 2 man-weeks of labour while a range requires 1
man-week of labour. A refrigerator contributes a profit of T 600 and a range contributes a profit of I
400. Formulate the problem as the L.P. problem to determine the number of units of refrigerators and
ranges that the company should produce to realize maximum profit.
[Delhi M.B.A., 1975, 1977]
(Ans. Maximize Z = 600x; + 400x,
subject to x; £ 25,
x, < 35,
2x1 + Xo < 60,
x;, %, 2 0.)
A plant manufactures two products 4 and B. The profit contribution of each product has been estimated
as ¥ 20 for product 4 and ¥ 24 for product B. Each product passes through three departments of the
plant. The time required for each product and total time available in each department are as follows:

Department Hours required Available hours
during the
Product A Product B month

1 2 3 1,500

2 3 2 1,500

3 1 1 600
The company has a contract to supply at least 250 units of product B per month. Formulate the problem
as a linear programming model. [PUB.E. (Mech.) 1978]

(4ns. Maximize Z = 20x, + 24xp,
subject to 2x, + 3xz < 1,500,

3x, + 2xp < 1,500,

x4 + xg < 600,

xg = 250,

x4, xg = 0.)

The salesmanager of a company has budgeted T 1,20,000 for an advertising programme for one of
the firm’s products. The selected advertising programme consists of running advertisements in two
different magazines. The advertisement for magazine 1 costs ¥ 2,000 per run while the advertisement
for magazine 2 costs T 5,000 per run. Past experience has indicated that at least 20 runs in magazine
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44.

45.

46.

1 and at least 10 runs in magazine 2 are necessary to penetrate market with any appreciable effect.
Also experience has indicated that there is no reason to make more than 50 runs in either of the two
magazines. Formulate the L.P. model to determine the number of runs in magazine 1 and magazine 2
to be made. (Ans. Find ranges of x; and x,,
subject to 20 < x; < 50,
10 < x, < 50,
2,000x; + 5,000x, < 1,20,000,
X1, X5 = 0.)

The ABC company wishes to plan its advertising strategy. There are two media under consideration,
call them magazines I and II respectively. Magazine I has a reach of 2,000 potential customers and
magazine II has a reach of 3,000 potential customers. The cost per page of advertising is T 400 and
¥ 600 in magazines I and II respectively. The firm has a monthly budget of ¥ 6,000. There is an
important requirement that the total reach for the income group under ¥ 20,000 per annum should not
exceed 4,000 potential customers. The reach in magazines I and II for this income group is 400 and
200 potential customers. How many pages should be bought in the two magazines to maximize the
total reach ? [Delhi Dip. Mkt. and Sales Man., 1975]
(4Ans. Maximize Z = 2,000x; + 3,000xy,
subject to 400x; + 600x; < 6,000,
400x; + 200x; < 4,000,
xp, xp 2 0.)
A firm produces three products. These products are processed on three different machines. The time
required to manufacture one unit of each of the products and the daily capacity of the three machines
is given in the table below.

IV IA AN IA

Machine Time per unit (minutes) Moachine
capacity
Product 1 Product 2 Product 3 (minutes/day)
M, 2 8 2 940
M, 4 — 8 970
M, 2 5 430

It is required to determine the daily number of units to be manufactured for each product. The profit per
unit for product 1, 2 and 3 is T 4, T 8 and T 6 respectively. It is assumed that all the amounts produced
are consumed in the market. Formulate an L .P. model for the problem.
(Ans. Maximize Z = 4x; + 8x, + 6x3,
subject to 2x; + 8x, + 2x3 < 940,
4x1 + 8X3 < 970,
2x1 + 5x2 < 430,
X1, X2, X3 > 0)
A firm manufactures three products Py, P, and P3. The minimum number of units of P;, P, and P; that
must be produced are 100, 200 and 150 respectively. These products require two types of raw materials
M/ and M, which the firm can purchase upto a maximum of 500 and 400 units respectively. Design
a production plan so as to maximize the profit if the respective individual profits of P, P, and P; are
¥ 2,3 5 and T 4 respectively. Consumption of raw materials is shown in the table below.

