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Preface

Quantum theory is not an easy subject to master. Trained in the everyday world of
macroscopic objects like locomotives, elephants and watermelons, we are insensi-
tive to the beauty of the quantum world. Many quantum phenomena are revealed
only in carefully planned experiments in a sophisticated laboratory. Some features
of quantum theory may seem contradictory and inconceivable in the framework set
by our experience. Rescue comes from the language of mathematics. Its mighty
power extends the limits of our apprehension and gives us tools to reason system-
atically even if our practical knowledge fails. Mastering the relevant mathematical
language helps us to avoid unnecessary quantum controversies.

Quantum theory, as we understand it in this book, is a general framework. It is
not so much about what is out there, but, rather, determines constraints on what is
possible and what is impossible. This type of constraint is familiar from the theory
of relativity and from thermodynamics. We will see that quantum theory is also a
framework, and one of great interest, where these kinds of question can be studied.

What are the main lessons that quantum theory has taught us? The answer, of
course, depends on who you ask. Two general themes in this book reflect our
answer: uncertainty and entanglement.

Uncertainty. Quantum theory is a statistical theory and there seems to be no way
to escape its probabilistic nature. The intrinsic randomness of quantum events is
the seed of this uncertainty. There are various different ways in which it is man-
ifested in quantum theory. We will discuss many of these aspects, including the
nonunique decomposition of a mixed state into pure states, Gleason’s theorem, the
no-cloning theorem, the impossibility of discriminating nonorthogonal states and
the unavoidable disturbance caused by the quantum measurement process.

Entanglement. The phenomenon of entanglement provides composite quantum
systems with a very puzzling and counterintuitive flavour. Many of its conse-
quences dramatically contradict our classical experience. Measurement outcomes
observed by different observers can be entangled in a curious way, allowing for the

X



X Preface

violation of local realism or the teleportation of quantum states. It is fair to say that
entanglement is the key resource for quantum information-processing tasks.

It should be noted that both these themes, uncertainty and entanglement, have
puzzled quantum theorists since the beginning of the quantum age. Uncertainty can
be traced back to Werner Heisenberg, while the word ‘entanglement’ was coined
by Erwin Schrodinger. After many decades uncertainty and entanglement are still
under active research, probably more so than ever before.

The evolution of this book had several stages, quite similar to the life cycle of a
frog. Its birth dates back to a series of lectures the authors gave in 2007-8 in the
Research Center for Quantum Information, Bratislava. The audience consisted of
Ph.D. students working on various subfields of quantum theory. The principal aim
of the lectures was to introduce a common language for the core part of quantum
theory and to formulate some fundamental theorems in a mathematically precise
way.

The positive response from the students encouraged us to hatch the egg, and
the tadpole stage of this book was an article based on the lecture notes. The arti-
cle appeared in Acta Physica Slovaca in August 2008. The metamorphosis from
a tadpole to an adult frog took more than two years. During that stage we bene-
fited greatly from the comments of our friends and colleagues. We hope that this
grown-up frog can serve as a guide for students wishing to get an overview of the
mathematical formulation of quantum theory.

Acknowledgement. This book would have never come into existence without
the guidance, encouragement and help of Vladimir Buzek. Many friends and col-
leagues read parts of earlier versions of the manuscript and gave us valuable
comments and support. Our special thanks are addressed to Paul Busch, Andreas
Doering, Viktor Eisler, Sergej Nikolajevi¢ Filippov, Stan Gudder, Jukka Kiukas,
Pekka Lahti, Leon Loveridge, Daniel McNulty, Harri Mikeld, Marco Piani, Daniel
Reitzner, Tomad§ Rybar, Michal Sedldk, Peter Staio and Kari Ylinen. Teiko
Heinosaari is grateful to the Alfred Kordelin Foundation for financial support.



Introduction

What is this book about?! This book is an introduction to the basic structure of quan-
tum theory. Our aim is to present the most essential concepts and their properties in
a pedagogical and simple way but also to keep a certain level of mathematical pre-
cision. On top of that our intention is to illustrate the formalism in examples that are
closely related to current research problems. As a result, the book has a quantum
information flavor although it is not a quantum information textbook. The ideas
related to quantum information are presented as consequences or applications of
the basic quantum formalism.

Many textbooks on quantum physics concentrate either on finite- or infinite-
dimensional Hilbert spaces. In this book the idea has been to treat finite- and
infinite-dimensional Hilbert-space formalisms on the same footing. To keep the
book at a reasonable size and so as not to be drawn into mathematical technicali-
ties, we have sometimes compromised and presented a theorem in a general form
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Xii Introduction

but have given its proof only in the finite-dimensional case. The last chapter, on the
mathematical aspects of the phenomenon of entanglement, is written entirely in a
finite-dimensional setting.

What this book is not about. We should perhaps warn the reader that this book is
not about the different interpretations of quantum theory: we mostly avoid discus-
sions of the philosophical consequences of the theory. These issues are important
and interesting, but a proper understanding is easier to achieve if one knows the
mathematical structure reasonably well first. Naturally, one cannot grasp the the-
ory without some minimal interpretation. We have tried to keep the discussion
away from controversial questions that do not (yet) have commonly agreed frame-
works. Actually, even though two quantum theorists might disagree on some deeper
foundational issues, they would agree on the basic predictions of quantum theory,
such as measurement outcome probabilities. The reader will notice that many top-
ics that could (and perhaps should) be included under the title The Mathematical
Language of Quantum Theory are missing. For instance, the book Mathematical
Concepts of Quantum Mechanics by Gustafson and Sigal has almost the same title
as the present book but an almost disjoint content (actually, it can be recommended
as a complement to this book). We believe that our book provides a compact and
coherent overview of one branch of the mathematical language of quantum theory.

Prerequisites. We assume that the reader has already met quantum theory and
has perhaps studied an elementary course on quantum mechanics. We also assume
a basic knowledge of real analysis and linear algebra. We imagine that a typical
reader is a Master’s or Ph.D. student who wants to broaden his or her knowledge
and learn a framework into which quantum concepts fit naturally. Clear definitions
of basic concepts and their properties, together with a reasonably comprehensive
index, should make the book useful as a reference work also.

Structure of the book. The book consists of 28 sections, grouped into six thematic
chapters. Each section is divided into several subsections, which typically treat one
question or topic. In the first chapter we recall the basics of Hilbert spaces. In
each of the following five chapters we concentrate on one or two key concepts of
quantum formalism. Within the body of the text there are short exercises where the
reader is asked to verify a formula. These exercises are easy and straightforward,
and hints are often given.
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Hilbert space refresher

Quantum theory, in its conventional formulation, is built on the theory of Hilbert
spaces and operators. In this chapter we go through this basic material, which is
central for the rest of the book. Our treatment is mainly intended as a refresher
and a summary of useful results. It is assumed that the reader is already familiar
with some of these concepts and elementary results, at least in the case of
finite-dimensional inner product spaces.

We present proofs for propositions and theorems only if the proof itself is con-
sidered to be instructive and illustrative. This gives us the freedom to present the
material in a topical order rather than in the strict order of mathematical impli-
cation. Good references for this chapter are the functional analysis textbooks by
Conway [45], Pedersen [113] and Reed and Simon [121]. These books also contain
the proofs that we skip here.

1.1 Hilbert spaces

As an introduction, before a formal definition is given, one may think of a Hilbert
space as the closest possible generalization of the inner product spaces C¢ to infi-
nite dimensions. Actually, there are no finite-dimensional Hilbert spaces (up to
isomorphisms) other than C? spaces. The crucial requirement of completeness
becomes relevant only in infinite-dimensional spaces. This defining property of
Hilbert spaces guarantees that they are well-behaved mathematical objects, and
many calculations can be done almost as easily as in C?.

1.1.1 Finite- and infinite-dimensional Hilbert spaces

Let H be a complex vector space. We recall that a complex-valued function (-|-)
on ‘H x H is an inner product if it satisfies the following three conditions for all
@, V¥, ¢ € Handc e C:



2 Hilbert space refresher

o (plcy + @) = c(p|¥) + (¢|P) (linearity in the second argument),
o (oY) = (Vlp) (conjugate symmetry),
o (V|Y)>0 if Y #£0 (positive definiteness).

A complex vector space H with an inner product defined on it is an inner prod-
uct space. An alternative name for an inner product is a scalar product, and then
naturally one speaks of scalar product spaces.

The defining conditions for an inner product have some elementary conse-
quences. First notice that linearity and conjugate symmetry imply that

(co +olbr) =cleld) + (@)

and that (O|y) = (y|0) = 0.
An often-used implication, which follows from the previous equation and
positive definiteness, is that

(W) =0 = v =0. (1.1)

An elementary but important result for inner product spaces is the Cauchy—Schwarz
inequality: if ¢, ¥ € H then

Holv) 1> < (ple) (I¥) . (1.2)

Moreover, equality occurs if and only if ¢ and v are linearly dependent, meaning
that ¢ = cy for some complex number c. The Cauchy—Schwarz inequality will be
used constantly in our calculations.

A word of warning: unlike in quantum mechanics textbooks, in most functional
analysis textbooks inner products are linear in the first argument. This is, of course,
just a harmless difference in convention, and one can define

(ply >quantum book = (¥ 19) maths book

to obtain an inner product that is linear in the second argument.

Example 1.1 (Inner product space C%)

Let C? denote the vector space of all d-tuples of complex numbers. For two vectors
¢ = (xy,...,aq) and ¥ = (B, ..., Ba4), the inner product (¢|y) is defined as
follows:

d
(plv) = a;p;. (1.3)
j=1

There are also other inner products on C? (try to invent one!), but when refer-
ring to C? we will always assume that the inner product is that defined in
(1.3). A
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An isomorphism is, generally speaking, a structure-preserving bijective map-
ping. Inner product spaces have a vector space structure and the additional structure
given by the inner product. Hence, in the context of inner product spaces an
isomorphism is defined as follows.

Definition 1.2 Two inner product spaces H and H’ are isomorphic if there is a
bijective linear mapping U : H — H’ such that

(UplUyr) = {pl¥) (1.4)
for all ¢, ¢ € 'H. The mapping U is an isomorphism.

Two isomorphic spaces are completely indistinguishable as abstract inner prod-
uct spaces. Isomorphisms are like costumes; two Hilbert spaces may be intrinsi-
cally the same but in the morning they have chosen different costumes and therefore
they look different.

An essential concept regarding inner product spaces is orthogonality. Two
vectors ¢, ¥ € ‘H are called orthogonal if (¢|y) = 0, in which case we write
plyr. A set of vectors X C 'H is called orthogonal if any two distinct vectors
belonging to X are orthogonal. Among other things, the orthogonality property
can be used to define the dimension of an inner product space. First, we will draw
a distinction between finite and infinite dimensions.

Definition 1.3 Let H be an inner product space. If for any positive integer d there
exists an orthogonal set of d vectors, then H is infinite dimensional. Otherwise H
is finite dimensional.

We recall the following characterization of finite-dimensional inner product
spaces. This basic result is usually proved in linear algebra courses.

Proposition 1.4 If H is a finite-dimensional inner product space then there is a
positive integer d such that:

e there are d nonzero orthogonal vectors;

e ford’ > d, any set of d’ nonzero vectors contains nonorthogonal vectors.

The number d is called the dimension of H. A finite-dimensional inner product
space of dimension d is isomorphic to C?.

Exercise 1.5 For finite-dimensional inner product spaces, the dimension can
be defined equivalently as the maximal number of nonzero linearly indepen-
dent vectors. Let X = {¢j,..., ¢,} be an orthogonal set of nonzero vectors
in a d-dimensional Hilbert space H. Show that X is a linearly independent set.
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[Hint: Start from the equation cj¢; + - -+ + ¢y, = 0. You need to show that
cpr=---=c¢, =0]

Not all inner product spaces are finite dimensional. The following example,
which we also use later, demonstrates this fact.

Example 1.6 (Inner product space £*>(N))
We denote by N the set of natural numbers, including 0. Let ¢£2(N) be a set of
functions f : N — C such that the sum Z;io | £(j)|? is finite. The formula

(flgy =) F(Hegl) (1.5)

j=0

defines an inner product on £%(N). (The only nonobvious part in showing that the
formula (1.5) is an inner product is verifying that the sum Z;O:O f(Hg(j) con-
verges whenever f, g € ¢>(N). This follows from Holder’s inequality.) For each
k € N, let §; be the Kronecker function, defined as

(Sk(j):{l =k
0 if j #k.
It follows that

(8k|6e) =0

whenever k # £. The inner product space ¢2(N) is infinite dimensional since the
collection of Kronecker functions is an orthogonal set. A

Every inner product space H is a normed space, the norm being defined as

Il =V {l). (1.6)

The fact that the real-valued function ¥ + ||| defined in (1.6) is a norm means
that the following three conditions are satisfied for all ¢, ¢ € H and ¢ € C:

e |l¢|l > 0and |¢|| = 0if and only if ¢ = 0;
o llcpll = lclllell;
o o+l <ol + v (triangle inequality).

The first two properties follow immediately from the defining conditions of inner
products. The third is easy to prove using the Cauchy—Schwarz inequality (1.2):

lo + v = (plo) + (91¥) + (¥lp) + (W)
< {ple) + 21l + (Y1y)
< (plp) + 2/ (plo)y/ (Y1) + (¥Iv)
= (loll + 1)

Three useful formulas are stated in the following exercises.
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Exercise 1.7 (Pythagorean formula)
Let ¢ and Y be orthogonal vectors in an inner product space H. Prove that the
following equality, known as the Pythagorean formula, holds:

lo +w1I” = llgll* + Iy I* . (1.7)

[Hint: Use (1.6) and expand the left-hand side of the equation.] In contrast with the
Pythagorean formula for the real inner product space R?, (1.7) can hold even if ¢
and i are not orthogonal. Find two vectors which demonstrate this fact. [Hint: It is
essential that H is a complex inner product space.]

Exercise 1.8 (Bessel’s inequality)
Let {¢1, ..., ¥,} be an orthogonal set of n unit vectors (i.e. || v || = 1) in an inner
product space H. Show that if ¢ € H then

D lwile) < llel* . (1.8)

j=1

[Hint: Start from the fact that

0< <¢—an<w]|¢ V) lo ij vile) ¥ >

j=1
and expand the right-hand side of this inequality.]

Exercise 1.9 (Parallelogram law)
Let ¢ and i be vectors in an inner product space H. Prove that the following
equality, known as the parallelogram law, holds:

lo + w1+l — v =2lel* +21vI* . (1.9)

[Hint: Use (1.6) and expand the left-hand side of the equation.] It is of interest to
note that the converse is also true: a normed linear space is an inner product space

if the norm satisfies the parallelogram law. (A proof of this fact can be found e.g.
in [62], Theorem 6.1.5.)

The norm induces a metric on H. The distance between two vectors ¥ and ¢ is
given by

d, o) =1V — el . (1.10)

With the concept of distance defined, it makes sense to speak about metric concepts
in an inner product space H. For instance, we note that, for each vector y, the
mapping ¢ — (V¥ |@) from H to C is continuous. (This is a direct consequence of
the Cauchy—Schwarz inequality.)
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A metric space is called complete if every Cauchy sequence is convergent.
(A sequence {¢;} i1s a Cauchy sequence if, for every ¢ > 0, there exists a
positive integer N, such that d(¢;, ¢x) < & whenever j, k > N,.) Loosely speak-
ing, completeness means that every sequence which looks convergent is indeed
convergent.

Since inner product spaces are not only metric spaces but also normed spaces,
there is an alternative characterization of completeness. Namely, a normed space is
complete if and only if every absolutely convergent series is convergent. (A series
%2, ¢; is called absolutely convergent if -7, | ¢, | < o0.)

Every finite-dimensional inner product space is automatically complete. For
infinite-dimensional inner product spaces this is not true. Furthermore there is a
special name for inner product spaces that are complete.

Definition 1.10 A complete inner product space is called a Hilbert space.

Completeness has several useful consequences, which make Hilbert spaces
much easier to deal with than general inner product spaces. One consequence is
the existence of basis expansions (subsection 1.1.2).

An orthogonal set X C H is an orthonormal set if each vector ¢ € X has unit
norm. An orthonormal basis for a Hilbert space H is a maximal orthonormal set;
this means that there is no other orthonormal set containing it as a proper subset. A
useful criterion for the maximality of an orthonormal set X C H is the following:
if ¢ 1s orthogonal to all vectors in X then ¢ = O.

It can be shown that every Hilbert space has an orthonormal basis and, moreover,
that all orthonormal bases of a given Hilbert space have the same cardinality. A
Hilbert space H is called separable if it has a countable orthonormal basis.

Example 1.11 (¢*(N) continued)

It can be shown that the inner product space ¢?(N) is complete. The set of
Kronecker functions {8y, 8;, ...} is an orthonormal basis for ¢?(N). This can be
seen by using the criterion for maximality mentioned earlier. If f € £?(N) satisfies
(6klf) = 0 then f(k) = 0. Hence, a function f which is orthogonal to all
Kronecker functions is identically zero. We conclude that ¢2(N) is a separable
infinite-dimensional Hilbert space. A

The following proposition should be compared with Proposition 1.4.

Proposition 1.12 Any separable infinite-dimensional Hilbert space is isomorphic
to £2(N).

The idea behind Proposition 1.12 is simple, and we will give an outline of
the proof without going into the details. Fix an orthonormal basis {¢}72, for a
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separable Hilbert space H. For each vector ¢ € H, define a function ¢ : N — C
by ¥ (j) = (go j |1ﬁ>. It then follows that v € £2(N) and the correspondence ¥ — ¥
is an isomorphism between H and ¢2(N).

From now on, all Hilbert spaces are assumed to be separable.

In other words, all our Hilbert spaces are either finite dimensional or countably
infinite dimensional. Typically, we denote Hilbert spaces by the letters H or K.
Sometimes we use H, for a finite d-dimensional Hilbert space. To avoid trivial
statements, we will also assume that the dimension d of our Hilbert space is at
least 2.

1.1.2 Basis expansion

Let H be either a finite-dimensional or separable infinite-dimensional Hilbert space
and let {(pk}izl be an orthonormal basis for H. We recall that this means the
following three things:

e (¢rlor) = 1 for every k;

° <g0j|gok> = 0 for every j # k;
o if (Y|gx) = O for every k then v = 0.

In the case of a finite-dimensional Hilbert space, it is often useful to understand
an orthonormal basis as a list of vectors rather than just as a set. In other words, we
order the elements of the orthonormal basis. There is then a unique correspondence
between the vectors and the d-tuples of complex numbers. This is actually just
another way to express the isomorphism statement at the end of Proposition 1.4.
Similarly, in the case of a separable infinite-dimensional Hilbert space we take an
orthonormal basis to mean a sequence of orthogonal vectors (rather than just a set)
whenever this is convenient.

Once an orthonormal basis is fixed, we can write every vector ¥ € H in terms
of a basis expansion:

d
V=) (@l¥) k. (1.11)
k=1
The exact meaning of this formula depends on whether the Hilbert space is finite
or infinite dimensional.

In finite-dimensional Hilbert spaces the basis expansion is just a finite sum. The
basis expansion simply expresses the fact that each vector ¥ can be written as a
linear combination of the basis vectors ¢y.
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Exercise 1.13 Suppose that d < oo and ¢ = Zgzl crok. Prove the following:
if {gok}izl is an orthonormal basis then ¢; = (¢¢|¥). [Hint: Start from ¢ =
ZZZI cr¢x and take the inner product with ¢, on both sides. ]

In the case of an infinite-dimensional Hilbert space, the basis expansion (1.11)
is a convergent series. To see this, first observe that

D el @l =D e ) > < vl
k=1 k=1

foranyn =1, 2, ..., where we have applied Bessel’s inequality (1.8). This implies
that the series

> el eill?

k=1

converges (since the sequence of the partial sums is increasing and bounded). We
then recall from subsection 1.1.1 that in a Hilbert space every absolutely convergent
series is convergent. Since we have seen that the series is convergent, the basis
expansion (1.11) is easy to verify. We note that the vector ¥ — > > | (@ |¥) ¢ is
orthogonal to every basis vector ¢,. But since {¢k};-, is an orthonormal basis, it
follows that Y — >, (¢x|¥) ¢k = 0. Therefore, (1.11) holds.

Let us remark that an infinite-dimensional Hilbert space does not contain a
countable set of vectors that would give any other vector as a linear combination
of some subset of this set. (By a linear combination we always mean a finite sum.)
We can conclude from the basis expansion that any vector can be approximated
arbitrarily well by a linear combination of basis vectors.

Example 1.14 (Basis expansion in £*>(N))

We saw earlier that the Hilbert space ¢2(N) consists of complex functions f on
N such that the sum thio | £ (k)|? is finite and the Kronecker functions form an
orthonormal basis in £2(N). If a function f is nonzero only at a finite number of
points k, then clearly we can write it as

f= > fos. (1.12)
ke (020

This is nothing other than the basis expansion of f in the Kronecker basis. The
formula (1.12) is true for all f € ¢2(N), but in general it is a convergent series and
need not be a finite sum. A

The complex numbers (¢i|¥) in (1.11) are called the Fourier coefficients of
with respect to the orthonormal basis {gok}gzl. They give not only the basis expan-
sion of v but also the best approximation of ¥ if one is allowed to use only some
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fixed subset of the basis vectors. Namely, fix a positive integer m < d. For any
choice of m complex numbers cy, ..., ¢,, we have

‘w - v =)
k=1 k=1

To see that this inequality holds, we write the square of the right-hand side in
the form

(1.13)

2

—WM—ZWWW+ZM—WW

m

HW > g

k=1

and then observe that the last sum is positive unless ¢ = (@i|¥) for every k =
1,...,m.

Another useful thing about Fourier coefficients is that one can use them to
calculate the norm of a vector. The norm of ¢ in (1.11) is given by Parseval’s
formula:

d
I l? =" He ) . (1.14)
k=1

This is obtained from the following chain of equalities:

d d
Iy l* = WW<ZWW wa>
k=1 =1
d d
=20

k=1 j=1

d
V) (0il) {eeles) = Kol )1
k=1

In the infinite-dimensional case, the fact that the sums can be taken out of the inner
product is justified by the continuity of the latter.

1.1.3 Example: L*>(R2)

Up to now, we have encountered only one particular infinite-dimensional Hilbert
space, namely £2(N). At the abstract level, there are no other separable infinite-
dimensional Hilbert spaces as they are all isomorphic (recall Proposition 1.12).
However, in applications Hilbert spaces typically have some concrete form. The
benefit of using one particular concrete form rather than another is that certain
operators may be easier to handle or a calculation may be easier to perform.

One very useful class of concrete Hilbert spaces is that consisting of so-called
square integrable functions. Actually, £*(N) also belongs to this class but then
the integration is just a sum on N and square integrability means that the sum
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Z;io | £(j)|? is finite. (In technical terms, the integration is with respect to the
counting measure on N.)

To introduce other examples of this type of Hilbert space, let €2 be the real line
R or an interval on R. We denote by L?(2) the set of complex-valued functions on
Q2 for which the integral fQ | £ (x)|?dx is finite. To be more precise, functions are
required to be measurable and two functions are identified if they are equal almost
everywhere. With these conventions, L?(2) is a separable infinite-dimensional
Hilbert space equipped with an inner product

(flg) = /ngmdx. (1.15)

There is, of course, some work to do to show that (1.15) is an inner product and
that it makes L?(Q2) a separable Hilbert space. These details can be found, in for
instance, the textbooks by Rudin [122] or Folland [61].

We conclude that a unit vector in L?(8) is a function f : Q — C satisfying
Il f 1> = fQ | f(x)|?dx = 1. It is possible (and convenient) to choose an orthonor-
mal basis for L?(2) consisting of continuous functions. For a nice example, let
Q = [0, 2m). A function f on [0, 27r) can be alternatively thought of as a periodic
function on R with period 2. Clearly, for each n € Z, the function e, (x) := e'"x
belongs to L2([0, 27)). Two functions e, and e,, with n % m are orthogonal, since

2
(enlem) = f e MY dx =0 (1.16)
0

and we have |e,|| = +/2m. One can actually prove that the set
{e,/V2m :n e Z}

is an orthonormal basis in L2([0, 27)). For any f € L?([0, 27)), one obtains

(enl f) = —inx f(x) dx .

1 2
— e
7
These numbers are (up to a constant factor) just the usual Fourier coefficients of f.

This example of square integrable functions has a natural extension from
complex-valued functions to vector-valued functions. We denote by L2(2; C%)
the set of functions from Q to C¢ for which the integral fQ | f (x)||* dx is finite.
The norm inside the integral is the norm in C?. The inner product in L?(; C?) is
defined as

(flg) = fQ (F (0 lg() dx .

where the inner product under the integral sign is the inner product of C¢. In a
similar way we can start from any Hilbert space 7 and define L?(Q; H).
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1.2 Operators on Hilbert spaces

In this section we introduce some elementary properties of linear mappings act-
ing on Hilbert spaces. For the sake of simplicity we assume that the domain and
codomain Hilbert spaces of such linear mappings are identical. Especially in the
context of this convention, ‘operator’ is used as a synonym for ‘linear mapping’.

There are several important classes of operators and each has a very specific
structure. In this section we will familiarize ourselves with five operator classes,
each presented in its own subsection.

1.2.1 The C*-algebra of bounded operators

A mapping T : ' H — 'H is linear if it preserves linear combinations:
T(cy +¢)=cT)+ T(¢p) for every ¥, ¢ € 'H and ¢ € C.
We typically omit the parentheses and write 7'y instead of 7' ().

Definition 1.15 A linear mapping 7' : 'H — 'H is a bounded operator if there
exists a number # > 0 such that

Ty <ty forally € H. (1.17)
We denote by L(H) the set of bounded operators on H.

It is a basic result in functional analysis that the bounded operators are exactly
the continuous linear mappings. In a finite-dimensional Hilbert space ‘H every lin-
ear mapping is continuous, hence a bounded operator. Even more, every linear
mapping 7 : X — H defined on a linear subspace X C H of a finite dimensional
Hilbert space H has an extension to a bounded operator T:H—> H AT is
an extension then T(w) = T () for every ¥ € X.) In an infinite-dimensional
Hilbert space this fact is no longer true. In the following example we demonstrate
the concept of an unbounded operator.

Example 1.16 (Unbounded operator)
For each f € £?(N), define a function Nf: N — C by the formula

(Nf)(n) =nf(n).

It may happen that Nf is not a vector in £2(N). For instance, let

0 ifn =0,

TW=1, ifn > 0.
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Then f € ¢*(N) but Nf ¢ ¢>(N). The set
D(N) = {f € £*(N) : Nf € £*(N)}

is a linear subspace of £2(N) and N is a linear mapping from D(N) into £?(N). For
each k € N, we have N§;, = kd; and hence || Nd;|| = k ||8«||. This shows that there
cannot be a bounded operator N on £2(N) which would be an extension of N. A

For a bounded operator 7', we use the following notation:

o ker(T) :={y € H: Ty =0) (kernel);
o ran(7T) :={Y € H : v = T¢ for some ¢ € H} (range);
o supp(T) :={y € H: ¢ L ¢ forall ¢ € ker(T)} = ker(T)* (support).

It is easy to verify that all these subsets correspond to linear subspaces of H. Since
ker(T) is a preimage of the closed set {0} in a continuous mapping, it is closed;
supp(7') is also a closed set but ran(7") need not be closed. The dimension of
supp(T') is called the rank of T'.

The set of bounded operators is a vector space. Two bounded operators can be
added in the usual way and scalar multiplication with a complex number c is also
defined in an unsurprising manner:

S+DY =Sy +T,
(cT)y =c(TY).
We denote by O and [ the null operator and the identity operator, respectively;
they are defined by Oy = 0 and Iy = 1 for every ¥ € ‘H. The null operator

plays the role of the null vector in the vector space of bounded operators.
The vector space L(H) is a normed space with a norm defined via the formula

1T == sup [IT¥]. (1.18)
Iyli=1

In other words, |7 || is the least number ¢ that satisfies (1.17). This norm on L(H)
is called the operator norm. One can show that L(H) is complete in the operator
norm topology. Complete normed vector spaces are called Banach spaces.

It follows directly from the definition of the operator norm that if 7 € L(H)
then for every ¥ € H we have

ITY I < 1T (1.19)

Together with the Cauchy—Schwarz inequality this implies that, for every ¢, ¥ € H,

KolTY) | < llell Iy IIT- (1.20)
Both (1.19) and (1.20) are very useful inequalities.
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We can multiply two operators by forming their composition. If S, 7 € L(H)
then by using inequality (1.19) twice we get

ISTYI < ISIITY I = NSTNTI I

Thus, we conclude that

ISTI < ISIITI - (1.21)
This shows, in particular, that the product operator ST is a bounded operator and
hence that ST € L(H). In other words, L(H) is an algebra. Moreover, inequality
(1.21) implies that multiplication in £(’H) is continuous in each variable.

For each bounded operator 7', we can define the adjoint operator T* by the
formula

(0IT*y) = (Toly), (1.22)

which is required to hold for all ¢, ¥ € H. (One has to prove that the adjoint
operator exists. This follows from the Fréchet—Riesz theorem, which we state in
subsection 1.3.4.) The mapping T +— T* is conjugate linear, meaning that

(cT + 8)* =cT* + S*.
Moreover, if S, T € L(’H) then
(ST)* = T*S*, (1.23)
(TH*=T. (1.24)

Exercise 1.17 Prove the properties (1.23) and (1.24) directly from the defining
condition (1.22).

The operator norm and the adjoint mapping are like a couple who are ‘meant’
to be together — their properties are nicely linked. The following equality is a key
feature of L(H).

Proposition 1.18 A bounded operator 7" and its adjoint 7* satisfy
X w1172
Tl = |7 = |7 . (1.25)
Proof For ¢ € H, ||y| = 1, we obtain

(1.20)
R by

ITYI? = [ITYIP| = TYITY) = |[wIT*Ty)
= [rr) = .

which implies that
ITI? < [T*T| < |7 17 - (1.26)
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This shows that || T'|| < ||7*||. Replacing T by T* into this inequality and using the
identity (7*)* = T we also get ||T*|| < ||T||. Therefore, | T|| = ||T*||. Using this
fact in (1.26) proves the claim. U]

We can summarize the previous discussion by saying that £() is an example
of a C*-algebra. This means that:

e L(H) is an algebra;
e L(’H) is a complete normed space (i.e. a Banach space);

e the adjoint mapping 7 — T* on L(H) is conjugate linear and satisfies (1.23)
and (1.24);
e the operator norm on L(’H) satisfies (1.21) and (1.25).

These are the basic properties of L£(H) and also the facts most often used for
proving other relevant properties.
After this intensive burst of information, it is now time for an example.

Example 1.19 (Shift operators)
Let us continue the discussion on our favourite Hilbert space ¢2(N). It is often
convenient to write an element ¢ € ¢£2(N) as

&= (o, %1,--1),

where &; = ¢(i). Let A : £>(N) — ¢*(N) be the (forward) shift operator,
defined by

A%, 615 --) = (0,80, 81, .. 0)
We have

1Azl =D 1g P =gl

j=0

and therefore A is bounded and ||A|| = 1. To calculate the adjoint operator A*, let
¢ = (o, 1, ...),1n = (Mo, M1, ...) € £2(N). The defining condition (1.22) for A*
gives

(n1A*s) = (An|¢) = }:ngﬁq

As the vector 7 is arbitrary, we conclude that

A*(CO’ Cl’ §29 .. ) - ({1, {2, .. ) .
The operator A* is called the backward shift operator. A
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In a finite d-dimensional Hilbert space H, the set L(H) consists of all linear
mappings. We can hence identify L£(’H) with the set M;(C) of d x d complex
matrices. We simply fix an orthonormal basis {¢ j}?=1 for ‘H, and for each T €
L(H) we define a matrix [T ] by

[Tir] = (1 Tex) - (1.27)

Conversely, starting with a matrix [7x] we recover the action of 7' on a vector
Y € 'H via the formula

d
Ty = Y [Tid {eel) @;. (1.28)

jok=1

This is just the ordinary rule from matrix calculus when v is written in the
orthonormal basis {¢; ?:1

A comparison of (1.27) and (1.22) shows that the adjoint operator 7* corre-
sponds to the transposed and complex conjugated matrix, i.e.,

[T/] =1[Ti1.

This is sometimes called the conjugate transpose matrix, which is evidently a very
descriptive name.

If 'H 1s infinite dimensional, we can still fix an orthonormal basis for H and
define a matrix [T ] by (1.27) for each bounded operator 7. Using a basis expan-
sion (subsection 1.1.2) we can recover the action of 7 on every vector ¥ from
the matrix [7x], and the formula is still (1.28) except that the sum is infinite. But
we now have the problem that a given infinite matrix may not correspond to any
bounded operator, and it may not be very easy to see when this happens. Some-
times one has to fix an orthonormal basis for H in order to perform calculations.
However, as a starting point we want to think of £(H) as consisting of linear
mappings and not of matrices, even if the dimension of H is finite.

It is clear that the diagonal elements [7;] of a matrix [T;] do not determine it
completely. However, if the diagonal elements of an operator 7" are known in all
orthonormal bases then T is determined. This is the content of Proposition 1.21
below. The auxiliary equation presented in Exercise 1.20 will be useful also later.

Exercise 1.20 (Polarization identity)
Let T € L(H) and ¢, € 'H. Verify the following identity, known as the
polarization identity:

3
@ITy) =13 "%y + I T + ') . (1.29)

k=0
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[Hint: Expand the right-hand side of (1.29).] Notice that with 7" = I this becomes

3
@ly) =13k |y + i . (1.30)
k=0

Hence, if we know the norms of all vectors in ‘H, we can recover all inner
products.

Proposition 1.21 Let S, 7 € L(H). If (¢|Sy¥) = (¥ |T ) for every € ‘H then
S=T.

Proof Assume that (|Sy¥) = (Y |Ty) for every v € H. By the polarization
identity (1.29), we have (¢|Sy¥) = (¢|T) for every ¢, ¢ € 'H. In particular,
choosing ¢ = (S — T)y¥ we conclude that ((S — T)y|(S — T)y) = 0O for every
Y € 'H. Therefore, Sy = Ty for every ¥ € H. O

One of the important concepts in linear algebra is that of the eigenvalues of a
matrix. It plays a central role in functional analysis also, but one needs to generalize
it and introduce the concept of a spectrum.

Definition 1.22 Let T be a bounded operator. A number A € C is

e an eigenvalue of T if there exists a nonzero vector Y € H such that Ty = Ayr.
The vector ¥ is an eigenvector of T associated with the eigenvalue A.

e in the spectrum of T if the inverse mapping of the bounded operator A/ — T does
not exist.

Itis clear that all the eigenvalues of T are in the spectrum of T since eigenvectors
belong to the kernel of A/ — T and an invertible mapping cannot have any nonzero
vector in its kernel. However, the spectrum may also contain numbers other than
just the eigenvalues. In a finite-dimensional Hilbert space the eigenvalues of T
are the solutions of the equation det(7 — AI) = 0. In particular, every operator
has eigenvalues. This is no longer true in infinite-dimensional Hilbert space, as we
demonstrate in the following example.

Example 1.23 (Operator without eigenvalues)

The shift operator A defined in Example 1.19 does not have any eigenvalues. This is
easy to see by making the assumption that ¢ is an eigenvector of A with eigenvalue
X and writing v in the basis expansion ¥ = ), cxk. Since Ad; = 841, we get
the following set of equations:

)\COZO,
)\,Cl =,

ACy =y,
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This can happen only if ¢ = ¢; = --- = 0, hence ¥ = 0. Let us note that
the backward shift operator A*, however, does have eigenvalues. For instance, the
vector Jj 1s its eigenvector associated with the eigenvalue 0. A

Even though a bounded operator need not have any eigenvalues, every nonzero
bounded operator has a nonempty spectrum. It can be shown that the spectrum of a
bounded operator T is a compact subset of C and is bounded by the operator norm
1Tl

Exercise 1.24 Let A be an eigenvalue of T € L(H). Show that |A| < ||T||. [Hint:
Start from 7y = Ay and use (1.19).]

Exercise 1.25 Prove the following: if ¥, and ¢, are eigenvectors of a bounded
operator T associated with the same eigenvalue A then every linear combination of
Y1 and 1, is also an eigenvector associated with A.

1.2.2 Partially ordered vector space of selfadjoint operators

Definition 1.26 A bounded operator T € L(H) is selfadjoint if T = T*. We
denote by L;(H) the set of bounded selfadjoint operators on H.

Since the adjoint mapping T +— T* is linear with respect to real linear com-
binations, the real linear combinations of selfadjoint operators remain selfadjoint;
hence the set L,(H) is a real vector space.

Exercise 1.27 Unlike the set of bounded operators L(H), the set of selfadjoint
operators Ls(H) is not an algebra; the product of two selfadjoint operators is not
always selfadjoint. Prove the following: the product ST of two selfadjoint oper-
ators S, T is selfadjoint if and only if S and T commute, i.e., ST = TS. [Hint:
Remember that (ST)* = T*S*.]

Even though the condition for self-adjointness seems quite restrictive, the com-
plex linear combinations of selfadjoint operators actually fill up L(H). To see this,
let T € L(H). We denote Tg = %(T—l—T*) and 71 = —%i(T — T7*). These operators
are called the real and the imaginary parts of T, respectively. It is straightforward
to verify that 7Tg and Tj are selfadjoint and that 7 = Tr + i T1.

With these terms defined we can say that a bounded operator 7 is selfadjoint if
and only if the imaginary part 77 of T vanishes (and hence T = Tr). The following
characterization of selfadjoint operators corresponds to this expression.

Proposition 1.28 A bounded operator T € L(’H) is selfadjoint if and only if
(¥ |T ) 1s a real number for every ¢ € H.
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Proof By Proposition 1.21, a bounded operator 7' is selfadjoint if and only if
(U|TY) = (Y| T*Y) for every v € H. But (Y |T*y) = (T |yr), so the previous

condition is the same as requiring that (/|T ) = (Y |Ty) forevery v € H. [

The previous observation motivates the following definition.

Definition 1.29 A bounded operator T € L(H) is positive if (Yy|Ty) > 0 for
every ¥ € H.

A comparison of Definition 1.29 and Proposition 1.28 shows that positive oper-
ators are selfadjoint. Notice that there is a > symbol instead of a > symbol in the
definition of positive operators. This is commonly the way in which positivity is
defined in functional analysis. The easiest example of a positive operator is ¢/,
where ¢ is a nonnegative real number and / is the identity operator.

Exercise 1.30 Let T be a positive operator and X its eigenvalue. Show that A > 0.

The concept of positivity defines a partial ordering in £;(H) in a natural way —
this 1s spelled out in the following definition.

Definition 1.31 Let S, 7 € L;(H). We write S > T if the operator § — T is
positive.

Clearly, a selfadjoint operator T is positive exactly when 7" > O. It is straight-
forward to verify that the relation > in Definition 1.31 is a partial ordering. This
relation has some further properties, which connect the order structure and the vec-
tor space structure of L;(H). Namely, let 71, 7>, T3 € Li(H) and @ € R, > 0.
It follows directly from the definition of positivity that:

o if 7y >TrthenT|, + 715 > T, + Tx;
o if Ty > T>thenaT| > aT>.

These properties mean that the relation > makes Ls(H) a partially ordered vector
space.

The following results illustrate the partial ordering relation of selfadjoint
operators. They will be useful later.

Exercise 1.32 Show that
— T <T <|T|I
forall T € L,(H). [Hint: Use (1.20).]

It is useful to notice that the product 7*T is positive for every T € L(H).
Namely, for every ¢ € 'H we have

(YIT*Ty) = (Ty|Ty) = ITy)? > 0.
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The converse holds also: any positive operator S can be written as S = T*T for
some T € L(H). This fact follows from the next result, also known as the square
root lemma.

Theorem 1.33 (Square root lemma)

Let T € L,(H) be a positive operator. There is a unique positive operator, denoted
by T'/2, satisfying (T'/?)? = T. The operator T''/? (also denoted by /T is called
the square root of T. It has the following properties.

(a) If S e L(H) and ST =TS, then ST'/? = T'/28.
(b) If T is invertible then 7''/? is invertible also and (T'/?)~! = (T—1H)1/2.

The square root lemma is important in many situations. In the following we
derive some useful consequences.
Proposition 1.34 Let T € L(H).If O <T <Ithen O <T?><T.
Proof Let ¢ € 'H. Then on the one hand

(WIT*y) = (TPYITT'2y) < (T'2YIT'2y) = (YIT¥) ;
hence T2 < T. On the other hand,
(WIT*y) = (Ty|Ty) =0,

and thus 72 > O. O

Proposition 1.35 Let T € L (H) be a positive operator and v € H. If
(Y|Ty) =0then Ty = 0.

Proof Suppose that (|Ty) = 0. Then
0= (y|Ty) = (T2yIT'?y),

and hence T'!/2yy = 0. Applying the operator T!/? on both sides of this equality
gives Ty = 0. (]

Armed with the square root lemma, we are ready for the following definition,
which leads to a very useful decomposition theorem.

Definition 1.36 Let T € L£(H). We write |T| := (T*T)'/? and call this operator
the absolute value of T .

Theorem 1.37 (Polar decomposition)
Let T € L(H). There exists a bounded operator V € L(’H) such that:

o T =V|T|;
o V[l = [yl for every ¥ € supp(V).
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The operator V can be chosen to be an isomorphism on H if dim’H < oo, or T is
invertible, or T 1is selfadjoint.

The second condition in Theorem 1.37 means that V is a partial isometry. An
operator U is called an isometry if it satisfies || Uy || = ||y || for every ¥ € H. This
implies that Uy = 0 only if ¥ = 0; hence ker(U) = {0} for all isometries. Thus
we see that a partial isometry V is an isometry if and only if ker(V') = {0}.

There is one more operator decomposition to be introduced. At the beginning
of this subsection we saw that a bounded operator T' can be written as a linear
combination T = Tr + iT; of its real and imaginary parts, which are selfadjoint
operators. This splitting can be continued; every selfadjoint operator can be written
as a difference of two positive operators. For every T € L (H), the operators
IT|| I £ T are positive (see Exercise 1.32) and

T =TI +T)— LTI -T).
Sometimes it is more convenient to use two different positive operators,
TH:=1(ITI+T), T =3(TI-T)

and these are called the positive part and the negative part of T, respectively.
Obviously, T = T — T . It can be shown that T and T~ are positive operators.

1.2.3 Orthocomplemented lattice of projections

Definition 1.38 A selfadjoint operator P € L (H) is a projection if P> = P. We
denote by P(H) the set of projections.

Projections are positive operators; if P is a projection and ¢ € H then
(W|Py) = (W|P*y) = (PY|PY) = 0.
We now introduce the most important example of a projection.

Example 1.39 (One-dimensional projection)
Let n € 'H be a unit vector. We define an operator P, on H as

Py = () n. (1.31)

It is straightforward to check that P,;“ = P, and Pn2 = P,. Therefore, P, is a pro-
jection. It is clear from (1.31) that the range of P, is the one-dimensional subspace
Cn = {cn | ¢ € C}. For this reason P, is called a one-dimensional projection. A

In the following two propositions we will describe the elementary properties of
projections.



1.2 Operators on Hilbert spaces 21
Proposition 1.40 Let P be a projection and O # P # I. Then:

@ [IPIl=1;
(b) the eigenvalues of P are O and 1;
(c) forevery v € H, there are orthogonal vectors ¥, ¥ € H such that

Py =0, Py = Y and Y=Y+ Y.

Proof (a): An application of (1.25) gives
1PI=|P2] = PP = 1PIE.

Since || P|| # O by the assumption, we conclude that || P|| = 1.
(b): First suppose that ¢ € H is an eigenvector of P with eigenvalue A. Then
Py = Ay and

Py = P2y = APy = A2 .

Hence, 1> = A, which means that either A = O or A = 1. To prove that P has
both these eigenvalues, choose nonzero vectors ¥, ¢ € H such that Py # 0 and
P¢ # ¢ (this can be done since O # P # I). Then, using P> = P, one can verify
that P/ is an eigenvector of P with eigenvalue 1 and (I — P)¢ is an eigenvector
of P with eigenvalue 0.

(c): Write Y9 = (I — P)y and ¢y = P1i. These vectors have the required
properties. (]

Proposition 1.41 Let P be a projection and v € H. The following conditions are
equivalent:

(i) ¥ €ran(P);
(i) Py =
i) [Pyl = Iyl
Proof 1t is trivial that (i1))=-(ii1). In the following we prove that (i)=(ii) and
(111)=(1).

Assume that (i) holds. This means that there is a vector ¢ € H such that Pp = .
But then

Py =PPp=Pp=1y

and, hence, (i1) holds. We conclude that (1)=>(ii).

Assume that (iii) holds. We write v = Py + (I — P)y as in the proof of
Proposition 1.40(c). Since Py and (I — P)r are orthogonal vectors, we can apply
the Pythagorean formula (see Exercise 1.7) and obtain

I I* = I1PYI*+ I — P)yl* .
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Assumption (ii1) now implies that ||(I — P)y|| = 0, whence it follows that
(I — P)Yy =0.Thus Py = . O

Let us then return to the structure of the set of projections. This set is a subset
of the set of selfadjoint operators and therefore inherits the order structure defined
in subsection 1.2.2. The partial ordering of two projections can be specified as
follows.

Proposition 1.42 Let P and Q be projections. The following conditions are
equivalent:

@ P=0;
(i) PO = 0;
(i) QP = Q;
(iv) QP = PQ = Q;

(v) P — Q is a projection.

Proof We prove this by showing that (i)=>(i1)=>(iii)=(iv)=(v)=(1).
Suppose that (i) holds and fix i € H. Let us first assume that P # O. Then by
Proposition 1.40 we have || P|| = 1, and an application of (1.19) gives

IPOUI < IPIIQVI = 1Q¥Il .

However, using (i) we get

IPOVI* = (PQYIPQY) = (QV|PQOY) > (QY¥100V)

= (QV¥|QV) = |1 Qv

and hence |P Qv || > ||Qv|. Therefore | P Qv | = ||Q||. This, together with

Proposition 1.41, implies that PQy = Q. As this is true for any € H, we

conclude that PQ = Q and that (ii) holds. If P = O then (i) implies that O <

Q < O, which means that Q = O. Hence, in this case also, (i) implies (ii).
Suppose that (ii) holds. We get

Q=0"=(PQ)"=0"P"=0P,

and therefore (ii1) holds. In the same way, (ii1) implies (ii) and they are thus
equivalent. This means that (ii1) implies (iv).

Assume that (iv) holds. The operator P — Q is selfadjoint, as are both P and Q.
Using (iv) we get

(P-Q0)=P—-PQ—-QP+Q0=P-0.

Hence P — Q is a projection, and we conclude that (iv) implies (V).
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Finally, assume that (v) holds. As a projection is a positive operator, we have
(Y|(P — Q)Y¥r) > 0 for every ¥ € H. This means that (Y|Py) > (Y |Qy) for
every ¥ € H and hence (i) holds. Thus (v) implies (1). U]

The order structure of P(H) is not only easy to handle (as we have seen in
Proposition 1.42) but also pleasant in another way — it can be shown that P(H) is a
lattice. This means that any two projections P and Q have a greatest lower bound
(infimum) and least upper bound (supremum).

There are even more enrichments relating to the order structure of P(H). If P is
a projection, we write P+ := I — P and call this operator the complement of P.
The operator P+ is clearly selfadjoint and is a projection since

PtPpPt=u0-P~I-P)=I—-P—-—P+P*=]—P=P.
Exercise 1.43 Verify the following properties of P~:

o (PHt =P;
e if 0 < P then P+ < Q% .

There is another specific property of the complement mapping. For two projec-
tions P and Q we have that

e if 0 < Pand Q < P! then Q = O.

This property follows from Proposition 1.42 since Q < P and Q < P~ give
PQ = Q and P+ Q = Q. Adding these two equations together implies that Q = O.
In other words, the infimum of P and P~ is O.

The three properties listed above mean that the mapping P — P+ on P(H) is
an orthocomplementation. We thus conclude that P(H) is an orthocomplemented
lattice.

Unlike the set of selfadjoint operators Ls(H), the set of projections P(H) is not
a vector space; the sum of two projections is a projection only under some extra
conditions. These are listed below.

Proposition 1.44 Let P and Q be projections. Then the following conditions are
equivalent:

(i) P> Q;
(i) 0+ > P;
(i) PQ = 0O;
(iv) QP = O;
(V) PO=0QP = 0;
(vi) P + Q is a projection.
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Proof We prove the proposition by showing that (i)=(ii)=(i1)=({v)=(v)=
(vi)=(1). The fact that (i) implies (i1) is a direct consequence of Exercise 1.43.
Assume then that (i1) holds and fix ¥ € ‘H. Denote Yy = Q. We then have

Py 1> = (P | Pyn) = (Y| Py
< (W1|QLW1> = (W1|QLQW> =0.

This implies that Py = 0 and hence P Q¢ = 0. As ¥ was an arbitrary vector we
conclude that P Q = O. Therefore (i1) implies (iii).
Suppose that (iii) holds. We obtain

O0=0"=({PQ)=0"P" =0P,

and therefore (iv) holds. In the same way, (iv) implies (ii1) and they are thus
equivalent. This means that (iv) implies (v).
Assume that (v) holds. Then

(P+0)?=P*+PO+0P+0*=P+ 0.

Thus, P + Q is a projection. Therefore, (v) implies (vi).
Finally, assume that (vi) holds. This implies that P + Q < I. Hence, (1) holds.
]

Two projections P and Q satisfying one (and hence all) of the conditions in
Proposition 1.44 are called orthogonal.

Example 1.45 (Orthogonal one-dimensional projections)

Let us continue the discussion started in Example 1.39. Let n, ¢ € H be two unit
vectors and P,, P4 the corresponding one-dimensional projections. For a vector
¥ € 'H, we get

Py Pyyr = (n|yr) (@ln) ¢ . (1.32)

This shows that on the one hand PyP, = O if (¢|n) = 0. On the other hand,
choosing ¥ = 7n in (1.32) we see that Py P, = O only if (¢|n) = 0. We conclude
that two one-dimensional projections are orthogonal if and only if the unit vectors
defining them are orthogonal. A

As can be seen from Proposition 1.44, we can combine two orthogonal projec-
tions to get a third projection. In this way, one-dimensional projections can be used
as building blocks to obtain other projections. Actually, every projection is either
a finite or countably infinite sum of one-dimensional projections. We will explain
this construction but will not prove the details.

Let P be a projection. As shown in Proposition 1.41, the range of P consists
of its eigenvectors with eigenvalue 1. Hence, ran(P) is a linear subspace of H.
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Let us first assume that ran(P) 1s finite dimensional with dimension r. We choose
an orthonormal basis {n;};_, for ran(P). For every k = 1,...,r, we then have
a one-dimensional projection Py = P,,. For k # [ the projections P; and P; are
orthogonal, as explained in Example 1.45. By Proposition 1.44 the sum > ;_, Pk
is a projection, and it can be shown that ) ", _, P = P. If ran(P) is infinite dimen-
sional, the same procedure still works. In this case we first note that the set ran( P)
is closed. Indeed, it follows from Proposition 1.41 that ¥ € ran(P) exactly when
Py = 0. Hence, ran(P) is the preimage of the closed set {0} in the continuous
mapping P, which implies that ran(P) is closed. We conclude that ran(P) is a
closed linear subspace of H and therefore that it has an orthonormal basis {n;}72,.
The infinite sum Y -, Py converges in the weak operator topology (see subsection
1.3.1 below) and we have again > -, P, = P.

We end this subsection by presenting another useful property of projections.
Earlier, in Proposition 1.42, we saw that two projections P and Q satisfy Q < P
ifand only if QP = PQ = Q. The ‘only if” part is true even when Q is a positive
operator but not necessarily a projection, as we prove below.

Proposition 1.46 Let P be a projection and T a positive operator. If 7 < P then
TP=PT=T.

Proof I T < P then P — T is a positive operator. Thus, for every ¢ € H satisfy-
ing (p| Pe) = 0, we have also (¢|T¢) = 0. By Proposition 1.35 we conclude that
T ¢ = 0 whenever Py = 0.