) Consumption of raw material per unit product
Raw material
Py P, Py
M, 1 1 1
2
M, 2 1 1
2 3

(Ans. Maximize Z = 2x; + 5x, + 4x;,

X
subject to ?‘+ X, +X; < 500,
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2x +x—2+x—3 < 400,
2 5
x 2 100,
x5 2 200,
x3 2 150,
X1, X2, X3 > 0)

47. Formulate the L.P. model for the following problem:

A farm owner wants to know how many acres of three different crops to plant on three different plots in
order to maximize profit. The farmer’s tract of land consists of 2,000 acres. The farmer has subdivided
the tract into three plots and has contracted with three local farm families to operate the plots. The
farm owner has instructed each share cropper to plant three crops: corn, peas and soyabeans. The size
of each plot has been determined by the capabilities of each local farmer. Plot sizes, crop restrictions
and profit per acre are given in the following tables:

Table 1 Table 2
Min.area to
Plot Acreage be planted Crop Maximum Profit/acre ()
(acres) acreage
1 500 300 Corn 900 600
2 800 480 Peas 700 450
3 700 420 Soyabeans 1,000 300

Any of the three crops may be planted on any of the plots. However, the farm owner has placed the
following restrictions on the farming operation:

At least 60% of each plot must be under cultivation. To ensure that each share cropper works according
to his potential and resources, the owner wants the same proportion of each plot to be under cultivation.
The owner’s objective is to determine how much of each crop to plant on each plot in order to maximize
profit. [Nellore M.B.A., 2002]
[Hint: Let x¢,, Xc,, Xc,; Xp» Xp,» ¥p, and Xg, Xg , X5 denote the land in acres of plots 1, 2 and 3 on
which corn, peas and soyabeans be planted. Then objective is to

maximize Z = [600 (x¢, +xc, +xc,) +450 (x5 +xp, +xp) +300 (x5, + x5, + x5, ):I .

Constraints are
on size of plot: Xc, +xp +xg

IN

500,
800,
700,
300,
480,
420,
900,
700,
1,000,

on proportion of each plot for cultivation to be same:

IN

xcz + xPZ + xsz

ng + xP3 + xS3

IN

v

on min. area to be planted: Xg, +xp +Xg

xcz + xPZ + xsz

v

ng + xP3 + xS3

v

IN

on max. acreage for each crop: X, +xc, +Xc,

xp1 +xP2 +x1;3

IN

xSl + xsz + xS3

IN

Xo, +Xp X Xo, +Xp +Xg  Xo +Xp +Xg
500 800 700 ’
where Xoys Xc, > Xcys Xp > Xy Xp,s Xg)» Xg, and xg, 2 0.]

48. A cosmetic manufacturing company is interested in selecting the advertising media for its product and

the frequency of advertising in each media. The data collected over the past two years regarding the
frequency of advertising in three media i.e., newspaper, radio and television and the related sales of
the product give the following results:
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49.

50.

51.

Frequency/week Television Radio Newspaper
1 220 150 100
2 275 250 175
3 325 300 225
4 350 320 250

The cost of advertising in newspaper is ¥ 500 per appearance, while in radio and television it is ¥ 1,000
and ¥ 2,000 respectively. The budget provides T 4,500 per week for advertisement. The problem is of
determining the optimal combination of advertising media and advertising frequency.
[DOEACC, 1999]

A manufacturing company produces a final product that is assembled from three different parts. The
parts are produced within the company by two different departments. Because of the specific setup of
the machines, each department produces the three parts at different rates. The following table provides
the production rates together with the maximum number of hours the two departments can allocate
weekly to manufacture the three parts.

Maximum Production rate (units/hr.)
Department weekly
capacity (hrs.) Part 1 Part 2 Part 3
1 100 8 5 10
2 80 6 12 4

It would be ideal if the two departments could adjust their production facilities to produce equal

quantities of the three parts, as this would result in perfect matches in terms of the final assembly.

Formulate the problem as the L.P. model. [PT.U. M. Tech. April, 2012, Karn. UB.E. (Mech.) 1996]
(Ans. Max Z = y,

subject to X tx; -y 20,

Xptxp-y 20,

0>

v

X3t X3 -y

Xu M2 s
8 5 10
Xa  Xm o Fa3
6 12 4

X1t Xy T X2 X

IA

100,

80,

IA

= X3 T X3,

X115 X125 X13, X21, X2, X33 2 0.)
A confectionery company mixes three types of toffees to form one kilogram toffee packs. The pack is
sold at T 17. The three types of toffees cost T 20, ¥ 10 and T 5 per kg. respectively. The mixture must
contain at least 0.3kg of the first type of toffees and the weight of the first two types of toffees must
at least be equal to the weight of the third type. Determine the optimal mix for maximum profit.

[PUB.E. (Mech.) Nov., 1994]
(Ans. Max Z = 17 — (20x; + 10x, + 5x3),

subject to X tx,txy =1,
X1 > 03,
X1 + Xa > X3,

X1, X5, %3 2 0.)

A company has three branch plants with excess capacity. All the three plants have the capability to
produce certain product. This product can be made in three sizes — large, medium and small that yield
a net profit of T 35, ¥ 30 and T 25 per unit respectively. Plant 1, 2 and 3 have the excess capacity to
produce 750, 900 and 450 units of the product respectively irrespective of the sizes involved. Plants
1, 2 and 3 have 13,000, 12,000 and 5,000 square feet of the storage space available per day. Each unit
of the large, medium and small sizes produced per day requires 20, 15 and 12 square feet respectively.
Sales forecasts indicate that 900, 1,200 and 750 units of large, medium and small sizes respectively
can be sold per day.

To maintain a uniform work load among the plants and to retain some flexibility, the management
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has decided that the additional production assigned to each plant must use the same percentage of the
excess capacity. How much of each of the sizes be produced by each plant to maximize the profit ?
Formulate the problem as L.P. model. [Pbi.UB.E. (Elect.) 1996]

(Ans. Max Z = 35(x;, +x, +x,) +30(x,, +x,, +x,)+25(x, +x, +x,),

subject to X, +x, +x, <750,

x, +x,, +x, <900,

X, X, +x, <450,
20x, +15x,, +12x, < 13,000,
20x, +15x,, +12x, < 12,000,
20x;, +15x,, +12x, < 5,000,
X, +x, +x, 2 900,
Xy X, T X, 2 1,200,
X, +x, +x, 2750,
X +x, +x, X, +x, +x, X +Xx, +x
750 900 - 450
where Xy s Xy s Xy Xy s Xy 5 X3 X 5 X X 2 0).

52. A plant has four machines, each capable of producing three variations of a single product. The profit/
hour when producing the three variations on the respective machines is given in the table below:

Profit/hour () on machine
Tariation 1 2 3 4
1 5 6 4 3
2 5 4 5 4
3 6 7 2 8

The production rates per hour of the four machines when producing the three variations of the product
are given below:

Production (no./hr.) on machine
Variation 1 2 3 4
1 8 2 4 9
2 7 6 6 3
3 4 8 5 2

The demand for the three variations during the next month is expected to be 700, 500 and 400 units
of variations 1, 2 and 3 respectively. The maximum available hours to produce the three variations
during the next production period on the four machines are 90, 75, 90 and 85 respectively. Formulate
the above problem for optimal shecedule of machines.
[Hint: Let x11, X12, X13, X145 X21, X232, X23, X245 X31, X320, X33 and x4 denote the number of hours for which
each variation is produced on each machine. The mathematical model for the problem can be expressed as
Maximize Z = 5x11 + 6x12 + 4x13 + 3x14 + 5x21 + 4x22
+ Sx93 + Axyq + 6x31 + Txzy + 2x33 + 8ixay,

subject to 8x11 + 2x15 + 4x13 + 9xyy = 700,
7x21 + 6x22 + 6x23 + 3x24 > 500,
4X31 + 8X3'_> + SX33 + 2)C34 > 400,

xqp + X1 + x5 <90,
X2+ X33 + X33 <75,
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X13 T X3 + x33 £ 90,
X14 T Xoq + X34 < 85,
where X11, X125 ---» X34, €ach > 0.]

53. Consider the problem of scheduling the weekly production of a certain item for the next 4 weeks. The
production cost of the item is T 10 for the first two weeks and T 15 for the last 2 weeks. The weekly
demands are 300, 700, 900 and 800 units, which must be met. The plant can produce a maximum of
700 units each week. In addition the company can employ overtime during the second and third weeks.
This increases the weekly production by an additional 200 units, but the cost of production increases
by ¥ 5 per item. Excess production can be stored at a cost of ¥ 3 an item. How should the production
be scheduled so as to minimize the total cost ? Formulate this as a linear programming problem.

[PT.U. B.Tech. (Mech.) April, 2012; HPU.B. Tech. (Mech.) Dec., 2009]

[Hint: Week 1 2 3 4
Demand : 300 700 900 800

Regular production : xn X2 X13 X14
Regular cost/unit (%) : 10 10 15 15
Overtime production : - X2 X»3 -
Overtime cost/unit () : - 15 20 -

Units in inventory : N B2 3 Vs

The L.P. model is:
Min Z = [10x; + 10x15 + 15x13 + 15x14 + 15x95 + 20053 + 3 () + ¥2 + 3 + y4)l,

subject to x11 — 300 = yy,
Y1+ X2+ x93 =700 = y,,
Yo+ x13 + X053 — 900 =y,
y3 +x14 =800 = y,,

X11> X125 X135 X145 each 700,

X272, X23, each 200,

X115 X125 X135 X145 X22, X3, V1, V2, V3> V4 2 0]
54. Two alloys A and B are made from four different metals I, II, III and IV according to the following

IA A

specifications:
A B
At most 80% of I, Between 40% and 60% of II,
at most 30% of II, at least 30% of III,
at least 50% of III. at most 70% of IV.