For each vector ¥ € H, we use Proposition 1.40 and write ¢ as a sum ¢ =
Yo + ¢ with Py = 0 and Py = ;. By the above paragraph Ty = 0.
Therefore,

Ty =TWo+v1) =Ty =TPYyo+ TPy =TPy.
We conclude that 7 = TP, and this further implies that
T=T"=(TP)* = P*T* = PT.

Collecting these equations we get TP = PT =T. ]

1.2.4 Group of unitary operators

In subsection 1.1.1 we defined the concepts of isomorphic inner product spaces
and isomorphisms. Any Hilbert space H is, trivially, isomorphic with itself; one
isomorphism 1is the identity mapping I : v — . There are also other isomor-
phisms on a given Hilbert space and they play important roles in various different
situations.
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Proposition 1.47 Let U be a linear mapping on H. The following conditions are
equivalent:

(1) U is an isomorphism;
(i1) U is a surjective isometry;
(i11) U isbounded and UU* = U*U = I.

Proof 1t is clear that (i)=(i1). In the following we prove that (ii)=-(ii1) and
(1i)=(1).

Assume that U is a surjective isometry. Since ||Uy || = ||y || for every ¥ € 'H,
it follows that U is a bounded operator with ||U|| = 1. It also follows that U is
injective; for ¥, ¢ € 'H we have ||[Uy¥ — Ug|| = || — ¢|| and hence Uy = Uy
only if Y = ¢. Therefore, U is bijective and has an inverse U ~'. We have

(plp) = (UplUgp) = (p|U*Up) (1.33)

for all ¢ € H. By Proposition 1.21 we obtain U*U = I, implying that U~! = U*.
Hence U satisfies UU* = U*U = I. We conclude that (i1)=(ii1).

Suppose then that U is a bounded operator and UU* = U*U = I. Then U is
bijective with U~! = U*. For all ¢, ¥ € H, we have

(ply) = (U UY) = (Up|UY) , (1.34)
hence U is an isomorphism. 0
It is common to rename the isomorphisms on H in the following way.

Definition 1.48 A bounded operator U € L(H) is unitary if it satisfies UU* =
U*U = I. We denote by U (H) the set of unitary operators on H.

In a finite-dimensional Hilbert space the condition UU* = [ (or similarly
U*U = I) implies that det(U) # 0; hence U is invertible and U~! = U*.
Therefore, to check whether an operator U is unitary it is enough to verify that
either UU* = [ or U*U = I. This is again one small difference between finite-
and infinite-dimensional Hilbert spaces. Namely, in an infinite-dimensional Hilbert
space both the conditions UU* = I and U*U = [ are needed to guarantee that a
bounded operator U is unitary. For instance, the forward and backward shift oper-
ators, defined in Example 1.19, satisfy A*A = I, but AA* # [ since AA*5y) = 0
and hence they are not unitary.

In the proof of Proposition 1.47 we saw that ||U|| = 1 for a unitary operator U'.
Hence, an eigenvalue A of U satisfies |A| < 1 (see Exercise 1.24). It is actually
easy to see that all eigenvalues of U must satisfy |A| = 1. Namely, suppose that

Uy = Ay for some A € C and some nonzero vector ¥ € H. Since

APl = Uy UY) = (YY),
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we conclude that |A| = 1. Thus, all the eigenvalues of U are of the form A = e'¢,
a € R. Note, however, that a unitary operator in an infinite-dimensional Hilbert
space need not have eigenvalues at all. One can show that |A| = 1 holds for any A
in the spectrum of U.

In linear algebra courses, unitary operators are usually introduced as mappings
that transform one orthonormal basis to another. This characteristic property is
valid also in the infinite-dimensional case, and we have the following simple but
useful result.

Proposition 1.49 Let H be a Hilbert space and U € L(’H). The following are
equivalent:

(1) U is unitary;
(i1) for every orthonormal basis {¢;}, {Ug,} is also an orthonormal basis.

(i) there exists an orthonormal basis {¢;} such that {U¢;} is also an orthonormal
basis.

Proof Suppose that (1) holds and let {¢;} be an orthonormal basis for H. It is
clear from (1.4) that {Ug;,} is an orthonormal set. To prove that it is a maximal
orthonormal set (and hence an orthonormal basis), suppose that ¥ € H is such that
(w |U ¢ j> = O for every j. This implies that (U Ul j> = 0 for every j, which means
that U*yr = 0 as {g,} is an orthonormal basis. Since U* is bijective we conclude
that ¢ = 0. This means that {U¢;} is maximal. Therefore (i) implies (i1).

It is clear that (i1) implies (ii1). To complete the proof, we therefore need to show
that (iii) implies (i).

Suppose that (ii1) holds. For a vector ¥ € 'H, the basis expansion with respect to
{Ugp,} gives

v = Z(U%Ilﬁ) Up;j=U (Z] (‘PJ"U*””WJ') '

We interpret the last expression as a basis expansion with respect to {¢;} and hence
obtain v = UU™* . As this is true for every ¥, we conclude that UU™* = [.

To see that U*U = I, let us first write the vector ¥ in the orthonormal basis
{¢;} and then act with U, obtaining

vy =U (Y leilv)e;) = Y leilv)Ug;

J

However, the basis expansion of Uy with respect to {Ug;} gives

Uy =) (UglUy)Ug; = ) {o,IUUV)Ug; .
j

J
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Since the Fourier coefficients are unique, we conclude that ((p Uy zﬁ> = ((p i W)
for every j. This implies that U*Ur = . As this is true for every ¢, we conclude
that U*U = I. O

Unitary operators form a group with respect to operator multiplication. In par-
ticular, the identity operator I is the unit element of the group U (H). Let U and V
be two unitary operators. Using (1.23) we get

UV UV =UVV*U* =1
and
vy uv)=vuruv =1,

which shows that the product UV 1is a unitary operator. Moreover, we have
U~!=U* and, applying (1.24), we get that U ~! is unitary too. Thus all the group
axioms are satisfied.

There is an intimate connection between unitary and selfadjoint operators. In
order to see this we need to introduce the exponential map on L(H). Let T be a

bounded operator. For each k = 0, 1, 2, ..., we make the following definitions:
k k
. " _ 17"
Fi(T) = Z; — flT) = 2(‘; =

where T = I. We have

k n 00 n
fk(T)SZ”T” SznTH _ T

which shows that the increasing sequence fo(7T'), fi(T), ... of real numbers has
an upper bound and thus converges. This means that the series > - T"/n! is
absolutely convergent. Since £(H) is a complete normed space, an absolutely con-
vergent series converges (see the discussion before Definition 1.10). We denote by
el the limit of the series, that is,

0 n

el = Z T im F(T) . (1.35)

n! k— 00
n=0

The mapping T +— e’ is called the exponential map on L(H).

Product and adjoint operators are continuous mappings on L£(H). Using these
facts it is straightforward to verify the following formulas for a,b € C and
T eL(H):

eaTebT — e(a—i—b)T ,

(eaT)* — eﬁT*
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In particular, if T is selfadjoint then (e'7)* = ¢~*T and

etTe—tT — e—lTelT — eO -7 ,

showing that ¢'” is a unitary operator. In summary, every selfadjoint operator

defines a unitary operator via the exponential map.

The group of unitary operators has a half brother, the set of antiunitary oper-
ators. As we will see later, antiunitary operators turn out to be of less physical
relevance than unitary operators. However, they play their own role in some special
situations.

Definition 1.50 A mapping A : 'H — 'H is an antiunitary operator if
Alp +cy) = Ap + cAY
and
(Ap|AY) = (Vle)

for all ¢, ¥ € H and ¢ € C. We denote by /() the set of antiunitary operators
on H.

Notice that | Ay || = ||| for every ¥ € H since
IAY 1> = (Ay|AY) = (Yly) = ] .

Another useful remark is that a composition of two antiunitary operators A; and
A, is a unitary operator. Namely, for all ¢, ¥ € 'H we get

((A1A2)@|(A1A2)Y) = (A | Aze) = (p|¥) ,
and the linearity of A;A, can be seen in a similar direct way.

Exercise 1.51 Show that the composition of a unitary operator and an antiunitary
operator is an antiunitary operator.

There is a prototypical class of antiunitary operators. Let us fix an orthonormal
basis {¢;} for H. Every vector ¥/ € H has a unique basis expansion,

V=) <o)
J
and we can therefore define a mapping J by
Jlﬂ = Z Ej Q; -
J

Since ) il ?=> ilej |2, the sum on the right-hand side converges, hence defin-
ing a vector in H. It is straightforward to verify that J is an antiunitary operator, and
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it clearly satisfies J> = I. We call it the complex conjugate operator corresponding
to the orthonormal basis {¢;}.

Proposition 1.52 Let J be the complex conjugate operator corresponding to an
orthonormal basis {¢;}. Each antiunitary operator A can be written in the form
A = JU, where U is a unitary operator uniquely determined by A.

Proof Let A be an antiunitary operator. Write U = JA. Since U is a compo-
sition of two antiunitary operators, it is unitary. We now have JU = J?A = A.
If A=JU = JU’ then J?U = J?U'. Therefore U = U’ and U is uniquely
determined by A. O

We conclude from Proposition 1.52 that an antiunitary operator A = JU is a
bijection and that its inverse is A~! = U*J. The inverse A~! is a product of a
unitary operator and an antiunitary operator, therefore antiunitary itself. Together
with our earlier observations, this implies that the set /() U U (H) of all unitary
and antiunitary operators is a group.

For each antiunitary operator A, we write A* = A~!. This notation is reasonable
since, for every ¢, v € H, we have

(plAY) = (Ip|Ay) = (AA p|AY) = (YA ) .
This we can write as
(V1A%) = (Aylg),

which agrees with the usual definition of the adjoint operator (formula (1.22) in
subsection 1.2.2) except for the additional complex conjugation.

1.2.5 Ideal of trace class operators

In the finite-dimensional Hilbert space C?, the trace of an operator T can be
obtained by writing 7" as a matrix in some orthonormal basis and then summing
the diagonal entries of the matrix. This number, denoted by tr[7'], does not depend
on the chosen orthonormal basis, and we thus have

d

w[T]= ) (p;ITg;) (1.36)

j=1

for any orthonormal basis {¢ j};?:l of C¢. As one knows from linear algebra, tr[7']
equals the sum of the eigenvalues of 7', counting multiplicity (in other words, if
an eigenvalue A occurs n times in the spectrum of 7' then it occurs in the sum of
eigenvalues as nA).
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In an infinite-dimensional Hilbert space the trace is still a useful concept but
things are not as straightforward as in C?. We can define the trace in a meaningful
way only in a proper subset of bounded operators. ‘Meaningful’ here means two
things: the trace has to be finite and independent of the chosen orthonormal basis.

Let H be a separable infinite-dimensional Hilbert space and {¢;}Z, an orthonor-
mal basis for H. For any positive operator 7' € L(H), we write

0
w[T]1=) (pITg;). (1.37)
j=1
On the right-hand side we then have a sum of nonnegative numbers. It may hap-
pen that the sum on the right-hand side does not converge. In this case we write
tr[7'] = oo. Now we will show that tr[7T'] does not depend on the orthonormal basis
chosen. Let {1;}2, be another orthonormal basis for 7. Then, using Parseval’s
formula (1.14) twice we get

(Wi Tws) =Y |7 Z (Z |<<ok|T”2wj>|2>
j=1 j=1 =1 \k=1
= le”z P =7
k=1

NER Mg

(0l T i)

k‘
Il

1
Interchanging the order of the sums is allowed since all the terms are nonnegative.
Example 1.53 (Trace of a one-dimensional projection)

Let n € H be a unit vector and P, the corresponding one-dimensional projection,

as defined in Example 1.39. Let us choose an orthonormal basis {¢ j}?il for H such
that ¢; = n. Then

(0, ¢]
Z%IPW] (011 Pyor1) = (p1lo1) =

We conclude that tr[Pn] = 1. A

Exercise 1.54 Let S, T € L(H) be positive operators. Prove the following
properties of the trace:

(@) tr[S+ T) = tr[S]+ tr[TT];
(b) trlaT] = o tr[T] for all « > O;
(¢) r[UTU*] = tr[T] for all unitary operators U.
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[Hint: For (a) and (b) use definition (1.37) directly. For (c), Proposition 1.49 is
useful.]

Let us remind ourselves that in the discussion so far we have considered only
positive operators. In order to extend the trace map to a larger set of operators, we
need the following definition. Recall from Definition 1.36 in subsection 1.2.2 that
|T| = (T*T)"/>.

Definition 1.55 A bounded operator T is a trace class operator if tr[|T|] < oo.
We denote by 7 (H) the set of trace class operators.

If ‘H is infinite dimensional, the set 7 ({) is a proper subset of L(H). For
instance, the identity operator I gives tr[|/|] = tr[/] = oo, so [ is therefore not a
trace class operator. For all trace class operators we have the following result (see

e.g. [121]).
Proposition 1.56 If 7 € 7(H) and {¢ j}?ozl 1s an orthonormal basis for H then
P (@;1T¢;)| < co. The number

0.¢]

w[T]:= ) (91T g;) (1.38)

j=1
is called the trace of T and is independent of which orthonormal basis is chosen.

All the effort we have made may seem superfluous since, in the end, we have
defined the trace of any trace class operator with the same formula as we used
earlier for positive trace class operators. The point is that if an operator T is not
a trace class operator then its trace can be finite in some orthonormal basis but
infinite in another. Hence we need to know that an operator belongs to the trace
class before blindly applying the formula (1.38).

In the following we list some useful facts about trace class operators but do
not provide any proofs. The first piece of information is that the set of trace class
operators 7 (H) is a vector space and the mapping

T t[IT|] = T Il
is a norm on 7 (H). In particular, the triangle inequality
IS+ Tl < ISl + 1T Ml (1.39)

holds for all S,7 € 7 (H). The norm ||-||,, is called the trace norm. A useful
property is that the operator norm is bounded by the trace norm,

1T < [IT |l
forevery T € T (H).
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The set 7 (H) of trace class operators is not only a linear subspace of L(H),
it is an ideal. This means that even though tr[S] is not defined for all bounded
operators S, it is always defined for the products 7S and ST whenever T is a trace
class operator. Moreover,

«[TS] = te[ST]  and ‘tr[TS]‘§||T||tr||S||. (1.40)

There is still more structure to explore. For two trace class operators S, 7', we
write

(T|S)ys == te[T*S] .

This is an inner product on 7 (H) and is called the Hilbert—Schmidt inner product.
The induced norm

I s = (uT°77)"

is called the Hilbert—Schmidt norm and the associated Cauchy—Schwarz inequality
takes the form

‘tr[ST]‘z < [ $*S]u[T*T] . (1.41)

It turns out that the Hilbert—Schmidt inner product makes sense for a larger class
of operators than the trace class operators. The operators satisfying || 7 ||gg < 00
are called Hilbert—Schmidt operators and form a separable Hilbert space. A more
detailed discussion of this class of operators is not needed for our purposes.

Example 1.57 (Orthogonal projections revisited)

In subsection 1.2.3 we defined orthogonality for projections; two projections
P and Q are orthogonal if PQ = O. Has this any connection with orthogonality
in the Hilbert—Schmidt sense?

We saw in Example 1.53 that one-dimensional projections have trace equal to 1.
Therefore, a projection P is a trace class operator if and only if it can be written as
finite sum of orthogonal one-dimensional projections (recall the discussion at the
end of subsection 1.2.3). Let us suppose that two projections P and Q are trace
class; then it makes sense to consider their Hilbert—Schmidt inner product. Clearly,
if PQ = O then (P|Q)ys = tr[ P Q] = 0 and the projections are thus orthogonal
in the Hilbert—Schmidt inner product.

Suppose that (P|Q)ps = 0. It follows that

0=u[PQ]=u[P*Q*| =u[QP?Q].

Since Q P2?Q is a positive operator, we conclude that <¢ | QP2QW) = 0 for every
Y € 'H. This implies that | P Qv || = O for every ¥ € H, hence PQ = O. A
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All the three different norms are easy to calculate for a selfadjoint trace class
operator T if we know its eigenvalues. In this case we have

ITI = max{Psl}s 1T he =2 Psls ITles = [D 151, (1:42)
J J

where {A;} are the eigenvalues of T (including multiplicities). It is now easy to
verify that

ITH < 1T Nas < 1T [l -
This chain of inequalities is true also for a non-selfadjoint trace class operator.

Exercise 1.58 The simple expressions in (1.42) are not true in general. For

instance, if H = C? and
0 O
T —
(V0)

then the only eigenvalue of T is 0. However, T is not the zero operator and therefore
its norm cannot be 0. Calculate || T ||gg-

1.3 Additional useful mathematics

In this section we will go through some miscellaneous topics needed in later
chapters.

1.3.1 Weak operator topology

A separable infinite-dimensional Hilbert space is the closest infinite-dimensional
analogue of C¢. However, the infinite dimensionality makes the treatment a
bit more delicate. The discussion in this section is redundant for a finite-
dimensional Hilbert space. Hence, we will assume here that H is a separable
infinite-dimensional Hilbert space.

The topology in L£(H) determined by the operator norm, defined in (1.18), is
too strong for many purposes. This means, roughly speaking, that not all operator
sequences that we would like to consider as convergent do actually converge. Sev-
eral different topologies appear naturally for £(H). In the perspective of quantum
mechanics, the weak operator topology is usually the most relevant. This topol-
ogy does not come from a norm and the open sets in it are somewhat lengthy
to define. However, here we do not need an explicit description of them; it is
enough for our purposes to specify when a sequence converges in the weak operator
topology.
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Definition 1.59 A sequence {T;} C L(H) converges to a bounded operator T in
the weak operator topology, or weakly, if

lim [(p|Ty) — (p|T;¥)| =0  forevery ¢, ¥ € H. (1.43)
J

One should compare this definition with the fact that a sequence {T;} C L(H)
converges to a bounded operator 7 in the operator norm topology if

lim |7 — 7;| =lim sup [(T —Ty)y| =0. (1.44)
J T llyl=1

Proposition 1.60 If a sequence {7;} C L(H) converges to a bounded operator
T in the operator norm topology then it also converges to T in the weak operator

topology.
Proof Forevery ¢, ¥ € 'H, we get
(eITY) — (I Ty )l = el (T — Ty )l < lell vl ||T —T;| .
Here we have applied (1.20). 0

The converse implication in Proposition 1.60 is not valid. To demonstrate this,
let us write 7} = A’ foreach j = 1,2, ..., where A is the shift operator defined
in Example 1.19. Hence, T acts in the following way:

T;(%o,¢1,...)=1(0,...,0,%,¢,...).

Then lim; 7; = O in the weak operator topology. Indeed, if n € ¢*(N) then on the
one hand

lim [(5|Tj¢)l = lim
J—>00 J—> 00

0
Z Mt Sk
k=0

On the other hand we have H T;¢ H = ||¢|, and this implies that the sequence {7}
cannot converge to O in the operator norm topology. It follows from Proposition
1.60 that {7';} does not converge in the operator norm topology, as the only option
would be that {T';} converges to O.

We conclude that the operator norm topology and the weak operator topology
are different, and thus one has to specify the topology when the convergence of
operators is discussed. If not otherwise stated, we will understand all formulas in
the weak sense, i.e. if a sequence or a sum is said to converge then it converges with
respect to the weak operator topology. In practice this means that strange-looking
operator formulas like

o0
< 2 1i 2=0.
_Mﬂﬁ$g}m

=J

bO =9 ()
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should be interpreted as
(@bOY) =(plo ) ¥) Yo, ¥ eH.

The rule of thumb is: an operator formula need to be ‘sandwiched’ between vectors
if its meaning is otherwise unclear.

1.3.2 Dirac notation and rank-1 operators

In subsection 1.2.3 we defined the one-dimensional projection P, for each unit
vector n € ‘H. In the so-called Dirac notation this projection is written as

Py =n)(nl.
Generally, if n, ¢ € 'H, we define a linear mapping |n)(¢| on H by
(@l ¥ = (l¥)n. (1.45)

Using the Cauchy—Schwarz inequality we get

[ty | = @) n| = Il 11wl < Il i@ 1w

showing that |n)(¢| is a bounded operator. If n and ¢ are nonzero vectors then the
range of |n)(¢| is the one-dimensional subspace Cn = {cn | ¢ € C} and |n) (@] is
called a rank-1 operator.

A moment’s thought shows that |n) (¢| behaves as a ‘rearranged’ inner product.
For instance, the following rules apply for every ¢ € C and n, ¢ € H:

cln (@l = len)(@l = [n){col,
(Im (@D = 1) (nl.

From these equations we conclude that |n)(¢| is selfadjoint if and only if ¢ = rp
for some r € R. Therefore, a selfadjoint rank-1 operator is of the form r P, for
some r € R and a unit vector n € H.

It is also straightforward to verify that the product of two rank-1 operators |1) (@]
and |§) (| is given by the formula

[m{(@11E) (W] = (DIE)m (Y] (1.46)

Sometimes even a single vector 1 is written in the form |n). With this convention,
(1.45) and (1.46) become simply reordering rules for the vectors. Moreover, (¢| is
taken to denote the linear functional

U= (oY) .

Again, this is consistent with the other definitions. In his famous textbook The
Principles of Quantum Mechanics [54], Dirac gave attractive and intuitive names
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to his notation. He called an inner product (n|¢) a bracket. Since we can decompose
it as a ‘product’ of (n| and |¢), Dirac called (n| a bra vector and |¢) a ket vector.

The convenience of Dirac’s notation starts to become clear in the following
formulas, which we will find useful later.

Example 1.61 It is sometimes convenient to write the identity operator / on H as
a sum:

d
I=> 1o e, (1.47)
k=1

where {gak}ﬁ:l is an orthonormal basis for H. If H is infinite dimensional then this
type of expression should be understood in the weak sense (see subsection 1.3.1).
Hence it is then just a shorthand notation for the following formula, true for all

Vv, €H,

d

(W1E) =D (Wlen) (grlé) . (1.48)

k=1
This formula follows by writing the basis expansion of £ in the basis {(pk}izl. A

Exercise 1.62 Sometimes a formula is easier to derive by first passing to Dirac
notation. Let P, and P, be two one-dimensional projections. Show that

P,PyP, =tt[ P, Py] P,.
(Hint: As we have already hinted, write the projections in Dirac notation.)

Positive rank-1 operators are the smallest among all positive operators in the
sense that a positive operator below a positive rank-1 operator has to be a rank-1
operator itself. The following simple result is sometimes useful.

Proposition 1.63 Let R be a positive rank-1 operator and 7" a positive operator. If
T < R,then T = ¢tR for some number 0 <t < 1.

Proof If R = O, the claim is trivial. Hence, assume that R # O. We can write R
in the form R = r|n)(n| for some number r > 0 and unit vectorn € H.If T < R
then 7" < r|n)(n|. From Proposition 1.46 follows that

T =TIn)(nl = mnlT. (1.49)

First, note that Tn = (n|Tn)n. Inserting this into (1.49) shows that T =
(n|Tn) |n)(n|. Since (n|Tn) < (n|Rn) = r, we conclude that 7 = ¢t R for some
number 0 <t < 1. ]
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Sometimes it may be convenient to use even more compressed Dirac notation.
We can denote the vectors of a fixed orthonormal basis by kets with numeri-
cal labels. Hence, |[n), n = 1,...,d, can denote an orthonormal basis for a
d-dimensional Hilbert space.

Example 1.64 (Existence of an orthogonal unitary basis)

If H = C¢ then the dimension of the inner product space 7 (H) is d>. It is some-
times useful to choose an orthogonal basis for 7 (H) consisting of unitary operators
only. To demonstrate that this kind of basis exists, fix an orthonormal basis |/},
[=0,...,d— 1, for C?. We then define d? operators

d—1
Ups =Y e 10, r)l,
1=0
wherer,s =0, ...,d — 1 and &, denotes the difference modulo d. We have

d—1
tr[U;ksUr’s’] — Z 2w (si—s'l"y/d tr[|l> (l =y r|l/ Oy r/> (l/|]
’'=0
d—

Z eI Sy 1|l ©q 1) = dby By
=0

Here we have used the fact that for s # s’ the geometric sum formula gives

d—1

(o]
Zeizn(s—s/)l/d _ 1 — 276 —0
T 1 — ei2n(s—s/d T
1=0
and for s = s’ we have
d—1 d—1
Zeﬂn(s—s’)l/d — Zl —d

Thus, the operators U,; form an orthogonal basis of 7 (H). It is straightforward
to verify that U,,U}, = U U, = I, hence each U, is unitary. Notice that
Uy = 1. A

1.3.3 Spectral and singular-value decompositions

An operator T is called normal if T*T = TT?*. In particular, all selfadjoint and
unitary operators are normal. Normal operators have a very useful description via
the spectral decomposition theorem.
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Consider complex numbers A, ..., A; and an orthogonal set of unit vectors
¢1, ..., @r. The operator

T = Ao @i + -+ Axlor) (@l

is normal and the absolute value |T'| of T is given by

IT| = |All@r) (@il + -+ | Allor) (@r] -

From this we conclude that T is a trace class operator and || 7|, = 215:1 A1
More generally, if A1, A,, ... 1s a sequence of complex numbers and ¢;, @, ...
1s an orthonormal set of vectors then the sum

T =Y 2le)g;l
J

defines a normal trace class operator, provided that > i lxjl < oo.

Theorem 1.65 (Spectral decomposition)
Let T be a normal trace class operator. There exists a sequence {A;} of complex
numbers and an orthonormal basis {¢;} such that

T =Y 2ile)e;l. (1.50)
J

If an operator 7 is normal but not trace class, it still has a spectral decompo-
sition. But, instead of a finite or infinite sum, one may have to write its spectral
decomposition as an integral. We will not discuss this topic further, owing to its
more involved technicalities.

Nonnormal trace class operators look almost the same as normal trace class
operators. To give a warm-up example, let A, ..., Ay be complex numbers and
let {g; ’J‘.:l, {p; ’]‘.:1 be two orthonormal sets. The operator

k
T =) ilg)e)l
j=l1

is trace class. Writing A; = r;e'%, we get
k k
T =Y rie%lp) (gl = ) _rilgi) el
j=1 j=1

where {goj.} 1s another orthonormal set. Thus, by slightly modifying the orthonormal
set we can pass from complex numbers A ; to positive real numbers 7 ;.

Let us now consider an arbitrary trace class operator 7. The absolute value |T|
of T is a positive trace class operator. The eigenvalues of |T|, counted with their
multiplicity, are called the singular values of T. We denote them by s;(7"). From
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their definition it follows that s;(7") > O (since |T'| is positive) and | I, (T) < o©
(since |T'| is trace class).

Theorem 1.66 (Singular-value decomposition)
Let T be a trace class operator. There exist orthonormal sets {¢;} and {¢;} in H
such that

T =Y si(Tle) @l (1.51)
J

All trace class operators are special cases of compact operators. In mathematics
books, Theorems 1.65 and 1.66 are typically developed in a more general form and
proved for all compact operators.

1.3.4 Linear functionals and dual spaces

A linear mapping f from a complex vector space V into the field of complex
numbers is called a linear functional. If V is a normed space then we denote by
V* the set of all continuous linear functionals. It is called the dual space of V. The
dual space V* is a vector space itself when the linear structure is defined pointwise,
ie. (fi +cfr)(v) = fi(v) 4+ cf>(v) forall v € V and ¢ € C. We can also define a
norm on V* by setting
|1l = sup | £ ().
lvll=1

In this way, the dual space V* becomes a normed space.

Continuous linear functionals arise in many situations, and it is convenient to
characterize the various dual spaces. Let us first investigate the dual spaces of
Hilbert spaces. Let H be a Hilbert space. Each vector ¢ € H defines a linear
functional f4 on H by the formula

Jo(¥) = (oY) .

An application of the Cauchy—Schwarz inequality shows that f, is continuous,
hence an element of the dual space H*. The content of the following theorem is
that all continuous linear functionals on H have this form.

Theorem 1.67 (Fréchet—Riesz theorem)
Let f € H*. There exists a unique vector ¢ € H such that f = f;. Moreover,

| f5] = lloll.

The name of the previous theorem varies between mathematics books: it is some-
times called the Riesz lemma or the Riesz representation theorem. Notice that if
a vector ¢ € H corresponds to fy then the scalar multiple c¢ corresponds to
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fe¢ = c fy. For this reason, the one-to-one correspondence ¢ <> fy 1s not linear
but conjugate linear.

Let us then investigate the dual space 7 (H)* of trace class operators. Suppose
for a moment that H is a finite-dimensional Hilbert space and 7 (H) is hence a
finite-dimensional normed space. By fixing an orthonormal basis in H we can
identify H with C? and 7 (H) with the set of d x d complex matrices M,(C).
We denote by HU'® e M,(C) the matrix having (j, k)th entry equal to 1 and all
other entries equal to 0. Let f be a linear functional on M;(C). We define a matrix
S = [s,x] by setting s = f(H*7). For any matrix T = [t;;] € M,(C), we then
obtain

d d d
FO = f Y il | = )t f(HIO) = ) sy = ulST] .

J.k=1 j.k=1 j.k=1

We conclude that all linear functionals on M,(C) can be represented by matri-
ces through the above trace formula. This is consistent with Theorem 1.67
since we can equip M (C) with the Hilbert—-Schmidt inner product and then
tw[ST] = (5% |T )s.

Let us then assume that H is a separable infinite-dimensional Hilbert space. As
we saw in subsection 1.2.5, the set 7 (H) of trace class operators is a vector space
and the trace norm makes it a normed space. For each bounded operator S € L(H),
we define a linear functional fs on 7 (H) by the formula

fs(T) = u[ST] . (1.52)

The crucial thing here is that 7 (H) is an ideal in L(H), therefore ST is a trace
class operator. Using (1.40) we see that fg is continuous and thus fs € 7 (H)".
Notice also that

fS1 + sz — fS1+52

for two bounded operators Sy, S, € L(H).

Each bounded operator S determines a vector fs in the dual space 7 (H)* of
7T (H), and the converse is true also. Namely, each continuous linear functional on
T (H) is of the form fs for some S € L(H). For a proof of the following result,
see e.g. [46].

Theorem 1.68 The mapping S — f is a linear bijection from L(H) to 7 (H)*,
and ||S|| = || fs|| for every S € L(H).

In other words, Theorem 1.68 states that the dual space 7 (H)* of 7 (H) can
be identified with £(H) and the identification is given by formula (1.52). Some
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additional features make this identification even more useful. In the following we
list two.

Proposition 1.69 Let S € L(H) and fs be as in (1.52). Then:

(a) S > O ifand only if fs(T) > 0 whenever T > O;
(b) § = S*if and only if f5(T) € R whenever T = T*.

Generally, a linear functional f defined on L£(H) or some of its subset is called
positive if f(T) > 0 whenever T > O. Item (a) therefore states that fg is positive
if and only if § is positive.

Exercise 1.70 Prove one half of Proposition 1.69, i.e. that if fg is positive then S
in positive. [Hint: Calculate fs(Py ) for one-dimensional projections Py, and recall
that projections are positive.]

IfdimH =d < oothen L(H) = 7 (H) = M;(C) and our previous discussion
on 7 (H)* applies equally well to £(H)*. This is no longer true if H is infinite
dimensional. The following useful result is proved in [51].

Theorem 1.71 For a positive linear functional f on L;(H), the following condi-
tions are equivalent:

(i) fisnormal, i.e.for each norm-bounded increasing sequence {7;}72, C L(H)
with limit 7', the sequence { f (TJ-)}?;1 converges to f (7).

(i1) There exists a positive trace class operator S such that f(7) = tr[ST] for all
T € L(H).

1.3.5 Tensor product

Forming the tensor product is a way to create a new Hilbert space out of two (or
more) Hilbert spaces. Several different constructions lead to the same thing, and
for everyday calculations it is not necessary to remember all the details, just some
simple computational rules. First, therefore we will describe tensor product spaces
in an informal way before sketching a precise construction.

Let H and C be two finite-dimensional inner product spaces. We can form a new
inner product space H ® /C, called the tensor product of 'H and /C, in the following
way. The elements of H ® /K are expressions of the form

Z’J’j@fj» (1.53)
j=1

where ¥; € H, ¢; € K and n € N. The quantity ¥ ® ¢ is assumed to be linear with
respect to both arguments, so that we have
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cCY R =(YV)R =Y (),
W+ Q=91 QC+v2Q®¢,
VR +)=vRH+Y R,

for every ¥ri, ¥, ¥ € 'H, &1, &, ¢ € K and ¢ € C. The addition of two elements is
defined in a natural way:

Zlﬁj(@{j-l- Z Wj@szzwj(g{j-
j=1 Jj=1

j=n+1

Finally, an inner product on H ® K is defined by
(V1 ® &1y ® §2) = (Yl2) (£1182) (1.54)

and then extending by linearity to all elements. In this way, H ® K becomes an
inner product space. If {¢;} is an orthonormal basis for H and {¢;} an orthonormal
basis for K then {¢; ® ¢;} is an orthonormal basis for H ® K. In particular, the
dimension of H ® K is the product of the dimensions of H and K.

In the same way as for vectors, two operators S € L(H) and T € L(K) deter-
mine an operator S ® T acting in the tensor product space H ® K. If ¥ € H and
¢ € K then

ST YR =Sy QT¢.
This action can then be extended to all vectors in H ® /C by linearity.

Exercise 1.72 Let H be a finite-dimensional Hilbert space with an orthonormal
basis {¢;}9_,. Let us fix the orthonormal basis {¢; ® ¢} ,_, for the tensor product
space 'H ® H. The ordering of the basis vectors is taken to be ¢; @ ¢, 1 R ¢@a, ...,
@1, ... 1f Sand T are two operators in H and their matrices in the basis {¢; ?:1
are [s] and [¢], respectively, then we claim that the d*> x d* matrix corresponding
toSQ®T is

[ sile] siple] ... sialf] ]
so1le] saolt] ... saqalt]
| osarlt]l salfl ... saaltf]

Verify this claim!

If ‘H and C are two Hilbert spaces (not necessarily finite dimensional) then the
above construction still leads to an inner product space. However, if ‘H and K are
not both finite dimensional, we need to take the completion of this inner product
space to obtain a Hilbert space. This Hilbert space is then the tensor product space
and denoted by H ® K. In this case not all vectors in H ® K are finite sums of the
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form (1.53). However, every vector in H ® K can be approximated arbitrarily well
with vectors of the form (1.53).

Let us then take a brief look at an explicit construction of a tensor product space.
This is required when one needs to prove something concerning the structure of
the tensor product space. Let H and K be two Hilbert spaces. For each ¢ € ‘H and
¢ € K, we define a mapping ¥ ® ¢ from H x K to C by the formula

v ®5(p,8) = (plY)EIL) .

The set V of all finite linear combinations of such mappings is a linear space, and
it becomes an inner product space when we make the definition

(U1 @ &1lY2 ® £2) = (Yni[¥2)(81182) (1.55)

and extend this by linearity to all elements in ). The tensor product of H ® I is
the completion of V under the inner product (1.55). For more details see e.g. [121].
There are also other ways to construct H ® K. One possibility is to use bounded
antilinear mappings; see e.g. [60].

Exercise 1.73 In many cases a tensor product space can be given a concrete
equivalent form. In subsection 1.1.1 we encountered two Hilbert spaces, C? and
£2(N). Their tensor product space £?(N) ® C¥ is isomorphic with £2(N; C¢). This
latter space is quite like ¢£2(N) but its elements are functions f : N — C? sat-
isfying >, I f (k)||* < oo (recall the end of subsection 1.1.3). Choose the usual
orthonormal bases for ¢>(N) and C¢ and hence obtain an orthonormal basis for
¢*>(N) ® C?. Then find an orthonormal basis for £?(N; C?) and an isomorphism
U:*(N) ® C! - ¢2(N; C? mapping the orthonormal basis of £2(N) ® C¢ into
the orthonormal basis of £2(N; C%).
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States and effects

One of the main purposes of a physical theory is to describe and predict events
observed in physical experiments. In this chapter we introduce the key physi-
cal concepts used in the description of quantum experiments and present their
mathematical formalization as Hilbert space operators.

2.1 Duality of states and effects

Fundamental in quantum theory is the concept of a state, which is usually under-
stood as a description of an ensemble of similarly prepared systems. An effect, on
the other hand, is a measurement apparatus that produces either ‘yes’ or ‘no’ as an
outcome. The concept of an effect was coined by Ludwig [96] and made popular
by Kraus [89]. The duality of states and effects means, essentially, that when a state
and an effect are specified we can calculate a probability distribution. This can be
compared with the outcomes of real experiments, and it gives a physical meaning
to the mathematical Hilbert space machinery.

2.1.1 Basic statistical framework

A basic situation in physics is the following: we have an object system under inves-
tigation, and we are trying to learn something about it by doing an experiment. As
a result, a measurement outcome is registered. A statistical theory, such as quan-
tum theory, does not in general predict which individual outcomes will occur in
any particular measurement; it merely predicts their probabilities of occurrence.
Hence, we take the output of an experiment (which consists of many measurement
runs) to be a probability distribution on a set 2 of the possible measurement out-
comes. In order to verify these probabilistic predictions, an experiment should thus
be understood as an action which is (or can be) repeated in similar conditions many
times.

45
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Example 2.1 (Polarizer)

Let us imagine a simple optical experiment in which photons emitted from a light
source are directed towards a piece of material called a polarizer (see Figure 2.1).
We expect that the polarizer, like any other object, will absorb and thus filter
out some incoming photons. However, it possesses a special feature. By set-
ting two identical polarizers in a sequence one can achieve any filtering rate,
depending on their mutual orientation. The point is that the polarizers filter the
photons according to their quantum state of polarization. As a result of an indi-
vidual experimental run we either register a photon passage or not. However, we
cannot predict the behavior of an individual photon. What we observe in this
experiment is that the ratio of the outgoing and incoming light intensities (the
numbers of photons) depends on the adjustment of the polarizer and on the light
source. This fraction is predicted by quantum theory. We denote by N,, N; the
number of passing and incoming photons, respectively. Then the ratio N,/N;
is an approximation to the probability that an incoming photon will pass the
polarizer. A

Commonly, it is useful to divide an experiment into preparation and measure-
ment phases. In a given experiment the division may be quite arbitrary, but this
does not matter. We simply assume that there is a collection of possible prepa-
rations and a collection of possible measurements and that any preparation and
any measurement can be combined to form an experiment leading to a probability
distribution of measurement outcomes. Therefore, the preparations specify prob-
ability distributions for every possible measurement on the system. Alternatively,
any fixed measurement will specify a probability distribution for every preparation.
This short explanation of what we call the basic statistical framework 1s depicted
in Figure 2.2. We will now introduce some further terminology and add some
essential assumptions.

Figure 2.1 A polarizer filters incoming photons according to their polarization.
We cannot predict the behavior of an individual photon, but we can predict the
ratio of passing and incoming photons for an ensemble of similarly prepared
photons.
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EXPERIMENT

ot

PREPARATION MEASUREMENT

Figure 2.2 Basic statistical framework. An experiment is divided into preparation
and measurement. The output of an experiment is a probability distribution of
measurement outcomes.

Example 2.2 (Polarizing beamsplitter)

How can we divide the simple polarization experiment described in Example 2.1
into preparation and measurement parts? Naturally, the light source is a preparation
device and the remaining part of the setup is the measurement part, leading to the
observation of one of two outcomes: a photon is either detected or not. Let us stress
that we are assuming implicitly an important property of the light source. For the
statistics of any experiment it is important that we are able to calculate the total
number of individual runs. This is achieved if we have evidence of each individ-
ual run of the experiment. However, in practice it can happen that a light source
emits photons but we do not know when this will occur. In such cases the evidence
must be provided by the observation of an outcome in the measurement part of
the experiment. This issue is serious only if such an ‘evidence-free’ preparation is
combined with a measurement in which one outcome is identified as the absence
of the observation of any other outcome. The ‘no count’ event on a photodetec-
tor placed in the beam is an example of such outcome. If the photon source is
evidence-free, the simple polarization experiment described in Example 2.1 can-
not be accommodated within the basic statistical framework unless we are able to
detect the absorption of photons inside the polarizer.

There exists a simple solution for evidence-free photon sources also. A polariz-
ing beamsplitter is a special polarization sensitive device which splits an incoming
beam of light into two beams, depending on the polarization properties of the
photons (see Figure 2.3). Its action is very similar to that of a polarizer, but for
our purposes its importance is that no photon is lost. Those photons that would be
absorbed inside a polarizer are instead transmitted along a different optical path and
hence can be detected by an additional photodetector. Using such an experimental
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Figure 2.3 A polarizing beamsplitter splits an incoming beam of light into two
beams with different (mutually orthogonal) polarizations.

setup the detection of a photon by either detector provides us with evidence of the
successful preparation of the photon. The photon source can be considered as con-
stituting the preparation procedure and the polarizing beamsplitter and detectors
represent the measurement part of the experiment. A

Two preparation procedures can be superficially quite different and yet lead to
the same probability distribution in any chosen measurement. If this is the case,
we say that the two preparations are equivalent. We define a state of the system to
be a collection of equivalent preparation procedures. We denote by S the set of all
such states. Quite often it is easier to think of a state as describing an ensemble of
similarly prepared systems, as already mentioned, and this should not cause any
confusion.

An elementary event in any physical experiment is of the form

‘The recorded measurement outcome is x.’
or slightly more generally
‘The recorded measurement outcome belongs to a subset X C €2.

Here, by ‘elementary’ we mean that this type of claim can be evaluated by two
options ‘yes’ or ‘no’. One can collect all the elementary events observed in various
experiments that occur with the same probability for all states; this collection of
equivalent events is called an effect. In other words, an effect determines a function
o — E(p) from the set of states § into the interval [0, 1]. We identify effects with
this kind of function, and we agree that the number E(p) is the probability of a
‘yes’ answer.

Example 2.3 (Identity and zero effects)
The identity effect I assigns a probability 1 for every state p. It is hence a con-
stant mapping I (¢) = 1. Physically it corresponds to a measurement with a single
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outcome that will always be registered. Analogously, the zero effect O assigns a
probability O for every state p. It corresponds to an event that never happens. A

Suppose that we perform an experiment in which the measurement is fixed but
we alternate randomly between two different preparation procedures (states), so
that they occur with probabilities A and 1 — A. This mixing gives us a new prepa-
ration procedure. As a result we have a way to combine two states into a third.
Namely, for states o, 02 and a number 0 < A < 1, there exists a state, denoted by
r01 + (1 — A)o,, which is a mixture of o; and o, with weights A and 1 — A. Any
measurement performed on this new state Ag; + (1 — A)g, should give results that
are consistent with the results obtained when measuring ¢; and p;.

Consequently, we come to a basic assumption demanding that the statistical cor-
respondence between states and effects is consistent with the mixing property of
states: if 0| and o, are states and 0 < A < 1 then

E(ho1 + (I = 2)02) = AE(01) + (1 = M) E(02) 2.1)

for any effect E. We also make the simplifying assumption that all mappings from
the set of states to the interval [0, 1] satisfying (2.1) are effects. In the end, one has
to test experimentally whether a given effect can be actually realized.

Example 2.4 Consider the detection of photons passing through a horizontally
oriented linear polarizer. Suppose that we are randomly switching between two
different preparation procedures (states), 01 and ;. In the first procedure, photons
emitted from the light source pass through a polarizing beamsplitter and only a hor-
izontally polarized path enters the measurement process. In the second procedure
this beam passes through a quarter-wave plate, changing the linear polarization
into a circular polarization. Hence, randomly (with probability %) the quarter-wave
plate is present in the optical path of the photon. What is the probability that a
photon will be detected?

We denote by E the effect corresponding to a detection event. We know the
detection probabilities for the first and second preparation procedures individ-
ually. In the first case the photon will be detected with certainty, whereas the
detection probability is % if the quarter-wave plate is present. The statistics of the
sub-ensembles of outcomes for the particular preparation procedures must be in
accordance with these probabilities, i.e. E(0;) = 1 and E(0>) = % As an example,
let us consider the experimental record

+Za +17 2 +la 2 +1’ +1’ +2, 2 +2’ +Za +17 +1’ 2 +17 +1’ ceey

where the number denotes the choice of preparation procedure and =+ indicates
whether the photon was detected. Collecting all the outcomes associated with the
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first preparation procedure we find E(o;) = 1 and for the second preparation pro-
cedure we have E(g;) = % For the whole sequence we get E(p) = %. Since both
preparation procedures were chosen with equal probabilities (i.e. A = %), this data
is consistent with the equation E(o) = AE(01) + (1 — A)E(02). A

We can turn things upside down and consider states o to be functions on the set
of effects:

Jo(E) :=E(0). (2.2)

Our definitions imply that two states o; and g, are the same if and only if the
associated functions f,, and f,, coincide. Therefore, we can think the set of states
as a subset of all real-valued functions defined on the set of effects. A convex
combination of two functions f and f’ is defined in the usual way:

A f+A=0fNE) =rf(E)+ (1 =1 f(E).

It follows from the basic assumption (2.1) that the mixture of states defined earlier
agrees with the convex combination of their related functions and hence that the
set of states can be identified with a convex subset of the real vector space of real-
valued functions on effects. The basic assumption (2.1) can be rephrased by saying
that effects are affine mappings.

To summarize, the basic statistical framework consists of two ingredients, states
and effects, assumed to have the following properties:

e the states form a convex set;
e the effects are affine mappings from the set of states to the interval [0, 1].

2.1.2 State space

As noted in the conclusion of the previous subsection, the states of a quantum
system are assumed to form a convex set. Since the basic statistical framework
is very general and covers all kinds of experiment, it is clear that the convex set
corresponding to quantum states must be of some specific type.

There are several equivalent ways of representing mathematically the state space
of a quantum system. In the most common Hilbert space formulation, states are
described by positive trace class operators of trace 1, also called density matrices.
We write

S(H)y:={o€7(H) | o> O,tr[g] =1},
and from now on we identify the set of states with S(H). Let us note that the

set S(H) is not only convex but actually o -convex, which means that if {o;} is a
sequence in S(H) and {A;} is a sequence of positive numbers summing to 1 then
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the sum ) ;A ;0; converges in 7 (H) with respect to the trace norm and the limit
belongs to S(H).

The dimension of the Hilbert space H is a specific property of the quantum
system under consideration. As two Hilbert spaces with the same dimension are
isomorphic, the dimension is, from the mathematical point of view, the only char-
acteristic feature of the state space of the system. As we will see later, in Chapter 3,
the dimension represents the maximal number of perfectly distinguishable states in
a single experimental run.

An example of a state is a one-dimensional projection. Indeed, we saw in Sec-
tion 1.2 that one-dimensional projections are positive and have trace 1. Also, recall
that any one-dimensional projection is of the form P, for some unit vector ¢ € H.
In Dirac notation we write P, = |¢)(¢|. Sometimes even a unit vector ¢ € H is
called a state, and then one 1s actually referring to P,. We use the term vector state
(or state vector) in this kind of context. Remember, however, that two different unit
vectors ¢ and ¢ define the same one-dimensional projection if ¢ and i differ by
only a constant factor.

By forming convex combinations of one-dimensional projections we get more
states. Actually, a basic fact about S(H) is that all elements in this set are
(either finite or infinite) convex combinations of one-dimensional projections.
The following theorem is a direct consequence of the spectral decomposition,
Theorem 1.65.

Theorem 2.5 A state o € S(H) has a canonical convex decomposition of the form

0= AP, (2.3)
J

where {A;} is a finite or infinite sequence of (not necessarily different) posi-
tive numbers summing to 1 and {P;} is a sequence of associated orthogonal
one-dimensional projections, i.e. P; P, = §; P;.

The word ‘canonical’ refers to the property that the projections { P;} are orthogo-
nal. However, a state ¢ can have several different canonical convex decompositions.
There is a unique canonical convex decomposition if and only if all the numbers
A; are different. Let us stress that in a canonical decomposition we assume that

A #0.

Example 2.6 (Kernel and support of a state)

Many mathematical properties of a state o can be read from its canonical convex
decomposition (2.3). For a vector ¢ € 'H, the condition oy = 0 implies that
(Yloy) = 0. This requires that, for every j, (¢|PJ-¢) = 0, which we can also
write as (¥ |()_ i P;)Y¥r) = 0. Using Proposition 1.35 we conclude that
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¥ € ker(o)  if and only if (Z | P,-) v =0. (2.4)
J

The sum ) ; Pj 1s a projection (since the P; are orthogonal). Therefore, on the
one hand each ¢ € H can be written in the form ¢ = @y+¢1, where (D i Pi)eo=0
and (O i P;)¢1 = @1 (see Proposition 1.40). From (2.4) we see that ¢y € ker(p).
On the other hand, for every ¥ € ker(p) we get (¢;|¢¥) = 0, hence ¢; € supp(o).
We thus conclude that

¢ € supp(o)  if and only if (Z, Pj) 0=0. (2.5)

We also see that the rank of ¢ is the number of one-dimensional projections P;.
It is worth noticing that the kernel and support of ¢ do not depend on its
eigenvalues A ;, but only on the sum of the projections P;. A

Let us recall some general terminology related to convex sets. An element o is
called extremal if it cannot be written as a proper convex combination of some
other elements. As a mathematical condition, extremality means that if o = A0; +
(1 — A)o, for some number 0 < A < 1 then this implies that o = 0, = p. Convex
decompositions with g; = g, are called trivial.

Exercise 2.7 Prove the following: if an element o can be written as a convex com-
bination o = A101+- - - +X,0, of n elements then it can also be written as a convex
combination of two elements o = Ag; + (1 —A)0,. Conclude that to decide whether
an element p is extremal, it is enough to consider convex decompositions into two
elements. [Hint: ¢ = Aj01 + (1 — A1) (A202/(1 — Ap) + -+ + X0,/ (1 — A1) ]

An element that is not extremal has uncountably many (nontrivial) convex
decompositions. Namely, suppose that o = Ao; + (1 — A)o, forsome 0 < A < 1
and o; # 0. Then we can define Q;L = po; + (1 — w)o, for any number p
satisfying A < u < 1 and write

A A
o=—0,t(1—-—)o
Z Z

This is a nontrivial convex decomposition, as ¢;, # ©2. Since u can be any num-
ber from the interval (A, 1), the element o has uncountably many different convex
decompositions.

Exercise 2.8 Prove the following: if an element o is not extremal then there are
elements o; # p, such that o = %Ql + %Qz.

Example 2.9 (Extremal probability distributions)

Let us consider the set of probability distributions on a finite set {1, ..., n}, i.e.
vectors p = (p1, ..., pn) € R" such that p; > 0 and Zj pj = 1. It is straight-
forward to see that this set is convex, meaning that Ap; + (1 — A)p» is a valid
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probability distribution if A € [0, 1] and p,, p, are probability distributions. What
are the extremal elements? Any probability vector p can be written as

p=> pid;. (2.6)
J

where 8;- is the probability vector with vanishing entries except the jth, which is
equal to 1. Obviously (2.6) is a convex decomposition of the vector p. The decom-
position is trivial only if p is equal to 5 j for some j. One can directly verify the
defining property of the extremal elements and so conclude that the 5 ; are the only
extremal elements of the convex set of probability distributions. Thus, the number
of extremal points equals the dimension (the number of entries) of the probabil-
ity vectors. Moreover, let us note that, since the extremal elements {5 j} form a
basis of the real vector space R", the decomposition of p into extremal elements is
unique. A

The convex structure of S(H) leads to the following twofold classification.

Definition 2.10 An extremal element of the convex set S(H) is called a pure state.
Any other element of S(H) is called a mixed state.

As a preparation for the following mathematical characterization of pure states,
we make a short observation. If ¢ is a state then the operator o2 is a positive
trace class operator, and tr[gz] > (. By definition, states satisfy the normalization
tr[Q] = 1. This leads to a bound for the trace of p%. Namely, using the inequalities
presented in subsection 1.2.5 we get

o] < lelitrfe] = lloll < ufo] =1.

We conclude that to each state ¢ we can assign a number 0 < tr[o?] < 1. The
following proposition utilizes this number for a purity criterion and also identifies
one-dimensional projections as the only pure states.

Proposition 2.11 Let o € S(H). The following conditions are equivalent:

(1) o is a pure state;
(i1) o i1s a one-dimensional projection;
(iii) t[o?] =1.
Proof We prove the proposition by showing that (i)=(ii)=(iii)=().