The four metals are extracted from three different ores whose constituent percentage of these metals,
maximum available quantity and cost per ton are tabulated below:

Ore Maximum Constituents % Price
quantity (X/ton)
(tons) I 11 I Vi others
1 1,000 20 10 30 30 10 300
2 2,000 10 20 30 30 10 400
3 3,000 5 5 70 20 0 500

Assuming the selling prices of alloys A and B as ¥ 2,000 and ¥ 3,000 per ton respectively, formulate
the L.P. model for the problem. [IL.C.W.A. Dec., 1998]
[Hint: Let x4, x5 4, X34, X158, X25, X35 be the quantities in tons of ores 1, 2, 3 in making alloys A and B
respectively. The L.P. model is:

Max Z = [{2,000 (xlA t Xoy + X3A) + 3,000 (xlB + X9 + X3B)} - {300 (xlA + xlB) + 400 (X'M +
x2) T 500 (x34 + x3p)}]

subject to 2x1A + ‘leA + ‘OSX3A <08 (X]_A t Xy t+ X3A),
‘lxlA + ‘2x'_>A + ‘OSX3A <03 (X]_A + Xoyg + X3A),
‘3x1A + ‘3x'_>A + ‘7X3A > 0.5 (X]_A t Xy t+ X3A);
‘lxIB + ‘2x'_>3 + ‘OSX3B > 04 (xlB + XoB + X3B),
‘lxIB + ‘2x'_>3 + ‘OSX3B <06 (xlB + XoB + X3B),
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‘3x13 + ‘3x23 + ‘7X3B > 03 (xlB + X>p + X3B),
‘3x13 + ‘3x23 + ‘2)C3B < 0.7 (xlB + X5 t X3B);
> 0]

55. A bank is in the process of formulating its loan policy involving a maximum of ¥ 600 million. Table
below gives the relevant types of loans. Bad debts are not recoverable and produce no interest revenue.
To meet compitition from other banks, the following policy guidelines have been set: At least 40%
of the funds must be allocated to the Agricultural and Commercial loans. Funds allocated to Housing
must be at least 50% of all loans given to Personal, Car and Housing. The overall bad debts on all
loans may not exceed 0.06.

X145 X245 -+> X385 each

Type of loan Interest rate (%) Bad debt (Probability)
Personal 17 0.10
Car 14 0.07
Housing 11 0.05
Agriculture 10 0.08
Commercial 13 0.06

Formulate the L.P. model to determine optimal loan allocations.
[PT.UB. Tech. April, 2012, MBA Dec., 2011; C.A. (Final) June, 2003]
(Ans. Max Z = 0.17x; + 0.14x, + 0.11x3 + 0.10x4 + 0.13xs,
subject to x4t x5 2 04 (x; +x,+ 23+ x4+ x5),
0.5 (x + x5 + x3),
0.10x; + 0.07x, + 0.05x; + 0.08x, + 0.06x;5
<0.06 (%) + x, + x3 + x4 + X35),
x;+xy +x3 x4 + x5 <600,
X1, X2, X3, X4, X5, €aCh > 0.)
56. A security dealer recommends two types of investments A and B to his client. Investment A returns 6%
and B 8%. The client has almost T 1,00,000 to invest. The client wants the total annual return to be at
least T 7,000 and at least 2/5th of the amount to be invested in investment B. The security dealer gets
5% of the income from investment A and 4% of the income from investment B. Construct mathematical
model for the problem to maximize the total fee of the security dealer.
(dns. Max Z = .06 x .05x; + .08 x .04x,
= 0.003x; + 0.0032x,,
subject to x; + x5, £ 1,00,000,
0.06x; + 0.08x, > 7,000,
X7 2 0.4 (x] + x,),
X1, X, 20.)
57. An electronics company is engaged in the production of two components P, and P, that are used in T.V.
sets. Each unit of P, costs the company ¥ 25 in wages and ¥ 25 in material, while each unit of P, costs
T 125 in wages and T 75 in material. The company sells both products on one-period credit terms, but
the company’s labour and material expenses must be paid in cash. The selling price of P, is ¥ 150/unit
and of P, is ¥ 350/unit. The company can sell as many units as it can produce. Its production capacity
is, however, limited by two considerations: First, at the beginning of period 1, the company has an
initial balance of ¥ 20,000. Second, the company has available in each period 4,000 hours of machine
time and 2,800 hours of assembly time. The production of each P; requires 6 hours of machine time
and 4 hours of assembly time, whereas the production of each P, requires 4 hours of machine time
and 6 hours of assembly time. Formulate the problem as the L.P. model so as to maximize the total
profit to the company.

>
X3Z

[Hint: The data of the problem can be expressed in the form of table below:
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Decision Components Cost/unit Sale price/unit Machine Assembly
variables 53] R time/unit time/unit

X P, 50 150 6 hrs. 4 hrs.

X5 P, 200 350 4 hrs. 6 hrs.
Total availability: 2.800 hrs. 4.000 hrs. 2.800 hrs.

Thus the L.P. model is
maximize Z = (150 — 50) x; + (350 — 200) x, = 100x; + 150x,,
subject to 50x; + 200x, < 20,000,
6x; + 4x, < 4,000,
4x, + 6x, < 2,800,
X1, X2 > 0]

58. A computer manufacturing company purchases component parts and makes two models of monitors A
and B. The components are assembled by the company to produce model A and model B of the monitors
and each unit produced is then thoroughly inspected for quality and performance. The company then
sells the two models under its own brand name. Information about the resources required to produce the
two models has been obtained from both the production department and the accounts department. Model
A requires 28 hours of labour to assemble from component parts, while model B requires 42 hours. After
assembly, each monitor is tested in the inspection deptt. to ensure it is working satisfactorily. Because
of the technical complexity of the product and the firm’s desire to maintain good quality control, the
inspection test is time-consuming. Model A requires 12 hours of inspection time while B requires only
6 hours as more time and care is taken at the assembly stage. The company employs 400 people in the
assembly department, each working 7 hours a day, 6 days a week. 100 people are presently employed
in the inspection department, each working 8 hours a day, 6 days a week. Current wage rates are T 20
per hour in assembly and ¥ 15 per hour in inspection. The accounts deptt. has calculated that in terms
of components and parts, model A costs T 385 and model B costs ¥ 625 to produce. Currently the two
models sell for ¥ 1,350 and T 1,800 respectively. Each model requires a particular component — a
microchip that forms part of the monitor’s memory. The supplier of these chips can provide no more
than 660 in any one working week.

Formulate the mathematical model that allows the production manager to determine the number of
units of model A and B to produce weekly so as to maximize profits.
[Hint: The data regarding cost/profit can be expressed as follows:

Model A Model B
Component cost : T 385 625
Assembly time cost : T 560 T 840
(Hours needed *x T 20)
Inspection time cost : 180 90
(Hours needed x % 15)
Total cost/unit : T 1,125 T 1,555
Sale price/unit : T 1,350 T 1,800
Profit/unit : 225 3245
The data regarding resource requirement can be expressed as
Requirement/unit of Total
Model A Model B available
Assembly time: 28 hrs. 42 hrs. 400 x 7 x 6 = 16,800 hrs.
Inspection time: 12 hrs. 6 hrs. 100 x 8 x 6 = 4,800 hrs.
Microchip components: 1 chip 1 chip 660 chips

The L.P. model can be written as
maximize Z = T (225x; + 245x,),

subject to 28x; + 42x, < 16,800,
12x; + 6x, < 4,800,
x; + x, £ 660,
X1, X, 2 0.]
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59. An agriculturist has a 125 acre farm. He produces radish, mutter and potato. Whatever he raises can be

60.

61.

fully sold in the market. He gets ¥ 5/kg for radish, ¥ 4/kg for mutter and ¥ 5/kg for potato. The average
yield is 1,500 kg/acre of radish, 1,800 kg/acre of mutter and 1,200 kg/acre of potato. To produce each
100 kg of radish and mutter and to produce each 80 kg of potato, a sum of T 12.50 has to be used for
manure. Labour required for each acre to raise the crop is 6 man-days for radish and potato each and
5 man-days for mutter. A total of 500 man-days of labour at a rate of ¥ 40 per man-day are available.
Formulate this as a linear programming model to maximize the agriculturist’s total profit.