Suppose that p is a pure state. Then its canonical decomposition (2.3) can contain
only one term, A; P;. Since tr[g] = 1 it follows that A; = 1 and hence that o = P;.
Thus (1) implies (i1).

Let us now assume that (ii) holds. A projection satisfies 0> = . Therefore
tr[o?] = trfeo] = 1. Thus (iii) follows.
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Finally, we assume that (ii1) holds. Let us write o in the form o = Ao;+(1—X)0;
for some 0 < A < 1. We want to prove that this is necessarily a trivial convex
decomposition, i.e. 0; = ;. We obtain

1 =tr[o’] = 2% tu[o7] + (1 — M) t[03] + 21(1 — 1) tr[o102]
<24 (1=2)>+2x(1 = Wtfor02]l < 1.

In the last inequality we used the Cauchy-Schwarz inequality |tr[Q1Q2]| <

\/ tr[gﬂ\/ tr[g%]. Since 1 is the first and also the last number, we must have

|tr[Q 1Q2] | = 1, which implies the saturation of the Cauchy—Schwarz inequality.
Consequently, o; = co; for some complex number c. As tr[gl] = tr[gz] =1we
have ¢ = 1 and therefore oy = ;. In conclusion, if tI‘[QZ] = 1 then the state o
admits only trivial convex decompositions, which means that it is pure. 0

The distinction between pure and mixed states is based respective on the nonex-
istence or existence of a nontrivial convex decomposition. Is it possible to make a
finer classification of states?

Item (ii1) in Proposition 2.11 provides us with a function on the state space
that has the value 1 if and only if the state is pure, thus enabling us to decide
on the mentioned binary question: extremal versus mixed. However, this function
is not constant for mixed states, which indicates that it could be used to quantify
mixedness. We need to take a closer look at its mathematical properties.

Definition 2.12 The purity P(o) of a state o is defined as
Plo) :=ulo’] =) 3],
J

where the A ; are the eigenvalues of ¢ (including multiplicities).
Proposition 2.13 The purity P satisfies the following properties.

(a) P isaconvex map: P(Ao; + (1 — X)o2) < AP(01) + (1 — A)P(02).
(b) P is invariant under unitary conjugation: P(UoU*) = P(o).
(¢) P(o) = 1if and only if o is a pure state.

Proof (a): We prove the claim by showing that the difference
A= AP+ U =MP(e2) =Pl + U —21)e2)
1s positive. A direct calculation gives

A= —ufoi] + (1 —21) — A — 1) ufes] — 241 — Mtr[ei0s]
= 1(1 = Mtfo] + 03 — 0102 — @201] = M1 — Ve[ (01 — 02)*] -

Since 0 < A < 1 and (0; — Qz)z > O it follows that A is positive, thus P is convex.
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(b): If o is a state and U is a unitary operator, we get
PUoU*) = tt[UgU*UpU*]| = tr[gz] =P(o).
(c): This is proved in Proposition 2.11. (]

These properties, especially convexity, reflect the heuristic expectations that any
measure of mixedness should satisfy. In particular, we expect that a mixture of
states cannot be less mixed (or more pure) than any of its constituents. Indeed,
from convexity it follows that

Por + (1 — A)o2) < max{P(01), P(02)}.

Similarly, since there is no preferred orthonormal basis in the Hilbert space, a
change of basis cannot affect the quality of mixedness; thus it is perfectly reason-
able that U pU™ and g are equally mixed. (This unitary freedom is further discussed
in section 2.3.)

Exercise 2.14 Show that the purity P (o) of a state o can be increased if it is mixed
with another, appropriate, state. In particular, find 01, 02 € S(H) and A € [0, 1]
such that

Pro1 + (1 —X1)o2) > min{P(01), P(02)}.

[Hint: Pure states are not the best try. If you need more help, wait for
Example 2.28.]

In Example 2.9 we saw that the convex set of probability distributions on a finite
set contains a finite number of extremal elements and, moreover, that each probabil-
ity distribution can be expressed as a unique convex combination of these extremal
elements. The following example presents a different convex set (an n-dimensional
sphere) with uncountably many extremal elements and with the property that every
mixed element has a convex decomposition into two extremal elements.

Example 2.15 (Extremal elements of the sphere)
Let n > 2. We want to demonstrate that an element x is an extremal point of the
sphere

Sl ={x eR": x| <1}

if and only if ||x|| = 1 and that any (nonextremal) element x € S"~! can be written
as a convex combination of two extremal points.

We will prove something slightly more general. Consider the unit sphere (i.e.
the set of vectors x satisfying ||x|| < 1) in an inner product space V. First we will
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show that the unit norm elements (i.e. those with ||x|| = 1) are extremal points of
this sphere. Assume that x = %(xl + x;). The triangle inequality implies that

L= lxll = 3llxr 4+ 220l < 5Uxll + llxl) < 1. 2.7)

The last inequality is saturated if and only if ||x;|| = ||x2|| = 1. In order to prove
that x; = x, = x we use the parallelogram law for the points %xl and %xz. We
obtain

1 2 1 2 1 2 2y .
gllxer = xll” + 211G +x) 017 = X ™ + llx201%)

hence ||x; — x»|| = 0 and therefore x| = x,.

In order to prove that the boundary points are the only extremal points we will
show that an arbitrary point can be expressed as a convex combination of two points
on the boundary. Consider x # 0 and define x; = x/ ||x|| and x; = —x/ ||x||. These
points belong to the boundary, hence they are extremal. We have

x =514 llxlDx 4+ 51 = llxl)xz,

which is a nontrivial convex decomposition if ||x|| < 1.

Let us note that the last argument is valid in an arbitrary normed space (and
also when the norm is not induced by an inner product). However, the converse
is not necessarily true unless the normed space is actually an inner product space.
Consider for example the norm in the vector space R" given by the maximal com-
ponent, i.e. |[x| = max; |x;|. This norm is not generated by an inner product,
hence the parallelogram law does not hold. The unit sphere in this norm forms a
cube in R" and the extremal points of the cube are exactly its corners. The other
unit vectors are not extremal. A

It is now time to get back to the convex set of quantum states and analyze the
properties of their convex decompositions. Now that we have identified the pure-
states, we can study the decomposability of mixed states into pure states. How
many pure-state decompositions does a given mixed state have? And what is the
minimal number of pure states in such a decomposition?

A mixed state o has a canonical decomposition (2.3) into a convex mixture of
orthogonal pure states. The number of pure states equals the number of nonzero
eigenvalues (including their multiplicities), which equals the rank r of the operator
o. In fact, this is the minimal number of pure states that one needs for any pure-
state decomposition of p. This follows from the facts that pure states are rank-1
operators and that the rank of a sum of operators is at most the sum of the individual
ranks.

To illustrate the richness of the convex decompositions of a mixed state into pure
states we describe a method presented by Cassinelli et al. [39]. Let o € S(H) be
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a mixed state. Choose an orthonormal basis {(p i¥5_, for H (here either d < oo or
d = 00). For each j, define A; (ga ilop J> These numbers are nonnegative and
they satisfy the identity

d d
py Z vilop;) =tle] =1.
j=1 =1

For each j such that A; # 0, we write

¢ =1 "0 p;. 2.8)
The vectors ¢; are unit vectors and
0= Ao}l (2.9)
J

where the sum contains those terms with A; # 0. Indeed, for any v € 'H we get

(W12, i1 1) ¥) =

E

wie'2e)| = f\(az“zwgaj)]z
j=1

1

.
I

I
WE

(0¥ l9;) (@10 %) = (o) |

1

.
Il

which shows that (2.9) holds. The decomposition in (2.9) is not yet exactly what we
want, as it may happen that |¢;)(¢;| = |¢;)(¢;| for two different indices i and ;.
However, we can simply sum up these kinds of terms and we obtain a mixture
consisting of (at most d) different pure states.

As aresult we find that any mixed state can be written in many different ways as
a convex combination of pure states, where at most d of these are needed but more
are allowed. In particular, the decomposition defined in (2.9) shows that a pure
state P, can be in some decomposition of a state o if the vector ¢ is in the range of
the operator o!/2. It was shown by Hadjisavvas [71] that these two conditions are
equivalent.

Exercise 2.16 Deduce from the previous discussion that every mixed quantum
state has uncountably many different convex decompositions into pure states.

It is possible to characterize all the decompositions of a mixed state into pure
states. In the case of finite convex mixtures this was done by Hughston ef al. [81].
A complete characterization, taking into account o -convex (infinite but countable)
mixtures, was given by Cassinelli ef al. [39]. We will not discuss these results here,
but in the following proposition we characterize the ambiguity of finite pure-state
decompositions of mixed states; this proposition was derived by Jaynes [84].
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Proposition 2.17 If a mixed state o has a convex decomposition
n
0= pile;) sl (2.10)
j=1

into pure states then all its convex decompositions into pure states have the form

m
o= ale) el 2.11)
k=1
where the vectors ¢y, ..., ¢, € H and the numbers ¢qy, ..., g, satisfy the system
of equations
m
NI IED TN % (2.12)
k=1

the complex numbers u ;. satisfy ) ju Kl = S

Proof Inserting (2.12) into (2.10) gives
S pileiesl = Varqeu it le) (ool =Y qrlea (el .
j

Jk.K k
hence (2.11) is a convex decomposition of g.

Conversely, suppose that both (2.10) and (2.11) are valid convex decomposi-
tions. We have to show that (2.12) holds. Let o = erzl A (Y| be a canonical
decomposition. If necessary, we add terms with A; = 0 so that the vectors i; can
be taken to form an orthonormal basis of H. We then write basis expansions as
follows:

VPioj = Zcmﬁz, Gk Pi =deﬂﬂz,
! !
where cj;, dj; are complex numbers. The identity

0= Y M)Wl =) pile) el =Y cucilvn) (¥l
! J

j L

requires that Zj cjiCjy = M&y. Similarly, the dy; satisfy ), dudy = M.
We write ujx = ), legkl/)»z forevery j = 1,...,nand k = 1,..., m. (This
is possible since A; # 0 whenever cj;dy; # 0.) Then a direct calculation gives

Dk Ujk/Gkor = J/PPj and 3 u kit i = S O

Let us now switch our attention to the topological aspect of the set of quantum
states. The set S(H) (see the start of subsection 2.1.2) is a convex subset of the
real normed space 7;(H) of selfadjoint trace class operators. We say that a state
o belongs to the boundary of S(H) if, for each € > 0, there exists an operator
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& € 71;(H) such that ||o — &, < € but & ¢ S(H). What is the relation between
the set of extremal elements and the boundary?

Proposition 2.18 If a state ¢ has eigenvalue O then it belongs to the boundary of
S(H). In particular, all pure states are boundary points of S(H).

Proof Assume that p has eigenvalue 0 and let ¢ € 'H be a corresponding normal-
ized eigenvector. Fix € > 0. On the one hand, the operator & := o — %6|g0) (@] 1s

trace class and selfadjoint but not positive, since (¢|&.¢) = — %g < 0. In particular,
£, ¢ S(H). On the other hand,

1€ — olly = 3¢ lle)@lll, = 3¢ < €.

Consequently, o belongs to the boundary of S(H).

Any projection P with O # P # [ has eigenvalues 0 and 1 (see Proposi-
tion 1.40). Hence, all pure states (being one-dimensional projections) are boundary
points of S(H). O

For dim’H > 3 we can easily define mixed states which are on the boundary of
S(H). For instance, let ¢, ¢, @3 be three orthogonal unit vectors. Fix a number
0 < A < 1 and define

0 = Al (@1l + (1 = A)|@2) (2] .

It is then clear that o is a mixed state. However,

093 = Moiles) o1 + (1 — L) (@2]e3) g2 =0,

and hence o has eigenvalue 0. Proposition 2.18 then implies that o is on the bound-
ary of S(H). The case dim’H = 2 is an exception, because for this dimension the
boundary points of S(H) coincide with the set of pure states.

We now summarize the main facts about quantum state space.

e Pure states are one-dimensional projections.

e Mixed states are convex combinations of pure states.

e There are infinitely many different ways in which a mixed state can be expressed
in terms of pure states.

e The minimal number of pure states in a convex decomposition of a given mixed
state equals the rank of the mixed state. In particular, each mixed state can be
expressed as a convex combination of d (or fewer) pure states.

e The pure states belong to the boundary of the state space, but if d > 3 then the
boundary does not coincide with the set of pure states.

The quantum state space S(H) is defined as a certain subset of Hilbert space
operators. One may wonder whether the quantum state space could have an equiv-
alent but more down-to-earth description. The properties listed above can be used
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to argue that the state space is neither equivalent to a set of finite probability
distributions nor to a sphere in R"” (except in the case d = 2). For example, the
fact that for a sphere any mixed state can be expressed as a convex combination
of two pure elements does not hold for mixed quantum states unless their rank
is 2; the two-dimensional state space does not possess all the generic properties of
larger-dimensional Hilbert spaces. This will become clear in the next subsection.

2.1.3 State space for a finite-dimensional system

In this subsection we will illustrate the concepts of subsection 2.1.2 in the case of a
finite-dimensional system and also discuss some further topics specific to the finite-
dimensional case. An extensive and entertaining presentation of finite-dimensional
state spaces is given in the book by Bengtsson and Zyczkowski [14].

A convenient way to illustrate the state space for a finite-dimensional Hilbert
space H is to adopt the so-called Bloch representation. As explained in subsection
1.2.5, the vector space 7 (‘H) is an inner product space endowed with the Hilbert—
Schmidt inner product (A|B)yg = tr[A* B]. Since we are assuming that H is finite
dimensional, 7 () contains all linear mappings on H.

Let {¢p; ?:1 be an orthonormal basis for H. The operators ejx = |¢;) (@], when
expressed as matrices in the orthonormal basis {¢;}, contain only one nonzero
entry, at the jth row and kth column. We can write any operator A on H as a
linear combination A = )_ ik Qjke jiks where aj; = (go j |A<pk> are the entries of the
matrix representation of A. Moreover, we have

tr[efers | = trl @) (0)llen) (@] = (@5ler) tr[ o) (5] = 8;+8ks -

and the operators e, thus form an orthonormal basis for 7 (H). We conclude
that for a d-dimensional Hilbert space H the inner product space 7 (H) has
dimension d°.

For selfadjoint operators the matrix elements satisfy the relation

aje = (@il Aee) = (Ag;lod) = (pkl Ag)) = ay; -

These conditions reduce the number of independent entries of A. For diagonal ele-
ments (j = k) they imply that the a;; are real. For off-diagonal entries they imply
that the upper diagonal part determines the lower diagonal part (or vice versa).
There are %d (d—1) off-diagonal complex elements in the upper diagonal part. Con-
sequently, the dimension of the real vector space 7;(H) equals d +d(d — 1) = d°.
Therefore, the real dimension of 7;(H) is the same as the complex dimension
of 7 (H). Moreover, we can choose an orthonormal basis of 7 () in which the
selfadjoint operators coincide with real linear combinations of the basis elements.
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Exercise 2.19 (Orthonormal basis of selfadjoint operators)
Verify that the selfadjoint operators

Ajj =ejj, AT, = e +ey), A;kZ—%i(ejk—ekj),
where j = 1,... ,d and k > j, form an orthonormal basis for 7;(H).

Example 2.20 (An orthonormal basis consisting of density matrices?)

Can we choose an orthonormal basis for 75(’H) consisting of density matrices only?
Since the orthogonality of pure states is equivalent to the orthogonality of the asso-
ciated unit vectors in H (recall Examples 1.45 and 1.57) it follows that pure states
cannot form an orthonormal operator basis. Namely, there are at most d mutually
orthogonal pure states whereas the dimension of 7;(H) is d>.

This fact does not change if we use mixed states also: there are still at most
d mutually orthogonal states. This follows from the fact that two states g, 0, are
orthogonal in their Hilbert—Schmidt inner product only if they have orthogonal sup-
ports, i.e. supp(01) L supp(02). Again, there can be at most d mutually orthogonal
subspaces while we need d? mutually orthogonal operators to form an orthonormal
basis.

To see that (0|02)ys = O implies that supp(o;1) L supp(o2), we write down
canonical convex decompositions o; = ) i AjPjand 0y = ), ux Q. The condi-
tion {(01]02)gs = 0 1s equivalent to P; Q; = O for all j, k (see Example 1.57). We
have ¢ € supp(o;) if and only if ( > i Pj)qb = ¢, and similarly ¢ € supp(p) if and
only if (Zk Qk) ¢ = @ (see Example 2.6). Therefore, for two vectors ¢ € supp(o;)
and ¢ € supp(o,) we obtain

wlo) = (32, 21) 91 (20, 2) o) = Do (017,Qu0) = 0.

Jk

This means that supp(o1) L supp(02). A

In order to express density operators in a convenient way we choose a selfad-
joint orthogonal basis for 7 () such that the identity operator E, = I is a basis
element. The orthogonality requirement then implies that the remaining basis ele-
ments E;, ..., E;2_; are traceless. Moreover, we choose the normalization to be
<E JIE k>HS = dd ;. Consequently, a general quantum state can be expressed as

1 L o
Q=3(1+r-E), (2.13)
where E = (Ei, ..., E;_y) and the vector 7 = (tI’[QEl] ey tI'[QEdz_]]) 1s

a (d*> — 1)-dimensional real vector called the Bloch (state) vector. Using this
parametrization, the set of quantum states can be viewed as a convex subset of



62 States and effects

R~ The whole space R¢"~! is identified with the set of all selfadjoint operators
of unit trace.

Let us note that, in general, a linear combination of Bloch vectors is not reflected
in a corresponding linear combination of density operators. Suppose that o, 0, are
states and 71, 7, are the corresponding Bloch vectors. A Bloch vector 7 = ar| + br,
is associated with the operator

1 S = 1 . = L =
R:E(I—I—r-E):E(l—i—arl.E—i—er-E).

However, the linear combination ap; + bo; is not, in general, associated with any
Bloch vector, since tr[ag 1+ bgz] = a-+b. Only if the coefficients satisfy a+b = 1,
is the correspondence one-to-one, meaning that

1 . . R
ag1 + bor = E[l + (ar, 4+ bry) - E].

Example 2.21 (Bloch sphere)

Let us consider the two-dimensional Hilbert space H = C? with an orthonormal
basis {¢, ¢, } (see Figure 2.4). The standard operator basis consists of the identity
operator oy = I and the Pauli operators

oy = |lp){eL] + loi){el,
oy = —ilp){e.L| +ilei){el,
o; = |lp){e| — o) {eL].

They satisfy the orthogonality relations tr[ogo;] = 0 and tr[ojor] = 28 for
Jj, k = x,y, z. In this basis a general qubit state can be written as

Figure 2.4 A Bloch sphere represents the state space of a two-dimensional quan-
tum system. The orthogonal vectors ¢ and ¢ are associated with antipodal Bloch
vectors.
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o=3(I+7-0), (2.14)

where ¥ € R3. The eigenvalues of the operator o in (2.14) are A+ = %(1 =+ |I7]).
It follows that the positivity of the operator g is equivalent to the condition ||7|| < 1.
Hence the states form a unit sphere in R3, the so-called Bloch sphere. We have
Ay = 1 and A_ = 0 exactly when ||7|| = 1. Hence, the pure states correspond to
vectors 7 of unit length. Clearly the vectors of unit length also form the boundary
of the unit sphere; hence for two-dimensional Hilbert space the boundary of the
state space consists of pure states only. A

Exercise 2.22 This exercise is related to Example 2.21 and provides an insight
into the dimensionality of the state space. Consider a set {oy, 0y, 0.} with
Or = %(1 + o3). Find states gy, ..., 0, (and determine n) such that the set
{0x.0y,0;,01,...,0,} forms a (nonorthogonal) basis of 7T (C?). [Hint: Express
I as a linear combination of g, 0y, 0;. Then consider %(1 — 0y).]

The purity of a state
1 . =
= - -E
o d( +7-E)
is given by

t[o?] = diztr[(l +FE)YT +7- E)] = %(1 + 1717, (2.15)
and hence ||7|| < «+/d — 1. This means that the state space is embedded in the
/d — 1-radius sphere of R?°~!, However, not every operator with ||7]| < +/d — 1
is positive, and the particular form of the state space is more complicated. To see
that not every vector with ||F|| < «/d — 1 corresponds to a state, let ¥, ¢ be two
unit vectors, Py, P, the corresponding pure states and 7y, 7, the associated Bloch
vectors. Then

1 ..
(V@) > = [Py P,] = 3(1 + Ty Ty (2.16)

Consequently, the vectors ¢ and ¢ are orthogonal if and only if 7y - 7, = —1.
It follows that the angle between the Bloch vectors corresponding to orthogonal
pure states is

1
6 = arccos (—) . (2.17)

1—d
Interestingly, if 7, (with |7, | = ~/d — 1) defines a pure quantum state then its
antipodal vector { = —ry, does not correspond to any quantum state if d > 2.
In fact, since Hf H = +/d — 1 the candidate state should be pure. However,
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1 Lo
—(1+F)==-(l—-d+1)=""<0
Sl 7y 1) = —( =<

for d > 2, which is in contradiction with the fact that |{(y|¢)|*> > 0 for all vectors
¢ € H.

Exercise 2.23 Fix a unit vector ¢. Consider the traceless selfadjoint operator

1
E == d _I )
| m( lp){(@| — 1)

which is an element of some orthogonal operator basis consisting of I and traceless
selfadjoint operators E; such that tr[Ejz.] = d. The operator

1
0= 5(14-\/07— L Ey) = |o){o]

describes a pure state with Bloch vector ¥ = (v/d — 1,0, ..., 0). According to the
previous paragraph the operator

1 2
A= 5(1 —vd—-1E)) = EI — le) (¢l
associated with the antipodal Bloch vector f = —F is not positive. In fact,

A—21
@—d 2

and the eigenvalue (2 — d)/d is clearly negative for d > 2. Find the maximal value
x for which the operator

1 1+ x
A= E(l—x«/d— 1E) = o1~ xle)el

1s positive and hence a density operator. In order to see how mixed the ‘antipode’
state A is, evaluate its purity.

We have seen that each state can be represented as a Bloch vector but not every
such vector is associated with some state. Let us also recall that, in a sphere, each
point can be expressed as a convex combination of at most two extremal elements
(see Example 2.15). This is not true for quantum states when d > 3. The simple
picture of the Bloch sphere for the two-dimensional case (Example 2.21) is in many
respects exceptional and its properties are not valid for larger dimensions.

Example 2.24 (Uniformly random state)

Consider a preparation procedure for a random quantum state. Before we proceed
we must make clear what this means. Usually we say that an event or a process
i1s random if all the alternatives have the same chance of happening, i.e. they
are uniformly sampled. For an uncountable set this rough idea requires careful
formulation.
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The group U ('H) of all unitary operators is a compact group if H is finite dimen-
sional. It follows that /(H) is endowed with an invariant Haar measure, which is
unique if we normalize it to be a probability measure (see e.g. [60] for an explana-
tion). We can use the Haar measure on U/ (H) to define a uniformly random state.
Let us fix a state o € S(H). We denote by S, the set of all states o" such that
o' = UpU* for some U € U(H). In other words, the set S, is the orbit of o under
the action of the unitary group. We will average over all states in this orbit; hence
the random state of the orbit §,, is defined as

@:/ UoU*dU.
UCH)

It follows from the invariance of the Haar measure that ¢ commutes with all unitary
operators. By Schur’s lemma we then conclude that o = ¢/ for some ¢ € R. The
trace condition fixes the constant ¢ = %, where d = dim’H. Thus o = 51 and
we observe that the averaging procedure does not depend on in which state o we
start. We will see in Example 2.28 that this state é[ is indeed the unique maximally
mixed state, as one would expect for the uniformly random state. Let us note that
the corresponding Bloch vector is 7 = 0. A

We end this subsection with some remarks on entropy. In subsection 2.1.2 we
introduced the purity function P to quantify the degree of mixedness of quantum
states. In classical physics a mixture of two (or several) states can be interpreted as
a lack of knowledge in the preparation process. This interpretation is problematic
for mixtures of quantum states, since the convex decomposition of a mixed state
into pure states is highly nonunique. In classical theory the mixedness of the prob-
ability distribution can be clearly quantified. There are several measures, but the
so-called Shannon entropy is the most suitable for the quantification of the infor-
mation lost in the preparation process. We will define the von Neumann entropy,
which is considered as the quantum counterpart of the Shannon entropy although
there are significant differences in their roles in classical and quantum informa-
tion theory, respectively. Detailed expositions of the von Neumann entropy can be
found in the books by Ohya and Petz [105] and Petz [116].

Definition 2.25 The von Neumann entropy S(o) of a state o is defined as follows:

S(o) = —tr QlogQ ZA log i,

where the A ; are the nonzero eigenvalues of ¢ (including their multiplicities).

Example 2.26 Consider a state o = tP, + (1 — t) Py, where P,, P, are one-
dimensional projections defined by the vectors ¢ and ¥ = ap + b, (¢|e1) = 0.
The operator o has two nonzero eigenvalues,
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oy = %(1 +/1—4(1 —t)|b|2) ,

and the von Neumann entropy is therefore S(¢o) = —XA logi; — A_logA_. We
see that S(¢) = 0 if and only if P, = Py, = . If we consider S(¢) as a function

of ¢, the maximum is achieved for r = % A

Since the eigenvalues of a state are between 0 and 1, we see that S(o¢) > 0 for
every state o. In the following we list some other important properties of the von
Neumann entropy that are needed for our purposes.

Proposition 2.27 The von Neumann entropy § has the following properties:

(a) Sisconcave,ie. S(to; + (1 —1)02) >1tS(01) + (1 —1)S(02);
(b) S is invariant under unitary conjugation, i.e. S(UpoU™) = S(0);
(¢) S(o0) = 01f and only if p is a pure state.

Proof (a): The function f(x) = —xlogx defined for x > 0 is concave, i.e.
fxi+ A —=0x2) >tf(x1)+ (1 —1)f(xp) fort € [0, 1] and x;, x, > 0. Every
selfadjoint operator X has a spectral decomposition X = > x¢|¥k) (Y|, where
{¥,} 1s an orthonormal basis of H (see subsection 1.3.3). We write

FOO =) FO) ) (Yl
k

and then for every ¥ € H we obtain
F X = £ (3, v )
= > V)P f 0 = WIF X)) . (2.18)
If we apply (2.18) in the case X = to; + (1 — 1) 0, this gives
Sttor+ (1 —1)02) = ) f ((¥lter + (1 — Ne) ;)
J

> > if (Wileiws) + (A =0 f(¥sle2v,)
J

> Y (Yl fe0y)+ A =0 (¥l f (e ¥))
J

=15(01) + 1 —1)8(02) .

Here we have used (2.18) and the concavity of f.

(b): Two operators o and U oU™ have the same eigenvalues (including multiplic-
ities), hence S(o) = S(UpU™).

(c): Since a pure state has a single nonzero eigenvalue 1, it follows that its
von Neumann entropy is 0. However, if ¢ is mixed and hence has an eigenvalue
0<Ak<lthenS(Q)z—ijjlogAjZ—Xklogkk>0. O
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The purity and the von Neumann entropy each induce an order in the set of
states. As shown by Wei et al. [140], these orders are different. Namely, there are
states o and o, such that P(o;) > P(p,) but not S(0;) < S(02). However, pure
states are minimally mixed with respect to both purity and von Neumann entropy.
In the following example we show that the maximally mixed element also is the
same for both orders.

Example 2.28 (Maximally mixed state)

Which state is maximally mixed? It turns out that there exists a quantum state,
called a complete or total mixture, which is the unique maximally mixed state with
respect to the both purity and von Neumann entropy. This state is %I , where d is
the dimension of the Hilbert space.

To show that él is a maximally mixed state, we first recall that two states o
and UpU* have the same value of purity and of von Neumann entropy for all
unitary operators U. If Uy is a collection of unitary operators and we consider a
mixture of the states oy = UyoU,", we obtain a state o’ = ), prox with P(0") <
Y . PkPlok) = P(o) and S(0’) > Y, pxS(ox) = S(0). This means that with
respect to both quantities the state @’ is at least as mixed as Q.

Let o be a state and o = ) i Ajlej) (el be its canonical convex decompo-
sition. We complete the set {¢;}, so that it becomes an orthonormal basis; then
o= Z?:l Ailgj){p;l. We define the cyclic shift operator

d
Usin = Y _lo){@ja1l .

j=l1

with summation modulo d, i.e. d @ 1 = 1. Applying the shift operator to
o we get the state 01 = UgpiroUQy = Zj Aietle;)(@j|. Recursively, op =
UshiteOk—1 Uy, = Zj Ajokl@j){@;|. An equal mixture of the states o1, ..., 0q4 gives

, 1 = d}\ 1
0'=-) o=-) ek | lei) il = — 1

because Zi:l Mgk = A1+ -+ + Aq = trfo] = 1. We conclude that dll 18 at least
as mixed as any other state, hence it is maximally mixed. The proof of uniqueness
constitutes the next exercise. A

Exercise 2.29 Show that the state %I is the unique maximally mixed state with
respect to the purity and the von Neumann entropy. [Hint: The uniqueness of

the maximally mixed state follows from the fact that the functions 2?21 sz. and

d . .. . d
=1 X;log x; have unique minima under the constraint } 5_; x; = 1.]
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2.1.4 From states to effects

In subsection 2.1.1 we argued that physical experiments can be described by the
concepts of states and effects. In the basic statistical framework the state space is
a convex set, and in subsection 2.1.2 we identified the states of a quantum system
with the positive trace class operators of trace 1 on a Hilbert space H. Following
the basic statistical framework the effects are affine mappings from S(H) to [0, 1].
More conveniently, effects can be represented as suitable Hilbert space operators
and in the following we find out how this is done.
Suppose that T is a bounded selfadjoint operator on . The mapping

o — tr[oT] , (2.19)
defined on S(H), is an affine functional. For each unit vector ¥ € H we have

a[lY)(WIT] = (YITY) .

It follows that T is a positive operator if and only if tr[ PT] > 0 for every pure
state P. But all other states are mixtures of pure states, hence 7 > O if and only if
tI‘[QT] > 0 for every state o. Since tr[Q(I — T)] =1- tI‘[QT], we may also con-
clude that 7 < I if and only if tr[QT] < 1 for every state p. As a consequence, any
selfadjoint operator T satisfying the operator inequalities O < T < [ determines
an effect by formula (2.19). We will prove next that all effects arise in this way.

Proposition 2.30 Let E be an effect, i.e. an affine mapping from S(H) to [0, 1].
There exists a bounded selfadjoint operator E such that

E(o) =uleE] Yo e SH).
The operator E satisfies O < E < I.

Proof We will prove that every effect E has an extension E to a continuous linear
functional on 7 (). The rest then mostly follows from the duality 7 (H)* = L(H)
explained in subsection 1.3.4.

We start with an effect E and extend it in steps to 7 (H). First we set E (0) =0
and, for each positive trace class operator 7 # O, we define

E(T) ;= tu[T] E(w[T]'T). (2.20)

In this way, the extension E of E is defined for all positive trace class operators. If
T 1s a positive trace class operator and s > 0 then

E(sT) = u[sT] E(tr[sT]"'sT) = sE(T).
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Moreover, for two positive (nonzero) trace class operators S and 7" we obtain

E(S+T)=ut[S+T1EW[S +T1""(S+ T))

—t[S—I—T]E( R — )
-1 QS + T1u[S]  «[S + 7] u[T]

— ES)+ E(T). (2.21)

For the second step we recall that every selfadjoint operator 7' can be written as

T =Tt —T",where TT = %(|T| +T)and T~ = %(|T| — T) are the positive

and negative parts of T, respectively. If T is a trace class operator then " and 7~
are also trace class operators. Both 7" and T~ are positive operators, and we can
thus define

E(T):= E(T") — E(T") (2.22)
for every T € 7,(H). To see that
E(S+T)=E(S) + E(T) (2.23)
for S, T € 7,(H), notice that
S+T = S+T)"—(S+T) butalso S+T=S"—-S +T"—-T".

Therefore
S+T)"+S +T =S +T) +St+T1T".

Applying E on both sides and using (2.21) and (2.22), we obtain (2.23).

In the third step we use the fact that any operator T € 7 () can be written
as a linear combination of its real and imaginary parts, 7 = T + i Ty, which are
selfadjoint operators (see subsection 1.2.2). Both Tg and 7; are linear combinations
of T and T*, hence they are trace class operators. We can now extend E to all trace
class operators by defining

E(T) := E(Tx) + i E(Ty)

forevery T € 7 (H). Since (S + T)r = Sg + Tr and (S + T); = S; + T; for two
operators S and 7', we see that E is a linear mapping on 7 (H).

We have thus constructed a linear functional E on T (H). It 1s bounded (hence
continuous), since

|E(T)| = |E(T{ — Ty +iTy" — i)
< |E(TH| + | ETO)| + [ETH] + [E(T)))
< [T | + T | + [T ] + o[ 7]
= 1u[|T + T*|] + La[IT — T*|] < 2| Tl
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for every T € 7 (H). From the duality relation between trace class operators and
bounded operators (see Theorem 1.68) follows that there exists a unique operator
E € L(H) such that

E(T) =ulET] VT e T(H). (2.24)

From the construction of E it follows that £ (T) € R for every T € T,(H), there-
fore E is selfadjoint (see Proposition 1.69). The operator inequalities O < E < [
follow from the discussion before the proposition. 0

To complete the identification of affine mappings on states with the operators
E satisfying O < E < I, we need to check that two different operators E; and
E, have different actions on states. (We will no longer use carets to distinguish
between these two different representations of effects.) Suppose that tr[QE 1] =
tI‘[QEQ] for all o € S(H). Choosing p to be a pure state 0 = |V) (|, we conclude
that (Y |E ) = (Y| Exyr) for all vectors ¢ € ‘H. It then follows from Proposi-
tion 1.21 that E; = E,. Therefore, E; # E, implies that '[I'[QEl] # tI‘[QEz] at
least for some state o.

From now on, an effect will mean an operator E satisfying O < E < I. We
denote by £(H) the set of all effects, i.e.,

ER)={E€L(H)| 0O =<Ec=I}.

The set £(H) is a convex subset of the real vector space L;(). On the one hand,
all projections P € P(H) are effects since both P > O and P+ > O. On the other
hand, an operator 1/ with 0 < ¢ < 1 is an effect but not a projection, unless ¢t = 0
or t = 1. We thus have the strict inclusions

PH) c E(H) € L(H).

In the following exercises we will establish some basic properties of £(H). The
hint for both the following exercises is the fact that O < E < I is equivalent to the
requirement that 0 < (Y |Eyr) < 1 for all unit vectors ¥ € H.

Exercise 2.31 Show that E € £(H) ifand only if I — E € E(H).
Exercise 2.32 Show that E € £(H) ifand only if tE € E(H) for all ¢ € [0, 1].

Example 2.33 (Qubit effects)

In Example 2.21 we discussed the Bloch sphere and gave a parametrization for
the qubit states in terms of the Pauli operators. The operators I, oy, o,, o, are
selfadjoint, and any selfadjoint operator A € L(H) can be written as a real linear
combination of them:

A=Y@l +a-5), (2.25)

1
2



2.1 Duality of states and effects 71

where @ € R and @ € R>. (The factor % is included just for convenience.) The
eigenvalues of A are AL = %(oe + ||a||). Therefore, the operator A is an effect if
and only if 0 < A_ and A, < 1. These requirements can be written in the form

lall <o <2—all . (2.26)

We also notice that (2.26) implies that |la| < 1.
In C? a projection is either one dimensional or trivial (O or I). The operator A

in (2.25) is a one-dimensional projection if and only if its eigenvalues are A_ = 0
and A, = 1, or equivalently @ = ||a|| = 1. (The condition o« = ||a|| = 1 can be
obtained also by requiring that A> = A and tr[A] = 1.) A

For each pair consisting of a state ¢ and an effect £, the number tr[Q E ] is the
probability that the measurement event represented by E occurs when the system is
prepared in the state . This is the fundamental link between physical experiments
and the mathematical formalism of quantum theory. Sometimes this trace formula
for calculating probabilities is referred to as the Born rule.

It is obvious that for most choices of a state o and an effect E, the number
tI‘[QE ] is strictly less than 1. The important special case of certain prediction can
be characterized mathematically as follows.

Proposition 2.34 Let E be an effect and P a pure state. The following conditions
are equivalent:

(1) trf[PE] = 1;
(i) EP = P,
(1) P < E.

Proof We will prove this proposition by showing that (i)=(ii)=>(iii)=>(i). In the
following, we fix a unit vector ¢ € H such that P = |[¢) (¥/].
Suppose that (1) holds. Then

Il =tu[PE] = (Y[EY) =[(VIEY)| < VI IEYI <IEl <1,

where the first inequality follows from the Cauchy—Schwarz inequality and the
second from (1.19). This shows that the equality contained in the first inequality
can be true only if the vectors Ev and i are collinear, i.e. E{y = c{ for some
¢ € C. Moreover, 1 = (Y |EY¥) = ¢ and hence Ey = . Thus, EP = P and (ii)
holds.

Suppose that (ii) holds. Since

PE = P'E* = (EP)*=P*=P =EP,
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we conclude that the operators E and P commute. By Theorem 1.33 the square-
root E also commutes with P. Hence (i1) implies that P = E *PE?. For every
vector ¢ € 'H we then obtain

(¢|Pp) = (EZ¢|PEZ¢) < IIPIIIIE> 9] < (B|ES) .

The first inequality is an application of the Cauchy—Schwarz inequality; in the
second we used (1.20) and the third follows from the fact that || P|| = 1. This
shows that P < E.

Finally, suppose that (ii1) holds. Then

u[PEl=(¢|EY) = (Y|Py) =1.
Hence, (1) holds. ]

Exercise 2.35 Let E be an effect and ¢ a mixed state. Prove that tr[QE ] =1
is equivalent to Epo = o but not equivalent to o < E. [Hint: Take a canonical

convex decomposition for ¢ and use Proposition 2.34. Further, choose, for instance,

E=p0= %I.Theng < Ebuttr[QE] = %.]

2.1.5 From effects to states

In subsection 2.1.4 we saw that if the set of states is chosen to be S(H) then the
mathematical form for effects follows from the basic statistical framework. It is
also possible to fix the mathematical form for effects first and take this as a starting
point. In this subsection we explain this line of thought.

Let us forget subsection 2.1.2 for a moment and start again from the general
framework of subsection 2.1.1. In particular, suppose that we have not fixed the
specific mathematical form of states and effects. Starting from the definition of
an effect as an affine mapping on the set of states, we can define a partial binary
operation H on the set of effects. If £, E,, E5 are effects and, for all states o, the
equality

Ei(0) + Ex(0) = E5(0)

holds then we write £; HH E, = Ej3. Notice that E| H E, exists only if E;(0) +
E>(0) < 1 for all states p. Therefore, the operation £ H E; is not defined for all

pairs of effects and for this reason H is called a partial operation. (For instance,
I H I is not defined.)

Exercise 2.36 Verify the following four properties of the partial binary opera-
tion H.

(a) If E; H E, exists then £, H E, existsand £, H E, = E, H E].
(b) If EyH E, and (E; H E,) H E5 exist then £, H E3 and E; H (E, H E3) exist
and (E1 H Ez) H E3 = E1 H (E2 H E3)
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(c) For every E, there is a unique E’ such that EH E' = I.
(d) If E H I exists then E = O.

Generally, a set £ with two distinct elements O, I and equipped with a partial
binary operation H is called an effect algebra if the conditions (a)—(d) hold.

Since effects are affine mappings from the set of states to the interval [0, 1],
each state o defines a function f, from the set of effects to the interval [0, 1] by the
formula

Jo(E) := E(0) .
It 1s clear from this definition that f, satisfies
fo(0) =0(0) =0, foll)=1(0) =1, (2.27)

where O and [ are the zero and identity effects introduced in Example 2.3.
Moreover, assume that £, E, are effects and E| H E, exists. Then we get

Jo(E\ B Ey) = (E1 H Ey)(0) = Ei(0) + Ex(0) = fo(E)) + fo(Ey) . (2.28)

In conclusion, each function f, is normalized and additive (with respect to H).

The properties (2.27) and (2.28) are immediate consequences of our definitions.
To proceed, we need to require something more. First let us observe that the partial
binary operation H defines a partial ordering: for two effects £, and E,, we write
E, < E, if there exists an effect E| such that E; B E| = E,. It follows from
(2.28) that

E) = Ey = fo(Ey) = fo(E2) (2.29)

for all effects Eq, E.

With partial ordering defined, we can treat infinite sequences. Namely, suppose
that E, E,, ... 1s a sequence of effects such that the sum E; H - - - H E,, exists for
each finite n. By E; H E, HH - - - we mean the least upper bound of the increasing
sequence E|, E\H E,, E, B E,H Ej, ..., if it exists.

Definition 2.37 A mapping f from the set of effects to the interval [0, 1] is a
generalized probability measure if it satisfies f(O) =0, f(I) =1 and

fEVTBEB.---) = f(E)+ f(E)+ - (2.30)
whenever E{ H E, H - - - exists.

We now require that states correspond to the generalized probability measures
on effects. This can be seen as an additional assumption in the basic statistical
framework. Note, however, that (2.27) and (2.28) follow from the basic framework
and that (2.30) is just a slight generalization of (2.28).
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Let us then see the consequences that ensue if the set £(H) is taken to represent
the set of effects. We will identify the binary operation HH with the usual addition
of operators, in which case the partial ordering is the usual partial ordering of
selfadjoint operators. Our proof of the following result is based on that in [23].

Proposition 2.38 Let f be a generalized probability measure on £(H). There
exists an operator 0 € S(H) such that

f(E) =tr[o/E] VE € E(H).

Proof 'The main idea of the proof is to show that f extends to a positive normal
linear functional on L¢(’H), the real vector space of bounded selfadjoint operators.
The rest then follows from Theorem 1.71.

We will first show that f satisfies f(rE) = rf(E) for every E € £(H) and
rel0,1].Let E € E(H). If mE € £(CH) for some m € N then (2.28) gives

fOE) = f(E+--+E) = f(E)+ -+ f(E) = mf (E).

1
Moreover, for each n € N we split E into n effects — E, and hence
n

1 1 1 | 1 1
o ® = f (nE) = o (E) =7 (GE)
n n n n n n

We conclude that f(gE) = qf (E) for every rational number g € [0, 1]. Suppose
then that r € [0, 1] is an irrational number. We choose an increasing sequence
{gi} and a decreasing sequence {p;} of rational numbers such that lim; g; = lim;
pj = r. From (2.29) follows that

qif(E) = f(g;E) < f(rE) < f(p;E) = p; f(E).

In the limit we have r f (E) < f(rE) <rf(E),hence f(rE) =rf(E).
If T # O is a positive operator then 7/ ||T|| is an effect (see Exercise 1.32).
Therefore we can extend f to all positive operators by setting

J@) =TI fC/ITI).

For every positive operator 7' and a number r > 0 we then have

faT)y=\rTl fCT/NrTI) =r TN FT/NTI) =rf(T).
For two (nonzero) positive operators S, T, we obtain
JE+D) =IS+TIfUS+TD)/IS+TI)

=IS+TIfS/INS+TID+INS+TIST/IS+TID
= f(8) + f(T).



2.1 Duality of states and effects 75

In the last step we extend f to all bounded selfadjoint operators. Every
T € L(H) can be written as the difference of its positive and negative parts,
T =T" — T—. We define

f(T) = f(TT) - f(T7).

The fact that f(S+ T) = f(S)+ f(T) forall S, T € L;(H) can be shown in
a similar way to that in which we proved (2.23). We have thus extended f to a
positive linear functional on L;(H).

We need to show that f is normal, i.e. that for any norm-bounded increasing
sequence {7;}32, C L,(H) with limit T € L,(H) it follows that { f (Tj)}7Z, con-
verges to f (7). To show normality we obviously have to use (2.30), and for this
reason we scale the operators 7 to be effects. We have

T, + 1Tl I >T+|Th|I I >0,

and therefore the operators

(T, + IT11IT), (T + 1Ty IIT)

F; .= F =
1T + T 1| IT + T

are effects. Since F; < F;1, the operators E; := F; and E; := F; | — F; for
Jj = 2, ...are also effects. They satisfy

E\+E,+---+E;=F;.

The least upper bound for the sequence Ey, E; + E,, ... is F. Hence, from (2.30)
follows that

o0
FUF) = f(Ei+ Exto0) = ) f(Ep) = lim f(F)).
j=1
Since f is linear we obtain lim;_, o, f(T;) = f(T).

We need to extend f to a positive normal linear functional on L(H). By
Theorem 1.71 there exists a positive trace class operator o, such that f(T) =
tI'[Q fT] for all T € L;(H). From the normalization 1 = f(I) = tr[Q f] it then
follows that oy € S(H). ]

Exercise 2.39 Let o, 0’ € S(H) be two different states. Show that they determine
different generalized probability measures, i.e. that there exists an effect £ such
that tI'[QE ] # tr[Q’E ] Conclude that the correspondence f <> ¢y in Proposition
2.38 is one-to-one. [Hint: Use a similar approach to that in the uniqueness part of
the proof of Proposition 2.30.]

We conclude that the choices S(H) and £(H) for the mathematical description
of states and effects, respectively, are compatible in the sense that one implies
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the other under the assumption in the basic statistical framework. It should be
emphasized, perhaps, that the discussion here and in the earlier subsections is not a
derivation of the Hilbert space structure of quantum theory. We have simply shown
how the Hilbert space structure, where states and effects are represented by certain
types of operator, fits the basic statistical framework.

2.1.6 Dispersion-free states and Gleason’s theorem

Let us continue the discussion of subsection 2.1.5 from a slightly different
perspective. As a starting point, we recall that effects themselves describe binary
measurements, i.e. measurements with only two outcomes. Each state assigns a
probability for all effects. This raises the following question: can we make a con-
sistent assignment in such a way that the results in all binary measurements are
predictable with probability 1? In other words, we are searching for a generalized
probability measure which takes only the values 0 and 1. A generalized probability
measure having this feature is called dispersion-free.

It is easy to see that a generalized probability measure f, on £(H), related to the
state ¢ via f,(E) = tr[QE ], is not dispersion-free. For instance, setting E = %Q we
obtain fg(%g) = %tr[gz] and hence 0 < fQ(%Q) < 1. Since by Proposition 2.38
all generalized probability measures on £(H) are of the form f, for some state
o € S(H), we conclude that there are no dispersion-free generalized probability
measures on £(H).

This fact is not unexpected and we can also understand it without Proposition
2.38. Let f be a generalized probability measure on £(H) and suppose that E and
E are two effects such that f(Ey) = 0 and f(E;) = 1 (for instance £y, = O and
E, = I). Then f(%Eo + %El) = %, implying that f is not dispersion-free. This
argument clearly relates to the fact that £(’H) is a convex set.

Even if there are no dispersion-free generalized probability measures on the set
of all effects, we can wonder whether they could be defined on some subset. In
particular, can we make certain predictions for effects that are not convex mixtures
of other effects?

Example 2.40 (States and effects in classical mechanics)

This is a good place to think about the mathematical representation of states and
effects in classical mechanics. Briefly, we can say that classical states are proba-
bility distributions on a suitable phase space €2 and classical effects are associated
with functions on €2 taking values between 0 and 1. In the usual physical situations
the phase space 2 is infinite. For example, the phase space for a moving particle
is the six-dimensional manifold R? x R? consisting of position and momentum
vectors.
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To keep things simple, we will focus only on finite phase spaces; these are
sufficient for illustration. In the case of a finite phase space 2 (say, containing
d elements), the states can be represented as probability vectors p = (p1, ..., pd)
with 0 < p; < 1 and ) jpj = 1. The effects can be represented by vectors
e = (e, ...,eq) satisfying 0 < e j =< L. The probability of measuring an effect e
if the system is in a state p is p - € = }_; pje;. As we saw in Example 2.9, the
extremal elements of classical state space are probability vectors 8 with all entries
vanishing except the kth. Similarly, the extremal effects are vectors € such that each
entry e; 1s either O or 1.

It 1s easy to see that there are no dispersion-free states. However, there are
states that are dispersion-free when restricted to extremal effects. Namely, if we
have an extremal state Ek and an extremal effect ¢ then the number Sk . e is either
Oorl. A

In order to tackle the quantum case, we recall the following result of Davies [51]
on extremal elements in £(H).

Proposition 2.41 The extremal elements of the convex set £(H) are the
projections.

Proof We first prove that every projection is an extremal element. Let P be a
projection and assume that E, E, are effects such that

P=AE +(—MNE; 2.31)

for some 0 < A < 1. Suppose that ¢ € H satisfies Py = 0. Since E; and E, are
positive operators, we get

0= (4IPY) =MyIEY) + A = O)WI|E) = MY |E) = 0.

Hence (| E1y) = 0. By Proposition 1.35 this implies that £,1 = 0. Furthermore,
equation (2.31) gives

I —P=AI—-E)+{1-MNU-E),

and similar reasoning shows that Py = 1 implies that E;1» = 1. By Proposition
1.40 every vector in H can be written as a sum of eigenvectors of P. Hence, E|
and P act identically on all vectors {» € H and we conclude that £y = P. Thus,
P does not have a nontrivial convex decomposition and it is extremal.

To prove that there are no other extremal effects than projections, suppose that
A € E(H) is not a projection, so that A # A?. We define E; = A?> # A and
E, = 2A — A% # A. The operator E; is an effect by Proposition 1.34. Similarly,
since I — E, = (I — A)?, I — E, is an effect also. This implies that E; itself is
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an effect (see Exercise 2.31). The equal-weight convex combination of these effects
gives

HNEI+E)=A,
and we conclude that A is not an extreme element of £(H). ]

Exercise 2.42 (Extremal qubit effects)
We discussed qubit effects in Example 2.33. Write the qubit effect

1 - - -
A=3;U+a-0), lall < T,

as a convex combination of two projections. [Hint: Choose two orthogonal
projections. ]

In the light of Proposition 2.41 we will focus on the potential existence of
dispersion-free generalized probability measures on the set of projections P(H).
Before proceeding with the main results let us make some elementary observations.
We recall from subsection 1.2.3 that the sum P + Q of two projections P and Q is
a projection if and only if P and Q are orthogonal. The identity operator / can be
written as a sum of orthogonal one-dimensional projections,

d
I=)lo) el
k=1

where {gpk}gzl 1s an orthonormal basis of ‘H (see subsection 1.3.2). Therefore, a
generalized probability measure f on P(H) satisfies

d
> fle e = 1. (2.32)
k=1

Suppose now that n and ¢ are two orthogonal unit vectors. First, if f(P,;) =1
then the orthogonality of 1 and ¢ combined with the condition (2.32) implies that
f(Py) =0.Second, if f(P,) = f(Py) = 0then every linear combination an-+bg,
with |a|?+|b|* = 1, also satisfies f(P,,1pp) = 0. One can see this by noticing that

lan + bg)(an + bg| + |bn — ag)(bn — ag| = n)(nl +16) (4| .

Since an + b¢ and by — a¢ are orthogonal unit vectors, the additivity property of
f implies that

fan+bg)an+be)) + f(bn —ag)(bn —agl) = f(nnh + f(d) (o)) =0,

and hence f(Puy+pp) = f(Ppp_gy) = 0.

With these preliminary observations we are ready to prove that a generalized
probability measure on P(H) cannot be dispersion-free if dim’H > 3. We follow
the proof of John Bell [12].
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Proposition 2.43 Suppose that dim H > 3. There are no dispersion-free general-
ized probability measures on P(H).

Proof We make the counter-assumption that there exists a dispersion-free gen-
eralized probability measure f on P(H). Let ¢ € H be a unit vector such that
f(P,) = 1. We will show that there are no unit vectors ¢ € H satisfying
f(Py) =0and |¢ — | < % But since f has only two values, 0 and 1, and every
unit vector is assigned one of these values, there must be arbitrarily close unit vec-
tors with different values of f. This means that the existence of dispersion-free
generalized probability measures is impossible.

Let ¢ € H be a unit vector such that f(Pg) = 0 and [l¢ — @[ < % As we will
see, this leads to a contradiction. Without loss of generality we may write ¢ in the
form ¢ = ((p + ego’) /~/1 + €2 for some nonnegative ¢ € R and a unit vector ¢’
orthogonal to ¢. From ||¢ — ¢ < % it follows that € < % We see also that € # 0
since f(Py) # f(P,). We will fix a unit vector ¢” that is orthogonal to both ¢
and ¢’ (here we need the assumption dim H > 3). Since f(P,) = 1 it follows that
f(P<p’) = f(PW’) = 0.