[H.PU.B. Tech. (Mech.) Sept., 2009; C.A. May, 1997]

12.50
(Ans. Maximize Z =X [(5 x 1,500 — oo x 1,500 — 6 x 40) x;

+ (4 x 1,800 — 1250
100

x 1,800 -5 x 40) X,

12.50

+ (5 x 1,200 = —— x 1,200 - 6 x 40) X3
100

or maximize Z = ¥ (7,072.50x; + 6,775x, + 5,610x3),
subject to x;t X, +x3 <125,
6x; + 5x, + 6x3 <500,
X1, X5, X3 20.)
A company has three operational departments (weaving, processing and packing) with capacity to
produce three different types of clothes namely, suitings, shirtings and woollens yielding the profit of
T 2, ¥ 4 and T 3 per metre respectively. One metre suiting requires 3 minutes in weaving, 2 minutes in
processing and 1 minute in packing. One metre of shirting requires 4 minutes in weaving, 1 minute in
processing and 3 minutes in packing, while one metre woollen requires 3 minutes in each department.
In a week, total run time of each department is 60, 40 and 80 hours of weaving, processing and packing
departments respectively. Formulate the L.P. problem to find the product mix to maximize the profit.
[C.A. Nov., 1998]
(Ans. Maximize Z = ¥ (2x; + 4x, + 3x3),
subject to 3x; + 4x, + 3x3 <3,600,
2x; + x5 + 3x; £2,400,
x; + 3x, + 3x3 <4,800,
X1, X5, X3 20.)
The owner of a fancy goods shop is interested to determine how many advertisements to release in
the selected three magazines, A, B and C. His main purpose is to advertise in such a way that total
exposure to principal buyers of his goods is maximized. Percentages of readers for each magazine are
known. Exposure in any particular magazine is the number of advertisements released multiplied by
the number of pricipal buyers. The following data are available:

Magazines
Particulars
A B C
Readers 1 lakh 0.6 lakh 0.4 lakh
Principal buyers 20% 15% 8%
Cost/advt. < 8,000 % 6,000 % 5,000

The budgeted amount is at most I 1.0 lakh for the advertisements. The owner has already decided
that magazine A should have no more than 15 advertisements and that B and C each gets at least 8
advertisements. Formulate L.P. model for this problem.

[C.A. Nov., 1996]

20 15
(Ans. Maximize Z = (m X 1,00,000) X+ (m X 60,000) Xy

+ (i x 40,000) Xy
100
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= 20,000x; + 9,000x, + 3,200x3,
subject to 8,000x; + 6,000x, + 5,000x; < 1,00,000,
XIS 15,x228,x3 > 8,

X1, X2, X3 > 0)

62. A company produces four products A, B, C and D. Raw material requirements, storage space needed,

63.

64.

production rates and profits are given in the table below. The total amount of raw material available
per day for all the four products is 180 kg. Total space available for storage is 230 square metre and
7 hours/day is used for production.

A B C D
Raw material (kg/piece) 2 2 1.5 4
Space (metre’/piece) 2 25 2 1.5
Production rate (piece/hr) 15 30 10 15
Profit R/piece) 5 6.5 5 55

Formulate the problem as the L.P. problem to maximize total profit.

[PUB.E. (Mech.) 1977]
(Ans. Maximize Z = 5x4 + 6.5x5 + 5xc + 5.5xp,

subject to 2x, + 2xp + 1.5x¢ + 4xp < 180,

2x,4 + 2.5xp + 2xc + 1.5xp < 230,
X4, Xp Yo Xp
15 30 10 15

or 2x, + xg + 3xc + 2xp < 210,

X4, Xp, Xc, Xp 2 0.)

A manufacturer produces three products A, B and C. Each product requires processing on two machines

M, and M,. The time required to produce one unit of each product on a machine is given in the table
below:

IA

7

Product Time to produce one unit (hours)
Machine M, Machine M,
A 0.5 0.6
B 0.7 0.8
C 09 1.05

There are 85 hours available on each machine; the operating cost is ¥ 5/hour for machine M, and ¥ 4/
hour for machine M,. The product requirements are at least 90 units of 4, at least 80 units of B and
at least 60 units of C. The manufacturer wishes to meet the requirements at minimum cost. Formulate
the problem as L.P. problem. [Delhi M.B.A., 1975]
(4ns. Minimize Z = (0.5 x 5+ 0.6 x 4) x;, + (0.7 x 5+ 0.8 x 4) xp
+ (0.9 x 5+ 1.05 x 4) x¢
=49x, + 6.Txg + 8.7xc,
subject to 0.5x, + 0.7x5 + 0.9x, < 85,
0.6x, + 0.8x5 + 1.05x < 85,
x, 2 90,
xp 2 80,
xc 2 60,
Xy, Xg, Xc 2 0).
A fruit seller mixes pears, apples and grapes to make three different types of baskets. Pears are purchased
at a cost of T 4 a kg, apples at T 6 a kg and grapes at T 10 a kg. The specifications for the three types
of baskets are as follows:
Type I must have at least 40% pears and at the most 25% grapes.
Type II must have at least 30% pears and at the most 40% grapes, and
Type I offers no restrictions on the constituents.
The sale price of type I is T 7 per kg, of type II is T 10 per kg and of type III is T 6 per kg. The
daily supply of fruit is limited to 80 kg of pears, 120 kg of apples and 40 kg of grapes. Formulate the
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65.