For any nonzero real number y, we define

. 1 / /!

Vy =59 +rve),

[e— i ( + ¢ ”)
v, = N ¢ y mw :
where N and N’ are normalization constants that make v, and W,// unit vec-
tors, respectively. It is straightforward to verify that v, and w; are orthogonal.
Since v, ¥, are linear combinations of ¢’, ¢ and ¢, it follows that f(Py,) =
f(Py;) =0.

Since |y +y~ ! >2ande < % it follows that there exist real numbers y4 such
that € (y+ + ¥ ') = %1. Let us define another pair of unit vectors,

e\ 1+ v20, +/1+ (1 + v,

N+ =
U+ +yily
 pte(yetyihe”
U+ +yi!y

= 5@x¢").

Since n4 are linear combinations of v, and WJ// .» we conclude that f(ns) = 0.
Moreover, we observe that ¢ = %(774r + 1) and therefore f(P,) = 0. This is in
contradiction with our original assumption that f(P,) = 1 and so completes the
proof. (]
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The deepest answer to our speculative inquiry about generalized probability
measures on P(H) is provided by the celebrated theorem of Andrew Gleason
declaring that all generalized probability measures on P(H) are associated with
density operators. The proof given by Gleason [66] is long and complicated. We
recommend to the interested reader the article [47] by Cooke et al., where an ele-
mentary (but still long) proof of Gleason’s theorem is presented. An extensive
discussion of Gleason’s theorem can be found in the book of Dvurecenskij [57].

Theorem 2.44 (Gleason’s theorem)
Suppose that dim’{ > 3. Let f be a generalized probability measure on P(H).
There exists a unique operator ¢y € S(H) such that

f(P)=tfo;P] (2.33)
forall P € P(H).

From Gleason’s theorem we conclude that when dim’H > 3 there seems
to be no way to escape the probabilistic nature of quantum theory (at least in
its usual Hilbert space formulation). All generalized probability measures on
P(H) are obtained from states with the usual trace formula and they are never
dispersion-free.

Gleason’s theorem does not make any claim on dim’H = 2. This opens up the
possibility of constructing generalized probability measures that are dispersion-
free, and an example is given below. So far these dispersion-free generalized
probability measures have not found any physical interpretation, however.

Example 2.45 (Generalized probability measures in two dimensions)

The set of projections on a two-dimensional Hilbert space consists of the operators
O, 1 and P; = %(1 + 7 -0) withn € R3, ||ii]| = 1. Therefore, a generalized
probability measure f can be understood as a function on the unit vectors in R3.
Let us note that a sum P; + P; is a projection if and only if m = —n. The additivity
constraint on f gives only a single relation,

F(Py) + f(P) = f) =1,

that is required to hold for all unit vectors 7.

To construct a dispersion-free generalized probability measure we fix a unit vec-
tor ¥ € R? (see Figure 2.5). We then define f(P;) =0if7n-X <Oand f(P;) =1
if n- X > 0. The property f(P;) + f(P_;) = 1 obviously holds for all 7 - X # 0.

To define f also on unit vectors m satisfying m - X = 0, we fix one such vector
and denote it by y. We then define f(P;) = 0if m -y < O and f(P;) = 1if
m -y > 0. There are exactly two unit vectors, denoted by =z, which are orthogonal
to both X and y. We define f(Z) = 1 and f(—Z) = 0, and in this way f becomes

a generalized probability measure. A
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YL

Figure 2.5 Illustration of a probability measure f taking the value +1 on Bloch
vectors 7 of length 1 and satisfying either -7 > 0 or X-7 = 0 and, simultaneously,
y-7 > 0or7 =z, where X, y, Z determines some orthonormal coordinate system
(see Example 2.45).

Exercise 2.46 Let f be the generalized probability measure constructed in Exam-
ple 2.45. We already know that f cannot be of the form f = f, for some state o,
since f is dispersion-free, but we can easily check this directly in this particular
instance. As explained in subsection 2.1.3, a qubit state o has the form %(1 +7-0)
for some vector 7 with ||7|| < 1. Calculate fo(P5) and conclude that it is impossible
to produce the correct values f (P;) for the constructed function f.

2.2 Superposition structure of pure states

Pure states form an exceptional subset of states, and not only because they are
extremal elements of the state space. They have their own special structure called
superposition, which is often regarded as the core quantum feature. There is no
analogy for superposition in classical state space and this is one reason why we
meet with problems when we want to explain this phenomenon in words. Often it
is stated that matter exhibits wave-like properties. This statement may give an intu-
itive description of quantum superposition, but it can also cause confusion if taken
too literally. Even if the superposition structure of pure states may be conceptually
intriguing, the mathematics behind it is very simple and the phenomenon has been
verified in many experiments and with different types of quantum objects.

2.2.1 Superposition of two pure states

To explain the mathematical formalism of superposition, we will first adopt a
slightly different but equivalent description of pure states. We saw earlier that
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pure states are described by one-dimensional projections and that each unit vec-
tor n defines a one-dimensional projection P,. However, this correspondence is not
injective. Namely, two unit vectors 1 and 1’ define the same projection if there is
a complex number z of unit modulus such that n” = zn. The converse holds also:
if two unit vectors n and n’ differ in some other way than by a scalar multiple then
they define different projections. We conclude that pure states can be alternatively
described as equivalence classes [n] of unit vectors n € H, where the equivalence
relation is defined in the following way:

n~n <& n =znforsomezeC,|z|=1.

An equivalence class [n] 1s commonly called a ray by physicists. If H has finite
dimension d + 1 then a mathematician would recognize the set of pure states as the
complex projective d-space.

Forming a superposition of two pure states is, essentially, the same thing as form-
ing a linear combination of two vectors. Let ¥, ¢ € H be two linearly independent
unit vectors. Choose two nonzero complex numbers a, b, and write

1
e by). 2.34
© = [av 1 bol (ay + be) (2.34)

Then w is a unit vector, and the pure state [w] i1s called a superposition of the

pure states [¢] and [¢]. In terms of the corresponding one-dimensional projections
Py, P, and P,, the superposition condition (2.34) reads

1 -
Pa): 2P bZP —b b , 235
o oo (Al Py IBP Py able) 1+ abyiiel) . (2.3

which does not look as simple as (2.34). In fact, the cross terms give the
difference between a superposition and a mixture; this will be discussed further
in subsection 2.2.2.

Let us note that although pure states are identified with rays, a given superposi-
tion depends on the chosen representatives of the equivalence class. In particular,
the superpositions of vectors ¥, ¢ and of vectors ¥, —¢ (with the same coefficients
a, b) give vectors w, o’ that belong to different equivalence classes.

Proposition 2.47 Let P; and P, be two different pure states (described as one-
dimensional projections). If P; and P, are not orthogonal, i.e.

tr[ P, P] #0, (2.36)

then P; can be written as a superposition of P, and some other pure state (say Ps),
and P; can be chosen such that tr[ P, P;] = 0.

Proof Suppose that (2.36) holds. We fix unit vectors @ and ¥ such that
Py=P, and P,=Py. Then tr[P;P;] =|(Yy|w)|>? < 1. If [(Yy|w)|=1 then
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P, = P,. Hence we assume that |[(¥|w)| < 1. We define a unit vector ¢y, =
(@ —y¥)//1 —|yl* with y = (Y|w); y # 0 by (2.36). This gives (¥|¢1) = 0.
Therefore, w = y¥ + /1 — |y|>¥ 1, and this proves that P; is a superposition of
P2 and P3=P1m_. U]

As convexity gives us a way of forming a new state out of two other states, super-
position gives us a way of forming a new pure state out of two pure states. However,
the superposition structure of pure states is of a character different from the convex
structure of states in general. For instance, it can be seen from Proposition 2.47 that
any pure state can be written as a superposition of two other pure states. There are
no ‘extremal’ pure states with respect to the superposition structure.

How can one realize a superposition of two states? While there is a clear recipe
for realizing a mixture of pure states, there is no clear general recipe for making
a superposition. In the former case it is sufficient to mix preparators, whereas a
superposition of preparators does not have any meaning. Superposition as devel-
oped earlier in this subsection is an abstract mathematical construction and its
physical implementation depends on the system in question. There are devices
that are considered to be superposition machines. Typically they transform a
given input state into a superposition of this state and some other (orthogonal)
state.

Example 2.48 (Hadamard gate)

Let us consider a two-dimensional Hilbert space with an orthonormal basis ¢, ¢;.
The Hadamard gate 1s a device accepting a vector state w and transforming it into
a vector state @’ such that

w = agy + by, — o' =ap, +by_,

where ¢4 = %((po + ¢,) and |a|? + |b|> = 1. If the input vector state is either ¢y
or ¢; then the output vector state is an equal-amplitude superposition of ¢ and ¢;.
In this sense the Hadamard gate ‘creates’ the superposition.

If the two-dimensional Hilbert space is used to represent the polarization of a
photon then a polarizing beamsplitter (see Example 2.2) constitutes the Hadamard
gate for ¢y and ¢;, which represent the horizontal and the vertical polarization,
respectively. A

Exercise 2.49 Calculate the action of the Hadamard gate on the vector states ¢, =
%(‘Po + ¢1).

2.2.2 Interference

Let v, ¢ € 'H be orthogonal unit vectors and let w be a superposed vector, as
in (2.34). The orthogonality of ¥ and ¢ implies that |lay + be|* = |a|* + |b|*.
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The probability related to the measurement of an effect £ when the system is in
the pure state P, is then

1
WP = Hz(lalztr[EPw] + b EP,] + 2 Refa’b (W|E(p)}),
)
where ||w||> = |a|* + |b|?. The first two terms indicate a convex combination.

Indeed, write t = |a|?/(|a]®> + |b|?), so that 1 — ¢t = |b|>/(|a|> + |b|?). Let us
then define a mixture of Py and P, as 0 = tPy + (1 — 1) P,. The probability of
measuring effect E in o is given by

1
tu[Eo] = T (lalPtr[E Py ]| + |bI*w[EP,]) . (2.37)
Comparing the above two probabilities we find that the difference between the
superposition P, and the mixture o of the orthogonal pure states is given by the
interference term

1,(E) = ”5”2 Re{a™b (Y |Ep)}. (2.38)
The number [,(E) is real and satisfies —1 < [,(E) < 1. Loosely speaking we
can say that the interference term reflects the difference between a superposition
(a purely quantum structure) and a mixture (a general statistical structure) of pure
states.

The interference term /,(E) can be detected in experiments but the observed
interference obviously depends on the particular choice of the effect E. Each pure
state can be expressed as a superposition of other pure states. It is only a question of
the proper choice of experiment in which the interference can be seen. For example,
if the superposed vectors ¥, ¢ are orthogonal then 1,(Py) = 1,(P,) = 0 and
|11, (P)| = 2labl?/(lal* + [b]?).

Example 2.50 (Double-slit experiment)
The double-slit experiment is an elegant and simple demonstration of quantum
interference and superposition. Let us briefly recall its basic features.

The situation is as follows: a source produces quantum particles impinging per-
pendicularly on a screen with two slits that defines the x-axis. It is assumed that
the particles have equal probability of approaching any point in some finite area
containing the two slits. Thus there is a nonzero probability that from time to time
a particle will pass beyond the screen; in a sense, the screen with slits is filtering the
incoming particles. Particles that pass the slits evolve freely and are registered on
a second screen. Passage through the screen with slits followed by free evolution
between the screens is considered to amount to the preparation process of some
state. Registration on the second screen is understood as the measurement part of
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the experiment. For our purposes it is sufficient to consider the one-dimensional
version of the problem (i.e. the case where the slits are effectively infinite in the
direction perpendicular to the x-axis), in which case a probability density distribu-
tion p that depends only on x is measured. We consider three different experimental
settings.

e Both slits are open and the probability g is measured.
e The lower slit is closed and the upper is open. We measure the probability p .
e The upper slit is closed and the lower is open. We measure the probability p_.

As indicated in Figure 2.6, after the experiments are complete we end up with
probability densities p+ and g. Performing the same experiment with particles that
are classical, one will find exactly the same probability densities for p.; however,
the distribution g = g5 Will be completely different from the quantum case and
will satisfy the identity

class = %p—{— + %p— .

The interpretation is that classically the double-slit experiment can be seen as an
equal mixture of single-slit experiments in which, with equal probabilities one slit
is closed. This reasoning is based on the fact that in each run of the double-slit
experiment the particle must go through exactly one slit; the second slit is closed.
However, for quantum particles this type of relation does not hold. In the quantum
case we have

q=1ipi+p)+1,

where [ is the interference term.

In probability theory, the probability of a joint event P(a U b) is given by a
formula P(a U b) = P(a) + P(b) — P(a N b), where the last term reflects the
dependence of the events a and b. Suppose that both slits are open and that event a

classical quantum

Figure 2.6 Double slit experiment with classical and quantum systems.
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consists of the registration at position x of a particle that has passed through the
first slit. Similarly, event b is identified with the registration at position x of a par-
ticle P(a U b) that has passed through the second slit. Could the above formula for
the joint probability be used to explain the interference term? If yes, it would mean
that the two events are not independent. That is, the particles although separated in
time are not passing the slits independently and there is a nonvanishing probability
that particles pass through both slits simultaneously. Unfortunately, the situation
is even more weird and the probability formula does not really help. Whereas the
probability P(a N b) is always positive, the interference term can be both nega-
tive and positive. Thus, probability theory fails to explain the interference term.
This means that the probabilities P(a Ub), P(a) and P (b) are unrelated within the
language of probability theory; hence, in the quantum case the double-slit experi-
ment cannot be understood in terms of superimposed single-slit experiments. We
conclude that quantum particles are passing through the slits in some curious way.
Registration of a particle on the second screen does not tell us anything about the
slit the particle passed through.

The situation is, of course, properly described within the quantum theory. As
we said earlier, the first screen is used to prepare the particular pure state of the
particle associated with vectors ¢, ¥, ¥_ € H = L*(R), respectively. The proba-
bility densities of the position measurement are given as p+(x) = |+ (x)|*> and
g(x) = |¢(x)|>. The state of the particles prepared by the double-slit screen is a
superposition of the states prepared by single-slit screens, i.e.

¢(x) = %[W—(X) + ¥ (0]

The calculation

() > = SY_(x) + Y ()]
= Hp-(x) + p+ )] + Y- () Y (X) + Y3 () Y_(x)]

shows that I (x) = Re(y_(x)*¢r(x)). A

2.3 Symmetry

Two physicists, Alice and Bob, are in a laboratory. Suppose that Alice prepares
a quantum system in a specific way and describes this preparation procedure as
state o. The probability of the occurrence of some experimental event, described
by an effect E, is tr[g E ] Bob is watching what Alice is doing and he also wants
to predict the probability of the same event. Bob knows all the necessary details of
the experiment and uses ¢’ and E’ to describe the state and effect, respectively. If
Alice and Bob are able to give the same predictions for the measurement outcome
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probabilities, does it mean that they are actually using exactly the same mathemat-
ical description? In other words, does the equality tI'[Q E ] = tr[Q’E ’] imply that
o=0 and E = E?

The potential freedom in the choice of a particular mathematical represen-
tation of physical objects is loosely called symmetry. In mathematical terms,
physical symmetries are intimately related to groups in the sense that symmetry
transformations form a group.

The mathematical description of quantum systems is based on Hilbert spaces,
and unitary operators represent isomorphisms of a Hilbert space. Therefore, one
might expect that the group of unitary operators (perhaps with antiunitary operators
added) has a direct connection with the representation of symmetry in the quantum
formalism. We will see with no difficulty that unitary and antiunitary operators
indeed determine symmetry transformations (subsection 2.3.1). A much deeper
result is that there are no other symmetry transformations. We will first show this
by concentrating on the state space (subsection 2.3.2). We then discuss a stronger
variant known as Wigner’s theorem (subsection 2.3.3)

Our discussion is based on the books of Davies [51] and Cassinelli ef al. [38].
We also refer to the book [101] by Molnar for a detailed study of this subject.

2.3.1 Unitary and antiunitary transformations

Let U be a unitary operator and suppose that the connection between Alice’s and
Bob’s descriptions is

o =UgU*,  E' =UEU".
Then
t[o'E'] = u[UgU*UEU*] = t[oE] ,

which means that Alice and Bob make the same predictions about measurement
outcome probabilities. Since only these probabilities are related to physical predic-
tions and comparable with experiments, we conclude that there is a unitary freedom
in the choice of the mathematical description of states and effects.

Example 2.51 (Rotations of the Bloch sphere)

We saw in Example 2.21 that qubit states are in one-to-one correspondence with
points in the Bloch sphere. Since the eigenvalues of any unitary operator are com-
plex numbers with modulus 1, a unitary operator U on C? can be written in the
spectral decomposition form

U =eo)p|+ePlo) (o],
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where ¢, ¢, are eigenvectors of U forming an orthonormal basis of C? and «,
are real parameters (subsection 1.3.3). We know that

el =T +17-6), leell=10—-1-0),
for some unit vector 7. Moreover, we can set @ = k + n and 8 = « — n and then

obtain
e+ e e — e
U =¢e'" I+ n-o
2 2

= e'*(cosnl +isinn(i -5)). (2.39)

We conclude that unitary operators on C? are determined by four real parameters.
In the action o +— UpU?* the parameter « vanishes. In the Bloch vector
formalism this action induces a transformation 7 — 7’ with

= tr{o;UoU*] = ) " nid tr[o;Uoy U] Z R . (2.40)
k

A direct calculation gives
Rjx = str[o;UoyU*] = 8 cos2n + (1 — cos 2n)n jny + €jyn; sin 27,
and therefore
=rcos2n+ (1 —cos2n)(n-F)n + sin2n(F x n).

The reader may notice that the transformation relating to the matrix R corresponds
to an orthogonal rotation (R is a 3 x 3 real matrix satisfying det R = 1 and R~! =
RT) around the axis 7 by an angle 27. In conclusion, unitary operators induce
rotations of the Bloch sphere. A

Let us now take a more detailed look at unitary freedom. For each unitary
operator U on 'H, we define a linear mapping oy on L(H) by

oy(T):=UTU". (2.41)
Since UU* = U*U = I, it follows that oy is a bijective mapping.

Proposition 2.52 For the mapping oy defined in (2.41), the following statements
hold:

(a) oy(E) € E(H) if and only if E € E(H);
(b) oy(o) € S(H) if and only if o € S(H);
(¢c) oy(P) € 8 (H) if and only if P € S™'(H).

(See the list of symbols, which can be found before the list of references, near
the end of the book.) Thus the restrictions of oy to £(H), S(H) and S™'(H) are
bijective mappings.
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Proof (a): Let us first show that the mapping oy preserves positivity, which
means that oy (T) > O if and only if T > O. For each T € L(H), we have
(IUTU*Y) = (U |T(U*Y)) for all € 'H. Since unitary operators are bijec-
tions on H, the range of U* is the whole Hilbert space H. Thus UTU* > O if
and only if 7 > O. Consequently, oy (E) > O and oy (I — E) > O if and only if
E > 0,1 — E > O; thus the statement holds.

(b): Since S(H) C £(H), it is sufficient to show that oy, is trace preserving. This
is a direct consequence of Exercise 1.54.

(c): Since S*'(H) C S(H), it is sufficient to show that oy preserves purity
(recall Proposition 2.11). For a state o, we obtain

tI'[O’U (Q)z] = tr[UQU*UQU*] = tr[gz] ,
thus the purity of oy (0) is equal to the purity of p. (]

It is an important fact that two mappings oy and oy may be the same even if
the unitary operators U and V are different. This is specified in Proposition 2.53
below.

Proposition 2.53 Let U and V be unitary operators. The following conditions are
equivalent:

(i) oy = ov;
(i) oy(E) = oy(E) forevery E € E(H);
(ili) oy (@) = oy (o) for every o € S(H);
(iv) oy (P) = oy (P) for every P € S*'(H);
(v) U=zVforsomez e T={ze€C:|z] =1}

Proof Trivially, ()= (ii). Moreover, S(H) is a subset of £(H) and S*'(H) is a
subset of S(H), hence (i1)=>(iii)=>(iv). Since

o,v(T) =zVT (V) = zzVTV* = oy (T),

we conclude that (v)=>(i). Therefore, to complete the proof we need to show that
(1v)=(v).

Let us first note that, on the one hand, for a one-dimensional projection Py, deter-
mined by a unit vector ¢ € H we have oy (Py) = Pyy. On the other hand, two
projections Py, and P, are the same if and only if there is a complex number z € T
such that ¢y = z¢. Therefore, (iv) implies that there exists a mapping ¢ from the
unit vectors of H to T such that Uy = c(y) V¢ for all unit vectors ¢ € H. To
prove (v), we need to show that c¢ is a constant function.

Let v, ¢ € 'H be two unit vectors. We then have

(Vlp) = Uy Ug) = c()c(@) (VYIVe) = c(¥)e(@) (V]p) .
Therefore, in the case (Y |p) # 0 we get c(¥) = c(@).
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Suppose then that (¥ |¢) = 0. We define a unit vector

o =1v+eol™ (v +9).
Since (¥ |¢) # 0, our earlier observation implies that c(¢) = c(y/). Thus,

Uy +Up=UW +¢) =V +ellUp= Y +olc@)Ve
=c(VW + o) =c)Vy +c(¥)Ve

=Uy+c¥)Vop.
Comparing the first and the last expressions, we conclude that Up = c()V o,
implying that c(¢) = c(¢). ]

We will use the notation oy also for the restrictions of oy to E(H), S(H) or
S (H). We have just seen that any of these restrictions determines oy completely,
hence this use of notation will not cause any confusion.

In the following we are going to need the antiunitary operators introduced at the
end of subsection 1.2.4. For each antiunitary operator A, we define a mapping o4
with the same formula as for unitary operators:

o4(T) ;== AT A* (2.42)

Let us recall that for antiunitary operators AA* = A*A = [. It is easy to see
that if 7" is a linear operator then AT A* is also a linear operator. In fact, for every
¢, ¥ € 'H and ¢ € C we obtain

ATA (¢ +cy) = AT (A% +cA™Y) = A(TA%)p + c(TA™)Y)
= (ATA") ¢ + c(AT A"y .

Moreover, we have

|AT A"y || = V(AT A*Y |AT A*yr) = |[TA*y|| < IT| |A*y | = ITI v .
This shows that 04(T) € L(H) forall T € L(H).

Exercise 2.54 Verify that the results of Propositions 2.52 and 2.53 are true when
unitary operators are replaced by antiunitary operators.

Antiunitary operators describe different symmetries than unitary operators.
Namely, we have the following observation.

Proposition 2.55 Let U be a unitary operator and A an antiunitary operator. Then
oy # o4 on S*Y(H).

Proof We make the counter-assumption that o (P) = o4 (P) for all P € S™'(H).
This can be true only if for every unit vector v € H there is a complex num-
ber c(y) such that Uy = c(y¥)Ay and |[c(y)| = 1. Let ¥, ¢ € 'H be linearly
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independent unit vectors, and write ¢ = ||V 4+ i¢|~! (¥ + i¢). Then on the one
hand

U +io)=Uy +iUp =c({)AY +ic(p)Ap (2.43)

and on the other hand

UW+ip)=Iv +ipllU¢ = [l¥ +igllc(@)AY —i || +ipllc(@)Ap. (2.44)

Since A is antiunitary, the vectors Ay and Ag are linearly independent. Compari-
son of (2.43) and (2.44) gives

cW) =l +igllc(@) and  clp) =¥ +iplc(d).

Thus, c(yy) = —c(¢). Repeating the same calculation with the vector ¢ =
IV + ¢l "L (¥ + ¢) leads to c(¥) = c(¢). This means that c¢(y») = 0, which
conflicts with the fact that |c(y)| = 1. We conclude that the counter-assumption is
false and therefore oy # o4 on S*'(H). O

Even if antiunitary operators define symmetry transformations in much the same
way as unitary operators, these two classes have crucial differences. Perhaps the
most important is related to complete positivity, which will be discussed in subsec-
tion 4.1.1. It will then become clear that antiunitary operators can describe only
abstract symmetries (e.g. time inversion), not physically realizable symmetries
such as rotations or translations.

Example 2.56 (Quantum NOT gate)

In classical information theory a NOT gate flips the value of a bit. Hence, its action
10— 1and 1 +— O or, more briefly, b — b + 1 (mod 2). A quantum analogue of
the NOT gate is defined on C? as a mapping transforming every pure state P into
its complement P+ = I — P. The quantum NOT gate is thus defined as

Enor(T) =u[T]I —T

for every T € L£(C?). The quantum NOT gate satisfies Exor(/) = I. Moreover, it
is invertible and

tr[Enor (E)énor(0) ] = e[ (t[E] 1 — E)Y(I — 0)]
= u[E]u[l]+ tw[Eg] — w[E]tr[o] — tr[E]
=tr[Eo] , (2.45)

for any effect E € £(H) and state o € S(H).

If T = 1(I +7-6) then Eor(T) = 3(I — ¥ - 7). Therefore, in Bloch-sphere
language Exor induces a transformation 7 — —7, which is space inversion. On the
basis of Example 2.51 we conclude that there is no unitary operator U such that
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Enor = oy, because unitary operators induce only orthogonal rotations and space
inversion is not an orthogonal rotation. A

Exercise 2.57 Find an antiunitary operator A such that Exor = 04. [Hint: Recall
that each antiunitary operator can be written as a product of a unitary operator and
its complex conjugate.]

For each unitary or antiunitary operator U, we denote by [U] the equivalence
class consisting of all operators of the form zU, z € T. As we learned earlier, the
equivalence class [U] consists of those operators that define the same mapping oy .
We denote by ¥ the set of all equivalence classes [U].

For each z € T, the operator z/ is unitary and the set T/ = {z/ : z € T}isa
subgroup of the group U (H) U U(H). An operator zI clearly commutes with all
unitary operators. However, if A is an antiunitary operator then Azl = zA but
zIA = zA. Even if A and z/ do not commute, we see that A(zI[)A~! € TI. In
mathematical language, this means that T1 is a normal subgroup of U (H) UU(H).
As a consequence, we can define multiplication in X as follows:

[U]-[VI=[UV],

and in this way X becomes a group. In algebraic terminology ¥ is the quotient
group of U(H) UU(H) by TI; this is written as

Y =UH)UUH)/TI .

As we will see in the following two subsections, ¥ describes the innate symmetry
of quantum theory.

2.3.2 State automorphisms

Symmetry transformations, by definition, preserve all the essential features and
properties of the object under consideration. The characteristic feature for a set of
states is the possibility of forming mixtures. This is reflected as the convex structure
of S(H). The symmetry transformations on S(H), also called the automorphisms
of S(H), are therefore taken to be the convex structure preserving bijections.

Definition 2.58 A function s : S(H) — S(H) is a state automorphism if:

e s is a bijection;
® V01,00 € S(H), 2 €[0,1]: s(ro1 + (1 —A)g2) = As(e1) + (1 — 1)s(02).
We denote by Aut(S(H)) the set of all state automorphisms.

It is clear that a composition of two state automorphisms is also a state automor-

phism. This fact taken together with Proposition 2.59 below means that Aut(S(H))
is a group.
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Proposition 2.59 Let s be a state automorphism. Then the inverse mapping s ! is

also a state automorphism.

Proof The state automorphism s is a bijection on S(H). Hence, the inverse

mapping s~ exists and is a bijection. For all o1, 0» € S(H), A € [0, 1], we obtain

sOs™ o) + (1= 2)s7H(02) = ro1 + (1 = Vo2 = s(s7 ' (ho1 + (1 = 1)2)) -

Since s is a bijection, it is injective. Therefore,

rsTHe) + (1 =15 (e2) =57 (o1 + (1 = 2)02) -
This shows that s~! is a state automorphism. (]

It follows from our discussion in subsection 2.3.1 that mappings oy, where U is
either a unitary or an antiunitary operator, are state automorphisms. We are now
going to prove that each state automorphism s is of the form oy for some unitary
or antiunitary operator U. This will be a somewhat lengthy and technical effort,
but the basic ingredient of our proof is the following simple property of state
automorphisms.

Proposition 2.60 Let s be a state automorphism. Then a state o is pure if and only
if (o) is pure.

Proof We prove the claim by showing that a state o is mixed if and only if s(o)
1s mixed. Let o be a mixed state, so that o = Ag; + (1 — A1), for some 0| # 0>
and 0 < A < 1. Then s(p) = As(01) + (1 —A)s(02) and s(01) # s(02). Thus, s(0)
is mixed. Employing the inverse automorphism s ~! we can prove in the same way
that if s (o) is mixed then the state s ~'s(0) = o is mixed. L]

Further, we will need the following technical results.

Lemma 2.61 Let s € Aut(S(H)). There exists a unique linear mapping s :
T (H) — 7 (H) such that 5(0) = s(p) for every o € S(H). Moreover § is positive
and invertible and preserves the trace of any selfadjoint trace class operator.

Proof We can extend s to a linear mapping s on 7 () in a way similar way to that
in which E was extended to E in the proof of Proposition 2.30. For each nonzero
positive operator T € 7 (H), we define

S(T) := tr[T]s(T /tr[T])

and the steps to selfadjoint and general operators follow the steps of the proof of
Proposition 2.30. It follows from the construction that s is positive.

To see that the extension is unique, we recall that every T € 7 (H) can be written
as a sum 7' = Tg + iTy of two selfadjoint linear operators, and every selfadjoint
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trace class operator is a sum of one-dimensional projections (see subsection 1.3.3).
Therefore, a linear function on 7 (H) is completely determined by its action on
states.

Since s~ € Aut(S(H)), we can extend s ! to a unique linear mapping on 7 (H).
By our earlier observation this type of extension is unique, and it follows that the
extension of s~ is the inverse of §. In particular, § is invertible.

Finally, we need to show that s preserves the trace of any selfadjoint trace class
operator. If T € Z;(H) then

ISl = ST =TH|, = 5T —5(T7)|,
< s, + 5|, = ufsr)] + ufser)]
=u[T*]|+u[T | =u[T*+T | =u[ITI] =Tl
A similar derivation gives H§_l (T) || o = IITlg- These inequalities taken together
give
TN, = |57 @], < 1I5@Ne < 1T 1y

which means that ||s(7)|l, = ||T ||, and hence proves the claim. U]

Lemma 2.62 Let Py, P, € S*'(H). Then 0 < tr[ P, P,] < 1 and

| Py = P2l = 2¢/1 =t Py P]. (2.46)
The pure states P; and P, are orthogonal if and only if || P, — P»||, = 2.

Proof 1If P, = P, the claim is trivially true. Hence, we will assume that P; # P;.
Fix unit vectors ¥, ¢ € H such that P, = Py, and P, = P,. Since tr[P| P;] =
|(v|@)|?, it follows that tr[ P; P,] > 0 and the Cauchy—Schwarz inequality implies
that tr[ P, P2] < 1.

For a vector ¢ € H, we obtain

(Pr = P)¢ = (Py — Pp)¢p = (Vo) ¥ — (¢ld) ¢.

This shows that if ¢ is an eigenvector of P; — P,, it must be of the form ¢ = c; ¢ +
co¢ for some ¢y, ¢, € C. Inserting this expression into the eigenvalue equation

(P1 — P)¢ = Ad
gives

rcr =c1+ 2 (Yle) ,
Acy = —cy —c (@|Y) .

This leads to the two solutions

e =E£V1— [ (Yle) 2.
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Therefore

1Py — Pally = te[| Py — Pa|] = [As| + [A_]
=21 — [ (¥lp) > =2y/1 —ul[P P,].

We saw in subsection 1.2.5 that two projections P; and P, are orthogonal if and
only if tr[ P; P,] = 0 and this fact proves the last claim. L]

With this preparation we are ready to prove the main theorem of this section. We
follow the proof of Davies [51].

Theorem 2.63 Each state automorphism s is of the form s = oy for a unitary or
antiunitary operator U. The operator U is unique up to the equivalence class [U].

Proof Let f : 7T(H) — 7 (H) be a linear mapping that is positive, trace-norm-
preserving on 75(H) and invertible and for which f(S*'(H)) € S='(H). We will
show that f = oy for some unitary or antiunitary operator U and that U is unique
up to the equivalence class [U]. The first claim then follows from Proposition 2.60
and Lemma 2.61, while the second claim follows from Proposition 2.53.

Let ¢, ¢’ € 'H be two orthogonal unit vectors. Since f maps pure states into
pure states, there are unit vectors ¥, ' € H such that

o)D) = ) (¥l, fAR N D = )Y (2.47)

Moreover, as f preserves the trace of any selfadjoint trace class operator, it follows
from Lemma 2.62 that ¢ and v are orthogonal. We can identify the two dimen-
sional subspaces span{¢, ¢’} and span{y, ¥’} with C?. The function f restricted
to the trace class operators on span{g, ¢’} is hence a linear mapping on 7 (C?). It
induces a transformation 7 — 7 on the Bloch sphere, and from the properties of
f it follows that this transformation is invertible and affine and maps the surface
of the Bloch sphere into itself. But this kind of transformation is either orthogonal
rotation, space inversion or their combination. We may then conclude from Exam-
ples 2.51 and 2.56 that the restriction of f is of the form oy for some unitary or
antiunitary operator V on C2.

Suppose that V is a unitary operator. Inserting f = oy into (2.47) gives
Vo = (Y|Ve) ¥ and V¢’ = <W|Vg0/>¢/. Since V preserves the norm, we have
(Vo) = I(y'IVe')| = 1. We obtain

fUe) @' = Vip) eIV = zly) (/| (2.48)



96 States and effects

for some z € C with |z| = 1. However, if V is antiunitary then a similar derivation
leads to

FAe)@']) = zIy ) (Y] (2.49)

for some z € C with |z] = 1. Now let {¢;} be an orthonormal basis for . For
each i, there is a unit vector i; € H such that

Flei(eil) = [vi) (il ,

and two vectors V;, ¥; € 'H are orthogonal whenever i # j. Our previous
discussion shows that for ¢; # ¢; we have

Fleidle;l) = zijli) (bl or fei){e;) = zij|¥;) (Wil (2.50)

for complex numbers z;; with |z;;| = 1. As the linear span of the operators |¢;)(¢/|
is dense in 7 (H), the linear span of the operators |;) (| is also dense in 7 (H)
(since f is continuous and surjective). It follows that the set {v;} must be an
orthonormal basis for H.

We claim that the option in (2.50) (either switching i and j or not) holds for
all pairs. To see this, let us assume that there are three different vectors ¢;, ¢;, ¢
such that

Tl = zijli) (bl and fll@i(@]) = zicl Vi) (il -

The unit vector ¢, = %((p ; + @) 18 orthogonal to ¢; and, by the linearity of f,
we get

FUeN @) = F5zii Vi) (| + s ziel¥e) (Wil -

The resulting operator is not rank-1, which contradicts (2.48), (2.49). We con-
clude that if the first index in |¢;){(¢,| 1s kept fixed then the order of the indices
in the image f (|¢;){¢;|) is the same for all j. But analogous reasoning shows that
if the second index in |¢;)(p;| is kept fixed then the order of the indices in the
image f(|g;){(¢@;|) 1s the same for all i. Therefore, either f switches the indices in
f i) {p;]) forall i, j, or for none.

We first consider the nonswitching case, 1.e. f(|¢;){(¢;|]) = z;ij|¥:){(¥;| for all
i, j. Ifdim’H = d < oo, we define a unit vector ¢ = ﬁ Zle ¢;. Then on the one
hand

1
ORI
i,J

On the other hand f satisfies f(S**'(H)) € S*™'(H), and hence f(|¢)(¢]) is a
one-dimensional projection. Thus there is a unit vector n = ﬁ Y. ¢iy; such that

1
SUeYoD = Imnl = = > aici i) (v
ij
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A comparison of these two expressions for f(|¢){(¢|) shows that z;; = c;c;. As
|zij| = 1 for all i, j, we also have |c;| = 1 for all i. For each i, we define
Uyp;, := c;¥; and extend U to a linear mapping on H. Since both {¢;} and {c;{;}
are orthonormal bases, U is a unitary operator on H (see Proposition 1.49). If
dimH = oo, we modify the definition of ¢ to ¢ = Y 0, #gﬂi. Otherwise the
same reasoning applies.

Let us then consider the switching case, i.e. f(|;){(¢;|]) = zij|¥;)(¥;| for all
i, j. Let J be the complex conjugate operator relating to the orthonormal basis
{¥;} (see the discussion at the end of subsection 1.2.4). The composite mapping
T — Jf(T)J is now of the nonswitching type, hence the previous analysis shows
that there is a unitary operator U such that Jf(T)J = UTU*. But then f(T) =
(JU)T (JU)*, and so JU must be an antiunitary operator. L]

Theorem 2.63 means that state automorphisms are in one-to-one correspondence
with the elements in X. This relation is also a group homomorphism; if s; and s,
are related to equivalence classes [U;] and [U;] then the composition s;s; is related
to [U,U,]. We conclude that the groups Aut(S(H)) and X are isomorphic.

2.3.3 Pure state automorphisms and Wigner’s theorem

On the basis of Section 2.2, it seems reasonable to require that automorphisms
of pure states preserve the superposition feature. A numerical quantity related to
superpositions is tr[ P P>] (see Proposition 2.47). One possibility is thus to define
automorphisms in the following way.

Definition 2.64 A function p : S™(H) — S%(H) is a pure-state automor-
phism if:

e p is a bijection;
o tr[p(P)p(P2)] = tr[ P Ps].

We denote by Aut(S*'(H)) the set of all pure-state automorphisms.

The fundamental result in the theory of automorphism groups is the following
statement, known as Wigner’s theorem.

Theorem 2.65 (Wigner’s theorem)
Let p € Aut(S*™'(H)). There is a unitary or antiunitary operator U such that

p(P) =oy(P) VP € S™(H).

The operator U is unique up to the equivalence class [U].
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This result was first stated by Wigner in his book [144]. The first rigorous
proof was perhaps given by Bargmann [10], and since then many different proofs
have been presented. A reader-friendly proof of Wigner’s theorem can be found in
e.g. [38].

To underline the fundamental role of Wigner’s theorem, we note that it is
stronger than Theorem 2.63 in the sense that the latter is quite easy to recover
from the former. We need only the following two simple observations.

Proposition 2.66 Let 51,5, € Aut(S(H)) and assume that s;(P) = s,(P) for
every P € S®(H). Then 51 = s5.

Proof Write s = s15, ! The assumption means that s(P) = P for every P €
S®™'(H) and we have to prove that s is the identity mapping on S(H). For each
0 € S(H), we have a canonical convex decomposition o = Y. A; P; of ¢ into pure
states P;. Since s is continuous, we obtain

s(@) =s (Z)»ipi) = ZMS(Pi) = Z)»ipi =0.

This shows that s is the identity mapping. 0]

Proposition 2.67 Let s be a state automorphism. The restriction of s to S*'(H) is
a pure-state automorphism.

Proof By Proposition 2.60, the restriction of s is a mapping from S™'(H) to
S®*(H). The same is true for the inverse mapping s !, and therefore the restriction
of s is a bijection on S**'(H).

Let 5 be the extension of s to 7 () as in Lemma 2.61, and let P;, P, € S*'(H).
Using Lemma 2.62 we obtain

21 —tr[P Pl = [Py — Polly = I5(P1 = Pl = I5(P) — 5(P2)
= s(Py) — s(P) Iy = 2y/1 — tr[s(Py)s(P))] .
Hence tr[s(P;)s(P>)] = tr[ P, P,]. U]

We conclude that each state automorphism determines a pure-state automor-
phism, and that two different state automorphisms determine different pure-state
automorphisms. Therefore Theorem 2.63 can be recovered from Wigner’s theorem.

2.4 Composite systems

Suppose that we have two quantum systems A and B and let H,4 and Hp be the
Hilbert spaces used in the mathematical description of these systems. The question
is, what Hilbert space should we associate with the composite system A + B?
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The answer depends on whether A and B are distinguishable. To make things
simpler we will assume that systems A and B are of different kinds and hence
distinguishable. For the purposes of this section it is helpful to recall the tensor
product introduced in subsection 1.3.5.

2.4.1 System versus subsystems

We assume that A and B are identifiable parts of the compound system A + B
and call them subsystems of A + B. The assumption means, in particular, that
we can manipulate systems A and B separately and that we are able to perform
experiments addressing the properties of A and B individually. Suppose that we
have an effect E4 on H,4 and an effect Eg on Hp. These effects correspond to
measurements on the systems A and B, respectively. Hence, by the assumption
we should have an effect y(E4, Eg) on Hp that describes both these separate
measurements on A and B. In other words, we require that there is a mapping y
from E(H4) x E(Hp) to E(H ).

In a similar way, for separate preparations of subsystems we have a mapping y
from S(H4) x S(Hp) to S(H sp). If the measurements and preparations are made
separately, the systems are statistically independent and we should have

tr[7(0a,08)Y(Ea, Ep)| = tr[0aEa| tr[0sEB] . (2.51)

The question of the description of a compound system can thus be approached by
searching for a suitable Hilbert space H 4 and mappings y and y .

Let us make a trial by choosing Hap = Ha ® Hp and setting y(E4, Ep) =
Eo® Epand y (04, 08) = 04 ® 0p- The properties of the tensor product guarantee
that condition (2.51) is satisfied. This motivates the choice of the tensor product
Hilbert space H4 ® Hp as a mathematical description of the compound system
A + B. We accept this choice without further investigation.

A curious thing arises from the properties of the tensor product. Namely, an
operator 7 on H4 ® Hp need not be of the product form 7" = T4 ® Tp, so how
should we understand those states and effects of the compound system that are
not simple products? Following the picture of the basic statistical framework it is
clear that convex combinations (mixtures) of separate preparations and effects are
no longer of product form. This is no surprise. However, it is a remarkable conse-
quence of the tensor product algebra on Hilbert spaces that the states and effects of
composite Hilbert spaces contain also elements that cannot be understood as mix-
tures of factorized states and effects, respectively. In turns out that states of the two
subsystems can be intertwined in a strange way, in which case the compound state
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is called entangled. Entanglement will be our topic in Chapter 6. In the present sec-
tion we will focus on elementary properties of the tensor product as a description
of compound systems.

The physical meaning of the following definition will become clear shortly.

Definition 2.68 The partial trace over the system A is the linear mapping
try : T(Ha ® Hg) — T (Hp)
satisfying
trltra[T]1 E] = tu[T(I Q@ E)] (2.52)

forall T € T(Hs ® Hp) and E € L(Hp). We define the partial trace trg over the
subsystem B in a similar way.

It may be worthwhile to notice that we use the same notation tr[-] for the trace in
all Hilbert spaces. In particular, the trace on the left-hand side of (2.52) is calculated
in H g while the trace on the right-hand side is calculated in H4 ® Hp.

Example 2.69 Suppose T € 7 (H 4 ® Hp) is of the product form 7' = T4 ® Tp.
Then the defining condition (2.52) gives

trtra[Ta @ Tg] E] = tr[T4 tr[ TR E] .
Since this holds for every E € L(Hp), we conclude that
tra[Th @ Tg] = tr[T4] Tp, (2.53)
and analogously,
trp[Ty @ Tg]l = tr[Tg] Ty . (2.54)
Note that if 74 and T are states then try[7T4 @ Tg] = T and trg[TA @ Tg] = T4. A

Actually, we have not yet shown that the partial trace mapping even exists. To
do this, we give a formula for calculating the partial trace. Fix orthonormal bases
{¥;} and {¢y} for H 4 and H g, respectively. Then {1/; ® ¢} is an orthonormal basis
for Hy @ Heg. If T € T(H4 ® Hp), we can write

T=ITI=) > ¥;®e)V; ® el TVm ® 0u)(¥n ® 0|

j.k m,n

=3 5" (¥ @ il TV @ 00} 17 (Y] ® 92) (@] (2.55)

j.k m,n

We have seen that (2.53) holds for tr4, and this leads to

ta[1V,) (Y] ® @) (@al] = w197 (Wil ] 106} (@n] = 8mIpi) (@l -
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Hence, we obtain
ralT1=)_ (¥; @ gl T¥; ® @)l (ul . (2.56)
J.k,n

One can now verify that trs[T], as given in (2.56), satisfies the defining condition
(2.52) for every E € L(Hp). Similarly we obtain

wplT1= ) (¥, ® @l TVYm ® V) (Y . (2.57)
J.k,m

In many cases one can use the defining condition (2.52) directly to calculate the
partial trace; nevertheless, sometimes it is easier to apply formulas (2.56) and
(2.57).

Exercise 2.70 Let T € 7 (H4 ® Hp) and Y € H,. Prove that
(Wl T1Y) =Y (¥ ® ¢l TY © i) (2.58)

k

for every orthonormal basis {¢;} of Hp. [Hint: Use (2.57).]

The following proposition shows that the partial trace preserves the physically
relevant properties of operators. In particular, the partial trace of a state is again a
state.

Proposition 2.71 Let T € 7 (H s ® Hp). Then:

(@) tr[T] = teftra[T]] = teftrp[T]];
(b) T > O implies that trs[T] > O and trg[T] > O.

Proof (a): Choose E = I in (2.52).
(b): Assume that 7 > O. Fix a unit vector n € Hp and choose E = P, in (2.52).
We then obtain

(nltralTn) = u[wAlT1P,)| = u[TI @ P)| =tu[(I ® P)TU Q P,)]
=u[(TTU @ P (THUI ® P)| 2 0.
This shows that try[T] > O. L]

Effects of the form £ ® I are interpreted as corresponding to experiments mea-
suring the properties of subsystem A only. Since the identity tr[(E 1 )Q] =
tr[tr glo]l E ] holds for a given state of the composite system o and all effects
E € £(H ) defined on the subsystem A, it is natural to identify the state trg[o] with
the state of the subsystem A. Hence, a state ¢ of the composite system determines
the states of its subsystems via the partial trace.
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Definition 2.72 Let o € S(H 4 ® Hp) be a state of the composite system A + B.
Then the operators trg[o] and tr4[o] describe the states of the subsystems A and B,
respectively. The states trg[o] and try[o] are called reduced states, and pap = 0 1S
a joint state.

Assuming that the subsystems A and B are described by states o4 and gg,
respectively, we can ask the following question: what are the possible joint states
oap of the composite system? Clearly, one possibility is that o4 = 04 ® 03
with o4 = trg[p] and op = tra[o]. Generally, however, there are also other possi-
ble choices. This means that the knowledge of the states of the subsystems A and
B does not enable one to specify the state of the composite system. The follow-
ing proposition describes one important exception, i.e. a case when reduced states
specify the joint state completely.

Proposition 2.73 Let p4p be a state of the composite system A + B. If the reduced
states p4 = trgloap] and pp = try[oap] are pure states then the joint state p4p 1S
of the product form o4 = 04 ® 05.

Proof Suppose that o4 = Py, for some unit vector v € H, and that o5 = P,
for some unit vector ¢ € Hp. We want to show that oo = Py ® P,. We choose
orthonormal bases {v;} and {¢;} for H, and Hp, respectively, such that ¥, =
and ¢; = ¢. Using (2.58) and a similar formula for tr4, we obtain

1 = Z (V1 @ gkloasyn @ ¢x) = Z(Wj ® ¢iloas¥; ® ¢1) -

k J

Since (¥; ® @xloas¥; @ @) > 0and Dok (V; ® prloasy; ® o) = trfoas] =1,
it follows that

(V) ® erloas¥; @ o) = 8181k -

By Proposition 1.35 we conclude that o4pV; ® ox = 01f j # 1, k # 1. Applying
this result to (2.55) we get 045 = (Y1 ® ¢1l0as¥1 ® ¢1) Py ®P,. Fromtr[oap]| =
1 it follows that oo = Py ® P,. U]

The physical content of Proposition 2.73 is the following. Suppose that two
physicists, Alice and Bob, share a composite system in an unknown state g4p.
The situation could be, for instance, that they each receive photons from the same
unknown source. We assume that both are skilled experimentalists; hence Alice
can determine the reduced state o4 = trg[o4p] and Bob can determine the reduced
state op = tra[oap]. If they both notice that their reduced states are pure then, by
communicating this information, they know that the composite system is of prod-
uct form. This implies that the photon source can be thought of as two uncorrelated
and independent sources, one sending photons to Alice and one to Bob.
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2.4.2 State purification

Mixed states are convex mixtures of pure states. The concept of composite systems
provides an alternative interpretation of mixed states in terms of reduced states. In
the following we will see that any mixed state can be seen as a reduced state of
some pure state of a composite system.

Reduced states are defined via a partial trace mapping. In opposition to the
reduction in one of the subsystems, we can add an extra system, to our description
at least. For this purpose, we introduce a so-called ancillary system, represented by
some additional Hilbert space H ..

Definition 2.74 Let o be a state on . A pure state P on a composite system
H ® Han is a purification of g if try,.[P] = o.

In a sense, purification is an inverse procedure to the partial trace; however, it is
highly nonunique. Let us note that the size of the ancillary system is not limited.
For instance, if P is a purification of ¢ then any compound state P ® P’, where P’
is a pure state of some additional system H’, is also a purification of .

To show that every mixed state has purifications, let o € S(H) be a mixed state
and o = Z’;zl pjlnj){n;| a canonical convex decomposition of o into orthogonal
pure states. We fix a Hilbert space H,,. with dim H,,. = n and an orthonormal
basis {¢;}}_; for Hunc. Then = 3 i, \/p; n; ® ¢; is a unit vector in H & Han-
The corresponding pure state is

Py =1¥) (=Y pilnj)nil ® 1) el

j=1

and using (2.57) we see that try,.[ P] = o. Therefore, Py, is a purification of o.
This construction shows that we can purify a state o € S(H) by adding an

ancillary system H,,. with dimension equal to the rank of o. In particular, we can

purify any state o on H if we add an ancillary system H,,. with the same dimension

as 'H.

Exercise 2.75 (Purification of the total mixture)

Consider a finite d-dimensional Hilbert space H,;. We recall from subsection 2.1.3
that the state %I is a total mixture. Suppose that a unit vector ¥ € Hy & Hanc
gives a purification of 51 , 1.e. that try, [Py] = %I . We claim that any vector
Y’ = (U ® V)y also gives a purification of é] , where U, V are unitary opera-
tors acting on H, Hane, respectively. In order to see this, it is sufficient to confirm
that the identity

tranc[(U @ V)o(U* ® V)] = U (tranc[0]) U* (2.59)
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holds for all joint states o. Since in our case
1 1
Utrane [lW)(W” Ur=uU 21 U* = EI ;

it follows that the pure state |')(y/'| is a purification of the total mixture %I .
Prove the identity (2.59). [Hint: Use (2.57) and recall that unitary operators map
orthonormal bases into orthonormal bases.]



3
Observables

The intrinsic randomness of measurement outcomes is a key feature of quantum
theory. Any experiment produces a sequence of outcomes, each outcome occurring
with a certain probability depending on the particular settings of the measur-
ing and preparation devices. Quantum theory predicts only the probabilities of
measurement outcomes, not individual occurrences of particular outcomes. The
mathematical concept of an observable, which will be introduced and analyzed
in this chapter, is used to capture the statistical essence of the measurement pro-
cess. The monographs of Holevo [76], Busch et al. [34] and de Muynck [53] are
recommended general references on this subject.

Considering quantum theory as a framework for calculating measurement out-
come probabilities, it has aspects which make it both a generalization and a
restriction of the usual probability theory. It is a generalization in the sense that
observables are described by positive operator-valued measures. These are more
general than probability measures, in much the same way as matrices are more
general than numbers. However, quantum theory imposes inherent restrictions on
the probability distributions that we can find in quantum measurements. In this
sense, it can also be seen as a restriction of the usual probability theory.

3.1 Observables as positive operator-valued measures

In Chapter 2 we introduced effects as statistical events. A prototypical example of
arelevant event is ‘a measurement M gives an outcome x’. This event is associated
with an effect E, and the probability for the event to happen is given by the trace
formula tr[g E ], where o is the density operator representing the input state of the
measured system.

The whole measurement process can be thought of as a collection of events, each
associated with an effect. In performing a measurement we want to observe which
event is realized. The mathematical description of the possible events is called an

105
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Figure 3.1 A measurement device can be thought of as a box with labelled LEDs
representing the individual outcomes of our observations.

observable. In what follows we will argue that observables can be identified with
so-called positive operator-valued measures (POVMs).

3.1.1 Definition and basic properties of observables

Let us consider a measurement device with n possible outcomes. We can think of
the measurement apparatus as a box with n LEDs or other indicators of measure-
ment outcomes (see Figure 3.1). Each event ‘LED j flashes’ is represented as an
effect E;, and the probability that this event occurs when the system is in a state o
1S tr[g E j]. We will assume that at most one LED can flash at a time, hence

tr[oE ]|+ t[oEr] + -+ t[oE,] < 1

is satisfied for all states p. If the inequality is saturated then some LED flashes
every time we perform a measurement. In this case the set of effects E, ..., E, is
complete and no additional outcome is possible. Otherwise, we could add one more
effect £,y == 1 — Z'}zl E; to count missed flashes. Without loss of generality
we can therefore assume that the sum of probabilities of all the outcomes of any
measurement equals 1.

In summary, we conclude that measurement devices are described by sets of

operators {E1, ..., E,} satisfying the relations
Vi=1,...,n: Oftr[QEj]fl; (3.1)
ijl t[oE;] =1, (3.2)

for all o € S(H). For a fixed state these requirements coincide with conditions on
probability distributions defined on the set {1, ..., n}. As they are required to hold
for all states, they are equivalent to the following operator relations:
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Vi=1,....,n: OZ<E;<I, (3.3)
ijl E; =1, (3.4)

respectively. (The partial ordering < is that defined in subsection 1.2.2.)

Exercise 3.1 Confirm that the requirements (3.1), (3.2) hold for all states if and
only if (3.3), (3.4) hold, respectively. [Hint: If tr[QS] = tr[QT] for all states o
then we have (Y |S¢¥) = (Y |T) for all vectors v € H, and thus § = T by
Proposition 1.21.]

The normalization condition (3.4) is very simple but still it significantly restricts
the allowed collections of effects. Suppose, for instance, that P, and P, are one-
dimensional projections, defined by unit vectors ¢, v € H. We assume that they
correspond to disjoint outcomes of some measurement. If the input state is o =
%(|<p) (| + |¥){(¥]), the sum of their probabilities is

tw[oP,] + t[oPy] = (plow) + (Wlow) = 1+ [{pl¥)* > 1.

As the sum of the outcome probabilities cannot exceed 1, we must have (¢|y) =
0. In conclusion, unless P, and Py, are orthogonal they cannot describe disjoint
outcomes of the same measurement.

Exercise 3.2 Confirm that the previous conclusion is true for all projections and
not just for one-dimensional projections. [Hint: Recall from Proposition 1.44 that
two projections P, Q satisfy P + Q < [ if and only if they are orthogonal.]

However, if two effects E| and E, satisfy E; + E, < [ then there is no rule
prohibiting the existence of a measurement containing E; and E; in its description.
We can thus say in a preliminary way that an observable is a collection of operators
{E} satisfying the formulas (3.3), (3.4).

Example 3.3 (Ideal Stern—Gerlach apparatus)

The Stern—Gerlach apparatus is a device designed to measure a spin component
of a particle. In this measurement, a beam of particles passes between the oppo-
site poles of a magnet (see Figure 3.2). These poles determine the orientation of the
Stern—Gerlach apparatus. The magnetic force depends upon the spin state, and in an
idealized picture the beam is split by the magnet into well-separated parts. There-
fore, the value of the spin component can be inferred from the observed deflection
of the beam. In practice this method is useful only for neutral particles since for
charged particles the Lorentz force obscures the deflection.

A beam of spin—% particles (e.g. neutrons) splits into two parts. On sending a
spin—% particle through the Stern—Gerlach apparatus, it is deflected by an angle
+6 and is detected on the screen. Each particle is detected on either the upper
or the lower half of the screen plane. Let us label these events by + and — and
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Figure 3.2 The Stern—Gerlach apparatus.

let E. be the corresponding effects. It turns out that it is sufficient to consider
two-dimensional Hilbert space. In an ideal case there exist some states o, and
o_ that are simply deflected either up or down; their beam is not split into two
parts. In such case all the particles sent through the Stern—Gerlach apparatus give
rise to the same event; thus, tr[Q+E+] = tI'[Q_E_] = 1. From Example 2.33 in
subsection 2.1.4 it follows that £, E_ and o4, o— are projections and that £, =
0+ = %(I + 7 - &) for some unit vector 77 € R>. The direction of the vector # is
determined by the direction of the magnetic field in the Stern—Gerlach apparatus.
We denote by S” the (ideal) spin component observable in the direction 7 and set
S'(+) =1 L5 -0). A

Example 3.4 (Coin-tossing observable)

Let us define two effects C. by C. = c41, where c. = %(1 + b) and b is a
fixed number from the interval [0, 1]. These effects form an observable since C+ >
O and C, + C_ = [. For any input state o we obtain tl‘[QCi] = c4, and so
the measurement outcome probabilities are thus independent of the state o. The
measurement device described by the effects C1 can be simulated by tossing a coin.
Namely, we set 4 to denote heads and — to denote tails. Without manipulating
the input state at all we just toss a coin to obtain a measurement outcome. The
parameter b is the bias of the coin. If » = 0 then the coin 1s fair and both outcomes
occur with the same probability. We write F(£) = %I and call this the fair-coin-
tossing observable. A

The previously presented introductory description of an observable as a collec-
tion of effects is not general enough to cover all relevant situations. For example,
there are measurements with a continuous set of outcomes such as measurements of
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position and momentum. (One can argue that all actual measurements have always
only a finite number of possible measurement outcomes, but in any case measure-
ments with continuous sets of outcomes are very useful idealizations.) We need to
generalize our preliminary definition and observables turn out to be a certain kind
of operator measure.

The required modification to our description of an observable is similar to
the generalization from finite probability distributions to probability measures.
Therefore, let us first recall some basic definitions from probability theory.

Let €2 be a nonempty set. A o-algebra on €2 is a collection F of subsets of €2
that has the following properties:

(1) ¥ € Fand Q2 € F;
(i) if X € Fthen Q2 \ X € F,
(iii) if Xy, Xp,... € FthenU; X; € F.

The pair (€2, F) is called a measurable space. A set X € F is called an event and
the o-algebra F is thus a collection of all events. Clearly, the collection 2 of all
subsets of €2 is a o-algebra. However, it turns out that in some situations it is not
possible or practical to choose 2%, and therefore we have to deal with a general
o -algebra.

A probability measure 1s a mapping p : F — [0, 1] that satisfies the following
conditions:

i) p®@) =0;
(i) p(2) =1,
(iil) p(U;X;) =) ; p(X;) for any sequence {X;} of disjoint sets in F.

The number p(X) is the probability for an event X to occur. The usual properties
of the probability can be derived from the defining condition (iii), known as o -
additivity. The following concept is essential in the description of observables and
represents a direct generalization of the notion of a probability measure.

Definition 3.5 A positive operator-valued measure (POVM) is a mapping A :
F — E(H) such that

i) AW = 0;
(i) A() =1,
(iii)) A(U; X;) = Y, A(X;) (in the weak sense) for any sequence {X;} of disjoint
sets in F.

In other words, a mapping A from F into £(H) is a POVM if and only if the
‘sandwiching” X +— (¥ |A(X)¥) is a probability measure for every unit vector
Y € H. We can develop this statement into a more useful form. First we notice
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Figure 3.3 Illustration of the spin direction observable. Particles, each in the same
spin state, enter a Stern—Gerlach apparatus that is oriented randomly. The orien-
tation of the apparatus is re-randomized each time a particle passes through the
apparatus. The dots on the large sphere represents the observed spin directions of
the emerging particles.

that (¥ |AX)¥) = tr[|¥) (¥ |A(X)] and that [y) (| is a pure state. But all states
can be decomposed into mixtures of pure states. Hence, a mapping A from F into
E(H) is a POVM if and only if the mapping X +—> tI‘[QA(X)] is a probability
measure for every state o € S(H).

Definition 3.6 From now on, we will identify observables with POVMs. For an
observable A defined on a measurable space (2, F) we say that Q2 is the sample
space of A and (€2, F) is the outcome space of A.

Example 3.7 (Measurement of the spin direction)

In Example 3.3 we discussed an ideal spin-component measurement in a direction
71, described by the projections S"(£) = 1(I £ - G). Suppose that we choose
the direction n at random and measure the corresponding spin component of a
prepared particle. If the measurement outcome is + we interpret this to mean that
the spin direction of the particle is n, while a measurement outcome — is taken to
mean that the spin direction is —7. The measurement outcome is thus a direction in
R? (see Figure 3.3). After each measurement we choose another random direction.
The eventual output is a probability measure on S?, the surface of the unit sphere
in R®. If the input state is ¢ = (I + 7 - &) then

tr[0S" (+)] = [0S ()] = L(1 +7 - 71)

and the probability measure is thus predicted to be

Xr—>2/ (147 n)—dn_—/(l—l—r n) dn.
X
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Here X is a (measurable) subset of S? and ﬁdﬁ denotes the usual (invariant)
integration on S?. We conclude that the corresponding POVM is

1 - - -
D(X):—f(1+n-a)dn.
4 X

We say that this is the spin direction observable.
From the mathematical point of view, this POVM is a special instance of a
coherent state POVM. For a detailed survey of this topic, we refer to [2]. A

In the following proposition we list some basic mathematical properties of
observables. They may look boring now but will be useful later. It is worth noticing
that a probability measure satisfies analogous formulas.

Proposition 3.8 Let A be an observable with an outcome space (2, F) and let
X, YeF.

(a) If X C Y then A(X) < A(Y).
(b) If X CYand A(Y) = O then A(X) = O.
c) AXUY)+AXNY)=AX)+ AY).

Proof (a): Since X C Y we can write Y as the disjoint union
Yy =XU(Y \X).

We then have A(Y) = A(X) + A(Y ~ X), which implies that A(X) < A(Y).

(b): This is a direct consequence of (a) since O < A(X) by the definition of an
observable.

(c): Since X € X UY, we can write X UY as the disjoint union X UY = X U Z,
where Z = (X UY) \ X. This gives A(X UY) = A(X) + A(Z). Adding A(X NY)
to both sides of this equation and noting that Y is a disjoint union of X NY and Z,
we get (¢). L]

3.1.2 Observables and statistical maps

In the discussion after Definition 3.5, we noted that a POVM is essentially a col-
lection of probability measures, labelled by states. It is useful to elaborate this
viewpoint a bit more.

Let Prob(£2) be the set of all probability measures on an outcome space (€2, F).
An observable A with outcome space (2, F) determines a mapping ®a from S(H)
to Prob(L2) via the formula

dPa(p) 1= tr[QA(-)] . (3.5)

The mapping ®a underlines the statistical nature of the observable A; it can
be thought of as an input—output device, which takes states as inputs and gives
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probability distributions as outputs. We call ®4 the statistical map corresponding
to the observable A.

Exercise 3.9 Let A and B be two observables defined on 2. Show that ®p # ®g
if and only if A # B.

The basic property of @, is that for any 01, 02 € S(H) and 0 < A < 1, we have

Pa(ror + (1 —A)02) = A®ale1) + (1 = A)Pa(02). (3.6)

This 1s a simple consequence of the linearity of the trace. In other words, ®4 is an
affine mapping.

Proposition 3.10 Let ® be an affine mapping from S(H) into Prob(£2). Then
® = P, for some observable A.

Proof Fix X € F. Denote by ®* the mapping from S(H) to [0, 1] defined
as ®X(p) := [®(0)](X). This mapping is affine. Therefore, there is an operator
A(X) € E(H) such that ®X(p) = tr[QA(X )] for every state o (recall subsection
2.1.4). It is clear that A(d) = O and A(2) = I. If {X;} is a sequence of disjoint
sets in F then

tr[oAU X)] = [@(@1U: X)) = Y [®(@)I(X) =Y _tr[oAX))].

1

We conclude that A is a POVM and the claim is thus proved. 0

Example 3.11 (Three-outcome qubit observable)
A general three-outcome qubit observable F consists of three effects F(j) =
;I +mj-5), where a; € R, ; € R and i < o <2 — ||n_%£” (see
Example 2.33). Normalization requires that };o; = 2 and };m; = 0. This
implies that the vectors m ; are in a plane.

One particular example, which has an obvious geometrical symmetry, is

F() =4I +0,), FQ) =i+ Lo, - Loy, (3.7)

2
FG3) = 1 — Lo, — 1o)).

In this case the vectors i satisfy the relation m; - i, = —3 for j # k, meaning
that the angle between any two equals 120 degrees. The probability of observing
outcome j is given by the formula p; = tr[Q F(j )] = 1(1+7-m;). The associated

—3
statistical map reads

Prio > =04y 1+ LIy 1-Lr-ly) (38

where x and y are the components of the Bloch vector corresponding to ¢. Since
PP =73+ :(x*+y?)and x> + y* < 1, it follows that the probability vectors
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Figure 3.4 Illustration of the statistical map ®f corresponding to the three-
outcome observable F introduced in Example 3.11. The labels 1, 2, 3 refer to
the three outcomes. Each Bloch vector is mapped into a sphere contained inside a
triangle representing all possible three-valued probability distributions.

p are contained within a sphere of radius \/g . The normalization constraint p; +

p2 + p3 = 1 determines a plane in the three-dimensional p-space, and positivity
restricts the probability vectors to a triangle connecting the points (1, 0, 0), (0, 1, 0)

and (0, 0, 1). The intersection of this triangle with the sphere || p|| < \/g gives the
image ®g(S(H)) of the state space (see Figure 3.4). A

3.1.3 Discrete observables

Let us consider the POVM description for measurements with countably many
outcomes. Let 2 = {x{, x», ...} be a countable set (i.e. either finite or countably
infinite) of outcomes. In this case we always choose the o-algebra F to be the
collection of all subsets of €2, i.e. F is the power set F = 2% Notice that formally
we have to write {x} for a set consisting of a single outcome x, since an observable
1s defined on events, which are sets of outcomes, and not on outcomes as such.
However, it is convenient to drop the braces, and the meaning should be clear from
the context; hence, we will write A({x}) = A(x).
For an arbitrary subset X C €2, we have

AX) = Ax)). (3.9)
x;eX

It follows that an observable A with a countable outcome space (£2,2%) is
completely determined by the mapping
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Xj = A(.Xj), (310)

from €2 to the set of effects £(H), satisfying the normalization condition

Z Ax;) =ARQ) = 1. (3.11)

Xj e
We adopt the following definition for a discrete observable.

Definition 3.12 An observable A, defined on an outcome space (2, F), is called
discrete if there is a countable set ¢ € F such that A(R2y) = 1.

On the one hand, all observables with a countable sample space are discrete. On
the other hand, the sample space of a discrete observable can be uncountable (e.g.
the real line R). However, this is only a trivial difference as the sample space can be
redefined to be a countable set 25 without changing the essence of the observable.
The terminology in Definition 3.12 reflects the fact that it is convenient sometimes
to have freedom in the choice of sample space, and we do not want the property of
being discrete to depend on that choice.

Sometimes in the literature one meets with a definition of an observable as
a finite collection of effects Ei, ..., E, satisfying the normalization condition
> j Ej = 1. Naturally, one is then restricted to observables with finite outcome
sets. This definition should be understood in the sense that we first fix a set of n
measurement outcomes (e.g. 2 = {xy, ..., x,} with x; € R) and then adopt the
definition corresponding to formula (3.10), which induces the whole POVM.

Example 3.13 (Discretization of observables)
Let us consider an observable A that has a sample space 2 and is not discrete.
Suppose that we cannot distinguish all the original measurement outcomes; for
example, it may happen that we can say only that a measurement outcome is in
some region X; C . We assume that there is a finite number of these disjoint
regions and they cover Q2. The modified observable A" describing the overall mea-
surement is then defined on the labels of the regions and given by A'(j) := A(X).
The observable A’ has a finite number of outcomes and is thus discrete. We call it
discretization of A.

As a concrete demonstration, let us recall Example 3.7. The POVM describing
the spin direction measurement is given by

1 - - -
D(X):—/(I—l—n-o)dn,
4 X

where X is a (measurable) subset of the surface of the unit sphere in R>. In the
extreme case a discretization D’ of D has only two outcomes. For instance, let us
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fix a direction m and split the unit sphere into two hemispheres X.; with poles
+m, respectively. The corresponding discretization D" of D is then
1 - - - - -
D'(+) := D(X4;) = 4—/ (I+7i-0)di=4(I+im-7).
/s

2
Xim

The effects D’(4) are similar to the projections S™ (), but there is an additional
factor % in front of the unit vector m. A

3.1.4 Real observables

If the sample space €2 is R then it is not convenient to choose as the o-algebra
F the collection of all subsets of R. Instead, it is common to choose F as the
Borel o-algebra B(R). This o-algebra contains all the sets that are needed in cal-
culations. For instance, all open and closed intervals and their complements and
countable unions belong to B(R). For our purposes this is just a technical remark
and a reader who is not familiar with B(IR) can simply think of it as a collection
that contains all the ‘usual’ subsets of R that can be imagined.

Definition 3.14 An observable A is real, or real valued, if the outcome set of A
is either R or a subset of R. In this case the o-algebra is chosen to be the corre-
sponding Borel o-algebra. The Borel o-algebra is formally defined as the smallest
o -algebra containing all open sets on R.

Let us note that typical observables are usually real or can be redefined to be
real. For instance, the Stern—Gerlach observable in Example 3.3 has sample space
{4, —} but can be made real by using the sample spaces {1, —1} or {0, 1} instead of
the original sample space. The particular labelling of the outcomes is usually not
important. Although strictly speaking they determine different POVMs, we do not
consider this difference to have any physical relevance.

For real observables we can define some useful statistical quantities. First, we
can define the average value or mean value or expectation value of A in a state o as

(A), = f x tr[oA@dx)] . (3.12)
R

Here tr[QA(dx)] denotes integration with respect to the probability measure
tr[QA(-)]. It may happen that the integral in (3.12) does not converge, and in that
case we write (A), = 0o. The variance A,(A) of A in a state o is defined as the
root mean square distance of the measured value from the mean value of A, i.e.

(A, (A)? = /R (x — (A)p)* tr[0A(dx)] . (3.13)

Again, it can happen that the integral in (3.13) does not converge for all states.
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In a similar way the mean value and the variance can be defined in cases when
Q2 1s a subset of R. If, for instance, €2 is a countable set of real numbers x;, x,, ...
then we have

(A =) x; tr[oAx))]. (3.14)
xjeQ
(A, (A))? = Z(x,- — (A))” tr[0A(x))] - (3.15)
J

Example 3.15 (Polarization observable)

In Example 2.1 we introduced a polarization filter. If a photodetector is attached
to such a device then their action constitutes a measurement of the polarization of
a photon. A photon has a certain probability of passing the polarizer; this depends
only on its polarization. Without going into further details let us take it as an
experimentally verified fact that the polarization property is associated with the
two-dimensional Hilbert space C2. Therefore, it is a physical implementation of
the qubit. In the ideal case the measurement implemented by a polarizer and sub-
sequent photodetector is described by a binary POVM P : {0, 1} — £(C?), where
0 and 1 correspond to no detection and detection, respectively. Up to the labelling
of the outcomes, P coincides with the Stern—Gerlach observable described in
Example 3.3. Thus,

PO)=3(—17-0), P()=3(+17-05), (3.16)

for some unit vector 71 € R3.

In the usual convention, a vertically oriented linear polarizer is associated with
the vector n = (0, 0, 1), i.e. Py (1) = %(l + o,). Let us stress that the Cartesian
coordinates for the polarization do not coincide with the spatial alignment of the
polarizer. In fact, circular polarizers are not related to any spatial direction but are
nevertheless associated with the unit vectors n = (0, &1, 0). For the mean value
we have

(P)o =t[oP(D)] = 3(1 +17i - F),

where o = 1(I + 7 - 7). Naturally, the mean value coincides with the probability
that a photon will pass the polarizer. A

Exercise 3.16 Calculate the variance A,(P) of the polarization observable P for
photons in the state o = 3(I + 7 - 7).

3.1.5 Mixtures of observables

In Section 2.1 we discussed mixtures of states. The convex structure of the set of
states results from the possibility of alternating between preparation procedures.
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Similarly, we can think of an experiment where the preparation procedure is kept
fixed but different measurement apparatuses are alternated. In this way, we can mix
two measurements to get a third.

The difference between states and observables is that a mixture in the latter case
can mean several different things, depending on how we alternate between mea-
surement apparatuses. For simplicity, we discuss here mixtures only in the case of
observables with a finite number of outcomes.

Mixing while keeping outcomes separated

Let us consider an experiment in which we randomly switch between two observ-
ables A and B, so that their relative frequencies are A and 1 — X, respectively.
Even though we are switching between A and B randomly, we keep track of which
observable was measured each time.

To describe this kind of experiment, we assume that the outcome sets are
Qa = {ay,...,ay} and Qg = {by, ..., by} and that all these labels are mutu-
ally distinguishable. We define a new outcome set 2c = 25 U Qp and then extend
A and B to this new outcome set by writing

AX) =AX NQa), B(X) =B(X N Qp) (3.17)

for all X € Qc. In other words, the extension means that we define A(b;) = O and
B(a;) = O. This extension changes the probability distributions associated with A
and B only by adding some zeroes.

An observable C with outcome set 2¢ is now defined by

C(X) = AA(X) + (1 — )B(X) (3.18)

for all X C Qc. For singleton sets we thus have C(a;) = AA(a;) and C(b;) =
(1 —2)B(b;). We write C = AA + (1 — 1)B and say that the observable C is a
mixture of the observables A and B.

Example 3.17 (Mixture of Stern—Gerlach apparatuses)

Suppose there is a random switch between two Stern—Gerlach apparatuses with
different orientations, n and m, as illustrated in Figure 3.5. The switch may or
may not be under the control of the experimenter. In any case, on the screen she
observes four well-separated areas representing four possible outcomes — right,
left, up and down. The sample space 2¢ consists of four elements identifying the
area into which the measured particle falls, and we will write Q¢ = {R, L, U, D}.
A typical sequence of outcomes would be U, L, R, D, D, U, R, L. Suppose that the
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Figure 3.5 For a mixture of two Stern—Gerlach apparatuses, typically their
outcomes are separated.

two Stern—Gerlach devices are alternated, so that they are used with probabilities A
and 1 — A, respectively. The associated effects are given as follows:

C(R) = AS"(+), C(L) = AS"(-),
C(U)=(1-1S"(+), CD)=1-1S"(-),
and we write C = AS" + (1 — A)S™. A

Mixing and combining outcome spaces

Let us suppose that the outcomes of two observables A and B are labelled in the
same way, i.e. Qa = Q2 = {aj, ..., ay}. Thus we could be in a situation where,
after a measurement outcome is registered, we cannot determine whether it per-
tained to A or to B. In this situation where we cannot say whether the outcome was
registered with A or B, the observable C describing this measurement is given as

C(a;) = *A(a;) + (1 — 1)B(a;) (3.19)

for all a; € €2a; A is the probability that the outcome a; is due to a measurement
of observable A.

Example 3.18 (Mixture of polarization observables)

Although polarizers and Stern—Gerlach apparatuses can be viewed as different
physical implementations of the same observable, the two interpretations of their
mixings lead to different mathematical descriptions. The reason is simple. When
there is a random switch changing between two polarizers (see Figure 3.6), it does
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010011

Figure 3.6 For a mixture of two polarizers, typically their outcomes are com-
bined.

not really affect the events we are observing; either the photodetector clicks or it
does not. Without any additional knowledge on the actual orientation of the polar-
izer, the experiment leads only to these two possibilities. Let us denote a pair of
polarizers by P; and P,. Their mixture C with probabilities A, 1 — X is described
by the convex combination

C() =AP1(j)) + (1 = VP2())
for j =0, 1. A

Comparing Examples 3.17 and 3.18 we see that the formal convex combination
C = AA+ (1 — A)B of two observables A and B determines a particular observable
C only if the merging of the outcome sets 2a and Qg is specified. Depending
on the system in question, there can also be cases intermediate between the two
different mixtures described earlier. For instance, let A and B be two observables
with outcome sets Qa = {a;, ap} and Qg = {b}, a,}, respectively. Suppose that the
measurements of A and B are mixed and that, as indicated, the second outcomes in
Qa and Qg are identical. The convex combination C = LA + (1 — A)B is then the
three-outcome observable

C: a = M(a), by — (1 —=1MB(b), (3.20)
ar — AA(ay) + (1 — L)B(ay).

We again use the same notation, C = AA + (1 — 1)B.

Pure observables

For the purpose of the following discussion let us consider only observables defined
on a fixed finite outcome set 2 = {xy, ..., x5 }. When mixing is understood in the
sense of formula (3.19), this subset of observables becomes a convex set. We can
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define pure observables in an analogous way to pure states: they are observables
that cannot be written as nontrivial convex combinations of other observables.

Earlier, in subsection 2.1.6, we characterized the extremal elements in the set of
all effects, and this leads to a simple sufficient condition for an observable to be
pure.

Proposition 3.19 Let A be an observable such that A(x) is a projection for every
x € Q. Then A is pure.

Proof Let us make the counter-assumption that A is not pure, which would mean
that A = AB + (1 — 1)C for some number 0 < A < 1 and some observables B
and C different from A. Thus, there must be at least one element x € 2 such that
A(x) # B(x), implying that the convex combination A(x) = AB(x) + (1 — 1)C(x)
of effects is nontrivial. But by Proposition 2.41 the extremal elements in £(H) are
projections; hence the counter-assumption is false. 0

It is an interesting fact that there are also pure observables other than those
consisting of projections. In the following we present another class of pure
observables.

Proposition 3.20 Let A be an observable such that A(x) is a rank-1 operator for
every x € 2 and the operators A(x), ..., A(xy) are linearly independent. Then A
1s pure.

Proof Suppose that A = AB + (1 — 1)C for some number 0 < A < 1 and
some observables B and C. This implies that AB(x;) < A(x;) and (1 —A1)C(x;) <
A(x;) for every x; € Q. By Proposition 1.63 in subsection 1.3.2 we conclude that
B(x;) = b;A(x;) and C(x;) = c;A(x;) for some nonnegative numbers b;, c;.
Since B and C satisfy the normalization conditions ) jB(xj) = > j Cix;) =1,
we obtain

ijA(Xj) = ZC]'A()C]') = 1.
J J

Therefore
N N
O=1-1=) (1-bpAx)) =Y (1 —c)A;)).
j=1 j=1
Since the operators A(xy), ..., A(xy) are linearly independent we conclude that

b; = c; = 1. But this means that A = B = C, hence A does not have a nontrivial
convex decomposition and it is pure. 0
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It is possible to derive mathematical characterizations for pure observables, but
they are not as neat and handy as for pure states. We refer the reader to [50], [111],
[114] for further details on the characterization of pure observables.

3.1.6 Coexistence of effects

This chapter started with a discussion on the compatibility of the effects in a given
collection. Let us recall that two outcomes occurring in the same measurement
setup can be associated with two different effects £y and £, only if E; + E, < I.
Otherwise the effects cannot be observed as different outcomes of the same experi-
ment. The concept of coexistence extends this notion of the compatibility of effects.
The rough idea is that two effects can emerge from the same measurement even if
they do not correspond to disjoint events.

Let A be an observable with an outcome space (€2, F). We denote by ran(A) the
range of A, that is,

ran(A) .= {A(X) | X € F} C E(H).

The range of A is the set of all effects that we could test for and record in the
measurement of A.

Definition 3.21 The effects E, F, ... are coexistent if there exists an observable A
such that {E, F, ...} C ran(A).

Obviously, the effects Ey, E,, ..., E, satisfying Z?:l E; < I are coexistent, but
the following example illustrates that this inequality is not a necessary condition
for coexistence.

Example 3.22 (Coexistence of all spin directions)

A measurement of the spin direction observable D (defined in Example 3.7) allows
us to make a prediction of the spin component in any direction. In this sense, it
contains some information on all spin components. What is then the relation of D
to the ideal spin component observables S ?

To understand the connection, it is useful to recall the discretization of D into
binary observables D’ (see Example 3.13). Since the discretization can be per-
formed in any chosen direction 7, we conclude that all the effects %(I + %ﬁ .0) with
|7]| = 1 are in the range of D and hence coexistent. The price of having all the spin
directions in a single observable is additional noise, which manifests itself as the
extra factor 1 in front of each 7. To make this additional noise more transparent,

2
we express D" as

D'(£1) = JF(£D) + 18" (£1);
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this shows that D’ is a mixture of the fair-coin-tossing observable F and the ideal
spin component observable S”. A

From now on we will concentrate mostly on the coexistence of two effects.
Proposition 3.23 Let E, FF € £(H). The following conditions are equivalent:

(1) E and F are coexistent;
(1) E,I — E, F and I — F are coexistent;
(iii) there exists an observable A with outcome space {1,2,3,4} such that
A{1,2}) = E and A({1,3}) = F;
(iv) there exists an effect G that is the common lower bound of E and F (i.e.
G<E,G<PF)andsatisfiesE + F — I <G.

Proof Trivially, (i1)=(1). We will show that (1)=(iv)=(ii1)=>(i1), and this will
complete the proof.

Assume that (i) holds. By definition, there exists an observable A such that
A(X) = E and A(Y) = F for some X,Y € Qa. If we set G = A(X NY) then
G < E, G < F by Proposition 3.8(a) and E + F — I < G by Proposition 3.8(c).
Hence, (iv) follows.

Assume that (iv) holds. We define A(1) = G,AQR) = E -G,AB3)=F - G
and A4) =1 — E — F + G. It follows from the inequalities G < E, G < F and
E + F — I < G that all the effects A(j) are positive. Clearly, Zj=1 A(j) = 1.
Therefore, A is an observable and (iii) holds.

Assume that (iii) holds. We then have A({3,4}) = I — A({1,2}) = I — E and
A({2,4}) =1 — A({l1, 3}) = I — F. Hence (ii) holds. O

Suppose that we want to find out whether two effects £ and F are coexistent.
Proposition 3.23 suggests the following method: take G to be a lower bound of
E and F and then check the operator inequality E 4+ F — I < G. Naturally,
the bigger the G is, the easier it is for the latter inequality to be fulfilled. There-
fore, to find the greatest lower bound of E and F seems to be the best candidate
for testing their coexistence. The problem with this method, however, is that the
greatest lower bound for two effects need not exist. In other words, the partially
ordered set of effects is not a lattice (unlike the subset of projections; see subsec-
tion 1.2.3). However, even if the greatest lower bound of two effects does not exist,
these effects can still be coexistent. We demonstrate this fact below and refer the
reader to [68], [69], [91] for further details.

Example 3.24 (Nonexistence of the greatest lower bound for two effects)
We recall from Example 2.33 that a convenient parametrization for qubit effects is

A=l +ad-o), lall < <2—lall. (3.21)
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Figure 3.7 The three balls have a common point if and only if ¢ = %

In particular, the positivity of A is equivalent to ||| < c.

We choose E = %(1 + %O’Z) and F = %(1 — %O’Z). Since E + F = I, they are
coexistent effects. A lower bound for E and F is G = %I . Suppose that an effect A
(written in the form (3.21)) is also a lower bound for £ and F and that A satisfies
G < A. This means that the three operators E — A, F — A and A — G are positive.
These operator inequalities translate into the following conditions:

I—a>d— 32
1—a>|a+ 12

2 -
a_§Z||a”9

where Z is the unit vector Z = (0,0, 1). If o is kept fixed and a € R? is a free
parameter then each inequality defines a ball in R>. The balls have a common point
if and only if ¢ = %, in which case a = 0. (See Figure 3.7.) Therefore A = G.
We conclude that G i1s a maximal lower bound for £ and F'. However, G cannot be
the greatest lower bound since not all lower bounds for £ and F are comparable
with it. For instance, the effect G’ = %(1 + o,) is a lower bound for E and F', but

neither G’ < G nor G < G’ is true. A

The complicated order structure of effects (in particular, the nonexistence of
a greatest lower bound) can be seen as the underlying reason that the question
whether two effects are coexistent is not as easy to answer as one might expect.
There are, however, some simple necessary or sufficient criteria for coexistence to
occur.

Proposition 3.25 Let E, F € E(H).

(a) If [E, FF] = 0then E and F are coexistent.
(b) If [E, F] # 0 and either E or F is a projection then E and F are not coexistent.

Proof (a): To prove the claim, we need to find an observable A such that E, F €
ran(A). A possible choice for A is
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A(l)=EF, AQ =EI-F), AQ)=(-E)F,
A@4) = (I — E)I — F).

This defines an observable. For instance, the operator EF is positive since
EF = E'?FEY? = (F'2E2)*(F1/2E1/2) Moreover, it is easy to verify that
Z]. A(j) = 1. Both E and F are contained in the range of A since A({1,2}) = E
and A({1,3}) = F.

(b): Suppose that £ and F are coexistent and that E is a projection. To prove
the claim, we need to show that [E, FF] = 0. By Proposition 3.23 there exists
an observable A with outcome space {1, 2, 3,4} such that A({1,2}) = E and
A({1,3}) = F. We conclude that A(1) < A({1,2}) = E and A(3) < A({3,4}) =
I — E. Since both E and I — E are projections, Proposition 1.46 implies that
[A(1), E] = 0and [A(3), I — E] = 0. The latter implies further that [A(3), E] = 0.
Therefore,

[E, F1=[E,A({1,3D] = [E,A() + A@)] = [E, A(D] + [E,A(3)] = 0.
1

Example 3.26 (Minimal noise in coexistent spin direction effects)
Let us, once again, investigate spin direction measurements. Two projections
S"(4) and S (+) with i # +m do not commute and by Proposition 3.25 are
not coexistent. It was demonstrated in Example 3.22 that the coexistence of two
effects is possible even if they do not commute; however, neither can then be a
projection. Motivated by the same example, we can ask how much noise has to be
added in order to make noisy versions of the noncommuting projections S” (+) and
S"(4) coexistent. This question was first investigated by Busch [22].

A mixture of S" and the fair-coin-tossing observable F is given by

ASﬁ(j:) + (1 - MFF) = %A(I +n-0)+ %(1 — NI = %(I + An - 0).
Hence, we are searching for the greatest number 0 < A < 1 such that the effects
I +xri-6)=E and (U +rm-G)=F (3.22)

are coexistent. From Example 3.22 we conclude that A = % leads to coexistence.
However, as we are now interested in only two spin directions rather than all spin
directions, we expect that less noise (i.e. a larger value of A) is enough to make
coexistence possible.

Suppose that the effects in (3.22) are coexistent and let G be as in Proposition
3.23 (iv). We parametrize the qubit effect G as usual: G = %(yl + g - o). The four
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requirements G > O, G < E,G < F and E + F — I < G then translate into the
parameter inequalities

gl <y, (3.23)
an—gl<1—vy, (3.24)

Iam —gll<1—y, (3.25)
1A+ am — 8| < y. (3.26)

If y is kept fixed and g € R? is a free parameter then each inequality defines a ball
in R3. Therefore, the coexistence of E and F is equivalent to the statement that
there exists a number y > 0 such that the four balls (3.23)—(3.26) have a common
point. Two balls have a common point exactly when the distance of their centers is
not greater than the sum of their radii. Applying this criterion to the pairs (3.23),
(3.26) and (3.24), (3.25) we obtain

|An + Am|| <2y and |An — Am| <2 —2y.
Adding these two inequalities together we see that
Mna +m| + rlln —m|| <2, (3.27)

which is thus a necessary condition for £ and F to coexist. The fact that (3.27) is
also a sufficient condition can be seen by choosing g = %(kﬁ +im)and y = ||g]|.
With these choices the requirements (3.23)—(3.26) reduce to (3.27).

We conclude that the effects E and F are coexistent if and only if

2 1
A< ——— = = ;
T lntml+ln—ml 1 +5sin6

where 0 < @ < 7 is the angle between 7 and m. We see that the greatest amount
of additional noise is required when the vectors n and m are orthogonal, and in
this case the largest admissible value of A is A = —=

(3.28)

. In summary, any pair of spin

S

directions become coexistent if A < % A

A complete characterization of coexistent pairs of qubit effects was presented
in [29], [132], [149]. In more complicated situations (more effects or higher dimen-
sions) only partial results are known. However, in a given instance the coexistence
of two effects in a finite-dimensional Hilbert space can be numerically tested; a
semidefinite program for this purpose was given in [146].
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3.2 Sharp observables

Sharp observables form a prominent class of observables, which deserves a spe-
cial treatment. One should notice that in some contexts (especially in the older
literature) the concept of an observable refers only to what we call here a sharp
observable.

3.2.1 Projection-valued measures

Let us recall that projections are a special kind of effect. As we saw in subsection
2.1.6, they are exactly the extremal elements of the convex set of all effects. This
motivates the following terminology.

Definition 3.27 A POVM A is a projection-valued measure (PVM) if A(X) is
a projection for every X € JF. An observable such as A is called a sharp
observable.

The following example of a class of sharp observables is frequently discussed.
Such observables arise in many applications and we are going to use them later on
various occasions.

Example 3.28 (Sharp observable associated with an orthonormal basis)

Let H be a d-dimensional Hilbert space (either d < oo or d = 00) and {g; ;?:1 be
an orthonormal basis for H. For each j = 1,...,d, we write A(j) = |¢;){(¢;l.
Thus, A(j) is a one-dimensional projection, and the probability of obtaining
measurement outcome j for a state o is

tw[oA()] = (¢;l09)).

Since {¢ j}?zl 18 an orthonormal basis, we obtain

d d
YA =) lelel =1
j=I1 j=1

and the normalization condition holds (see Example 1.61 in subsection 1.3.2).
The mapping j — A(j) defines a discrete observable with sample space Qa =
{1,...,d}. We say that A is the sharp observable associated with the orthonormal
basis {¢; ‘;:1. A

The following proposition gives two useful criteria for an observable to be sharp.
For each X € F, we denote the complement set 2 . X by —=X.

Proposition 3.29 Let A be an observable with outcome space (2, F). The
following conditions are equivalent.
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(i) A is sharp.
(i) A(X)AY)=AX NY) forevery X,Y € F.
(iii) A(X)A(—X) = O forevery X € F.

Proof We will prove this proposition by showing that (1)=>(i1)=(ii1))=>(1).
Assume that (i) holds and let X,Y e F. By Proposition 3.8(a), we have
AXNY) <AX) < A(XUY). As all these operators are projections, Proposition
1.42 implies that A(X)A(XNY) =A(XNY)and A(X)A(XUY) = A(X). Hence,
multiplying the equation in Proposition 3.8(c) by A(X) gives A(X) + A(X NY) =
A(X) + A(X)A(Y), whence (ii) follows.
Assume then that (i1) holds and let X € F; choosing ¥ = —X in (ii), we obtain

AXN=-X)=AW) = 0.
Finally, assume that (iii) holds and let X € . We then find that
0 = AX)A(—X) = AX) (I — A(X)) = A(X) — A(X)?
and hence A(X) = A(X)?2. This means that A is sharp. O

The following result follows from Proposition 3.25, but it is also an easy
consequence of Proposition 3.29.

Proposition 3.30 The range of a sharp observable A consists of mutually commut-
ing projections.

Proof Let A(X) and A(Y) be projections from the range of A. Condition (ii) in
Proposition 3.29 implies that

AX)AY)=AXNY) =AY NX)=AT)AX),
which proves the claim. L]

A fundamental difference between finite- and infinite-dimensional Hilbert spaces
is that all sharp observables in the first case are necessarily discrete, while in the
latter case there are also other sharp observables.

Proposition 3.31 Let H be a finite-dimensional Hilbert space of dimension d. If
A is a sharp observable on H then A is discrete and the sample space 24 of A has
at most d elements such that A(j) # O.

Proof By Proposition 3.29 two projections A(X) and A(Y) are orthogonal when-
ever X N'Y = (J. Hence, to prove the claim it is enough to show that there are at
most d pairwise orthogonal projections.
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Let us make the counter-assumption that Py, ..., P, are pairwise orthogonal pro-
jections and r > d +1. Each projection P; has an eigenvector ¢; with eigenvalue 1.
If i # j then the vectors ¢; and ¢; are orthogonal:

(0ile;) = (Pgil Pig;) = (@il P, Pig;) = 0.

This means that there are r orthogonal vectors in H. This cannot be true as the
dimension of H is d. Hence, we conclude that the counter-assumption is false. [

The archetypal example of a sharp observable with uncountably many out-
comes is the canonical position observable on R, which we recall in the following
example.

Example 3.32 (The canonical position observable)
Let H = L?*(R), the space of square integrable functions on R (see subsection

1.1.3). The canonical position observable Q has outcome space (R, B(R)) and is
defined by

QOY (x) = xx ()P (x),

where xx is the characteristic function of a set X, i.e. xx(x) = 1 if x € X and
xx (x) = 0 otherwise.
For a pure state o = [¢) (1|, we thus obtain

t[oQ(X)] = (¥ QX)) y) = fX [y (x)|* dx.

This is the probability that a particle in the state o is localized within X. It is
straightforward to see that

QX)QY)=QX NY)=Q)QX)

for all X,Y € B(R); thus, according to Proposition 3.29 the canonical position
observable Q is sharp. A

Although sharp observables form a distinct class among all observables, it is not
easy to point out a meaningful and operationally clear criterion which is valid only
for sharp observables. One property of any sharp observable A is that, for every
X € F with A(X) # O, there exists a state o such that tr[QA(X )] = 1. This means
that we can make deterministic predictions if suitably chosen states are measured.
However, this condition does not require an observable to be sharp; it is enough that
each effect has eigenvalue 1. For instance, let ¢y, ¢,, ¢3 form an orthonormal basis
of the three dimensional Hilbert space C>. Consider an observable A defined by

1 = A) = |@1) (@i + tlea) (@2l
2> AQ2) = |@3) (@3] + (1 = 1)]e2) (s,
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where 0 < ¢ < 1. Obviously, this observable is not sharp, but both A(1) and A(2)
have eigenvalue 1.

3.2.2 Sharp observables and selfadjoint operators

In elementary courses on quantum mechanics, observables are defined and under-
stood as selfadjoint operators. In this section we clarify briefly the relation between
that kind of formalism and the current definitions.

The link between observables and selfadjoint operators is given by the spectral
theorem (see subsection 1.3.3). In the case of a finite-dimensional Hilbert space H,
the spectral theorem tells us that every selfadjoint operator is diagonalizable. Let
us shortly recall the diagonalization procedure. First, the spectrum of a selfadjoint
operator A € L ('H) consists of eigenvalues A satisfying the equation det(A —
Al) = 0. The eigenvectors corresponding to eigenvalue A are obtained by solving
the equation Ay = Ayr. For a given eigenvalue A, the associated eigenvectors form
a linear subspace H; C 'H. For different eigenvalues the subspaces H; are mutually
orthogonal. The dimension d, of H, is called the degeneracy of the eigenvalue
A. If we denote by P, the projection such that ran(P,) = H, then the selfadjoint
operator A can be expressed in the diagonal form A = > j AjPy;. Inorder to design
a sharp observable associated with the selfadjoint operator A, the eigenvalues of A
are used to define the outcome space €2 and the projection-valued measure A is
defined as A({A;}) = P;.;. This construction can also be reversed: starting from a
sharp discrete (real) observable A defined on an outcome space 2 = {xy, ..., x,},
we can define a selfadjoint operator A = ) X A(x; ).

Example 3.33 (Sharp qubit observables)

By Proposition 3.31, any sharp observable A on C? can have only two outcomes,
which we can label +1. The corresponding operators A(1) and A(—1) are either
O, I or one-dimensional projections. In the latter case there exists a unit vector
a € R? such that

Al)=3U+a-0), A-D)=3U—-a o).
The selfadjoint operator A corresponding to the sharp observable A is
A=Y jA(j)=a 5.
j==%1

In this way we recover the usual description of sharp qubit observables in the form
a-o.
However, if we label the outcomes x, y € R instead of +1 then the related

selfadjoint operator is
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xXI+ad-o)+ysd—a-o)=((x+ I+ (x—ya- o).

Therefore, by choosing x, y and a appropriately we can obtain any real linear
combination of the operators I, oy, o,, o, and hence any selfadjoint operator
on C2. A

The spectral theorem in an infinite-dimensional Hilbert space has two compli-
cations. First, the notion of an eigenvalue is not sufficiently general to formulate a
spectral representation of a selfadjoint operator. One needs a more general concept,
that of the spectrum of an operator (see subsection 1.2.1), which allows for contin-
uous spectral decompositions. The second point is that not all PVMs correspond to
bounded selfadjoint operators; unbounded operators are unavoidable in quantum
mechanics. We will not go into the details of this topic but will just discuss some
common examples.

The spectral theorem for selfadjoint operators says that for each (bounded or
unbounded) selfadjoint operator A, there is a unique projection-valued measure A
on the Borel space (R, B(IR)) such that

A= f xA(dx) . (3.29)
R

This symbolic expression means that, for every vector i in the domain of A, we
have

(U|AY) :/x (WIA@X)Y) . (3.30)

R

In most physical applications of unbounded operators, the domain is a dense subset
of H.

Each normalized projection-valued measure A on R determines a unique self-
adjoint operator A through formula (3.29). Thus, in the language introduced in
earlier sections, selfadjoint operators give an alternative description for real sharp
observables.

Example 3.34 (Position operator)
Let us consider the canonical position observable Q introduced in Example 3.32.
The position operator Q is formally defined as

szxQ(dx).
R

One should note that Q is an unbounded operator and so this expression has to be
treated with care. For a vector i belonging to the domain of Q, we get

(W1QY) = /XWIQ(dX)W): fXIw(X)Ide-
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Thus, the action of the position operator Q is given by

Qv (x) = x¥(x). (3.31)
This formula makes sense whenever the function x — xy(x) is square integrable,
but otherwise Qv ¢ L*(R). A

Note that the formula (3.30) implies that, for a system in a state o, the mean
value of the sharp observable A can be expressed via the associated selfadjoint
operator A as follows:

(A), = tffoA] =: (A),. (3.32)
Taking into account that

(A% = /R © (YIAGOY) .

it follows that the variance of A in ¢ can be written in terms of the operator A in
the following way:

Ag(A) = /(42), — (A)2.

We conclude that the selfadjoint operator A gives a convenient way to calculate
mean values and variances of the associated sharp observable. In some cases fur-
ther statistical information is not even needed. In many situations it is simple and
convenient to use selfadjoint operators as representatives of real sharp observables.
However, it is untenably restrictive to use only selfadjoint operators and neglect
other kinds of observable. As we saw earlier, the probabilistic structure of quan-
tum mechanics leads in a natural way to POVMs as a correct formalization of
observables; PVMs describe just one specific class of all observables.

We end this subsection with a brief description of some typical sharp observables
and their selfadjoint operators.

Example 3.35 (Momentum operator)

The canonical momentum observable P is unitarily connected with the canonical
position observable Q. It is defined as P(X) = F~'Q(X).F, where F : L*(R) —
L?(R) is the unitary extension of the Fourier transform to L?(R) (see e.g. [121]).
Denoting by V the Fourier transform of ¥ € L2(R), we can write

WIPX)Y) =/ 5 dox.
X

The corresponding (unbounded) selfadjoint operator P = F ' Q.F is called the
momentum operator. For a function ¥ belonging to the Schwartz space (containing
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smooth functions that decrease rapidly as x — 00), the momentum operator P acts
as follows:

0
Py(x) = e ¥ (x).
X

One of the most famous properties of Q and P is their canonical commutation
relation, QP — P Q = il. This relation holds in dense domains of vectors but not
in all L>(R). A

Exercise 3.36 Some properties of the operators Q and P could not hold if they
were not unbounded operators. For instance, the canonical commutation relation
AB — BA = il, obeyed by P and Q, does not hold if A and B are bounded
operators (a short proof can be found in e.g. [135]). Prove this claim in finite
dimensions: two d x d square matrices M, N cannot satisfy a commutation relation
MN — NM = cl for ¢ # 0. [Hint: Take the trace of both sides.]

Example 3.37 (Energy operator of the hydrogen atom)

The analysis of the hydrogen atom was one of the first successful applications of
quantum theory. The energy observable of an electron (ignoring its spin degrees of
freedom) in the central electric field of a proton is associated with the selfadjoint
energy operator H, acting on L?(R%):

h* [ 92 92 92
(8x2 i 0y?2 i 9z2

82

|
e ﬁwm, (3.33)

Hy () = —

2y —
. ) v (r)
where m is the mass of electron, e is the elementary electron charge and ¢ is
the electrical permittivity of space. The standard analysis that can be found in
almost any textbook of quantum mechanics shows that the eigenvalues of H are
degenerate; they are given by

E me 1 gevx (3.34)

a=———-——=—13.6eV x — :
32m2e2h? n? n?

forn = 1,2, ... For an eigenvalue E,, we can choose n? orthogonal eigenvectors

Ynim € L*(R?), where [, m are integers such that) </ <n—1land -] <m <
[; we define I1, = th |Vim) (¥nim|. The operator H has not only eigenvalues
but also a continuous spectrum of positive energies E € [0, 0o) representing the
situation in which the atom is ionized.

The selfadjoint operator H determines, via the spectral theorem, a selfadjoint
operator H, and this operator satisfies

H{E,) = I, HR,) =1 — Z n, =I,. (3.35)
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An outcome E, means that the electron is bounded inside the atom and has energy
E,, while an outcome x € R, where R, is the field of the positive reals, indicates
that the electron is not bounded inside the atom. A

Example 3.38 (Emission spectrum of hydrogen atom)

In this example we will sketch a connection between Example 3.37 and the emis-
sion spectrum of a hydrogen atom. In an emission-spectrum experiment a heated
ensemble of hydrogen atoms starts to emit photons of some particular frequen-
cies, forming the emission spectrum. The elementary quantum model implies that
the hydrogen atom cannot change its energy in an arbitrary way. The observed
frequencies are related to energy eigenvalues via the relation

1 1
hnn’ZE 5 5 )
Onp> 1(n2 n/2)

where n > n’ and E; = —13.6 eV is the ground state energy, i.e. the lowest possi-
ble energy of the hydrogen atom. The relation n > n’ is used to indicate a transition
from the energy level E, to energy level E, . The outcome space €2 consists of a
countable number of frequencies w (see Figure 3.8).

Actually, our earlier picture of observables is not directly applicable to the
described emission spectrum measurements described above. In fact, the main pur-
pose of emission spectrum measurements is not to analyze the statistics of the
sampled atoms but rather to identify the possible frequencies and energy levels.
The recorded data are more related to properties of the system’s energy operator H
than to properties of a quantum state, which is in some sense fixed by the heating

n>1 Lyman series
91.1 nm
nr>2 Balmer series

n >3 Paschen series

>0

4650 nm E
ne...
- > >

Figure 3.8 Discrete emission spectrum of hydrogen atom starting with the wave-
length associated with the transition oo > 1. Historically, the spectrum was
divided into various series of spectral lines that can be nowadays understood
as series of frequencies or wavelengths corresponding to transitions n > j, for
n=j+1,j+2,...
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mechanism. In order to employ the basic statistical framework we will consider a
slightly modified experimental setting. Instead of the heated ensemble of hydro-
gen atoms we will assume that we have access to a source of individual hydrogen
atoms (or a heated ensemble of atoms from which we pick a single atom per run
of the experiment). When an atom emits a photon, we record only the first photon
and ignore all the others emitted by the same atom. After the photon is recorded
the measured hydrogen atom is replaced by a fresh one. Collecting the statistics
will enable us to draw the emission spectrum and will also reveal properties of the
quantum state corresponding to the source of hydrogen atoms.

Let us denote by J, the set of all numbers n for which there exists an n’ such that
the transition frequency w = w,,. Let us stress that in general J,, contains more
than a single value of n and of n’, hence, the observed frequency is not associated
with a unique energy level E,. For example, the transitions 7 &> 5 and 35 > 7 both
have the value of frequency, given by hw = —E %.