66.

model to represent how the fruit be mixed to maximize profit.
[Hint: Let *P;, *Py;, *Py; be the quantity of pears in kg in basket of type I, II and IIT respectively.
Similarly, let *4;, *Ay;, *Ay; be the quantity of apples in kg in baskets of type I, II, and III respectively,
and *Gy, *Gy;, "Gy be the quantity of grapes in kg in baskets of type I, II and III respectively.

Then *P;, "4, and *G,, all > 0, where j = I, II, IIL

Constraints are

for basket of type I: *P; > 0.40 (°P; + *A; + *Gyp), and

Gy <025 (P + 74+ 7Gy),
xP][ >0.30 (xPH + XAII + xG[]), and
Gy £ 0.40 (xpy + Ay +Gp.

for basket of type II:

Also for supply of pears: *P;+*Py + *Prp < 80,
for supply of apples: FAp + Ay + A < 120,
and for supply of grapes: *Gp + "Gy + "Gy < 40.

Objective is to maximize Z
=R [7 {Pr+7A;+7Gp + 10 CPy + "y + Gy
+6 (P + A + G — 4 CPr+ Py + "Pry)
=6 (Ap + "y + ) - 10 (G, + "Gy + "G}
A fertilizer company has only 1,000 tonnes of nitrate, 2,000 tonnes of phosphate and 500 tonnes of
potash available per month. It uses these to make three basic fertilizers, namely 5—5—5, 5—10—S5 and
10—10—S5, where the numbers in each case represent the percentage by weight of nitrate, phosphate
and potash in each of the mixtures. The costs of materials are
Ingredient Nitrate  Phosphate  Potash  Inert ingredients
Cost (X/tonne) 800 200 500 25
The three fertilizers sell at ¥ 300, T 250 and ¥ 400 per tonne respectively. There is a constraint
that at least 5,000 tonnes of 5—10—5 fertilizer must be produced per month. Construct L.P. model
to determine the amount of each fertilizer that must be produced per month to maximize the monthly
profit. [PT.UM. Tech. Dec., 2011]
[Hint: Let x;, x, and x; be the amount in tonnes per month of fertilizer 5—5—5, 5—10—5 and
10—10—S5 respectively. Then objective is to

5 5 5 85 )
imize Z = | 300 - —— x 800 — —— x 200 — —— x 500 — — x 25
maximize Z ( 100 100 100 ¢ 100 )0

+ (ZSO—iXSOO—Ex ZOO—ix SOO—EX 25) X5
100 100 100 100 B

10 10 5

+ (400——><800——>< 200 — —x SOO—EX 25) X3
100 100 100 100

= 203.75x; + 145x, + 256.25x;.
Constraints are

B 2 10 1000
1007 7 1007% 10072 T 7
or x; tx, t+ 2x3 < 20,000,
B e 2010 5000
100" 10072 10072 T
or x; + 2)C2 + 2)C3 < 40,000,
o t——x, +—x, < 500
1001 " 10072 " 1002
or Xt X, tx3 < 10,000,
x, 2 5,000,
X1, X2, X3 2 O]

A ship has three cargo holds, forward, aft and centre; the capacity limits are:

Forward 2,000 tonnes
Centre 3,000 tonnes
Aft 1,500 tonnes

1,00,000 m3
1,35,000 m3
30,000 m?
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67.

The following cargoes are offered; the ship owners may accept all or any part of each commodity:

Commodity Amount Tolume per Profit per
(tonnes) tonne (m>) tonne (%)

A 6,000 60 60

B 4,000 50 80

C 2,000 25 50

In order to preserve the trim of the ship, the weight in each hold must be proportional to the capacity
in tonnes. The objective is to maximize the profit. Formulate the linear programming model for this
problem. [Madras M.Sc. (Appl. Math.) 1983; L1.T. (M. Tech.) 1980;

L1ILE. Grad., 1982; Bharthiar B.Sc. (Math.) 1986]
[Hint: Let x14, x4, x34 be the weights (in tonnes) of the commodity A to be accommodated in farward,
centre and aft portions respectively. Similarly, let x5, x4z, X35 and x;¢, X»¢, X3¢ be the corresponding
weights (in tonnes) of B and C.
Objective function:
Maximize z=60 (X]_A + Xoy + X3A) + 80 (xlB + X>p + X3B) + 50 (xlc + X2c + x:,c)‘
Constraints:

X4+ Xy + X34 6,000

Xp + X5 + %35 £4,000 (commodity cargo)