Observing a frequency w, we conclude that the hydrogen atom is in a state o such
that at least one eigenvector v, for some n € J, belongs to its support. Therefore,
the support of the associated effect F,, consists of all eigenvectors corresponding
to the energies E, for which n € J,, and we have

nelJ, L,m

In this expression we assume that /, m are limited by n (as described in Example
3.37), that I1,;;,, = |Yum) (Yum| and that each g,;,, (w) describes the sum of prob-
abilities of transitions from v,;,, > ¥,y such that © = w,,s. Let us note that
the probabilities g, (w) depend on the particular experimental setup (temperature,
photon detectors) and, moreover, some transitions are forbidden owing to conserva-
tion laws. The specification of g,;,, (@) is not needed for our sketchy consideration.
The normalization ) gum(w) = 1 guarantees that ) F,, = I —IT; —I1,, where
[T, is the projection onto the subspace of vectors with positive energies and I is
the ground state projection. Since there is no emission for a hydrogen atom in the
ground state, the effect I'1; 4 Il is recorded if no photon is observed. Formally,
the effect I1, completing the emission-spectrum observable is associated with the
presence of unbounded states of the electron. However, it is a reasonable idealiza-
tion that in emission experiments such states do not occur, hence, the probability of
observing I1, is vanishingly small. Then the registration of no photons is evidence
for the ground state. A

3.2.3 Complementary observables

The notion of complementarity can be traced back to the early days of quantum
mechanics. Niels Bohr introduced the concept in his famous Como lecture in
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1927. The basic observation behind complementarity is that there exist physical
quantities that require mutually exclusive measurements and, in addition to that,
give pieces of information completing each other.

Suppose that A and B are sharp observables and that there are at least two effects
A(X) and B(Y) that do not commute. Then, as proved in Proposition 3.25, the
effects A(X) and B(Y) are not coexistent. This means that there is no observ-
able which would contain both A and B as its parts. Therefore, we need different
measurement setups to measure A and B.

Even if A and B require different measurement setups, these can be quite similar
in the sense that an A-measurement gives a good estimate of a B-measurement.
The key feature of complementary observables, however, is that the precise pre-
dictability of one observable implies maximal uncertainty in the other. This feature
can be illustrated with spin component observables.

Example 3.39 (Complementary spin components)

Suppose that we measure S” and we want to predict the measurement outcome
distribution of S™. If on the one hand 7 is close to 71 then the measurement outcome
distributions of S" and S™ are very similar for all states . Namely, if o = %(I +7-
o) then the difference in the related probabilities tr[Q S (-I—)] and tr[QS’71 (—I—)] is

tr[0S" (+)] — tr[0S™ (H)]| = 317 - Gi —m)| < L lIi — il .

The difference varies from O to % |n — m||, depending on 7. Thus, we will incur
only a small error if we guess the measurement outcome distribution of S” from
that of S”.

If on the other hand m is orthogonal to 7 then % ln —m| = % In this case it
is clearly not a good idea to try to guess the measurement outcome distribution of
S™ from that of S”. For instance, if we perform measurements in the eigenstate
o = 2(I +1-5) then tI'[QSﬁ(—F)] = 1 and the outcome of S” is completely

predictable, while tr[QS’% (—i—)] = tr[QS%(—)] = % A

It 1s possible to distinguish several different but related formulations of com-
plementarity. We will discuss two variants, the first suitable for finite outcome
observables and the second suitable for real outcome observables. For simplicity
we restrict the discussion to sharp observables, although also some pairs of other
types of observable can be argued to be complementary. More detailed overviews
of different formulations can be found in [28], [30], [117].

Value complementarity

We expect complementary observables to give as different probability distributions
as possible. Two maximally different probability distributions in a finite outcome
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set are, evidently, the Dirac probability distribution, supported at a single point, and
the uniform probability distribution, supported equally at all points. This motivates
the following definition.

Definition 3.40 Two sharp observables A and B with finite numbers (N and M,
respectively) of outcomes are value complementary if the following implications
are valid for any state o and all outcomes x € Qa, y € Qp:

tr[oAx)] =1 = tr[eB(y)] = 1/M,
u[oB()|=1 =  t[eAX)]=1/N.

Exercise 3.41 In relation to Example 3.39, show that two spin component observ-
ables are value complementary exactly when they correspond to orthogonal
directions.

Value-complementary observables exists in every finite dimension, as we
demonstrate next. Let H be a d-dimensional Hilbert space and let {(pi}flz_o1 and
{Yr j}?;(l) be two orthonormal bases for H. Each orthonormal basis defines an asso-
ciated sharp observable (see Example 3.28). The value complementarity of the
observables related to the bases {¢;} and {v;} means that

2 1 .
oyl =~ Vij=0...d-1 (3.36)

Two orthonormal bases {¢;} and {v;} satisfying (3.36) are called mutually
unbiased

To construct mutually unbiased bases (MUBs) and hence value complementary
observables, let {gol-}fl;ol be an orthonormal basis for H and fix a complex number
¢ # 1 satisfying ¢¢ = 1. In other words, ¢ is a dth root of unity and ¢ = e>*i*/4
for some k = 1,...,d — 1. Another orthonormal basis, mutually unbiased with
respect to the first, is obtained by setting

d—1
1 .
= — E Y 3.37
w] \/g — g % ( )
forevery j =0,...,d — 1. Since |¢| = 1, the relation (3.36) follows.

Exercise 3.42 Verify that the vectors /; defined in (3.37) form an orthonormal
basis.

Let us return to Example 3.39. Instead of considering only two observables,
we can choose three orthogonal unit ‘vectors n, m, k in R3; then the related spin
component observables S”, S™ and S are pairwise value complementary. There is
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no fourth orthogonal unit vector, and hence no possibility of extending this set by
a fourth value-complementary observable.

Similarly, one can ask for the maximal number of orthonormal bases in dimen-
sion d such that they are all pairwise mutually unbiased. In spite of many efforts
this question is still open. Wootters and Fields [147] observed that there cannot be
more than d 4 1 mutually unbiased bases in a d-dimensional Hibert space. Namely,
it follows from (3.36) that the operators d|¢; ) (¢;| —1 and d|;)(;| — I are orthog-
onal in the Hilbert—Schmidt inner product. Therefore, d 4+ 1 mutually unbiased
bases lead to d? orthogonal operators, and d? is the dimension of the inner prod-
uct space 7 (H). Ivanovi¢ [82] demonstrated that if the dimension d of the Hilbert
space is a prime number then there exist d 4+ 1 mutually unbiased bases. This result
has been extended to cases where d is a power of a prime number. However, a gen-
eralization to an arbitrary dimension or a counter-example is not currently known.
We refer to the review article [56] for further details on this topic.

Probabilistic complementarity

Let us move to observables with outcome set R. There is no uniform probability
distribution on R, and we therefore cannot apply value complementarity directly in
these cases. The following is one possible modification of value complementarity.

Definition 3.43 Two sharp observables A and B with outcome space (R, B(R))
are probabilistically complementary if the following implications are valid for any
state o and all bounded intervals X, Y C R:

tr[oAX)] =1 = 0 < tr[eB(Y)] < 1,
tr[eBY)] =1 = 0 < trfoA(X)] < 1.
The prime example of probabilistically complementary observables is, of course,

the canonical position and momentum observables.

Example 3.44 (Complementarity of position and momentum)

Let H = L*(R) and Q and P be the canonical position and momentum observ-
ables, respectively. Their probability distributions for a pure state o = [{) (| are
given by

tr[eQ(X)] =f ¥ (x)|* dx, tr[oP(Y)] =/I$(y)|2dy-
X Y
Let us suppose that
/ ¥ (x)Pdx =1
X

for some bounded interval X C R. It follows that ¥» must have compact support.
By the Paley—Wiener theorem (a classical result in harmonic analysis), a function
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¥ € L*(R) has compact support if and only if its Fourier transform 1@ e L*(R)
extends to an entire function of exponential type (see e.g. [122]). The zeroes of
an entire function are isolated, implying that its restriction to the real line cannot
vanish on any open set. This implies that

0</|$<y>|2dy<1
Y

whenever Y is a bounded interval. We can switch the roles of 1? and ¢ and derive
a similar conclusion from the assumption that i has compact support. Therefore,
Q and P are probabilistically complementary observables. A

3.3 Informationally complete observables

Perhaps the most essential purpose of a measurement is to gain knowledge about
the state of the system under investigation. Typically, the system is in an unknown
state and one is trying to find out what this is. In the best case one can spec-
ify the state completely. This leads to the concept of informational completeness,
introduced by Prugovecki [119].

3.3.1 Informational completeness

Let A be an observable and o1, 0, two different states. On the one hand, if

Da(01) # Palo2),

where ®a(p) is the probability distribution of the outcomes of A in state o, then
a measurement of A makes a distinction between the states o, and g,. Namely, as
the probability distributions are different we see a difference in the measurement
statistics corresponding to o and ;. On the other hand, if

Pa(01) = Pal02)

then there is no difference in the measurement outcome statistics of o; and ;. This
motivates the following terminology.

Definition 3.45 A collection {A, B, ...} of observables is informationally com-
plete if, for every o1, 02 € S(H),

Da(01) = Pal02),
Pg(o1) = Pe(02), = 01 = 05.
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In particular, a single observable A is informationally complete if the implication

Da(o1) = Pal02) = 01 =02 (3.38)
holds for every o1, 02 € S(H).

In other words, the informational completeness of a collection {A, B, ...} means
that for two different states o; # @, at least one observable in the collection
gives different probability distributions for o; and g,. Therefore, every state can be
uniquely determined from the measurement data.

It is not surprising that we can form informationally complete collections of
observables. For instance, it follows from Proposition 1.21 that the set of all sharp
observables consisting of one-dimensional projections is informationally complete.
In practice, the task is to find a physically realizable collection of observables and
then to minimize the number of observables or to optimize the collection with
respect to some other criteria.

Before discussing some general results on informational completeness, we will
discuss some standard examples.

Example 3.46 (Informationally complete collection of qubit observables)

Let us consider a qubit system. As we saw in Example 2.21, qubit states can be
described by Bloch sphere vectors. Every unit vector a in the Bloch sphere deter-
mines a one-dimensional projection and hence a two-outcome sharp observable A,
as explained in Example 3.33. For a state ¢ corresponding to a Bloch vector 7, we
gettr[oA(1)] = 3(1 + 7 - d) and thus 7 - & = 2tr[oA(1)] — 1.

Let A,B and C be three sharp observables, determined by the unit vectors
d, b, ¢ € R3, respectively. If the vectors @, b and ¢ are linearly independent then the
collection {A, B, C} is informationally complete. Namely, in this case any Bloch
vector 7 is uniquely determined from the inner products 7 - @, 7 - b and ¥ - ¢. One
should remember that the sharp observables A, B and C do not commute and hence

require different measurement setups. A

Exercise 3.47 Continuing Example 3.46, prove that the set {A, B, C} is not infor-
mationally complete if the vectors a, b, ¢ are linearly dependent. [Hint: You need

to demonstrate that there are two Bloch vectors ¥ # § such that 7 - a = s - a,
r-b=s-bandr-¢c=5-¢.]

Example 3.48 (Pauli problem)
Let X = L*(R) and let Q and P be the canonical position and momentum
observables (see Examples 3.32 and 3.35). Since

(WIQ(XW):/ (o) dx, (W IP(Y)y) Z/Ia(y)lzdy,
X Y
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we see that knowing the measurement outcome distribution of Q (resp. P) in a
pure state |y) (Y| is the same as knowing the function |/ (-)| (resp. |$ ()]). The set
{Q, P} is not informationally complete, since the functions |y (-)| and |$ (-)| do not
determine the vector ¥ uniquely up to a phase factor. To see this, let # : R — R
be the rectangle function, defined as

0 if x| > 3,
d(x) =1 1 if x| = 1,
1 if x| < 1.
We define
Vi (x) = %(iﬁ()ﬂ— D)+ 9x) Fox — D). (3.39)

Then |Y4(-)| = |Y¥—_(-)|. Using the linearity of the Fourier transform and the fact
that Fourier transformation converts translation into multiplication by a character,
we see also that |I/ﬁ\+(-)| = |1/ﬁ\_(-)|. But ¢, and {/_ are not constant multiples of
one another, hence we have two different pure states that have the same position
and the same momentum distributions.

The question of the informational completeness of the set {Q, P} was first posed
by Wolfgang Pauli and it is therefore called the Pauli problem. Nowadays the term
‘Pauli problem’ is also used to refer to several variants of the original problem, and
some of these variants are still open. For instance, no exhaustive characterization
of observables A seems to be known such that the collection {Q, P, A} is infor-
mationally complete. We refer to [26], [48], [49], [63] for further details on this
topic. A

The existence of a single informationally complete observable is perhaps not
evident from Definition 3.45. Before giving some examples of such observables,
let us notice a simple necessary criterion.

Proposition 3.49 Let H be a Hilbert space of dimension d < oo. If an observable
A on 'H is informationally complete then its outcome set 2 contains at least d*
points.

Proof Let A be an observable with an outcome space 2 = {x1, ..., x,}, where
n < d*. Since the real inner product space 7;() of selfadjoint operators is d>-
dimensional, there exists a selfadjoint operator 7 # O such that tr[TA(x j)] =0
for all x; € Q. Moreover, since i A(x;) = I we have tr[T] = 0. We define
an operator o9 = d ' (I + ITI7' 7). As 0o 1s positive (recall Exercise 1.32) and
tr[go] = 1, it is a state. Now tI'[QoA()Cj)] = tr[%]A(xj)] for all x; € €2, meaning
that A cannot distinguish between the total mixture 51 and the state og. This shows
that A cannot be informationally complete. 0



3.3 Informationally complete observables 141

In the following example we demonstrate that a single observable can be
informationally complete. An informationally complete observable A is called
a minimal informationally complete observable if the outcome space €2 has the
smallest possible number of elements, || = d?.

Example 3.50 (Minimal informationally complete observable)

Let H be a finite-dimensional Hilbert space with dimension d and write 2 =
{1,...,d}. We follow [40] in the construction of an informationally complete
observable A. First we fix an orthonormal basis {¢; ?: | for H. For every j, k € €2,
we denote by Pj; the following one-dimensional projections:

P = o) e;l,

1 1
Pj = ﬁ(% + §0k)><ﬁ(§0j + o) ifj >k,

1 1
Pj = E(ij + i(/)k)><ﬁ(§0j + ior) ifj <k.

We write
d
T=Y P (3.40)

jk=1

Since T > Z?:l P;; = I, the operator T is positive and has square root 7'/2,
Moreover, it follows from 7 > I that T'/? is invertible. For every j, k € Q, we
then define

A(j, k) =T P, T2 (3.41)

Each operator A(j, k) is positive, and the normalization condition ) ik A(j, k) =
I is satisfied. Hence A is an observable with outcome set 2 x €.

Suppose that o; and g, are two states such that the numbers tr[Qlek] and
tI'[Qszk] are the same for all indices j, k € €. This implies that (¢;|o1pr) =
((p ; |Q2g0k) for all j, k € Q, and thus o; = 5. This reasoning holds true also if the
operators Pj; were replaced by the operators A(j, k). Therefore, the observable A
is informationally complete. Since |Q x | = d?, it is a minimal informationally
complete observable. A

Suppose that an observable A is informationally complete. Since the mea-
surement statistics of A specifies the initial state o uniquely, we expect that the
measurement statistics of any observable can be calculated from the measurement
statistics of A. The following proposition is a precise formulation of this intuitive
idea.
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Proposition 3.51 Suppose that dim’H < oo. An observable A is informationally
complete if and only if every selfadjoint operator can be written as a real linear
combination of the elements belonging to the range of A.

Proof Let A be an observable on H. We denote by A the collection of all real
linear combinations of the elements in ran(A). This is a linear subspace in the real
vector space L(H) of all selfadjoint operators. We denote by A+ the orthogonal
complement of A with respect to the Hilbert—Schmidt inner product, i.e.

At :={B € L,(H) : u[BAX)] =0VX}.

Since I € ran(A), we observe that trf[ B] = 0 for any B € A+ It follows directly
from this definition that, for any two states o; and p,, the condition ®p(0;) =
®a(02) is equivalent to o — o) € AL,

Suppose that AL = {0}. This implies that ®a(0;) = Pa(0>) only when o —
0, =0. Hence, A is informationally complete.

Now suppose that AL # {0}, which means that there exists a nonzero selfadjoint
operator T e A+, Split T into its positive and negative parts, T = T+ — T~. Since
t[T] =0, we have tr[ TT| = [T~ | =¢. Weset oy = T/t and o, = T~ /1, and
clearly oy — 0 = T/t € AL. This implies that ®a(0;) = Pa(02), hence A is not
informationally complete. 0

If 'H is infinite dimensional then Proposition 3.51 has to be slightly modi-
fied. Notice that the criterion for informational completeness can be written as
(Ab)L = L,(H), using the notation of the proof. This is equivalent to informational
completeness in the infinite-dimensional case also, but now (A+)+ has to be under-
stood as the double annihilator of A with respect to the duality 7 (H)* = L(H).
The reader is referred to [32], [131] for details.

Example 3.52 (Informational completeness of the spin direction observable)

Using Proposition 3.51 it is easy to see that the spin direction observable D is
informationally complete. As we observed in Example 3.13, all the effects %(I +
%r_i -0), 1 € S?, are in the range of D. Since the identity operator I is also in the
range of D, we can write all the operators 71 - &, 71 € S? as real linear combinations
of the elements in ran(D). A general selfadjoint operator in C? is a real linear
combination of / and the Pauli operators oy, oy, 0;. Thus, D is informationally

complete. A

While it may sometimes be hard to check whether a given observable is infor-
mationally complete, there are some simple necessary conditions for an observable
to have this property. Two such criteria, first noted in [26], [32], are given in the
next proposition.

Proposition 3.53 Let A be an informationally complete observable with outcome
space (€2, F),and let X € F.
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(a) A(X) does not have both eigenvalues 0 and 1.

(b) If A(X) is not a scalar multiple of the identity operator / then there is at least
one effect A(Y) in the range of A that does not commute with A(X).

Proof (a): Assume that A(X) has eigenvalues 0 and 1. Let v, ¥y € H be unit
vectors such that A(X)y; = v and A(X)yy = 0. The vectors v, and v are
orthogonal, since

(V1lvo) = (AX) Y1 Yo) = (i |AX) o) = 0.

Moreover, we will set =X = Q2 ~ X; then

AEX)Y = —AX) ¥ =0,
A=X)o = (I — A(X)) Yo = Yo.

Set ¢ = % (Y1 + ¥o). For any Y € F we then have
AXNY)y = %A(X N, AEXNY)y = %A(ﬂX N Y) o,
and therefore
(WIAX)Y) = 5 (1IAX N YY) + 5 (Wl A(=X N Y)) .

Now set 0 = 3|¥1)(¥1] + 31¥0) (Yol Then

tr[oAY)] = [ )AX N V)] + tr[eA(=X N Y)]
= L(WAX N YY) + 2 (Yol A(=X N Y)o) .

This shows that ®a(|Y){(¥|) = Pa(e), which contradicts the fact that A is
informationally complete.

(b): Assume that A(X)A(Y) = A(Y)A(X) forevery ¥ € F.Let U = ¢AX
be the unitary operator defined by A(X) (see subsection 1.2.4). Since A(X) is not
a multiple of the identity operator /, there is a unit vector v € H which is not
an eigenvector of A(X). Thus ¥ is not an eigenvector of U either, and hence the
vectors Y and U are not parallel. Choose o = |¢) (| and g, = |[Uy¢)(U|, in
which case 0| # 0>.

Let Y € F. As A(X) commutes with A(Y), U also commutes with A(Y). We
then obtain

tr[A(Y)] = [ [Y ) (¥ | U*AX) U] = ully) (WIAXY)] = [ AY)],

and therefore ®a(01) = Pa(02). This is in contradiction with the fact that A is
informationally complete. 0
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We saw earlier that any sharp observable in a finite d-dimensional Hilbert space
has at most d nonzero outcomes (Proposition 3.31), which is less than the minimal
number of outcomes for informationally complete observables (Proposition 3.49).
Hence, a sharp observable is not informationally complete. Proposition 3.53 allows
one to extend this conclusion to infinite-dimensional Hilbert spaces since no sharp
observable satisfies the criteria (a) and (b) in Proposition 3.53. We conclude that
no sharp observable is informationally complete.

3.3.2 Symmetric informationally complete observables

There are many different informationally complete observables. Can some be
considered better than the others? In this subsection we introduce a subclass of
informationally complete observables that can, with some justification, be called
optimal.

Let H be a finite d-dimensional Hilbert space. If A is a discrete informationally
complete observable then by Proposition 3.51 any state o can be expressed as a
linear combination o = ) r,A(x). This linear combination is unique if A is a
minimal informationally complete observable, since in that case the effects A(x)
form a basis. The measurement outcome probabilities are

po(x) = tfoA)] = ) t{AWAM]ry.
y

The linear independence of A(x) implies that the matrix 2, = tr[A(x)A(y)] is
invertible, hence we can write

ry = Z Ql;xlpg(x).

This is the reconstruction formula for calculating the input state o from the
measurement statistics. To make the reconstruction formula as uncomplicated as
possible, the matrix 2, should have a simple form. This motivates the following
definition.

Definition 3.54 Let H be a finite d-dimensional Hilbert space. An observable A
on ‘H is symmetric informationally complete (SIC) if:

(i) A is minimal informationally complete (thus 2 has d? elements);
(i1) each effect A(x) is a rank-1 operator;
(iii) tr[A(x)] = constant for all x € Qp;
(iv) tr[A(x)A(y)] = constant for all x # y € Qa.

The constants in conditions (ii1) and (iv) are fixed by the dimension d of the
Hilbert space H. Namely, suppose that A is a SIC observable and that tr[A(x)] =«
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for all x and that tr[A(x)A(y)] = B for all x # y. First, since ) A(x) = I we
get d’a = d and hence o = 1/d. Moreover, since A(x) = «a P (x) for some one-
dimensional projection P (x), we get tr[ A(x)?] = o> = 1/d*. Using this we obtain
on the one hand

Y u[A@AM] =D u[AWAM] + Y u[Ax)?]

X,y xFy

— Bd2(d* — 1) + d*a® = Bd*(@* — 1) + 1.
On the other hand,
Y u[AMAW)] = ull] =

X,y
A comparison of these equations gives 8 = 1/(d*(d + 1)).

Example 3.55 (SIC qubit observable)

A SIC qubit observable A has four outcomes. We can write these four effects in
the form A(j) = %(I +5; - 6), where s; are unit vectors in R3. The factor % is
determined by condition (ii1). For j # k we have the requirement that

= = tu[A(HDAK)] = (1 +5; - 5. (3.42)
This implies that s - 5, = —%, which means that the vectors 51, 5», 53, and s, point
to the corners of a tetrahedron. A possible choice is

%:%( 1,1, 1), 542%(—1,—1,1).

If we set py = tI'[QA(k)] then the reconstruction formula reads

—I + = <Z pksk> G

and the Bloch vector of the reconstructed state o is recovered from the formula

F=+3 (2(191 +p2)—1, 2(pi+p3)—1, 2(p1+ ps)— 1) . (3.43)
A

Curiously, it is not known whether a SIC observable exists in every finite dimen-
sion, even though there have been several insightful studies on this topic. The
existence of SIC observables has been verified in (at least) dimensions 2—15. Addi-
tionally, there have been numerical studies, up to dimension 67, giving evidence
for the existence of SIC observables in all the dimensions investigated [128].
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3.3.3 State estimation

The essential goal of any experiment is to obtain probability distributions for the
possible measurement outcomes. But wait: how can we measure probabilities?
What we actually observe is a finite sequence of measurement outcomes, and the
probability distribution is afterwards abstracted from this sequence. In this subsec-
tion we illustrate briefly the idea of data processing, which finally allows for the
experimental confirmation of theoretical models. We will introduce one specific
method for the extraction of a probability distribution from the observed outcome
frequencies. For more details and references we refer to [110].

Suppose that we perform a measurement of an n-valued informationally com-
plete observable A for a system in an unknown input state . Once we agree that
a probability distribution p has been obtained, we can employ the reconstruction
formula o = CIDX1 (p) to recover the state. Supgose that in N experimental runs we
observe an outcome sequence ji, ..., jy = j. From this data set we can calcu-
late N;, the number of the occurrences of each outcome j. The frequencies given
by the fractions f(j) = N;/N form a probability distribution, i.e. f(j) > 0
and ) ; F(j) = 1. The simplest thing would be to set p(j) = f(j) and exploit
the reconstruction formula. Unfortunately, as we will demonstrate in the following
example, that kind of approach may fail to give a relevant answer.

Example 3.56 (‘Unphysical’ result)

Suppose we perform N = 20 measurement runs of the qubit SIC observable A
defined in Example 3.55. We would like to determine the unknown input state.
The possible measurement outcomes are 1, 2, 3, 4, and the obtained measurement
data are

1,4,2,3,1,2,3,1,1,1,1,2,1,1,2,3,1,3, 1, 1.

Thus, the frequencies of the outcomes are f(1) = %, f2) = fQ3) = 24—0 and
f@) = %. If we now set p(j) = f(j) we should be able to identify a unique den-
sity operator o satisfying tr[QA( j)] = p(j). Employing the reconstruction formula
(3.43) we get the innocent-looking Bloch vector
111

r - 3 N A~ ’

=3 (2 2 5)
but ||;7||2 =3 (% + i + %) > 1. This means that the probability distribution p
does not correspond to any state. The small size of our data and its oversimplified
interpretation is the reason for this unphysical result. A

Exercise 3.57 Let us continue the discussion begun in Example 3.56, and demon-
strate that having a small sample of data and setting p = f can cause problems
for any observed frequency. For a given finite data set, there is a certain number of
possible frequency distributions and only some of them correspond to a valid state.
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For example, for N = 1 there are four possible frequencies (f(1) = lor f(2) =1
or f(3) = 1or f(4) = 1); however, none of them describes a physically valid state
because there is no state o which would give tr[QA( J )] = 1 for a single outcome
j . For the given observable A find the smallest N for which the setting p = f may
give a valid quantum state. [Hint: Analyze the cases N =2, 3, ...]

The previous discussion illustrates explicitly the fact that the probability distri-
butions obtained in a fixed quantum measurement do not cover the whole space of
potential probability distributions, i.e. the set ®a(S(H)) is typically a proper subset
of Prob(L2). In any case, even if the frequency distribution lies inside ®a(S(H)),
our reconstruction is always only an estimate of the input state. We denote by o the
estimated state and by o the ‘true’ input state. The general goal of the estimation
procedure is to assign a unique and valid estimate ¢ for arbitrary experimental data.

One of the most popular estimation procedures is based on the concept of
likelihood. Informally: given that the data is }, what is the likelihood that the
measurement was performed on a state 0?

Let us first recall that the conditional probability p(flg) for observing an
outcome sequence ] = ji,..., jn, under the condition that the input state is g, is

N n
p(ile) =[] rGile) =[] rtile)™. (3.44)
k=1 j=1

Here N; is the number of occurrences of outcome j and p(jlo) = tI'[QA( Jj )]. We
emphasize that the different runs of an experiment are assumed to be independent.
The probability p(f|Q) does not depend on the order of the outcomes but only on
their relative occurrences. The likelihood function ¢ is defined as

n

> 1 > N; .
tlelj) = log p(jlo) = Y <+ log p(jlo),

j=1
and the so-called maximum likelihood estimate 1s
b = arg max £(o|}). 3.45
¢ =arg max, (elj) (3.45)
This formula means that ¢ is the element of S(H) that maximizes the likelihood
function. Obviously, this makes sense only if a maximum exists and is unique.

A practical evaluation of the expression (3.45) can be difficult, and typically one
has to use numerical optimization methods. The likelihood function £ is nonpos-
itive, i.e. £ < 0. Let us set p; = p(E3|o), so that £(¢|E;) = Zj filogpj;itis
closely related to the so-called relative entropy, which is defined via the formula

H(ql|lp) = Zj q(j)(logq(j)—log p(j)), where g, p are probability distributions.
Setting g(j) = f(j) we obtain the identity

Llj) = —H(f) — H(f]Ip), (3.46)
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where H(f) :== —)_ ; f(j)log f(j) is the Shannon entropy of the probability dis-
tribution f. Since H (f) is a positive constant and H ( f||p) is nonnegative (see for
instance [90]), it follows that the (global) maximum is unique and is obtained when
the relative entropy vanishes. This happens if and only if f = p. In other words,
providing that the observed frequency is allowed, it maximizes the likelihood and
gives directly a valid maximum likelihood estimate ¢. Let us note that, especially
for small statistics, the likelihood ¢ may have several local maxima; this represents
potential problems for numerical algorithms.

Example 3.58 In this example we will employ the maximum likelihood method
to obtain a physically valid estimate from the data recorded in Example 3.56. The
likelihood function reads

.11 4 1
tel)) = 55log p(lle) + 55 (log p(2le) +log p(3l0)) + 30 102 P(#10)-

We write ¢ in the Bloch form ¢ = %(I + 7 -0) for a vector 7 € R? with ||| < 1.
Then p(jlo) = }L(l +7-5;), and we can write the likelihood function as a function
of the three parameters ¥ = (x, y, z) € R3:

11 4
€(x,y,2) = %log<f3+x+y+z>+z—olog(ﬁ+x—y—z)

4 1
+ogl0e(V3—x 4y -2+ log(v3-x—y+2)

—log 4+/3.

Under the condition x? 4+ y? + z> < 1 this function has a unique maximum. Let
us note that £(x, y, z) = €(y, x, z); thus, owing to uniqueness the optimal Bloch
vector has the form 7 = (x, x, z). Applying normalization we get z = £+/1 — 2x2
and x € [—1/+/2, 1/+4/2]. The likelihood function then reads

11 2
£@) = log(v/3 +2x £+/1 — 2x2) + S log(v/3 Fv1—2x2)
1
+25 log(~/3 — 2x £+ /1 — 2x2) — log 4+/3, (3.47)

and achieves its maximum at approximately x = 0.698 (see Figure 3.9). In conclu-
sion, maximum likelihood processing of the observed data produces the pure state
o = 3[I +0.698(o, + 0,) + 0.160)]. A

3.4 Testing quantum systems

As we saw in Section 3.3, informationally complete observables provide a uni-
versal tool enabling us to make a decision on any property of a quantum system.
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Figure 3.9 Plot of the likelihood function from (3.47). The inset shows the detail
near the maximum value (solid circle) of the likelihood function.

However, there are at least two reasons why it is of interest to design experiments
testing only particular properties of quantum systems. First, it may be difficult to
implement informationally complete observables or to process the observed data,
especially when the system of interest is large. Second, a complete description is
much more than we usually need. The complete and precise knowledge of a quan-
tum state is in reality quite unfeasible and, at the same time, is not usually needed.

3.4.1 Complete versus incomplete information

Any question about properties of a system can be formulated as follows. The task
is to design an experiment that enables us to decide between different alternatives
or hypotheses regarding the possible states of the system. These alternatives define
a set of potential answers and the goal of an experiment is to choose the alternative
that maximizes our success. Depending on whether the set of alternatives is finite
or infinite, we have a discrimination or estimation problem, respectively. In the
latter case it is impossible to give an error-free answer because it is impossible in
practice to measure probability distributions precisely. In this section we will focus
on discrimination problems.

Perhaps the simplest version of a quantum discrimination problem is the state
discrimination problem, in which a system is known to be either in state o; or in
state p,. Hence, our task is to choose one of these two alternatives. For this pur-
poses it is sufficient to design an observable A for which ®a(0;) # Pa(02), Wwhere
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®a(o) 1s the probability of state p. It follows from the definition of a quantum
state that such an observable exists, because otherwise these states would not be
considered to be different. In fact, informationally complete observables satisfy the
above requirement for all pairs g1, 0. However, there are other suitable observables
that are not necessarily informationally complete. Once the family of all suitable
observables is characterized, the next question is which of them is optimal. In other
words, we are interested in determining which observable induces the most readily
distinguishable probability distributions ®a(0;) and Pa(e;). In order to find an
answer we need to define some figure of merit for probability distributions.

Instead of doing so directly, let us change the problem slightly. Let us note that,
although our task is to distinguish the probability distributions ®(0;) and Pa(07),
the problem concerning the finiteness of the data partially remains. But do we
actually need to reconstruct or estimate the probabilities? Is it not sufficient to base
our reasoning directly on the observed sequence of events? In principle the task is
to distinguish between two alternatives, hence a two-outcome observable could be
sufficient! Even a single click experiment with a single copy of the system available
can be used to draw nontrivial and meaningful conclusions on the particular state
of the system.

To give a simple example, imagine that we toss a coin only once and observe the
outcome head. What can we say about the coin? Without any additional assumption
we can conclude only that the probability of getting head is nonzero. However, if
we have been told that the coin is either a fair one or an unfair one having the same
value tail on both sides, then our conclusion can be much stronger. In fact, in this
restricted case we may with certainty confirm that the coin is fair.

This example illustrates that even in statistical theories there are situations in
which certain inferences can be made from a finite number of experimental runs.
Quantum theory is no exception. Under certain circumstances and with suitable a
priori knowledge, quantum states may be uniquely identified even from individ-
ual measurement outcomes. This kind of task, which is not based on measurement
statistics but on some finite number of measurement outcomes, is called a nonsta-
tistical discrimination problem. By contrast, in a statistical discrimination problem
we tend to measure the probability distribution. For a general reference on this type
of problem we recommend the classic text [75] by Helstrom and the more recent
review book [110].

3.4.2 Unambiguous discrimination of states

The goal of unambiguous state discrimination (or error-free state discrimination)
1s to identify an unknown state ¢ out of some set of possible states {01, ..., on}
without an error (see Figure 3.10). We assume that only a single copy of a system
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Figure 3.10 Unambiguous discrimination.

is available and that 7; is the a priori probability that the unknown state o is g;.
The main question is which sets of states can be discriminated in an unambiguous
way. This problem was originally introduced by Ivanovic [83].

In the general scheme of unambiguous state discrimination we accept the pos-
sibility that no conclusion will be reached. However, when there is a conclusion it
has to be correct. In contrast with unambiguous state discrimination, there are also
probabilistic state discrimination schemes; these are discussed briefly in subsection
3.4.3. In the present subsection we focus on the unambiguous discrimination of two
pure states. We refer to [42] and [21] for reviews of various state-discrimination
strategies.

As a special type of unambiguous discrimination, we say that a set of states can
be perfectly discriminated if the probability of getting a conclusive outcome is 1.

Hence, a set of states {oj, ..., 0,} can be perfectly discriminated if and only if
there exists an observable A with outcome space 2 = {1, ..., n} such that
tr[o1A(D)] = u[eAQR)] = - - = tr[e,A(n) ] = 1. (3.48)

Indeed, in the perfect discrimination case one must be able to draw the correct

conclusion in every possible measurement outcome. This is exactly the condition
(3.48).

Exercise 3.59 Let P, ..., P, be a collection of orthogonal pure states. Show that
the set { P, ..., P,} can be perfectly discriminated. [Hint: Recall Example 3.28.]

Proposition 3.60 Let P, and P, be two pure states. They can be perfectly
discriminated if and only if they are orthogonal, i.e. P; P, = O.

Proof We have already seen in Exercise 3.59 that two orthogonal pure states
can be perfectly discriminated. Therefore we will show the necessity of mutual
orthogonality.

If P, and P, can be perfectly discriminated then there exists an observable A
with outcome space 2 = {1, 2} such that tr[PlA(l)] = tr[PzA(Z)] = 1. By
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Proposition 2.34 this implies that
AP, = P, AQRQ)P, = P;.
Since A(2) = I —A(1), the latter condition gives A(1) P, = 0. Therefore we obtain
tr[ Py P,] = tr[ A1) P, ;] = tt[ P P A(D)| = e[ PL(A(1) P)*] = 0,
which means that P; and P, are orthogonal. U]

This relation between orthogonality and perfect discrimination provides an oper-
ational interpretation of the Hilbert space dimension. The number of pure states that
can be perfectly discriminated cannot exceed the dimension of the Hilbert space.

Example 3.61 (Impossibility of identifying the state of a single system)

The concept of informational completeness refers to statistical information; to
identify an unknown input state we need the total probability distribution of mea-
surement outcomes. It should not come as a surprise, therefore, that one cannot
identify the unknown state if only a single quantum system is available. A hypothet-
ical observable performing this task would perfectly discriminate all states. Since
not all pure states are orthogonal, we can see from Proposition 3.60 that this kind
of observable cannot exist.

There is also a stronger trade-off between statistical information (informational
completeness) and single-shot information (perfect discrimination). Suppose that
an observable A can perfectly discriminate two states ¢; and g,. This would mean
that tr[01A(j1)] = 1 for some outcome j; and similarly tr[2A(j>)] = 1 for some
other outcome j,. But then tI‘[QzA( jl)] = 0, and we would conclude that the effect
A(j,) has both eigenvalues 0 and 1. This violates a necessary condition for infor-
mational completeness, derived in Proposition 3.53. Hence if an observable A can
perfectly discriminate some states, it cannot be informationally complete. A

Suppose that a single quantum system in one of the two pure states o1, 0> 1S
given and that these states are not orthogonal. As perfect discrimination is not
possible, we turn to a more modest question: is it possible to identify the state o
unambiguously? In comparison with the previous discussion, we are not interested
in whether the unknown state is g;; only the conclusion o = p; matters. We say
that a state o; can be unambiguously identified within the set {0, 0,} if and only if
there exists an observable A with two outcomes 1 and ? such that

tw[olA(D] >0,  t[eA(D)] =0. (3.49)

The effect A(?) = I — A(1) corresponds to an inconclusive outcome since no
unambiguous conclusion is assigned to it. The success of the state identification is
quantified by means of the probability to observe the conclusive outcome 1, i.e.
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Psuccess = 1 tr[QlA(l)] ) (350)
where 7 is the a priori probability that the unknown state o is ;.

Example 3.62 (Unambiguous identification of a pure state)

Let us consider the identification of two pure states P, and P,. The no-error con-
dition tr[ P,A(1)] = 0 in (3.49) is equivalent to tr[ P,A(?)| = 1. By Proposition
2.34 this implies that P, < A(?) or, in other words, A(1) < I — P,. Consequently,
the probability tr[ P{A(1)] is maximal if we set A(1) = I — P,. Hence, the best
achievable probability of success is

Psuccess = 77(1 - tr[PIPZ])- (351)

Notice that tr[ Py P,] = 1 only when P, = P,. Therefore, pguccess > 0 whenever
P, # P,. We conclude that, for any pair of different pure states, it is possible to
carry out the identification task with nonzero probability of success even if only a
single copy of the system is available. A

Example 3.63 (Unambiguous identification of a mixed state)

Let o1, 02 be two states that are not necessarily pure. The condition for identifica-
tion of o; from the set {01, 0;} is still the set of constraints (3.49). However, the
identification task cannot be performed for all pairs of states. Consider an effect E
such that tr[gl E ] > 0 and write

Sy ={o € S(H) : tr[eE] = 0}.

It follows that the two-outcome observable A, defined as A(1) = E,A(?) =1 — E,
can be employed to identify the state o, from the set {01, 02} provided that o, € S%.
However, if for all effects E the inequality tI‘[QlE ] > 0 implies that '[I'[Qz E ] > 0
then the state p; cannot be identified from the set {0, 0;}. It follows that while for
pure states the success probability given in (3.51) is symmetric with respect to the
exchange of p; and o, it is not necessarily symmetric for mixed states. For exam-
ple, if H is finite dimensional and g, is the total mixture %I , then identification is
impossible for any state ¢;. Thus, no state can be identified from the total mixture.
However, if we choose o = %I then we see that the total mixture can be identified
with nonzero success probability provided that the support of g, is not the whole
Hilbert space H. A

Let us return to the unambiguous discrimination of two pure states P, =
Y1) (Y] and P, = [¥p)(Ys| (assuming that Py # P;). If the states are not
orthogonal then, according to Proposition 3.60, they cannot be perfectly discrimi-
nated. However, as we have seen previously, each pure state can be unambiguously
distinguished from any other pure state. We denote by A and B the observ-
ables identifying the states P; and P, in the optimal way, respectively. Hence,
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A(l) = I — P, and B(1) = I — P;. Let us then fix a number 0 < ¢ < 1 and
define an observable C with outcome space {1, 2, ?} in the following way:

CH=q-P), CO=0A-g)(I-P), CO=qP+(1—-q)P.

The observable C is a mixture of A and B (compare with (3.20) in subsection
3.1.5). The inconclusive outcomes of A and B are identified as a single inconclusive
outcome ‘?’. As C is a mixture of A and B and these are the optimal observables
for identifying the states P; and P,, we expect that C will be able to discriminate
these states.

The observable C leads to the following list of probabilities:

pS () =q( —ulPP])#£0,  pg(1)=0,

pS (2) =0, pS,(2) = (1 — ¢)(1 — [Py P,]) # 0,

Pr (D =1—q+qulPP] #0, p5 () =q+(1—q@ulPP]#0.
Therefore if we get the outcome 1, we can draw the conclusion that o = P;. In a
similar way, the outcome 2 leads to the conclusion that o = P,. If the outcome ? is
obtained then no conclusion can be made.

We conclude that, although perfect discrimination is not possible, there exists
an observable discriminating between the nonorthogonal pure states P; and P,
provided that an inconclusive result is allowed. As before, the success probability

Psuccess 18 quantified as the probability of getting a conclusive result. In the above
scheme we get

Psuccess — 1 tr[C(l)Pl] + (1 - 77) tI'[C(2)P2]
=gnu[P(I —P)l+ A —-g)(1 —n)tr[P1(] — P,)]
=@gn+ A =g)(1—=n)A—tu[PP)).

For an equal a priori distribution of the states P, and P, (i.e. n = %), unambiguous
discrimination by C is successful with probability

Psuccess = 5 (1 = tt[ Py P2]) = 3(1 — [(¥1]92) [*). (3.52)

Does the above procedure give the best achievable success probability? To find
an optimal solution, we are looking for an observable D with three outcomes 1, 2, ?
such that

u[PD2)] =0  u[P.D1)]=0 (3.53)
and the success probability
Psuccess = 1] tr[PlD(l)] +d-n) tI‘[PzD(z)]

is as large as possible.
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Before we come to the optimal value of pgyccess, we will derive an upper bound
on the success probability; this was originally given by Feng et al. in [59]. Before
we can formulate this bound we need the following lemma.

Lemma 3.64 Let T € 7 (H). Then

sup [u[UT]| = |IT|y -
Ueld(H)

Proof Foreach A € L('H) with ||A] < 1, we have on the one hand
(te[AT] < AN NT Nl < N7 e -
On the other hand, if T = V|T| is the polar decomposition of 7 then
u[ VT =ul|T]] =Tl
and ||V*|| = ||Vl < 1. We conclude that

sup  [u[AT][ = T (3.54)
AeL(H),lIAl<1
If dim’H < oo, the operator V in the polar decomposition of 7" is unitary and
the claim therefore follows from the previous calculation. In the general case, we
recall that the Russo—Dye theorem (Corollary 1 in [125]) states that

sup |tr[AT]| = sup |tu[UT]|. (3.55)
AcL(H).|IAl<] Ueld(H)
A comparison of (3.54) and (3.55) yields the claim. L]

Proposition 3.65 Let o; and o, be two states occurring with a priori probabilities
n and 1 — n. The probability of success of their unambiguous discrimination has
the following upper bound:

Psuccess = 1 -2 77(1 - 77) tr[|\/a\/@|] . (356)

Proof The probability of success can be written in the form pgyccess = 1 — Prails
where pgi = tr[D(?)(nQ1 + (1 — 7’])@2)] is the failure probability. We then have

Pra = @[Dai])* + (1 — )’ (@[D(e2])”
+2n(1 — ) r[D(Ne1 ] r[D(2)02]
> 4n(1 — mtr[D(Mo:1 | [D(Ve2],
where we have used the inequality a® 4+ b* > 2ab for a = ntr[D(?)g;] and b =

(1—mn) tl‘[D(?)Qz]. Using the Cauchy—Schwartz inequality we obtain further that,
for any unitary operator U,
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t[D@e1] u[D()es] = | U/a1vD@VD@) VarU']

xtr[\/@\/D(?)\/D(?)\/@]
> (U 21D ya:))?

Since D(?) = I — D(1) — D(2) and, by the conditions for unambiguous dis-

crimination, D(1)p, = D(2)p; = O it follows that ,/o1D(?)./0; = ./01./02.
Thus,

prail = 2y/n(1 — n) r[U /o142 | (3.57)

for all unitary operators U. According to Lemma 3.64 this leads to the formula

Pt = 2¢/n(1 = ) [l /ory/eal] - (3.58)
U

For two pure states distributed with equal a priori probabilities, Proposition 3.65
gives

Psuccess = I — |<¢1|W2)| (359)

From (3.52) it is straightforward to see that observable C does not reach this upper
bound. Namely, the equation

1
2 (1 =12 ?) = 1= K1)

holds only if [(¥;]|¥,)| = 1, but this would mean that o; = @;. Is there an
observable reaching this bound? The following example gives a positive answer.

Example 3.66 (Optimal observable for unambiguous discrimination of pure
states)

Consider a pair of pure states P; = |{) (1], P» = |¥) (2| appearing with equal
a priori probabilities. The optimal observable D,y for unambiguous discrimination
of these pure states is given by

1
Dy (1) = p— , 3.60
pt(1) 1+|(1ﬁ1|¢2>|( [¥2) (Y2 ) (3.60)

1
DOt 2 — P — , 3.61
pt(2) 1+|(1ﬁ1|¢2)|( 1Y) (D) (3.61)
Dopt(?) =1- Dopt(l) - DOpt(z)a (3.62)

where P is the projection onto the two-dimensional subspace of ‘H spanned by the
vectors ¥y, Y, 1.€.

1
P = N(P1+P2—P1P2—P2P1),
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with N = 1—tr[ Py P,]. Since Pyr; = v it follows that (P — P;) P; = O and hence
the no-error conditions tr[P1 Dopt(2)] = tr[PzDOpt(l)] = 0 are satisfied. Moreover,

1
(P + P)P = N(Pl + P, — PIP,P,— PP P,)

1
= PP =) = P+ P (363)

Using all these relations it is straightforward to verify that the success probability
reaches the upper bound (for the case n; = n, = %)

Psuccess = %(tr[Pl Dopt(l)] + tr[PZDopt(z)])

1
= -2
a1+ |<W1|W2)|)(tr[(Pl + P,)P] tr[ Py P»])

1
= 1 —tr[P, P
ERTATS T
(1 — [ [Y2) DA+ (YY) )
= = 1 — )
RIS [{(¥11v¥2)]
which proves that the considered observable is indeed optimal. A

For a general pair of mixed states the optimal observable for their unambiguous
discrimination is not known. However, it is known that, unlike in the case of pure
states, not every pair of mixed states can be unambiguously discriminated, which
means that the upper bound is not attainable. In what follows we will provide a nec-
essary condition for the unambiguous discrimination of mixed states and describe
a cryptographic application based on the unambiguous discrimination problem.

Let us recall that the support supp(7) of an operator T consists of all vectors
that are orthogonal to the vectors in the kernel of 7.

Proposition 3.67 Let o; and o, be two states that can be unambiguously dis-
criminated. Then neither supp(o;) < supp(oz) nor supp(oz) < supp(o)
holds.

Proof Suppose that, on the contrary, supp(o;) € supp(oz). This is equivalent to
the opposed inclusion of the kernels, ker(p,) € ker(o;). However, for a state o
and an effect E, the condition tI‘[QE ] = 0 is equivalent to the requirement that
E'?y € ker(g) for every ¢ € ‘H. Thus for any effect E the condition tr[g, E] = 0
implies that tI'[Ql E ] = 0. It follows that we can never unambiguously conclude that
the unknown state is ¢. Similarly, in the case supp(02) € supp(o;) we can never
conclude that the unknown state is ;. Therefore, the condition on the supports is
a necessary condition that o and g, can be unambiguously discriminated. 0
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The following result is a simple consequence of Proposition 3.67.

Proposition 3.68 Let H be a two-dimensional Hilbert space. Two different states
01,02 € S(H) can be unambiguously discriminated if and only if they are both
pure.

Proof We saw earlier that two different pure states can be unambiguously dis-
criminated. To prove the other implication, let us assume that one state, say oi,
is mixed. As we saw in subsection 2.1.3, the state ¢o; can be written in the form
01 = %(I +7-0), where ||F|| < 1. Let us define a pure state @ = %(I +1-0) with
n =r/||7|l. Then

oo 1 .
or=(=- IIFII)EI + 7l o,

which shows that g; can be written as a convex combination of the total mixture
and the pure state w. Since supp(/) = H, it follows that supp(o;) = H. There-
fore, according to Proposition 3.67 it is not possible to unambiguously discriminate
01 and 02. 0

Example 3.69 (Key distribution protocol B92)

A nice application of the unambiguous state discrimination scheme was presented
by Charles Bennett in [15]; this was a quantum key distribution protocol nowadays
known as B92. The goal of the key distribution is to establish a secret key repre-
sented by strings of perfectly correlated bits shared solely by two communicating
parties, Alice and Bob. (See subsection 5.2.4 below for more details on quantum
key distributions.)

The key distribution protocol B92 works as follows. Alice randomly prepares a
system in one of two pure states Py, P; and sends the system to Bob. Bob then
performs a measurement of the observable D, unambiguously discriminating
between the given pair of states. Repeating the experiment n times, Alice’s prepara-
tions define a string of n random bits X = (x, ..., x,) such that xj € {0, 1}. Bob’s
measurements define a string y = (yq, ..., y,) with y; €10, 1, ?}, where ? is asso-
ciated with an inconclusive outcome. Bob’s string matches Alice’s string whenever
y; # 7. Therefore, Bob announces the positions in which he found inconclusive
outcomes and both Alice and Bob simply erase these entries from their strings.
After that Alice’s and Bob’s reduced strings match perfectly and represent a secret
key shared between Alice and Bob.

The security of the B92 protocol relies on the nonorthogonality of the states
Py, P;. For orthogonal states the correlations between the strings are perfect with-
out any public communication and the whole procedure can be eavesdropped by a
third party without its being detected. By reducing the orthogonality we also reduce
the ability to eavesdrop and the anonymity of the eavesdropper. The security of the
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key can be verified if part of the shared key is released and compared. This veri-
fication phase of the protocol is based on the same principles as that discussed in
subsection 5.2.4 below.

Let us note that this scheme, although elegant, is not very practical owing to
its fragility with respect to noise. In fact, even for an arbitrarily small amount of
noise the reliability of the conclusion is lost, since the conditions tr[P1 Dopt(O)] =
tr[ PoDopi(1)] = 0 no longer hold. In physical terms, noise transforms the pure
states Py, P into mixed states g, 0}. For a qubit system, Proposition 3.68 implies
that o;, and @ cannot be unambiguously discriminated. A

3.4.3 How distinct are two states?

Although the set of states is naturally endowed with various types of distance func-
tion, the question is which of these (if any) expresses the similarity of two states.
Operationally, the distance of two preparators (preparation procedures) should be
related to our ability to design an experimental procedure allowing us to distin-
guish between them. The information acquired in measurements comes from the
observed measurement outcome distributions. Therefore, it 1s natural to use these
probability distributions to introduce the notion of the distance between two states.
Loosely speaking, the idea is that two states are considered to be close to each
other if, for all observables, it is very difficult to distinguish the associated prob-
ability distributions. We can use both individual effects and observables to define
distances between a pair of quantum states. In the present subsection we exploit the
success probability of single-shot state-discrimination tasks to quantify the distance
between quantum states.

Minimum-error state discrimination

Suppose we know a priori that an unknown state g- is either o; or g,. For simplicity
let us assume that both these options are equally likely. We measure an observable
A once and obtain a single outcome x ;. If we conclude that the state was o, then the
probability p; = tr[QlA(x j)] determines our success rate in guessing before the
measurement that the unknown state g, was actually p;, whereas the probability
q; = tr[ng(x j)] quantifies our error. These probabilities interchange their roles
if our conclusion is that oo = ;. Our goal is to find an observable for which the
error (averaged over all outcomes) is the smallest.

Grouping the outcomes according to the success, in each measurement, of a
specific fixed guess, for example that the particle was in the state o;, we end up
with a two-outcome observable described by the effects C; and C, = [ — C;.
These effects are associated with conclusions g» = @; and gy = ©;, respectively.
For such a binary observable the average error probability is given by the formula
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Figure 3.11 Illustration of minimum-error discrimination. The screen on the right
is registering that the unknown state was g;.

Peror = 3 t[C102 + C201] = 5 (1 + tr[Ci (02 — 01)]) - (3.64)

Naturally, we are interested in finding the observable that minimizes this quantity.
We call this task minimum-error state discrimination (see Figure 3.11).

The probability of error is minimized when tr[C 1(02 — Ql)] is as small as possi-
ble. If we write the selfadjoint operator o, — @ in the spectral decomposition form

02— 01=)_; Mjlgj){p;| then

w[Ci(oa —en] =) Ai{eilCio) = D A;
j

Jixj<0

The minimum value of > jihj<0 A can be reached by choosing C; as the projec-
tion onto the eigenvectors of the operator p; — @ associated with the negative
eigenvalues, i.e.

Cr= Y loi)e;l.

JiAj<0

Since tr[@z — Ql] = tr[gz] — tI'[Ql] = (0 it follows that for the selfadjoint operator
0> — 01 the sum of its positive eigenvalues equals the sum of its negative eigenval-
ues. This implies that the optimal error probability is symmetric with respect to the
exchange of g1, 02, and we can write

r[Cile2 — o] =—3 D _Ixjl=—3le2—oill,. (3.65)
J

Let us also note that

tr[Ca(02 — 01)] = tr[ (I = C1) (02 — 01)] = 5 llo2 — o1l - (3.66)

In summary, for the optimal error probability for discrimination of the states
01, 02 we find

Perror = %(1 - % ”Ql - QZ”tr)- (367)
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This formula gives a clear operational meaning for the trace norm and the
associated trace distance

D(o1, 02) := 3 llor — o2l - (3.68)

The larger is the trace distance between the states, the smaller is the error prob-
ability. If pemor = = then the states are necessarily the same, because then

2
D(o1,02) =0.

Fidelity
An alternative state-discrimination task is one in which either the conclusions are
error-free or no conclusion is made. This is known as the unambiguous discrimina-

tion problem and was discussed in subsection 3.4.2. In this case failure is quantified
by the probability of an inconclusive result (associated with the effect E»),

Prait = 3 t[ E2(01 + 02)], (3.69)

where o;, 0> are known states and £y = I — E| — E; is such that tr[Elgz] =
tI‘[EzQ 1] = 0. Again, we assume that states are a priori distributed with the same
probability. A general solution is not known, but for pure states o1, 0 we found in
subsection 3.4.2 that the optimal value is

Prait = | (V1Y) |, (3.70)

where 1, Y, € 'H are the vectors corresponding to the states o1, 0,2, respectively.
According to Proposition 3.65 the quantity

F(o1, 02) = tif|Je1vea|] = tr[\/\/agz\/g_l} : (3.71)

provides an upper bound on the optimal success probability for the unambiguous
discrimination of a pair of states o, 02. This function is called the fidelity and
represents another common way of measuring the difference between quantum
states.

Exercise 3.70 (Basic properties of the fidelity)
Prove the following properties of the fidelity. For all states o1, 0»:

1. F(o1,072) = 1if and only if o1 = 07;

2.0<F(o1,02) = 1;

3. the fidelity is invariant under unitary conjugation: F(Uo,U*,Up,U*) =
F (o1, 02) for all unitary operators U.
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3.5 Relations between observables

In earlier sections we discussed properties and qualities of observables. A supple-
mentary point of view is obtained when we compare different observables. We will
concentrate on three relations between observables. These relations can be used to
make statements like ‘A is better than B’ precise. We will formulate such relations
in terms of statistical mappings, which were introduced in subsection 3.1.2 as an
alternative mathematical description of observables. (Recall that @5 denotes the
statistical mapping corresponding to an observable A.)

3.5.1 State distinction and state determination

Informational completeness is an absolute, which may or may not be possessed
by an observable. In this subsection we generalize this binary division into a finer
picture, by introducing two preorderings.

Definition 3.71 Let A and B be observables. If, for all states o1, 02 € S(H),

Palo1) = Pale2) = Pg(01) = Pa(02) (3.72)

then we write B <; A and say that the state-distinction power of A is greater than
or equal to that of B. If B x; A <; B, we say that A and B are informationally
equivalent, and write A ~; B.

Exercise 3.72 Confirm that <; is a preorder and that ~; is an equivalence rela-
tion. [Hint: To confirm that <; is a preorder, you need to verify that A <; A for
all observables A (reflexivity) and that A <; B <; C implies A <; C for all
observables A, B and C (transitivity).]

Comparing the above definition with the definition of an informationally com-
plete observable (subsection 3.3.1), we notice immediately that if A is information-
ally complete then B <; A for any observable B. Moreover, if A is informationally
complete and A ~; B then B is also informationally complete. The state-distinction
power is therefore a generalization of the concept of informational completeness.

If the equivalence class of all informationally complete observables corresponds
to the best state-distinction power, what is the worst equivalence class?

Example 3.73 (Trivial observable)
An observable A is trivial if it does not distinguish any pair of states, meaning that

Palo1) = Pale2) (3.73)

for all o1, 0o € S(H). Condition (3.73) is equivalent to the fact that each effect
A(X) is a multiple of the identity operator /. For instance, coin-tossing observables
(see Example 3.4) are trivial observables.
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If A is a trivial observable then A <; B for any other observable B. Moreover, if
B <; A then B is also a trivial observable. A

By definition, an informationally complete observable gives a unique probability
distribution for each state. If an observable A is not informationally complete, it can
still give a unique probability distribution for some state o;. This means that for all
states 0 € S(H), we have

Do) = Palor) =3 0 =0i.

In this case, we say that the state g is determined by A and we denote by Dp the
set of states determined by A.

Definition 3.74 Let A and B be observables. If Dg € Da then we write B <; A
and say that the state-determination power of A is greater than or equal to B. If
B <, A <, B, we denote A ~, B.

As in the case of the state-distinction power, we see that if A is information-
ally complete then B <, A for any observable B and that A ~; B only if B is
informationally complete.

Exercise 3.75 Confirm that < is a preorder and that ~; is an equivalence relation.

The two preorderings <; and =<, are obviously related, and we make the
following simple observation.

Proposition 3.76 For two observables A and B, the condition B <; A implies that
B </A.

Proof Assume that B <; A and that g, € Dg. For every o € S(H), we then have
Palo1) = Palo) = ®g(01) = ®sl0) = o1 =0
This shows that o; € Da and therefore that Dg C Da. U]

The converse of Proposition 3.76 is not true; B <; A does not imply that B x; A.
This becomes clear in the following.

Proposition 3.77 Let A be a binary sharp observable with outcome set Q =
{x1, x2}. If neither A(x1) nor A(x;) is a one-dimensional projection then Dp = #.

Proof For each state g, the probability distribution ®a(p) is uniquely character-
ized by the number tI‘[QA(Xl)], since tI‘[QA(Xz)] =1- tI‘[QA(Xl)]. Hence, to prove
the statement, it is enough to show that for each number 0 < p < 1 there are two
different states ¢ and @’ such that p = tr[QA(xl)] = tr[Q’A(xl)].
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If A(x;) = O or A(x;) = O then A is a trivial observable and D = . Hence,
we will assume that A(x;) and A(x,) are both nonzero and not one-dimensional
projections. We can then write them as sums, A(x;) = 22:1 P, and A(xp) =
22:1 Ok, of orthogonal one-dimensional projections, where r, s > 2 (see the end
of subsection 1.2.3). Also, any two of one-dimensional projections from different
sums are orthogonal since

Pr + Qr < A(xy) +Alxp) = 1.

For any number 0 < p < 1, we write o = pP; + (1 — p)Q; and o' = pP, +
(1 — p)Q». Then tr[QA(xl)] = p and tr[Q/A(xl)] = p. To confirm that ¢ and o’
are different operators, we multiply them by the projection P; + Q1, obtaining

(Pr+Qno=p~P+ (1 —-p)Qi, (P14 010 = 0.
This shows that (P; + Q)0 # (P; + Q1)0’, hence o # ¢'. O

Proposition 3.77 shows, in particular, that if A is a binary sharp observable not
containing a one-dimensional projection then A ~; B for any trivial observable B.
But we have seen earlier that every nontrivial observable has strictly better state
distinction power than a trivial observable (see also Exercise 3.78 below). This
demonstrates that the preorderings <; and <; are different.

Exercise 3.78 Let A be a binary sharp observable with outcome set 2 = {x;, x»}
and assume that A(x;) and A(x;) are both nonzero operators. Find two states o and
o’ such that ®p(0) # Pa(0’). Conclude that A has strictly better state-distinction
power than any trivial observable.

3.5.2 Coarse-graining

Coarse-graining means, generally speaking, a reduction in the quality of the statis-
tical description of a system. The statistical information related to an observable A
1s most directly encoded in the statistical map ®4, and we therefore use statistical
maps in the following definition. Recall that Prob(£2) denotes the convex set of all
probability measures on €2.

Definition 3.79 Let A and B be observables. We say that B is a coarse-graining of
A, and write B A, if there exists an affine mapping V : Prob(Q2a) — Prob(Q2g)
such that

O =V o ®p, (3.74)

where the circle symbol denotes a composition of mappings. If B <. A <. B then
we write A ~, B.
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Exercise 3.80 Show that <. is a preorder and ~. is an equivalence relation.

The idea behind the coarse-graining relation is that the additional mapping V
reduces the quality of the statistical description. We have already encountered
some examples of coarse-graining where this idea can be seen in practice. The
discretization procedure, explained in Example 3.13, leads to a coarse-graining of
the original observable. The reduction in the statistical description is also manifest
in the following simple result.

Proposition 3.81 If B <. A then B x; A.

Proof Assume that B <. A and that g1, g, are states for which ®(01) = ®a(02).
Then

®g(01) =V o Pa(01) =V o Pa(02) = PB(02).

This shows that B <; A. O

The converse of Proposition 3.81 is not true; B <; A does not imply that B <, A.
This fact will be demonstrated later in subsection 3.6.2.

There are types of coarse-graining other than discretization. One specific class of
coarse-grainings arises from the idea that additional noise in a measurement setting
can blur events. Let us recall that a fuzzy set on €2 is a function X from 2 to the
interval [0, 1]. The value X (x) 1s interpreted as the membership degree of a point x
in X. Any ordinary set X can be identified with a special type of fuzzy set, a crisp
set, taking only the values 0 (x ¢ X) and 1 (x € X). Values X (x) intermediate
between 0 and 1 indicate that a point x has partial membership in X.

Let (€2, F) be an outcome space and suppose that v is a mapping from the prod-
uct set 2 x F to the interval [0, 1] such that each mapping X +— v(x, X) is a
probability measure. We interpret this kind of mapping as transforming an event X
into a fuzzy event X (x) = v(x, X). We can now define a mapping V on Prob(L2)
by the formula

[VpI(X) = f v(x, X) dp(x). (3.75)

The requirement that all mappings X — v(x, X) are probability measures guar-
antees that the image Vp is a probability measure. This leads to the following
definition.

Definition 3.82 Let A and B be two observables defined on an outcome space
(2, F). We say that B is an unsharp or fuzzy version of A if there exists an affine
mapping V of the form (3.75) and if &g = V o Pa.
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In other words, unsharp versions are a special kind of coarse-graining that is
produced by fuzzification of the outcome space. Here is an example.

Example 3.83 (Unsharp position observable)

Each probability density function on R gives rise to an unsharp position observable.
Namely, let f be a probability density function on R, i.e. a nonnegative integrable
function with normalization ffooo f(x)dx = 1. Forany x € R and X € B(R), we
write

v, (x, X) =/Xf<x — Wy = (f % 1) ().

Here fxx 1s the convolution of f and the characteristic function xx. The mapping
vy on R x B(R) has the property that each X + v(x, X) is a probability measure.
If we apply v, to make a coarse-graining of the position observable Q, we get an
unsharp position observable Q. It can be written in the form

(W1Q;(X)¥) = / (F # 2x) 0 Yo dx,

We observe that (tﬁIQ f (X)w) is like (WQ(X)w) except that the crisp set X has
been transformed into the fuzzy set f * xx. This type of fuzzy position variable
was introduced in [5]. A

In the rest of this subsection we will concentrate on finite outcome spaces. Let
Qa = {ay,...,a;} and Qg = {by, ..., b,} be finite sets, and let V be an affine
mapping from Prob(2a) to Prob(£2g). Every probability measure on 24 is a
convex combination of the point measures d,,, .. ., é,,, and similarly for 2g. Thus,
we can write

V(8a4,) = v110p, + - -+ + ve1dp,,

(3.76)
V(éa) = virdp, + -+ + Vi,
for some numbers vy, ..., vg. The properties of V imply that 0 < v;; < 1 and

Y. vij = 1. In other words, [v;;] is a stochastic matrix. Condition (3.74) can now
be written in the form

k
B(bi) =) vijA)). (3.77)

j=l1

Notice that if Q4 = Qg then B in (3.77) is an unsharp version of A. Let us also
remark that this kind of matrix construction can be written down if 25 and Qg are
countable (but not necessarily finite) sets, such as N or Z.
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Example 3.84 (Binary qubit observables)

In Example 3.33 we discussed a sharp qubit observable A that is defined by a
unit vector @ € R3. The projections corresponding to this observable are given by
A(xl) = %(1 +a-0). A stochastic 2 x 2 matrix [v; ;i11s completely determined by
one of its rows and has the form

V11 V12
1 — V11 1 — V12 )

We conclude that the most general binary qubit observable B that is a coarse-
graining of A is given by

B(1) = vi1A(D) + vioA(=1) = 5 (w11 + vi2)] + (vi1 — v12)d - ).

We can write B(1) in the form
Bay:%@1+56), (3.78)

where 8 = vy + vi2 and b = (v — v12)d@. From 0 < v;; < 1 follows that
|6] <8 <2—|b]. (3.79)

However, we saw in Example 2.33 that every qubit effect has the form (3.78) for
some parameters 8 and b satisfying (3.79). This leads to the conclusion that every
binary qubit observable is an unsharp version of some sharp qubit observable.

The previous conclusion on binary qubit observables is a very specific instance
of a general result that every commutative observable is a coarse-graining of some
sharp observable. We refer to [3], [85] for further details. A

If the sets 24 and 2 have equally many elements then the stochastic matrix
[vi;] corresponding to coarse-graining is a square matrix. A special class of square
stochastic matrices consists of doubly stochastic matrices; these satisfy an extra
requirement that ) jvij = 1. Thus, not only the columns but also the rows sum
to 1. Doubly stochastic matrices correspond to a specific kind of coarse-graining.
The Birkhoff-von Neumann theorem states that every doubly stochastic matrix is
a convex combination of permutation matrices. (A permutation matrix is a matrix
that has exactly one entry 1 in each row and each column; the other entries are all
0.) We can easily verify the Birkhoff-von Neumann theorem for 2 x 2 matrices. A
doubly stochastic 2 x 2 matrix [v;;] is determined by one of its elements (say vy)
and hence we can write it in the form

V11 1—1)11 . 1 O 0 1
(l—vll . )—VII(O 1)—1—(1 Vll)(l 0)°
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Permutation matrices correspond to permutations of the measurement outcomes,
while their convex combination leads to a mixture of observables in the sense
defined in subsection 3.1.5.

Example 3.85 (Unbiased binary qubit observables)
We saw in Example 3.84 that each binary qubit observable can be obtained from
some sharp qubit observable by coarse-graining. Which binary qubit observables
correspond to doubly stochastic matrices?

Suppose that the stochastic matrix [v;;] in Example 3.84 is doubly stochastic.
This means that v;; 4+ vi; = 1 and hence 8 = 1. The coarse-grained observable B
is given by

B(£1) = (1 +h. &) (3.80)

and the parameter restrictions (3.79) reduce to Hl; H < 1. Binary qubit observables
having the form (3.80) are unbiased; otherwise they are biased. The unbiasedness
condition is equivalent to the requirement that the operators B(1) and B(—1) have
the same eigenvalues. In this sense, an unbiased qubit observable is more similar
to sharp qubit observables than a biased one. A

3.6 Example: photon-counting observables

In this section we demonstrate some concepts studied earlier in a quantum optical
context. At the beginning we give a very brief explanation of the quantum optical
description of a single-mode electromagnetic field. Only basic concepts are needed,
but a reader who is not familiar with this topic can find further explanations in the
books by Gerry and Knight [64] and Walls and Milburn [139].

3.6.1 Single-mode electromagnetic field

In the usual quantum optical description, a photon is an excitation of a single mode
of the electromagnetic field. Let H be an infinite-dimensional Hilbert space asso-
ciated with one fixed mode. We choose an orthonormal basis for  and denote the
basis vectors by Dirac kets |0), |1),... We also write ¢ = |k)(k|. The state &
represents the vacuum state of the electromagnetic field, while the state ¢ is taken
to represent an excited state of the field containing k photons. The states ¢y, ¢i, . . .
are called number states.

The number observable N is the sharp observable associated with the orthonor-
mal basis {|0), |1), ...}, and ithas N = {0, 1, ...} as its outcome space. Hence, the
effects of N are defined as N(n) = |n)(n|. In the above quantum optical setting N
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describes the ideal photon-counting observable. Namely, for a number state ¢, the
related probability distribution in a N-measurement is

tr[GN@m) | = | (kln) |> = -

The number operator N is the (unbounded) selfadjoint operator corresponding to
N, that is,

N = inN(n).
n=0

Thus, tr[Q N ] gives the expectation value (N), of N for a system in the state o.
To illustrate this framework further, we recall that for every z € C a coherent
state |z) is defined as

o n
2 <
2y =e 2y " ——|n).
e v n!

Coherent states describe the electromagnetic field generated by a laser. The number
|z| 1s proportional to the energy of the field. Hence, we expect that a larger |z| value
implies more photons. Indeed, the expectation or average value of N in the state
|z) 18

(N),) = (zIN|z) = |z]*.

Exercise 3.86 Calculate the probability distribution of N in a coherent state |z).
Confirm that it is a Poisson distribution.

3.6.2 Nonideal photon-counting observables

A nonideal photodetector does not detect all the photons hitting the detector. Let us
assume that a photon hitting the detector is detected with probability €, 0 < € < 1.
Therefore, if the electromagnetic field is in the number state ¢; then we expect that
the probability p(n|k) that the detector clicks n times is

plk) = (e"(1 =) ifn <k,

_ (3.81)
pnlk) =0 ifn > k.

With the usual conventions that 0° = 1 and 0" = 0 for n > 1 these probabilities
make sense also in the extreme cases € = 0 and € = 1.

We want to describe this kind of nonideal photodetector as a coarse-graining of
the number observable. For the number state ¢, the number observable N gives the
point probability measure §;. Hence, a coarse-graining mapping V maps J; to the
probability distribution p(-|k). As explained in subsection 3.5.2, V can be written
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as a matrix [vg, ] with respect to the point measures. Comparison with (3.81) shows

that
0 ifk < n,
Vin =
‘ (M) — ek ifk > n.

Exercise 3.87 Confirm that [v,] 1s a stochastic N x N matrix.

We conclude that a photodetector with efficiency € can be described by the
observable N€¢ defined by

NG = Y Nt = 3 (:)e”(l — oMk Kkl,  neN.  (3.82)
k=0 k=n

We call N€ a photon-counting observable. On the one hand, the number observable
N is thus the photon-counting observable N!' with ideal efficiency, € = 1. On the
other hand, the photon-counting observable N° with the worst efficiency, € = 0, is
a trivial observable.

The photon-counting observable N¢ should be seen as an unsharp or imprecise
version of N. Its form does not say anything about the mechanism or source of
the imprecision, and N° can arise in many different ways. One possible setting
that produces this kind of observable is an ideal photodetector that has a beam
splitter in front of it. If the transparency of the beam splitter is € then the observable
representing the whole setup is exactly N¢. We refer to Chapter VIL.3 in [34] for a
derivation of this result.

By our construction N€¢ is a coarse-graining of N. As one could expect, the con-
verse is not true. Actually, the set of photon-counting observables is totally ordered
by the coarse-graining relation and the ordering corresponds to the ordering of the
efficiencies. The following two results were proved in [73].

Proposition 3.88 Let €;,¢; € [0, 1] and let N°' and N2 be the corresponding
photon-counting observables. The relation N! <. N2 holds if and only if €; < ¢,.

Proof Let us first assume that N <. N¢. This means that there exists a
stochastic matrix @ such that

Nt = ) uaN=k),  nel.

k=0

For every m, n € N, we get

(mIN () [m) =~ pen (m|N@ (k) m). (3.83)

k=0
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Substituting (3.82) into both sides of (3.83) we obtain the identity

(’:)6?(1 —€e)"" = Z Mkn (’Z)e’z‘(l — )"k (3.84)

k=0

Setting m = n = 0 we obtain 1 = . Since >, ur, = 1 and py, > 0 it
follows that (o, = O for all n > 1. Now let us set m = n = 1. We obtain
€1 = wo1(1 — €) + wi1€2. The previous setting implies wo; = 0, and thus we
obtain 1 = €€, I As W 18 a stochastic matrix, we have w;; < 1. This can hold
only if €; < e;.

Let us therefore assume that €; < ¢€,. Define

10 itk <n,
=1 (erer*(e2 — ek ifk > n.

Then w is a stochastic matrix and, for each n, we have

> waN (k) = Z Z ( )( )e?(ez — ) (1 — &) ¥ |m) (m|
k=0 k=n
o0 m k
= Z €] (Z (n) (Z)(Ez — e (1 - Ez)m_k> |m) (m|
m=n k=n
= ('Z)efa — )" "m)(m| = N (n).
Thus we conclude that Nt <. N¢2. O

Proposition 3.89 Let ¢ # 0. Then N ~; N.

Proof As the claim is trivial in the case € = 1, we will assume that 0 < € < 1.
Moreover, since N¢ <. N we have N° <; N by Proposition 3.81. To prove that
N <; N¢, let 01, 02 € S(H) and assume that One(01) = Pne(02). By (3.82) this
means that, for every n € N,

= [k = [k
> ( )e"(l — ) (klo k) = ) ( )e"(l — ) (kloalk) . (3.85)
k=n n k=n n

We can eliminate €” from both sides and move all the terms to one side. Hence,
(3.85) is equivalent to the condition

> [k
) (n)u — )" (kloi — e2lk) = 0. (3.86)

k=n
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Write ay = (1 — €)* (k|loy — 02]k) for every k € N. Since |a;| < (1 — €)¥, the
formula

f@:=) ad
k=0

defines an analytic function in the region |z| < (1 —e)~!. The nth derivative of f is

W)= "ktk—1)-- (k—n+ Da ™" == S
(@) 2 ( ). (k—n+ Daz a2\ 754

and thus (3.86) implies that £ (1) = O for every n € N. Therefore f = 0 and
hence a; = 0 for every k € N. This means that (k|o;|k) = (k|ozlk) for every
k € N. We conclude that ®N(01) = Pn(02) and therefore N <; Ne. O

It is perhaps surprising that ideal and nonideal photon-counting observables are
informationally equivalent. By Proposition 3.76 this also implies that they have
the same state-determination power. However, an important difference between
these observables is that the induced probability distributions possess different
statistical properties. Roughly speaking, the difference is in the statistical dis-
tance between the induced probabilities. In a sense, the probabilities induced by
a sharp photon-counting observable are more distinguishable than the probabilities
induced by nonideal observables. This is the result of the coarse-graining proce-
dure — a coarse-grained probability distribution is fuzzier and statistically noisier
than the original.

Exercise 3.90 The functions
- - 1 > >
dp. 9 =5 lpj—q;l and  f(5.4) =) /pid;
J J

quantify the distance of two probability distributions. Calculate the probability dis-
tributions of N and N (0 < € < 1) for number states ¢; and ¢,. Evaluate the
functions d and f for the calculated probability distributions and conclude that N
leads to better-separated probability distributions than N€.
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Operations and channels

In Chapters 2 and 3 we assumed a model according to which an experiment is
split into two parts — preparation and measurement. This led us to the associated
concepts of states and observables, respectively. On the basis of this picture we
can think about two types of apparatus, which can be characterized abstractly as
follows.

e Preparators are devices producing quantum states. No input is required, but a
quantum output is produced.

e Measurements are input—output devices that accept a quantum system as their
input and produce a classical output in the form of measurement outcome
distributions.

This setting is summarized in Figure 2.2. Furthermore, in subsection 3.5.2 we dis-
cussed coarse-graining relations; coarse-graining can be depicted as a box with a
classical input and a classical output. This line of thought indicates that at least one
type of input—output box is so far missing from our discussion — a device taking a
quantum input and producing a quantum output. Hence, we say that

e quantum channels are input—output devices transforming quantum states into
quantum states.

Each quantum channel can be placed between arbitrary preparation and measure-
ment devices (Figure 4.1). Channels, and a slightly more general concept, that of
operations, are the topics of this chapter.

4.1 Transforming quantum systems

In this section we discuss the mathematical definition of operations and channels.
The notion of an operation was introduced by Haag and Kastler [70] within the

173
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EXPERIMENT

PREPARATION | CHANNEL MEASUREMENT

Figure 4.1 The basic statistical framework of an experiment including a quantum
channel.

framework of algebraic quantum field theory. Later Kraus [88], Lindblad [93] and
Davies [51] discussed the requirement for operations to be completely positive.

4.1.1 Operations and complete positivity

By an operation we mean the most general transformation that can be performed
on a given ensemble of quantum systems. It is assumed that every operation
i1s applicable to any state. The passage of a photon through an optical fibre
or a polarizer is a paradigmatic example of an operation. From the point of
view of the observed probabilities (defined for a given state and observable),
an operation can be understood either as part of the preparations or as part of
the measurement. Mathematically this means that an operation can be formu-
lated equivalently either as a mapping on states (Schrodinger picture) or as a
mappings on effects (Heisenberg picture). We will use mostly the Schrodinger
picture.

It may happen that an operation destroys some fraction of the systems in the
initial ensemble. For this reason, in order to formulate a mathematical descrip-
tion for quantum operations it is convenient to introduce a set of subnormalized
states. The central notion of quantum theory is the probability rule, i.e. the pre-
scription determining the probability distribution for each pair consisting of a state
and an observable. For subnormalized states the predicted probabilities sum up to
a number less than or equal to 1. In this case we can extend the outcome space
of the system’s transformers (devices affecting the system) by adding an empty
outcome, which formally describes the loss of systems in an experiment. The set
of subnormalized states S(H) consists of positive trace class operators ¢ with
tr[g] < 1; thus
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SH)={eeTH):02 0,0 <ufo] <1},

where 7 (H) is the set of trace class operators.

In the Schrodinger picture a quantum operation A is defined as a mapping
transforming the set of states S(H) into the set of subnormalized states S (H).
The statistical indistinguishability of different convex decompositions of the same
state o cannot be changed by any operation. Hence, an operation \/ must preserve
convex combinations, meaning that

J J

forallp; € S(H)and0 < A; <1, Z]. A; = 1. A mapping  satisfying (4.1) has a
unique linear extension to the linear space of trace class operators 7 (). (This can
be proved in a similar way to Proposition 2.30.) Therefore, we consider operations
to be linear mappings on 7 (H).

Example 4.1 (No-cloning theorem — weak version)

A cloning machine is a hypothetical device that produces a clone (a duplicate)
of any unknown state. It takes one state as an input and gives back two of the
same kind. The second is a duplicate of the first in the sense that no experiment
would discover any difference between them. Hence, the cloning machine acts as
o0 ® wy — o ® o for all states o, where wy 1s a fixed ‘blank state’ of the system.
However, owing to its violation of linearity this kind of transformation is not an
operation. Namely, let > j Ajo; be amixture of some states. Then

D orej|®@ao | D ohiei | @ Dohies | =D Mde®e. (42)
J J J

k,j

but on assuming the linearity of the cloning transformation we get

Z)\ij ®wo=Z)»j(Qj®wo)'—>Z)»ij®Qj- (4.3)
J J J

These two expressions do not generally coincide. For example, choose {o;} to be a
collection of orthogonal pure states. Then the numbers A;A; and A ; are exactly the
eigenvalues of the final states in (4.2) and (4.3), respectively. But AxA; < A;, and
the two final states are therefore different.

The fact that the linearity of quantum theory forbids the duplication of an
unknown state was observed by several scientists independently at the beginning
of the 1980s. This impossibility statement is nowadays known as the no-cloning
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theorem. We refer to the review articles [126] and [41] for the history of this the-
orem and for further references. Later, in Example 4.17, we will discuss a more
subtle version of the no-cloning theorem. A

Not every linear mapping N on 7 (H) describes an operation. Since a valid
operation maps states into subnormalized states, N has to satisfy

° tr[N(Q)] <1,
e N(o) > O,

for all states o € S(H).

Every positive trace class operator can be expressed as a scalar multiple of a
state. Therefore, the first requirement implies that tr[A/(T)] < tr[T] for all positive
operators T € 7 (H), and we say that N is frace nonincreasing. If tr[N (Q)] =
tr[g] for all states o € S(H), we say that N is trace preserving. Since every trace
class operator can be expressed as a linear combination of states, we conclude
that \V is trace preserving if and only if trf[ NV (T)] = tr[T] for all T € T (H).
Similarly, the second requirement implies that N'(T') > O for all positive operators
T € 7 (H), and we say that N is positive. At first sight these two conditions should
be enough to define a valid quantum operation. However, there is an additional
requirement, which becomes visible only when we consider composite systems.

Consider a state of a composite system A + B consisting of two subsystems
A and B. The latter subsystem can be assumed to be finite dimensional. We can
extend any operation \/4 acting on subsystem A to a mapping Ny ® Zp acting on
the composite system, where Zp is the identity mapping defined on the subsystem
B. This should not make any difference as Zp corresponds to a situation in which
we do nothing. For instance, if we act on a state o4 = 04 ® 03, then

(Na ®Zgp)(0a ® 08) = Na(0a) ® 05.

In spite of this innocent-looking action, it is a nontrivial requirement that Ny ® Zp
transforms states of the composite system A+ B into subnormalized states. Namely,
the positivity of N4 does not guarantee the positivity of the extended mapping
N ® Ip. If it is positive for all extensions Zp then we say that the map Ny is
completely positive. Otherwise the map N4 leads to negative probabilities in some
extension, which makes it unphysical. Thus, to avoid such situations we need the
following concept.

Definition 4.2 A linear mapping Ny : 7 (H,) — T (H,) is completely positive
if the mapping Ny ® Zp on T (H4 ® Hp) is positive for all finite dimensional
extensions Hp.

There are two possible objections to the physical content of this definition. Is
it enough to restrict the definition to finite-dimensional extensions Hz? And is it
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enough to concentrate only on the identity mapping Zz? We will see later that the
answer to both these questions is yes. After we have characterized all completely
positive mappings, it is easy to see that a combination Ny ® N of two completely
positive mappings is completely positive.

In the following example we demonstrate that there are positive mappings which
are not completely positive.

Example 4.3 (Partial transposition)
Let {¢p; ?:1 be an orthonormal basis for a finite-dimensional Hilbert space H. We
write e = |@;){px| for every j,k = 1,...,d. Transposition (related to the
basis {¢ j}?zl) is a linear mapping t : 7(H) — 7 (H) acting on the operators
ejr as T(ejx) = eij. Hence, the transposition mapping is a specific permutation
of the operators {e}. If an operator M € 7 (H) is written as a matrix [M j] in
the orthonormal basis {¢; }‘}zl then the matrix of t(M) is, of course, the trans-
posed matrix [M jk]T = [Mj;]. Since the transposed matrix [M jk]T has the same
eigenvalues as [M j], we conclude that the transposition T is a positive mapping.
Let us now consider the unit vector

1A
dZ_ Vi ¥
j=1

in the tensor product space ‘H ® H. Surprisingly, applying 74 ® Zp to the state
| ) (| gives an operator which is not positive. We obtain

S|

vy

1 1
TA Q@ Lp(|Y)(V4]) = pl jZkTA Q Lp(ejr ® ejr) = d ]Zkekj ® ek,

and this operator is not positive since

1
ZE i Qe | (1 @Y — @ ®@1) = —(01 Q@ Y2 — Y2 ¢1).
Jok

As a consequence we see that the transposition 7 is an example of a positive but
not completely positive map. The mapping t4 ® Zp is commonly called partial
transposition (of the subsystem A). A

Exercise 4.4 Show that the transposition map 7 introduced in Example 4.3 is trace
preserving. Hence, the only reason why it is not a valid operation is its failure on
complete positivity.

It is now time to summarize all these requirements on quantum operations and
channels.
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Definition 4.5 A mapping A on 7 (H) is an operation (a channel) if it is

1. linear,
2. completely positive,
3. trace nonincreasing (trace preserving).

We denote by O the set of all operations and by O, the set of all channels.
Some examples are now in order.

Example 4.6 (Unitary channel)

As we saw in Section 2.3, state automorphisms can be represented as linear map-
pings on 7 (H) having the form oy (T) = UT U™ for some unitary or antiunitary
operator U. If U is unitary then oy is a channel. To see this, let T be a posi-
tive trace class operator on a composite system H4 ® Hp. Then, for every vector
Y € Hy ® Hp, we obtain

(Wlow @ T TY) = (¥|(U ® DTW* & DY) = (Yu|Tv) = 0,

where we have written ¥y, = (U* ® I). The positivity of T implies that (o, ®
Ip)T is positive also, hence the mapping oy is completely positive. Moreover,
trloy (T)] = tr[T'] for all trace class operators 7. We will show in subsection 4.2.1
that antiunitary operators do not define channels. A

Example 4.7 (Simple operations)

Let S € L(H) and define a mapping Ng on 7 (H) by Ng(T) = ST S*. Then
N is linear and also positive, since STS* > 0 whenever T > 0. To see that
N is completely positive, we repeat the derivation given in Example 4.6. Further,
we have

tr[Ns(T)] = [ ST S| = u[ S*ST]. (4.4)

If T > O, this shows that tr[Ns(T)] < tr[T] whenever S*S§ < I. The requirement
S*S < I is equivalent to ||S|| < 1 (see subsection 1.2.1). In conclusion, we see
that any bounded operator S satisfying || S|| < 1 defines an operation N. It is clear
from (4.4) that N is a channel exactly when S*S = I

We will see in subsection 4.2.3 that all operations are sums of operations having
the form N. In this sense, the latter are the simplest building blocks, and we call
them simple operations. A

Quantum operations are interpreted as the most general actions that we can
implement on quantum systems. While channels are deterministic transformations,
an operation A can be interpreted as a probabilistic transformation that occurs with
probability tr[N (Q)]. This aspect of an operation will be discussed in more detail
in Chapter 5. In the rest of this chapter we give our attention mostly to quantum
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channels describing deterministic quantum processes between preparation and
measurement.

Exercise 4.8 Let P € P(H) be a projection, O # P # I. Recall from subsec-
tion 1.2.3 that P = I — P is also a projection. We denote by Np and Np. the

related simple operations, as defined in Example 4.7. Show that the mapping N
defined as

N(o) = Np(o) + Np1(0)

is a channel but that it is not of the form AV = oy for any unitary operator U.
[Hint: oy maps all pure states into pure states. Does N do the same?]

4.1.2 Schrodinger versus Heisenberg picture

As explained in Chapter 2, states and effects are dual objects. Consequently, each
operation defined in the Schrédinger picture as a linear mapping N on 7 (H)
induces a linear mapping N* on the dual space £(H). The connection between
N and N* is given by the formula

tu[N(T)E] = e[ TN*(E)] 4.5)

holding for all trace class operators 7 €7 (H) and all bounded operators
E € L(H). The mapping N'* describes the same transformation of the system as
N but in the Heisenberg picture. In the Heisenberg picture the effects rather than
the states are transformed. Since (M ® 7)* = N* ® Z, the complete positivity of
N is equivalent to the complete positivity of N'* defined on £(H). The identity

tr[N(T)] = [N (T) 1] = u| TN*(])]

shows that )V is trace nonincreasing if and only if the dual operation N* satisfies
N*(I) < I. In the case of channels, the trace-preserving property of A corre-
sponds to the unitality of N*, which means that N*(I) = I. In conclusion, we see
that a channel N : 7 (H) — 7 (H) defines a linear mapping N* : L(H) — L(H)
which is completely positive and unital.

Exercise 4.9 Let S € L(H) be a bounded operator satisfying || S|| < 1 and let N
be the corresponding operation (see Example 4.7). Show that (NVg)* = N«.

A technical remark has to be mentioned regarding the case of infinite-
dimensional Hilbert spaces. As we have seen, channels can be defined directly
in the Heisenberg picture in terms of linear mappings on L£(H). In this case, in
addition to complete positivity and unitality there is an extra requirement, namely,
normality (see Theorem 1.71). This is a kind of continuity requirement which
guarantees that there is also a valid description in the Schrédinger picture.
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Example 4.10 (Complete state-space contraction)
We fix a positive trace class operator F #= O and define a linear mapping £ on
7T (H) by the formula

tr[T]

tr[ F']

Er(T) =

Let us now specify the action of £ in the Heisenberg picture. By definition

tr[ 7]
tr[ F]

and this is required to hold for all 7 € 7 (H) and all A € L(H). It follows that

tr[TEL(A)] = u[Ep(T)A] = tr[FA],

tr[FA]
tr[ F']

Er(A) = I.

In summary, in the Schrédinger picture the channel £ maps all trace class oper-
ators into the one-dimensional linear subspace spanned by the positive trace class
operator F', whereas in the Heisenberg picture all operators are mapped into the
one-dimensional subspace spanned by the identity operator /. If o is a state then
Er(0) = F/tr[F]. In other words, the whole state space is contracted into a single
point represented by the state F'/tr[ F]. For this reason we say that £ is a complete
state-space contraction. A

So far, we have defined channels only in the case where their domain and
codomain are identical. However, we can also have channels which map 7 (H)
into some other space 7 (K). The defining conditions (linearity, complete positivity,
trace preservation) are just the same. In the following we will give demonstrations
of this type of channel.

Example 4.11 (Addition of an uncorrelated ancilla)
Let H 4, Hane be two Hilbert spaces and let £ be a fixed state of the ancillary system
(ancilla) Hane. We define a linear mapping P from 7 (H4) into 7 (Ha @ Hanc) by
T — T ® &. This mapping is trace preserving, since

tr[Ps(T)] = [T @ §] = u[T] w[§] = u[T].

If T > O then Pe(T) =T ® § > O. Therefore, P¢ is positive. An extension
P:®@Zpactson Qap € 7 (Ha @ Hp) according to (P: @Zp)(R2ap) = Q2ap @ &Eanc,
and this implies that ¢ is completely positive. In conclusion, the addition of an
ancillary system yields a proper channel. The form of P in the Heisenberg picture
is determined by the relation

tu[Pe(T)A] = u[TP;(A)],
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which is required to hold for all T € 7 (H,) and A € L(H4 ® Hanc). Since

t|Pe(T)A] = (T @ £) Al = tr[(T @ D((I ® §)A)]
= [T (rp[(I ® §)A])]
it follows that
P:(A) = trpl(I ® §)Al.
One can now check that P} is unital. A

Example 4.12 (Partial trace in the Heisenberg picture)

The partial-trace mapping trg : 7 (Ha ® Hp) — 7 (H,) is linear and transforms
states into states. In the Heisenberg picture we have a mapping (trg)* from L(H 1)
to L(H4 ® Hp). By the definition of trg, we obtain

tritrg[T]A]l = tr[TA ® I]
forall T € 7(H4 ® Hp) and for all A € L(H ). Therefore, we conclude that
(rp)"(A) =A®1

for all A € L(H,). It is now clear that (trg)* (and hence also trg) is completely
positive. A

We see that in Example 4.11 the Schrodinger picture looks simpler than the
Heisenberg picture, while in Example 4.12 the opposite is true. It is therefore rec-
ommended that one should have in mind both descriptions, and switch from one to
the other whenever it is convenient to do so.

4.2 Physical model of quantum channels

We introduced quantum channels as transformations of quantum states that satisfy
certain mathematical properties in order to preserve the basic framework of quan-
tum statistics introduced in Chapter 2. No additional assumption was made. In this
section we reintroduce quantum channels, starting from a slightly different point
of view.

4.2.1 Isolated versus open systems

For the purposes of dynamics it is useful to distinguish two different types of
system, isolated and open. A possible definition of this distinction is to say that a
system is isolated if all its changes are reversible; otherwise the system is open. As
was shown in Section 2.3, the reversibility condition requires that transformations
of the system are either unitary or antiunitary. Although isolated systems are only
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mathematical idealizations of physical reality, it is a common paradigm in physics
that every open system is embedded in a larger isolated system; this additional part
is conventionally called the environment. This implies that, in principle, any evo-
lution is expected to be reversible if a sufficiently large environment is taken into
account.

Let us denote by Hg and Hg the Hilbert spaces of the system and the environ-
ment, respectively. Consider a general input state w € S(Hs ® Hg) and some
unitary operator U : Hs ® Hr — Hs ® Hg acting on the system plus environment
and mapping the state w into @’ = UwU*. An observer having access to the system
S finds the following state change:

trefw] = o0 0 = trg[UnU™]. (4.6)

Therefore, once the assignment ¢ — w is fixed for all states o, we can calculate
the (open) system’s evolution.

We say that a map P : S(Hs) — S(Hs ® Hg) is a preparation map if it
satisfies the compatibility relation trg[P(0)] = o for all o € S(Hys). A specific
class of preparation maps is formed by independent preparation maps Pg acting
via the relation

P:(0) =0 ®8E, 4.7)

where £ € S(Hp) is a fixed state. In fact, these mappings are channels and were
introduced in Example 4.11. They describe the situation where the system and the
environment are initially statistically independent, meaning that the initial state of
the environment is independent of the channel input.

Proposition 4.13 Let H g be the Hilbert space describing the environment, U a
unitary operator on ' H ® Hg and & a fixed state of the environment. Then the
induced mapping

E:S(Hs) - S(Hy), E() =trg[Uo ® EU™] (4.8)
1s a channel.

Proof Formula (4.8) can be written as the composite mapping £ = trg o oy o Pk.
Linearity, complete positivity and trace preservation follow from the properties of
the mappings Pg, U and trg. Each is a channel, as we saw earlier. 0

In Proposition 4.13 we assumed that U is a unitary operator. Since antiuni-
tary operators are also state isomorphisms, could we prove a similar result using
antiunitary operators instead of unitary operators? The answer to this question is
negative, as shown in the following result.
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Proposition 4.14 Let A be an antiunitary operator acting on H. The mapping o4
is positive, but not completely positive.

Proof As shown in Proposition 1.52, the antiunitary operator A can be written as
a composition of a unitary operator U and the complex conjugate operator J with
respect to some basis {¢;} of the Hilbert space ‘H. For every unit vector ¥ € H,
we obtain

Py = t(Py),

where 7 is the transposition mapping with respect to the orthonormal basis {¢;},
as defined in Example 4.3. Consequently, the complex conjugation of vectors is
associated with the transposition of pure states. Since the transposition mapping
1s positive but not completely positive, it follows that o4 is also positive but not
completely positive. (]

Our conclusion from Proposition 4.14 is that if o4 is applied to a subsystem
then the total system can become unphysical, i.e. described by a nonpositive oper-
ator. Therefore, we can restrict ourselves to unitary mappings when describing the
evolution of the closed system Hs ® HE.

Example 4.15 (SWAP gate)

In this example we introduce one of the simplest interactions between a system and
its environment — the so-called SWAP gate. Suppose that Hr and Hg are isomor-
phic Hilbert spaces and I, : Hg — Hpg 1s an isomorphism. We define the SWAP
operator by the formula

Vowar(p ® V) = I, ® Ipg. (4.9)

In what follows we will not use the isomorphisms I, 1, ! explicitly in the formulas.
We will simply write Vswap(¢ ® V) = ¢ ® ¢. This operator is selfadjoint and
unitary. Indeed, the identities

(@' ® ¥/ | Vswar(@ @ ¥)) = (Vswar (@’ @ ¥)lg @ ¥),
Vowap(@ ® V) =9 Q@ ¥,

hold for all ¢ ® ¥, ¢’ ® ¥’ € Hs ® Hg and, by linearity, are valid for all vectors
in Hs ® Hg. The action of the associated unitary channel is best described by the
following relation:

oswaP(T @ S) = Vswar(T @ S)Vswap = SQ T.

(Here the last form is actually 1, STy ® IhT1, !, but we again omit the explicit
form of the isomorphisms.) A
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Exercise 4.16 Since eigenvalues of unitary operators are complex numbers with
modulus 1 and eigenvalues of selfadjoint operators are real numbers, it follows that
the possible eigenvalues of Vswap are £1. Find some eigenvectors corresponding
to 1 and —1, hence verify that both these numbers are eigenvalues of Vswap.

Example 4.17 (No-cloning theorem for pure states — strong version)

In Example 4.1 we showed that the cloning transformation ¢ — o ® @ is not
linear, hence no channel can implement such a transformation. The essential point
1s that the input state ¢ is unknown. In this example we show that an even stronger
statement holds; a pair of nonorthogonal pure states cannot be cloned. This ‘no-go’
theorem can be seen as a starting point for quantum cryptography, as cloning would
be an ideal strategy for an eavesdropper.

Consider a pair of unit vectors ¥, ¢ € H and corresponding pure states Py, and
Py. According to our quantum model, a cloning machine acts as a unitary channel
oy on a composite system consisting of the system itself (associated with /) and
some ancillary system described by a Hilbert space H.,e = H ® H'. Without
loss of generality we may assume that the initial state of the ancillary system is
pure, & = P,. (This fact follows from the purification procedure as described in
subsection 2.4.2.) Consequently, the cloning transformation reads

where the purity of the states Py and Py is guaranteed by the unitarity of the
channel oy;. As unitary channels satisfy tr[oU lo1]ovy [Qz]] = tr[glgz] for all states
01, 02, it follows that the identity

e[ Py Py = (e[ Py Py (1w} (4.10)

must hold for some ¢, ' € H'.
Suppose now that the states Py, and P, are different but not orthogonal, so that
0< tr[Pw P¢] < 1. Condition (4.10) now gives

1=t[PyPs] (¢ 1V) . (4.11)

However, since tr[PI/, P¢,] < 1 and | <¢/ |y’ ) |> < 1, the above condition cannot be
satisfied. In summary, we have proved that the cloning of two nonorthogonal pure
states is impossible. A

Let us return to the discussion relating to Proposition 4.13. It is not too surprising
that a combination of the mappings (in fact, channels) P, oy and trg gives a chan-
nel. However, could there be something more general? What if Pz were replaced
by a more general preparation map? Perhaps our construction gives only some
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special channels and to get other channels we need a more general construction.
The final answer to this question is given in subsection 4.2.2. However, to increase
our understanding it is instructive to take a look at a generalized construction.

Generally, having defined a preparation mapping P we can express the evolution
& of the system S as

thI'EOO'UOP. (412)

Let us suppose that the system and the environment are described by identical
Hilbert spaces, i.e. Hg = Hg. We define a preparation mapping

Prlo) =0® f(0),

where f : S(Hs) — S(Hg) is an arbitrary function. If we choose U = Vgwap
then the evolution formula (4.12) gives

0 > 0® fl0) B f@)®0 —5 flo). (4.13)

Hence, if this kind of preparation mapping P, is allowed, we could produce
arbitrary state transformation o — f (o).

The problem is, again, linearity. Unless the preparation map P is linear, it
enables us to distinguish different convex decompositions of the same state. But
this would necessitate a redefinition of the mathematical representation of states
and effects.

In summary, the adopted model for the quantum evolution of open systems
assumes that the preparation map is linear. This implies (see [36]) that it is nec-
essarily of the form (4.7); thus, the preparator and the channel (modeled by the
environment interacting with the system) are initially uncorrelated. Under such an
assumption the evolution of an open system is described by a quantum channel,
and the triple (Hg, U, &) is called a dilation of the associated channel £.

4.2.2 Stinespring’s dilation theorem

It is a fundamental fact in the theory of open systems that Proposition 4.13 has a
counterpart: every channel can be written as a concatenation of a preparation map,
a unitary channel and a partial trace. In other words, every channel can be viewed
as an effective description of a unitary channel describing the interaction between
the system and its environment. The underlying mathematical result was origi-
nally proved by Stinespring [133]. Before stating his theorem we will introduce a
relevant family of completely positive mappings.

Suppose that o : L(H) — L(K) is a unital x-homomorphism, i.e. « is a linear
map such that «(AB) = a(A)a(B), ax(A*) = a(A)* and a(ly) = Ix. Every
x-homomorphism is positive. Namely, we recall from subsection 1.2.2 that every



186 Operations and channels

positive operator T € L(’H) can be written in the form 7 = A* A for some operator
A € L(H) and any product of that form is positive. We obtain

a(T) =a(A*A) = a(A")a(A) = a(A)*a(A) > O,

hence « is positive. For any Hilbert space H' the extension « ® 73 from LI(HQH')
to LK ® H') is also a x-homomorphism. Therefore, « is a completely positive
map. An example of a unital *x-homomorphism is the map (trg)* introduced in
Example 4.12. In this case K = H ® Hg and (trg)*(A) = A ® I.

Now we are ready to formulate Stinespring’s dilation theorem. For its proof we
refer to the original work [133] and Paulsen’s book [112].

Theorem 4.18 (Stinespring’s dilation theorem)
If a linear map £€* : L(H) — L(H) is completely positive then there exists a
Hilbert space K, a bounded operator V : ‘'H — K and a unital *-homomorphism

o L(H) — L(K) such that
EX(T) = V*a(T)V (4.14)
forall T € L(H). If £* is unital then V*V = I.

Stinespring’s original proof in [133] treated linear maps from an abstract
C*-algebra A into £(H). In our formulation we set A = L(H). Then a unital
x-homomorphism describes a channel in the Heisenberg picture if and only if it is
unitarily equivalent to the map (trg)*. (In mathematical terms, every normal unital
x-homomorphism is unitarily equivalent to the map (trg)*. A proof can be found
ine.g. [51], p. 139.) Hence, assuming that £ is a channel, we can set K = H Q® Hg
and (4.14) takes the form

E(A) =V (AR IV

for some bounded operator V from H to H ® Hg satisfying V*V = I.
We fix a unit vector v € Hg and write U(p ® ¥) = Vo for all vectors ¢. It
follows from V*V = I that

(U@ @WIUW@R¥))=(Ve'IVe) = (¢'IVVe) = (¢|p)

for all ¢, ¢’ € H and that U has an extension to a unitary operator on H ® Hg.
We fix an orthonormal basis {¢;} for H. Then, for all o € S(H), T € L(H), we
obtain
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t[E)T] = u[eEX(T)] = u[oV*(T @ V]
= (Vog;I(T ® DV )

J

=Y (Ul @ MIT ® DU (9 ® )
J

_ Z((pj ®VIe @ NUNT @ DU(p; @ ¥))

J
=tu[(c®@ DU (T Q NHU(I ® Py)]
= tI'[T tric[U(o ® Plp)U*]] .

We will now obtain the counterpart of Proposition 4.13.

Corollary 4.19 If £ : 7 (H) — 7 (H) is a channel then there exist a Hilbert space
HEg, apure state £ € S(Hg) and a unitary operator U on 'H & Hg such that

E(o) =trg[U(e ®E)U™] (4.15)
for all o € S(H).

It is important to notice that different dilations (Hg, U, &) and (H}, U’, §') can
determine the same channel £ through formula (4.15). For instance, if Vg is a
unitary operator on Hg then (Hg, U, &) and (Hg, (I ® Vg)U, &) determine the
same channel. It may also happen that, for a fixed unitary operator U, different
states & determine the same channel. We say that two dilations (Hg, U, &) and
(H, U', &') are equivalent if they determine the same channel.