Xie + X0 + x50 <2,000

X4 T x5 +x0<2,000
Xy 4+ Xyp + X3 £3,000 (weight capacity)

X34+ X35 + X3 1,500

60 x,; + 50 x5 + 25 %0 <1,00,000
60 X4 +50 X)B +25 Xy < 1,35,000 (vo]ume capacity)
60 x5, +50 X35 +25 x,0 < 30,000

x;20(0=1,2,3,j=4,B,C)]

A contractor has been assigned the excavation work of a canal and of the headworks on a project. In
order to ensure a balanced progress on the entire work the management has imposed certain conditions
on his working. The excavation of the canal is more profitable than that of the headworks, but he
has to abide by the conditions of contract. In addition, he has his own limitations on manpower and
equipment. It is desired to find the optimum amount of excavation on the two works which he should
undertake so that his profits are maximized and he satisfies the constraints of the contract and of the
resources. These constraints are given below:

(i) The difference in the quantity of earthwork done on the two works does not exceed 2 units in

a day.

(ii) The difference between the quantity of canal excavation and of twice the headworks excavation
does not exceed 1 unit in a day.

(iif) Each unit of canal excavation done in a day requires one unit of manpower and one unit of
machines; and each unit of headworks excavation requires 2 units of manpower and one unit
of machines. Maximum available manpower is 10 units and machines 6 units.

The contractor stipulates a profit of 2 units for each unit of canal excavation and half of this for each
unit of headworks excavation.

[Hint: Let the quantity of canal excavation that the contractor should do every day be x; units, and
quantity of headworks excavation be x, units. It is obvious that the variables x, and x, are non-negative.
The objective function is z = 2x; + x, (maximize) and the constraint relationships are:

x; + 2x, £ 10, (manpower constraint)
x; +x, L6, (machine constraint)
X — X, <2, (contract constraint)
x;—2x, <1, (contract constraint)
X1, X, 2 0.]
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68. Rolls of paper having a fixed length and width of 180 cm are being manufactured by a paper mill.
These rolls have to be cut to satisfy the following demand:
Width: 80 cm 45 cm 27 cm
No. of rolls: 200 120 130
Obtain the linear programming formulation of the problem to determine the cutting pattern, so that
the demand is satisfied and wastage of paper is a minimum.
[Hint: Various alternatives for the number of rolls are given below:

Feasible patterns of cutting | No. of | Wastage | Rolls obtained from each mother roll of width
rolls | per roll 180 cm
Ut (cm) 80 cm. 45 cm. 27 cm.
80 + 80 X 20 2 — —
80 +45 +45 X5 10 1 2 —
80 +45 +27 +27 X3 1 1 1 2
80 +27 +27 + 27 X4 19 1 — 3
45 +45 + 45 + 45 X5 0 4 —
45 +45 +45 + 27 Xs 18 3 1
45 +45 +27 + 27 + 27 X5 2 3
45 +27 +27+27+27 +27 Xg 1 5
27 +27+27+27+27+27 Xo 18 — 6
Thus the linear programming problem is:
Minimize z = 20x; + 10x, + x3 + 19x, + 18x¢ + 9x; + 18x,,
subject to the constraints:
2x) +xy + x5+ x4 > 200, (80 cm rolis)
2%y + x3 + dx5 + 3x + 2% + xg > 120, (45 cm rolis)
2x3 + 3x4 + x5 + 3x7 + Sxg + 6x¢ > 130, (27 em rolls)

x20,=1,2,3,..,9]

69. A manufacturing company produces jthree types of parts for automatic washing machines. It purchases
castings of the parts from a local foundry and then finishes the parts with the help of drilling, shaping
and polishing machines.

The selling prices of parts A, B and C respectively are ¥ 46, T 55 and ¥ 75. All parts made can be sold.
Castings for parts A, B and C cost T 31, ¥ 35 and ¥ 55 respectively.

The company has only one machine of each type. Costs per hour to run each of the three machines
are ¥ 100 for drilling, ¥ 150 for shaping and T 150 for polishing. The capacities (parts per hour) for
each part on each machine are given in the table below.

Machine Capacity per hour

Part A Part B Part C
Drilling 25 40 25
Shaping 25 20 20
Polishing 40 30 40

The management of the company wants to know how many parts of each type it should produce
per hour in order to maximize profit for an hour’s run. Formulate the problem as the L.P. model.

[PT.UM. Tech. April, 2012; D.UMBA, 2003, 2000, 1997]
[Hint: Let x;, x, and x; denote the number of parts 4, B and C to be produced per hour. Then

100 150 150
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