Example 4.20 (Nonuniqueness of dilations)
Suppose dim ’H = 2. If we set F = I in Example 4.10, then we have the channel

T — sulT]1 = Ay(D). (4.16)

To obtain a dilation of Ay, let us first consider the unitary operator

3
U= o0;®lp;)g;l.
j=0
where o; are the Pauli operators and the vectors ¢; form an orthonormal basis
of a four-dimensional Hilbert space H . Any state & satisfying ((p il j> = % for
j = 0,...,3 induces the channel A (for instance, consider & = 4111 £). Namely,
expressing an operator X € 7 (H) in the Bloch form X = xoI + X - & gives

3
trelU(X @ }LI)U*] = }lZGJ'XGJ' = xol + 4—1‘ Z Xk0j0k0 ;.
J k=1
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Using the identities 00,0, = —oy if j # k (for j,k = 1,2,3) we see that
Zj-:o 0jo10; = 20} — 20, = O. Thus,

trg[U(X @ 21p)U*] = xol = Aog(X). (4.17)

To have a look at another kind of dilation, we choose a two-dimensional Hilbert
space Hg, fix U = Vswap and set & = %I £. We obtain

tre[Vswap(X ® 51£) Vswar] = 5 [ X117 = Ay(X). (4.18)

In conclusion, (Hy4, U, %I ) and (H>, Vswap, %I ) are two different dilations of the
same qubit channel Ay. A

Obviously, one reason for the nonuniqueness of dilations is that we have not
limited the dimension of the ancillary Hilbert space H g. The dilation (Hg, U, &) of
a channel £ is called minimal if no other dilation (H';, U’, &’) of £ with dim H, <
dim H g can be found. Even if we restricted ourselves to the minimal dilations of
&, we would still have the freedom that two dilations (Hg, U, &) and (Hg, (I ®
Ve)U, &) are equivalent if Vg is a unitary operator on Hg.

4.2.3 Operator-sum form of channels

In this subsection we introduce a very convenient alternative mathematical descrip-
tion of channels. Let us first recall that each bounded operator S € L(H) with
§*S < I determines an operation Ns by the formula Ns(0) = SoS* (see
Example 4.7). A sum N, + --- + N, of n such operations is still an operation if
SiS1+---+ 8,8, <I.1tisachannelif S7S; +---+§;S, = 1.

All operations are either finite or countable sums of the previous type. The
following proposition is a consequence of Stinespring’s dilation theorem.

Proposition 4.21 A linear mapping £ : 7(H) — 7 (H) is a channel if and
only if there exists a (finite or infinite) sequence of bounded operators A, A,, ...
such that

E(T) = ZAkTA;, ZAzAk = I. (4.19)
k k

If dimH < oo then it is possible to choose (dim7)? or fewer operators Ay in
(4.19).

Proof We saw earlier that a sequence of bounded operators determines a channel.
To prove the other direction, assume that £ is a channel. By Corollary 4.19 it has a
dilation (Hg, U, &). We write £ = |¢;) (@ |, where ¢ € Hp is a unit vector. Fix an
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orthonormal basis {§0k}Z=1 for Hr (hence containing ¢;), and for each k define an
operator Ay via the identity

(VIAkp) = (¥ @ @ulU ® ¢1) ,
which is required to hold for all i, ¢ € H. We observe that

(V1A = @ elUp @ o)l < ¥ @Il U] ;

hence A; is a bounded operator.
It follows that for all ¥, ¢ € H and for every pure state |n)(n| € S(H), we have

(v|£ammDe) = (v |ers [Um (1 @ o) (1 U] )
=Y (voaluvimm e lein ¢ e ew)
k

— Z (v @elUMm @ @) (n ® ¢11U (¢ ® 1))
k

=) (YlAn) (Anl) .
k

and thus E(|n)(nl) = D_, Axln)(nlAj. Since every state 0 € S(H) has a canonical
convex decomposition into pure states, we conclude that £(0) = ), Ar0A;.
For the last claim, we refer to [43]. U]

The form (4.19) is called an operator-sum form, or Kraus form, of the channel £.
The operators Ay in (4.19) are called Kraus operators.

Exercise 4.22 Prove the following: if a channel £ has an operator-sum form
E(T) =), AkTA then E(T) =), A;T Ay forevery T € L(H).

Example 4.23 (Kraus form of a unitary channel)

A unitary channel oy is defined as oy (o) = UpU?™, which is clearly a Kraus
form. We can write, for instance, oy (0) = %U oU* + %U oU™, and this corre-
sponds to the Kraus operators A; = A, = %U . All possible Kraus operators are
scalar multiples of U. Namely, for a pure state |1) (| we have U |y )(Yy|U* =
Y Akl ) (| Af, and hence Ax|y)(¥|A; = aU|y)(y¥|U* for some number
0 < a; <1 (see Proposition 1.63). Since this is true for any unit vector ¢ € H, we
have Ay = \/a U. A

Example 4.24 (Kraus form of contraction into the total mixture)

Suppose that H is a finite d-dimensional Hilbert space. Let us consider again the
channel .4, mapping the whole state space into the maximally mixed state %I :
In Example 4.20 we introduced two specific dilations for this channel in the case
d = 2. We will now derive two operator-sum forms of the channel A,.
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Fix an orthonormal basis {¢ j}j?:1 of 'H and define operators E i = |¢;){¢px| for
every j,k=1,...,d. Since

S ELEx =Y lojle) o el = dI
J.k

Ik

it follows that 7' — E TE* ik 1s a channel. We obtain
1
Ay(T) = Z EjTEj =ulT]-1

Therefore, the set { E j;} contains the Kraus operators for .Aj.

Next, suppose that Uy, ..., U, are unitary operators forming an orthogonal
operator basis of 7 (H), i.e. tr[U;.‘Uk] = 0 for all j # k (see Example 1.64).

The identity channel can be expressed as 7 +— % > ;U ;julU;T]. Then for all
V¥, ¢ € H we obtain

tr[ Py Py] = e Ztr Py Utt[U7 Py]] e Ztr Py U; | [U7 Py ]

1
= <w| 7 2 U@ ¢>.
J
Since tr[ Py Py | = (y|trl|y)(¢]] @) it follows that

1
o 2 Uil)gIU; = ully) (@11 1. (4.20)
J

A general operator T can be written as a linear combination of rank-1 operators;
therefore, we can write

% Z U;TUF = u[T]11 = Ao(T). 4.21)
J

In other words the operators U; /d are also Kraus operators for the channel A4,. A

As should already be clear, the operator-sum form is not unique. The following
result characterizes the freedom in the choice of Kraus operator in the description
of a given operation.

Proposition 4.25 Two finite sets {A;,..., A,} and {By,..., B,,} of bounded
operators define the same operation via the Kraus form if and only if
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m

Aj =) uyB, (4.22)
k=1

with complex numbers u j satisfying ) ju kU j1 = k.

Proof 1f (4.22) holds then we obtain

Y A;TAY =" uuijyB.TB; =) BTB;
j=1 j=1 k=1 k=1
forall T € 7 (H), hence the two sets determine the same map.
Let us then suppose that ), A;T A% = >, BT By forall T € T (H). If we set
T = |@) (@] for a unit vector ¢ € H then

D A9} A el =) 1Bup)(Biol,
j k

where {A @}, {Brp} are collections of subnormalized vectors. Then Proposi-
tion 2.17 implies that A;¢ = ), u ;i Bxg. Since this is true for all unit vectors
¢ € H, we conclude that A; = > u j By. ]

Exercise 4.26 For d = 2 find the explicit numbers u j; relating the two Kraus
forms presented in Example 4.24. [Hint: Set U; = o}, where o; are the Pauli
operators. |

4.3 Elementary properties of quantum channels

In this section we introduce some basic properties and concepts used for the char-
acterization of quantum channels. Let us recall the notation: M, is the set of
completely positive linear mappings, O is the set of quantum operations and O,
stands for the set of quantum channels.

4.3.1 Mixtures of channels

The experimental possibility of randomly switching between different apparatuses
of the same type (preparators, observables, channels etc.) is reflected by the convex
structures of their mathematical representatives. Indeed, it is straightforward to see
that the sets O, and O are convex, i.e.

E=1E+ (1= 0&E (4.23)

is a channel (operation) for all 0 < A < 1 providing that &, & are channels
(operations).

As in the case of states and observables we can speak about extremal chan-
nels, i.e. those that cannot be written as a nontrivial convex mixture (nontrivial



192 Operations and channels

means that & # &, in (4.23)). Before we formulate a criterion for a channel to
be extremal, let us introduce two important families of extremal channels. Their
extremality follows from the extremality of pure states in the set of all states.

e Contractions into a pure state P. This kind of channel £p transforms the whole
state space into a fixed pure state P (see Example 4.10). The extremality of Ep
follows from the extremality of pure states in the set of all states (see subsec-
tion 2.1.2). In particular, let us assume that £p = A&} + (1 — A)E, for some
0 <A < 1.Then P = A& (o) + (1 —L)E>(p) for all states o. However, since the
pure state P is extremal in the set of states, it follows that £;(0) = & (0) = P
for all o and thus & = &, = Ep.

e Unitary channels. Let U be a unitary operator and oy the corresponding unitary
channel. Assume that oy = A&+ (1 —A)E, for some 0 < A < 1. Then for every
pure state P we obtain

P =U"oy(P)U = AUE(P)U + (1 — MU*E(P)U.

It follows that U*E(P)U = U*&(P)U = P for all pure states P and thus
51 = 52 = 0y.

On a finite-dimensional Hilbert space we have the following complete charac-
terization of extremal channels, first proved by Choi [43].

Proposition 4.27 Suppose that H is finite dimensional. A channel £ is extremal if
and only if it admits an operator-sum form such that the set {AjAk} (induced by
the associated Kraus operators) is linearly independent.

Proof Let £ be a channel determined by the Kraus operators {A;}. We assume
that £ = %(51 + &) for channels £(T) = > B,TB} and &,(T) = ) Z,TZ,.
Normalization implies that

Y A%A;=) B!By=) ZiZ. =1
j s r

Since £(T) = Y ;A;TAS = 5> BTB; + 3., Z.TZ,, it follows that
B, = Zj BsjAj and Z, = Zj ¢rjA;. We thus obtain Zj ATA; = > BB =
> st BsjsAGAj. Because of the linear independence of the operators A7A; it
follows that ) st Bsjw = 8. Proposition 4.25 gives £, = &£. Using the same
line of argument we also find that & = &, which proves the extremality of £ and
thus the sufficiency of the condition on the linear independence of the operators
A% Ag.

In order to prove the necessity of the linear independence condition, let us
assume that £ is an extremal channel expressed via the Kraus operators A;.
We want to show that the condition ), a;xA5Ax = 0 implies that ajx = 0.
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Let us first note that we can assume the « ; form a hermitian matrix [« ], because
ij ajrAAr = 0 is equivalent to ij agjAjAr = 0 and hence also to
2 (e £ o) AGAr = 0. Moreover, if 3 | ajx ATAr = Othen ), oy ATAr =0
for a}k = caj; and we may choose the constant ¢ such that —/ < [«] < I. Define
linear maps FL(T) = &E(T) £+ ij ocjkAjTA,”i, ire. £ = %(J’-ﬁr + F_). Define
operators B = ) ,BfJE.AJ- such that ) ,Brj;ﬁrk = §jx £ ajx. Then Fo(T) =
—4+
S BET(BE) and X, (B B = X, ;4 BB ATAw = X, (i £ ) AT A =
> jAjAj = I. Hence F; are channels. Using the extremality of & it follows that
Fi = & and ,Bfk determine an isometry. That is, §;; = > _, ,ijtﬁi = 0 L+ aj,
meaning that o j; = 0 as required by the theorem. (]

Example 4.28 (Amplitude-damping channel)
An amplitude-damping channel & on a two-dimensional Hilbert space H is
defined by two Kraus operators

Ag = o) (@l + V1T =0lp )@l By =~0lp) Ll (4.24)

ie. &(T) = AgT A} + ByT Bj. Here ¢, ¢, are orthogonal unit vectors and 6 is a
real number between 0 and 1. Since the operators

AyAg = o)l + A =)o) (eL], B, By = 0l¢1){¢],
A%By = 0l9) (., BiAg =V0lp. ) gl  (4.25)

are linearly independent, Proposition 4.27 implies that all amplitude-damping
channels are extremal. A

In the case of a finite-dimensional system we identified also the other extreme
relating to the convex structure of the state space — the maximally mixed state (see
Example 2.28). Before we proceed with the question of a maximally mixed channel
let us introduce an average unitary channel.

Example 4.29 (Average unitary channel)

The set of unitary channels is uncountable, so an average over all unitary channels
has to be defined through an integral. Suppose that d = dim’H < oo. Let us
consider the map

A(T) :=/ UTU*dU,
UCH)

where dU 1is the invariant Haar measure on U/ (H). The invariance implies that
[A(T), U] = 0 for all unitary operators U and, applying the Schur lemma, we can
conclude that A(T) is proportional to the identity operator, i.e. A(T) = c(T)I,
where c(-) is a linear functional. Since A is trace preserving, it follows that

t[T] = t[AT)] = (T) tr[I] = c(T)d;
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thus ¢(T') = tr[T] /d. In summary, we see that

A(T) = ?I = Ay(T), (4.26)

where A is the channel describing the contraction of the state space into the maxi-
mally mixed state. It has been discussed already, in Examples 4.10 and 4.20. A

To identify a maximally mixed channel we will use an analogy with the concept
of a maximally mixed state introduced near the end of subsection 2.1.3. We quan-
tify a channel’s mixedness through the output states. In particular, we introduce
the maximal output purity Pmax (£) := max, P(E(0)) and minimal output entropy
Smin(€) := min, S(E(0)). We say that a channel £ is maximally mixed if it mini-
mizes the maximal output purity and maximizes the minimal output entropy. Let us
note that, for any channel, Py (£) > 77(51 ) and Spin(€) < S (ﬁl ). However, for
the contraction into the maximally mixed state we have P (Ag) = P(%l ) and
Smin(Ag) = S (51 ); hence, A is a maximally mixed channel. Its uniqueness fol-
lows from the uniqueness of the maximally mixed state. For instance, the relations
P(1) < P(£(Q)) < Pmax(Ao(0)) = P (1) imply that P(£(0)) = P(51) for all
states o, but p = %I is the only state achieving the minimal value P(%I ) = %.

The maximally mixed channel .4, shares many features of the maximally
mixed state. For example, it commutes with all unitary channels, i.e. we have
UAy(o)U* = Ag(UpU™) forall U € U(H) and o € S(H). However, for channels
this feature is not unique since the identity channel also commutes with all unitary
channels.

4.3.2 Concatenating channels

Let us consider channels acting on a fixed space 7 ({). Channels are functions
and for this reason the set of channels is endowed with the binary operation of
composition. Namely, a composition & o & of two channels & and &, is also a
channel. Physically this corresponds to the sequential implementation of the pro-
cesses described by £ and &,. To emphasize this physical point of view, we say
that £, o &, is the concatenation of £, and &,. Since concatenation is an associative
binary operation, this means that the set of channels forms a semigroup.

Exercise 4.30 Show that the semigroup of channels is noncommutative, that is,
give an example of two channels &£ and &, such that £; 0 & # &, o &;. [Hint: Try
complete state-space contractions. ]

The identity channel Z plays the role of unity. A channel &£ is the inverse of
another channel &, if

81082=52081=I.
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It should be clear from our earlier examples that not every channel has an inverse
channel. For instance, the contraction channels discussed in Example 4.10 are not
surjective functions and therefore cannot have an inverse function. However, sup-
pose that a channel £ has an inverse channel. Then £ is a bijection on the set S(H)
and so it is actually a state automorphism (recall subsection 2.3.2). It follows that
£ is a unitary channel (combine Theorem 2.63 and Proposition 4.14). We thus
conclude the following.

Proposition 4.31 A channel £ has an inverse channel if and only if £ is a unitary
channel.

The subset of unitary channels is a group, since a concatenation of two unitary
channels is again unitary and every unitary channel oy has its inverse unitary chan-
nel oy+. This group is isomorphic to the quotient group U (H)/T, as explained in
Section 2.3.

Decomposition of unitary channels

One task in the area of quantum computation is to run quantum algorithms, which
are specified as unitary channels oy acting on a large number of qubits. It turns out
that the implementation of a desired unitary channel is a challenging experimental
problem. In the circuit model of quantum computation the desired multi-qubit uni-
tary channel (called a quantum circuit) is decomposed into simpler unitary channels
(called quantum gates) acting on a few qubits only. It is a key result in the theory
of quantum computation that any unitary channel acting on arbitrarily many qubits
can be realized as a sequence of elementary quantum gates. The set of elementary
quantum gates consists of all one-qubit unitary channels that are enriched with only
a single two-qubit unitary gate. This result was proved by Barenco et al. [9]. For
more details on the decomposition of unitary channels for the purposes of quan-
tum algorithms we refer to textbooks on quantum computation, for instance [99]
or [104].

Example 4.32 (Controlled-NOT gate)

So far we have introduced two quantum gates — the Hadamard gate in Example 2.48
and the SWAP gate in Example 4.15. While the Hadamard gate is a special single-
qubit gate, the SWAP gate acts on two d-dimensional systems. In the case d = 2
it determines a two-qubit unitary gate generated by the unitary operator Vswap.
Any concatenation of SWAP gates and single-qubit gates transforms vector states
V1 ® - - ® V¥, into vector states Y| ® - - - ® ¥, . Therefore, for example, the vector
state ¢ ® ¢ cannot be transformed into a vector state \% (PR + ¢, @), where
¢, is orthogonal to ¢. (The fact that this vector state is not of the form ¥r; ® v is
proved later, in subsection 6.1.1.) We conclude that there are unitary channels that
cannot be written as a composition of SWAP gates and one-qubit unitary gates.
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The controlled-NOT gate is induced by the two-qubit unitary operator

Venor = |@o) (9ol @ 1 + |@1)(@1] @ o, (4.27)

where ¢; € H, labels the so-called computational basis encoding the bit values 0
and 1, i.e. (pp|e1) = 0. A direct calculation gives that Venor (Ve @ 1) (g ® ¢o) =
% (0o ® vo + ¢1 ® 1), where Vg stands for the single-qubit Hadamard gate trans-

forming ¢ to %(g@o + ¢1). Of course, this is not a proof that compositions of the
controlled-NOT gate and one-qubit unitary gates give all possible unitary chan-
nels, but this i1s indeed the case. For details we refer to the literature mentioned
above. A

Exercise 4.33 Find a decomposition of the SWAP gate into single-qubit gates and
controlled-NOT gates. [Hint: Three controlled-NOT gates are needed.]

Example 4.34 (Quantum discrete Fourier transform)

The discrete Fourier transform maps a complex vector (xg,...,Xy—;) Into
another vector (yo, ..., yy_1) such that v/N y;= ZN o x e mIkIN The operation
of ‘quantization’ translates this mapping into a transformatlon of Hilbert space
vectors,

N-1
'(p‘ = Zx]¢j — Z XJ 2l7Tjk/N ks (4'28)
j=0

jkO

where {¢;} is a fixed orthonormal basis of a d-dimensional Hilbert space. We can
thus identify the unitary operator (verify its unitarity!)

1 .
Viourier = ——= Y &N 1000 (1. (4.29)

Let us express the integer j in its binary representation as j = jj - - - j,, meaning
that j = Y "_, j,2"", where j, € {0, 1} and the condition n = log, N fixes the
number of bits. Applying Vrouier t0 the vector state ¢; encoded into n qubits as
@, ® - Q g, results in the following vector state transformation:

‘PJHMZ P ALy 6 ey

: kn 0
r 1 S
= o Z Z@ wEE gy, 2n/2®(900+62m}2 901)
=0 r=1 r=1
1 o P
= —(po+ ™) ® - @ (g + ¥y, (4.30)

on/2
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where 0., . .. j,, represents the binary fraction j,./24- - -+ j, /2™ "+, How many
elementary gates do we need to implement a quantum Fourier gate?

Consider a two-qubit (controlled) unitary operator V;; = I ® |¢po){(@o| +
Ritk—j ® |o1){@1| applied to the jth and kth qubit, where R, = |¢o){po| +
eX7/2 | 1) (1] is a single-qubit unitary operator. Applying the Hadamard gate to
the first qubit maps ¢; into % (po+ €™ p) @@, ® - ® ¢, Further, applying
a sequence of two-qubit gates V , - - - V] », for each of which the first qubit is the
target, we obtain the state

1 P
ﬁ(fﬂo + 2N VR 0, @ ® @, (4.31)

Performing a similar procedure, in which a Hadamard gate is applied to the jth
qubit and is followed by two-qubit controlled gates for which the qubits satisfy
k > j, gives us the following overall transformation:

¢j s HnVn—l,an—1 RN (Hj=3 Vz’j) Hz <1_[j=2 Vl,j) H1¢j

(900 4 eZiJTO.jl...jngpl) R ® ((,00 4 eziﬂo.jn(pl). (432)

/2
We have used the notation H; = Vi ®I; to represent the application of a Hadamard
gate to the jth qubit; /; stands for the identity operator acting on all qubits but the
jth. Altogether this sequence consists of n + (n — 1) + --- 4+ 1 = %n(n —1)
unitary gates. Comparing (4.30) and (4.32) we see that up to the order of qubits
the states coincide. By applying %n SWAP gates we can transform one state into
the other; hence, we can provide a decomposition of the quantum Fourier gate
into two-qubit gates V;;, SWAP gates and single-qubit Hadamard gates. Since
both the V; ; and SWAP gates can be implemented by some fixed number of con-
trolled NOT gates (see Exercise 4.33 above) we may conclude that the number
of gates required increases quadratically in the input size measured in bits. Let
us note, however, that classically the scaling is exponential. This quantum speed-
up in Fourier transformation is a key ingredient of the Shor algorithm for prime
factorization [129]. A

Divisibility of channels
Next, we focus on channels which are not unitary. Is it possible to decompose a
general channel £ into a concatenation of some other channels £; and &,? Trivially,
we can always write £ = £’ o oy, where £’ = £ o o+ and oy is a unitary channel.
Excluding such uninteresting compositions we can define the concept of channel
divisibility, originally introduced and studied by Wolf and Cirac [145].

Definition 4.35 A channel £ is indivisible if £ = &, o £, implies that either & or
&, is unitary. Otherwise, £ is divisible.
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It is easy to find examples of divisible channels. For instance, let A, be a con-
traction into a state ¢ (see Example 4.10). Then A; o & = A, for all channels &;
hence, A; is divisible. A much more interesting fact is that there exist indivisible
nonunitary channels, as we illustrate next.

Example 4.36 (Indivisible channel)

Channels are specific linear transformations on a vector space of operators; thus,
for finite-dimensional quantum systems they can be represented by matrices (we
will give more detail on this type of representation in Section 4.4, but it is not
needed in this example). In analyzing the divisibility of channels determinants are a
useful tool, since det(£;E;) = det & det &, for all channels &, &. The determinant
of a matrix equals the product of its eigenvalues (counted with their multiplicities).
Since a channel £ maps positive operators into positive operators, it also maps
selfadjoint operators into selfadjoint operators. Therefore we obtain

EX*) =2EX* +X)—iEG(X* — X))
=1EX +X)" —iEG(X* — X))
= LEX* + £00* = EXH)* + EX0)") = EX)*,

and the eigenvalue equation £(X) = AX implies that £(X*) = £(X)* = AX*".
We conclude that either the eigenvalues of £ are real or they come in complex
conjugate pairs A, A. Consequently, the determinant is real and thus, for channels
Al <1, we have —1 < det& < 1; det€ = 1 only for unitary channels. This was
proved in [145], and we will show it for the case of qubit channels in Section 4.6.

Suppose that &, is a channel such that det £, < 0 and that no other channel
has a smaller determinant. If £, = & o & then det &y, = det & det &,. How-
ever, since det &y, is the minimal (and a negative) value and |det&| < 1 for all
channels, it follows that either det£; = 1 and det & = det Eyp, or det &, = 1 and
det &, = det Ein. Since det £ = 1 holds only for unitary channels, the channel &,
is indivisible. It will be argued in Section 4.6 that for d = 2 the channel

T zulT]I — 3T

minimizes the determinant. This channel is also known to be unitarily equiva-
lent to the best approximation of the (hypothetical) universal quantum NOT gate,
discussed in Example 2.56. A

4.3.3 Disturbance and noise

In subsection 3.4.3 we discussed distance measures (trace distance and fidelity)
quantifying the distance apart of two quantum states. In this subsection we
employ these measures to describe related aspects (called disturbance and noise)
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of the action of quantum channels and define the distances apart of channels
themselves.

A channel influences the states of a quantum system. This can be understood as
a disturbance of the system. The larger the difference between the channel’s input
state and output state, the larger the induced disturbance. Obviously, the identity
channel is the only nondisturbing channel, because all the output states coincide
with the input states. Which channel is the most disturbing? As one might expect,
the answer depends on the figure of merit and there is thus no unique answer. But
we can safely say that whatever (reasonable) measure is used, mutual orthogonal-
ity of the input and output states, gin0out = O, represents the worst case of state
disturbance. The quantum NOT gate would be a good candidate for the most dis-
turbing transformation (see Example 2.56), but we have seen that it is actually not
completely positive and therefore not a channel.

Besides transforming states individually, the channels also change their relative
arrangement, i.e. the separation between a pair of states is different before and after
application of the channel. The following proposition shows that this aspect of a
channel’s influence has a tendency that justifies the concept of noise when speaking
about quantum channels.

Proposition 4.37 All quantum channels are contractive, i.e. if € is a channel and
01, 07 are states then the trace distance D satisfies

D(E(e1), €(02)) = D(e1, 02). (4.33)

Proof The difference of two positive operators is a selfadjoint operator. Conse-
quently, it follows from the spectral decomposition theorem (see subsection 1.3.3)
that for two states o, 0, we have o — 0, = T, — T,, where T}, T, are positive
operators with mutually orthogonal supports; hence || 7] — T3 ||, = tr[T] + tr[T3].
The operator p; — 0, is traceless, therefore tr[7}] = tr[T;]. According to sub-
section 3.4.3 we can choose a projection C such that %IIS(Ql) —E(@)ly =
tr[C E(o) — Qz)]. Using all these facts we find that

D(01,02) = 3 lo1 — o2lle = 3 1 T1 — Dalle = 3 (e[ T1] + e[ T5]) = t[T]
= tr[£(T))] = u[CE(TY)] = u[CE(T))] — t[CE(T)]

= t[CE(Ty — Th)] = [ CE(01 — 02)] = D(E(01). £(02))-

Let us note that we have used only the fact that channels are positive and trace
preserving, i.e. complete positivity is not needed. 0
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A similar fact can be proved for the fidelity, namely that

F(E(e1), £(02)) = F(o1, 02)- (4.34)

The proof of (4.34) can be found in, for instance, [104], p. 414.

We conclude that quantum channels cannot increase our ability to distinguish
quantum states. This feature captures the intuitive meaning of noise. As in the case
of disturbance, we can ask which channels are the least noisy and which are the
noisiest. Clearly, the identity channel does not introduce any noise; however, it is
not the only channel with such a property. On the one hand, any (reasonable) mea-
sure of difference is invariant under unitary channels: although unitary channels
can be quite disturbing, they do not change the mutual relations between states.
Their reversibility is a sign of their being noiseless. On the other hand, the noisi-
est channels are the single-point contractions introduced in Example 4.10, because
they completely remove any initial differences between the states.

Exercise 4.38 Show that D(E(o01), £(02)) = D(o1, 07) if £ is a unitary channel.
[Hint: it may be helpful first to prove that U~/TU* = ~/UT U* for every positive
operator T € L(’H) and unitary operator U € U(H).]

How should we properly quantify the amount of disturbance and noise induced
by a given channel? Is there any relation between these two concepts? The dis-
turbance is of relevance when we are interested in the transfer of quantum states,
whereas the noise is relevant when the difference between states is the feature
to be transmitted, i.e. when the quantum systems are used to encode classical
information.

The identity channel perfectly transfers both quantum and the classical informa-
tion, and we certainly regard it as noiseless and disturbance-free. Unitary channels
are noiseless but not disturbance-free. We conclude that noiseless channels can be
disturbing and, depending on their figure of merit, they can even belong to the
class of the most disturbing channels. For instance, if the disturbance is defined as
the supremum of the difference between the input and the output states then any
unitary channel transforming some pure state Py into Py such that ¢ L v is an
example of a most disturbing channel.

One possible route to quantify the disturbance of a channel is to take it as the
difference between the channel and the identity channel. For these purposes we can
use any measure of the difference between two channels. It is of special interest to
know how well we can distinguish a given pair of channels &, £&. We say they
are perfectly distinguishable if there exists a test state w € S(H ® K), for some
IC, such that the output states a); = (£; ® 1)(w) are perfectly distinguishable, i.e.
wjw, = 0. Reducing the certainty of conclusions, the success probability serves
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as the measure of the difference between the channels. As a result we obtain the
formula

d(&), &) = zsupsuptr|(&; QL — & @ I (w)], (4.35)
K o

defining the so-called completely bounded distance. It achieves its maximum when
the output states 0] = (£; ® I)(w) and @), = (& ® 7)(w) are orthogonal one-
dimensional projections, in which case ||a)’1 — ) H o+ = 2 (see Lemma 2.62). In the
following example we evaluate when this happens for unitary channels.

Example 4.39 (Perfect discrimination of unitary channels)
Consider a pair of unitary channels oy and oy on a finite-dimensional quantum
system. Under what conditions can they be perfectly distinguished? Let us first note
that if there exists a mixed test state w € S(H ® K) such that v}, = (oy ® I)(w),
= (oy ® I)(w) and w,w;, = O then any pure state P, from the support
of w could also act as a test state. Thus, we need to see when two vectors Yy =
(U®I)Yr and Yy = (V® 1)y are orthogonal for some vector v € H® K. A direct
calculation gives

0= (Yulyv) =(YI(U*V ® DY) =u[U*Vo], (4.36)

where o = tric[ Py ] 1s the reduced state of the system on which the channel acts.
Let us denote by ¢; the eigenvectors of the unitary operator U*V associated with
the eigenvalues ¢’/ belonging to the unit circle in the complex plane. Then

0O=tr U*VQ Ze"’f §0]|Q(pj (4.37)

Since the numbers g; := <<p ilop j> are nonnegative and sum to 1, they define a prob-
ability distribution. The condition 0 = ) i ¢'% g ; holds whenever 0 is contained in
the convex hull of the eigenvalues of U* V. Intuitively speaking, this happens if the
eigenvalues are sufficiently spread over the unit circle. This result was derived by
Acin [1]. A rather surprising consequence is that, for any pair of unitary channels
oy and oy, there exists an integer n such that the channels 05" and 03" acting on
H®" are perfectly distinguishable. Namely, the eigenvalues of the tensor product
(U*V)®" are all the factors in the product e'%it !%:z . . . ¢i%in = '@ T4+ +din) For
large enough n the factors give points in all four quadrants of the unit circle. Hence,
the convex hull of the eigenvalues of (U*V)®" contains the origin. A

4.3.4 Conjugate channels

According to the unitary model (described by the dilation (Hg, U, £¢)), any quan-
tum channel induces some action on the environment. As a result the final state of
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the environment depends on the actual input of the channel. This mapping (from
initial states of the channel to final states of the environment) is obtained by taking
the partial trace over the system instead of over the environment. This leads to the
following definition.

Definition 4.40 A channel &' : 7(H) — 7 (Hg) is conjugate to a channel £ :
T(H) — T (H) if there exists a dilation (Hg, U, &) of £ such that

E' =trgooy o Ps. (4.38)

Here trg stands for the partial trace of the system and P: denotes the addition of a
factorized ancilla.

The fact that £ is a channel follows directly from its definition, because the
mappings trg, oy, Pr are channels. Since the dilation is not unique it follows that a
given channel £ can have many conjugate channels.

Let H be a finite-dimensional Hilbert space and {¢;} an orthonormal basis for H.
We consider a dilation (Hg, U, &) with U = Zﬁk Ak Qo) {eil, 6 = o) {1,
and set R; = Aj;. The unitarity of U is guaranteed if we have that ) i AL A =
Sl and ), A;‘.kA it = 6;71. Then we obtain for the channel £ and its conjugate
channel £ the following expressions:

E(T)=) R;TR}: (4.39)
J

ET) = u[R;TR]lp;){pxl. (4.40)
jk

This shows that the abundance of the conjugate channels is related to the freedom
in the operator-sum form of £.
To make another observation on conjugate channels, suppose that

E(T) = ZAJ.TA; = Z B.TB*.
Jj r

For each O < A < 1, we can write a trivial convex combination

E(T)=2) A;TAT+(1 - BTB;
Jj r

and formula (4.40) gives
E(T) =1y u[A;TA o) el + (1= 1) Y u[B,TB] 19 (W],
J.k r,s

Thus & = A& + (1 — A)E], but in general £ # &£. This shows that the set of con-
jugate channels £’ is convex. Notice, however, that a mixture of two conjugate
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channels makes sense only if the dilations under consideration have the same
environment.

Example 4.41 (Channels conjugate to a unitary channel)
Let oy be a unitary channel. By (4.40), for a conjugate channel o}, we obtain

o, (T) = tu[T]|g){el,

where the unit vector ¢ can be chosen arbitrarily. Thus, any contraction A, into a
pure state |@)(¢| is a conjugate channel for oy. The convexity of the set of conju-
gate channels (for a fixed environment) implies that contraction to any mixed state
is also a channel conjugate to oy. Moreover, as a unitary channel has a unique
operator-sum form (see Example 4.23), there are no other conjugate channels. A

An interesting and important consequence of this example is that if a system
evolves in a unitary way, no trace of the initial state o is left in the final state of the
environment. In other words, for unitary channels the environment is dynamically
independent of the system.

If the environment is of the same dimension as the system then one can ask
whether the relation £ conjugate to £ is symmetric. In particular, is oy conjugate to
a single-point contraction A,? We assume that oy, acts on a d-dimensional system
and that ¢ € H,. Suppose that A; = [¢)(U*¢;|, where the vectors {¢;} form an
orthonormal basis of H,;. Using the formula in (4.40) we find that

ET) =Y u[A;TA o) ol = Y (@) lUTU) ;) on] = UTU*.
Jsk j.k

In the general case, the symmetry of the conjugacy relation follows from the fact
that the roles of the system and the environment can be exchanged after the dilation.

Exercise 4.42 Verify that Kraus operators A; = |¢)(U*¢;| define the channel
A,. Find the associated dilation. [Hint: Set £ = |¢)(¢| and use the derivation of
(4.40).]

4.4 Parametrizations of quantum channels

Thus far we have shown that channels can be represented by their dilations or by
a Kraus operator-sum form. Both these representations are ambiguous; however,
there are situations in which the uniqueness of a representation is useful and impor-
tant. In this section we will introduce several unique representations of quantum
channels. We will assume all Hilbert spaces to be finite dimensional.
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4.4.1 Matrix representation

Quantum channels are linear mappings on the vector space 7 (), and there-
fore they can be represented as matrices if operators are understood as vectors
(recall subsection 2.1.3). In particular, let us fix an orthogonal operator basis

Ey, ..., Ep_; for a d-dimensional quantum system. A general operator T =
>_;1jE;j can be expressed as a vector f with coefficients
1 k
f=———u[EiT].
| £5E; |
That is,

1
¥ e

-y !

7 | ETE; | w[ By B

= Z gijkEj,
J.k

tr| ESE(E) |t E;T | E;

where the £, = tr[E;.‘S(Ek)] /tr[E;.‘Ej] are the entries of the d* x d? complex

matrix describing the action of the channel £ on operators represented by vectors 7
in the operator basis {E}.

For the matrix representation described the composition of two channels corre-
sponds to matrix multiplication. A disadvantage of this representation is that the
constraint of complete positivity is not translated into some nice feature of the
matrix [£], and so other, equivalent, forms must be exploited in order to verify
this constraint.

Bloch representation
Choosing a basis of selfadjoint operators containing the identity £y = I and satis-
fying tr[E;’.‘ E j] = tr[/] = d for all j reveals the Bloch representation of quantum

states (see subsection 2.1.3), i.e. o = %(I +7r- E) and ¥ = tr[gé] e R s

the associated Bloch vector, setting £ = (Ey, ..., E;2_;). Let us stress a subtle
feature: the vector 7 defined before is given by (%, %?). Trace preservation implies
that in this basis Ey = I r[IE(E;)] = Sk, hence

o — fé = Epolty = to; 4.41)
d>—1
> =) (Epe + Exolo)- (4.42)

k=1
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Taking into account the particular form of 7 we obtain

1 1 1 1
fo >t =—, = —r'=—(Tr+1), 4.43
0 0 d d d d( r+7) ( )
where we define a (d> — 1) x (d* — 1) matrix T with entries Tijx = Ejx and a
(d> — 1)-dimensional vector T with values t i = Ejo. As a result we find that, in
the language of Bloch vectors, channels are represented by affine transformations

F>7rF' =TF+7T.

Example 4.43 (Unitary channels in the Bloch representation)
For unitary channels oy the vector T vanishes, because the components Tj =
Tu[E;UIU*] =0, and [Tyl = & [ E;U EU*]. We have

1
D Mol T = Y _[Tull Tulu = = > u[U"E;UE ] [ ExU* E,U]
k k k

1

* * 1
= Etr[U E;,UU*EU| = Etr[EjEl] =4 (4.44)
and similarly 77Ty = 1. In this derivation we have used the identity X =
> tu[EfX]| Ex for X = U*E,;U. Moreover, by definition det Ty is a product
of all the eigenvalues of Ty. Let us denote by e'*/ the eigenvalues of the uni-
tary operator U; then Up; = e™igp; determines the eigenvectors ¢; € H. It
is straightforward to verify that the eigenvalues of Ty are w;; = €'~ and
its eigenvectors are the Bloch vectors corresponding to the operators [@;)(@k].
Consequently, det Ty = [, , wjx = 1.

It follows that, in the Bloch parametrization, unitary channels are represented by
special orthogonal matrices. However, the converse is not true unless d = 2. The
easiest way to see this is to compare the number of real parameters describing a
general unitary channel with the number of real parameters determining the special
orthogonal matrices on a (D = d? — 1)-dimensional real vector space. The first-
mentioned number is d> — 1 and the second is %D(D — 1). They match only when
d=2. A

4.4.2 The y-matrix representation

In contrast with the Bloch representation, considered above, the operator-sum form
i1s manifestly completely positive and that is a very important advantage. However,
it is not unique; there is a certain freedom in the particular choice of Kraus oper-
ators. For simplicity let us consider an orthonormal operator basis Ey, ..., E;2_
and express each Kraus operator A, in this operator basis, as A, = Y __a,, E, with
a,, = tr[E;“An]. Then the identity
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E@) =) AwA; =) analEQE; =) xnEQE;  (445)

rs n

defines the x-matrix representation of the channel £. Let us note that the composi-
tion of quantum channels does not correspond to the multiplication of y-matrices.
The x-matrix representation reduces the ambiguity of the operator-sum represen-
tation, as seen in the next exercise.

Exercise 4.44 Show that different Kraus decompositions of the same channel
& define the same x-matrix. [Hint: Recall the freedom in the choice of Kraus
operators. |

Let us now derive the relation between the two representations of quantum
channels that we have considered. A direct calculation shows that

Ejx = u[ETEIE]] = ) xntr[ETE, E(E}]. (4.46)

Defining M j; ;s = tr[E;‘.‘ E.E; E;k], we obtain the following relation between the

two representations of channel £:

5jk = Z Mjk,rs Xrs- 4.47)
r,s
The following proposition shows how the x-matrix representation translates the
complete positivity constraint.

Proposition 4.45 If £ is a quantum channel then the corresponding x-matrix is
positive and tr[ x| = d.

Proof For a quantum channel £(9) = ), A,0A} in a d-dimensional quan-
tum system, the corresponding x -matrix acts on a d>-dimensional complex vector

space. For all complex vectors X = (xi, ..., xX;2),
Zx;ersxs = Z Z(x:anr) Z(a;:s-xs) = Zyny: = Z |yn|2 > O,
r,s n r K n n
hence the matrix is positive. Using the notation (A|B)yg = tr[A*B], a direct

calculation gives

D xer =Y AEAn)us (AnlEdu—s = Y (AulE by

r,n n

=) u[AjA, ] =ull]l=d.



4.4 Parametrizations of quantum channels 207

4.4.3 Choi-Jamiolkowski isomorphism

In this subsection we will introduce yet another representation of channels, which
turns out to be very close to the x-matrix representation. We denote by M, the
matrix algebra of d x d complex matrices. Let us recall that for a d-dimensional
quantum system the operators can be identified with d x d complex matrices; hence

Mg = L(Hy).

Theorem 4.46 (Choi’s theorem)
Let £ : My — My be a positive linear mapping. Then the following statements
are equivalent:

(i) & is completely positive;
(i) & is d-positive, i.e. £ ® Z,; is a positive map;
(i11) the matrix

Ellp){eil) ... Ee){eal)
bp = : : (4.48)

. .

Epa)(eih) ... E(ga)(¢al)

is positive, where ¢; is any orthonormal basis of the d-dimensional Hilbert
space and £(|¢;){(¢k|) is an element of M. The matrix ®¢ is called the Choi
matrix of £.

Proof The implication (i)=>(ii) follows directly from the definitions.
To show that (i1)=>(iii1), consider a positive matrix

M=) 10, ®0)ex ®pi| € Mg ® My.
jk
By the positivity of £ ® Z; the matrix M’ = (£ ® Z;)(M) is positive. Since M’ =
E(ej){ek]) @ lo;) (gl = Pg, the positivity of ®g follows. Hence the implication
(i1)=-(iii) holds.

It remains to prove that (iii)=>(i). Suppose that ¥; € C* @ C¢ are subnormalized
eigenvectors of the positive operator ®¢. They are linearly independent and form
an orthogonal set in C’® C4,ie.l=1,...,n <dd'. The tensor product can be
regarded as a direct sum C* @ --- @ C* = C* @ C?. Let P; : C* @ C* — C4 be
a projection onto the jth ‘copy’ of C¢. Then

E [l enl] = PiePe =" Py (Wl P = ) | Piyn)(Pel.
l [

Define n < dd’ operators V, : C¢ — C@ by their action V;p; = P;,. With the
help of these operators, we have
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Elle) ] = D 1P Pyl = D Vi) (Vigel = Y Vilg;) x| Vi".
[ [ l

We thus have £(T) = >, V,TV,* for all T € M. Therefore, the mapping £ can
be written in the operator-sum form and it is thus completely positive. 0

Chot’s theorem provides a relatively simple test of whether a given linear
map £ : L(H;) — L(Hy) between finite-dimensional systems is completely
positive: it is sufficient to verify that the associated Choi matrix is positive. This
test also has a physical interpretation. We have seen that ®¢ = (£ ® 7)[M],
where M : H; ® Hy — Ha ® Hy 1s a specific positive operator. Therefore, the
operator

d
1
P, = t[M)'M = yi Y 1e; ® o) (e; ® il (4.49)
j.k=1

is a state. Consequently, complete positivity can be tested by application of £ ® Z,
on the single state P, .

Exercise 4.47 Verify that P, is a pure state. [Hint: Calculate its purity.]

In the following theorem we shall see that state P, allows us to relate the chan-
nels on a d-dimensional system (having outputs in a d’-dimensional system) to
states on a (d’ x d)-dimensional system, i.e. a system composed of a d’-dimensional
system and a d-dimensional system.

Theorem 4.48 (Choi—Jamiolkowski isomorphism)
Suppose that £ : L(H;) — L(Hy) is a linear map. Fix an orthonormal basis {¢;}
for H,; and define P, as in (4.49). Then the mapping

J: € Qe =(EQT)[Py] (4.50)

defines a so-called Choi—Jamiolkowski isomorphism between the vector spaces
of linear maps on a d-dimensional system and linear operators on a (d’ X d)-
dimensional Hilbert space L(Hy ® H,). The inverse mapping is given by the
relation

T Qe & E[X]=dn[(® XD, 4.51)

where tr, stands for the partial trace over the second Hilbert space. In
particular, Choi’s theorem (Theorem 4.46) implies that completely positive maps
are transformed into positive operators on Hy ® H,; and that channels are
isomorphic to a subset of the state space S(Hy ® H,) with elements satisfying
dtri[Q¢] = 1,.
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Proof By definition the mapping 7 is linear, i.e. 7 (£ +1&E) = T () +1T(&).
Similarly, 7! is linear also and hence the linear structures of the set of linear maps
and the set of linear operators L(H,; ® H,) are preserved. It is sufficient to prove
that 7!, as defined above, is indeed the mapping inverse to 7, that is,

EoelX1=d [l @ X")Qel = ditr, [(I ® X")(E @ D[P, ]]
=Y [ & X") (Elle;) ] ® l9) (el)]

J.k
= Ele) el e[ X o) el] =D Ellgi) el (ol X ¢;)
Jj-k J-k
= E[Z<‘Pj|X(Pk> Isoj)(wkl] = &[X]
J.k

for all X € L(Hy), i.e. Eg, = &£ for all linear maps £. In a similar way we can
prove that Q¢, = Q forall Q € L(Hy ® Hy),ie. Jo T ' =T 1o =id If
the linear map & is trace preserving then

1
(€ @ D(P =~ > u[Eg) (@] 19 o

J.k

1 1

== DSl e = =1,
j.k

thus, tr[Q2¢] = 1. This proves that the Choi-Jamiolkowski isomorphism relates
channels to a specific subset of states. 0

Exercise 4.49 Fix an orthonormal basis of H. The operators {|¢;)(¢x|}; x form an
orthonormal basis of 7 (). Show that with such a choice of operator basis the
x -matrix x¢ and the Choi—Jamiolkowski matrix €2¢ are proportional to each other.

The following proposition is a particular version of the Choi-Jamiolkowski
isomorphism.

Proposition 4.50 Suppose that {¢;} is an orthonormal basis of H,; and write ¥} =
% Zj ;i ® ¢; € Hq ® Hy. Then the mapping

A Ya=vVdAQ Dy (4.52)

defines an isomorphism between the Hilbert spaces L(H,; ® H,) (endowed with
the Hilbert—Schmidt inner product) and Hy; ® H,.

Proof Let {¢x} be the orthonormal basis of Hy. Then A = >, i ajk
;) (gx] is mapped into a vector Y4 = VA(A @ DYy = Y Alg) ® o =
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Z?: | Zi;l ajxp; ® ¢i. It is straightforward to verify that this transformation is
induced by the following identification of the basis elements of the linear spaces

ﬁ(Hd, Hd/) and Hd/ X Hdi

D) (@r] < ¢j ® ¢y (4.53)

Thus, the mapping A +— /4 preserves the linear structure of the spaces. Moreover,
the identity

(Walvp) =d (A® DY |(B® DY) =d (Y1 [(A'B R Dy

— Z<¢j|A*B(pj) = trf[A*B]

shows that the inner product is preserved as well; hence A +— 4 defines an
isomorphism between Hilbert spaces. 0

Exercise 4.51 Use Proposition 4.50 to derive the Choi—Jamiolkowski isomor-
phism in Theorems 4.46 and 4.48. [Hint: Observe that the mapping X — AXB*
translates into the operator |4) (V¥g].]

4.5 Special classes of channels

In this section we discuss some special classes of channels that are common in
applications. Our main motivation is to demonstrate that it is possible to say much
more about the properties of a given channel if it is known to belong to a certain
subclass.

4.5.1 Strictly contractive channels

By Proposition 4.37 we know that any channel is contractive, i.e. the trace distance
between two states cannot increase under the action of a channel. In this section we
investigate the properties of strictly contractive channels. Our discussion follows
essentially [120].

Definition 4.52 A channel & is strictly contractive if, for all states o, 0, € S(H),
the inequality
€01 — o)l <k llor — 021l (4.54)

1s valid for some fixed number O < k < 1.

Obvious examples of strictly contractive channels are the complete contractions
discussed in Example 4.10. For a complete contraction £r, we get Eg(01 —02) =0
for all states o1, 0,. Hence, they satisfy (4.54) with k = 0.
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Example 4.53 (Depolarizing channel)

Let ‘H be a finite-dimensional Hilbert space. An example of a class of strictly con-
tractive channels is provided by the one-parameter family of depolarizing channels.
Foreach 0 < p < 1, we define

1
D,(o) = pgl + (1 - p)o.

Hence, D), is a convex combination of a contraction to a total mixture and the
identity channel. For two states ¢ and o, we obtain

|Dple1 — 02|, = A= p)ller — ozl -

Thus, the contractivity factor k in (4.54) equals 1 — p. This shows that the channel
D, 1s strictly contractive when p # 0. A

Having one strictly contractive channel, it is easy to generate more. Namely, we
have the following observation.

Proposition 4.54 Consider a pair of quantum channels &, & and assume that
&1 is strictly contractive. The compositions & o & and &, o & and the convex
combinations t&; 4+ (1 — t)&,, with 0 < ¢ < 1, are strictly contractive.

Proof Let k be the contractivity factor as in (4.54). The strict contractiveness of
&1 o & comes from the inequality

1E1 0 & (01 — o)l < 1E1(01 — o)l < kllor — o2l

and similarly for & o £;. For a convex combination we obtain

1(tE + (1 =)&) (01 — o)l < tllE1(01 — o)l + (1 — ) [E2(01 — 02) Iy,
< (kt +1-=0)llo1 — o2l

and this implies that 1£; 4+ (1 — 1)&; is a strictly contractive channel for 0 < ¢ < 1.
O

It is perhaps surprising that a channel £ ® 7 is not strictly contractive even if £
is strictly contractive. This conclusion follows from the following observation.

Proposition 4.55 Let & and &, be two channels. The tensor product £ ® &, is
strictly contractive only if both &£; and &, are strictly contractive.

Proof Suppose that &, is not strictly contractive. Then there would be states &;
and &, & # &;, such that

1E251 — &)l = 181 — &2l -
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Fix a state n and write o; = n ® &; and 0> = n ® &,. Then we obtain

1€ ® E2(01 — 0l = IE1 () ® E2(&1 — &)y = 11E2(61 — &)l
= &1 — &l = llor — 02l »

which shows that the channel £; ® &, is not strictly contractive. U]

For a channel &, each state o9 € S(H) satisfying £(09) = 0o is called a fixed
point of £. An important property of strictly contractive channels is that they have
a unique fixed point. The following theorem is a direct consequence of the Banach
fixed point theorem.

Theorem 4.56 Let £ be a strictly contractive channel. There is a unique state gy €
S(H) such that £(0y) = 0o.

Exercise 4.57 Find the fixed point of the depolarizing channel D, introduced in
Example 4.53.

The following example demonstrates that there are channels with more than one
fixed point.

Example 4.58 (Fixed points of unitary channels)

Let U be a unitary operator having n > 2 different eigenvalues. The eigenvectors
Y; of U determine pure states P; = [¥;)(v;]. Since the eigenvalues of U have
modulus 1 (see subsection 1.2.4), we have oy (P;) = P;. Therefore every pure
state P; is a fixed point of oy, and also every mixed state of the form o = ) AP
is a fixed point of oy . A

4.5.2 Random unitary channels

Definition 4.59 A channel £ is a random unitary channel if it can be expressed as
a convex mixture of unitary channels, that is,

£ =) pjUoU;, (4.55)
J

where 0 < p; <land ) ; p; = 1.

From this definition we see directly that the set of random unitary channels is
convex. It is also closed under composition, i.e. whenever £ and &, are random
unitary channels, £ o &, is a random unitary channel also. For any random unitary
channel there exists a canonical dilation. Namely, if U is the controlled-U unitary
operator U = ) i U; ®lp;){¢p;| for some collection of unitary operators {U} then

£ =) |pjlEp;)U,oUs;. (4.56)

J
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Figure 4.2 Private quantum channel. A shared cryptographic key k is used to
encrypt the state o by applying a unitary channel o} to the system and using the
same channel to decrypt the quantum state.

Thus, for any state & the induced channel is random unitary. It is interest-
ing that the induced channel £ depends only on the diagonal entries <g0 j|.§<pj),
which are, moreover, unaffected by U. Indeed, since &' = trs[U(p0 ® §)U*] =
> ik tr[U jQU,j‘] |9;) (k| 1s the final state of the environment, it follows that we

have <g0j|§/<pj) = <<pj|§g0j>, for any o and &.

Example 4.60 (Private quantum channels)

In subsection 5.2.4 we will discuss the one-time pad protocol enabling a secure
communication of bit values (containing classical information). A private quan-
tum channel 1s an analogous quantum cryptographic protocol aiming to transmit
securely quantum states (quantum information) rather than classical states [5]. As
for the one-time pad protocol, security is based on the existence of a shared clas-
sical key represented by identical sequences of random bits in the possession of
both communicating parties. The protocol works as follows. Alice wants to trans-
fer the states o1, ..., 0, to Bob. A classical key is used to set the encoding channels
&1, ..., &, used by Alice and the decoding channels Dy, ..., D, used by Bob.
In each run Bob receives a state £;(0;) and, applying the appropriate decoding
channel D;, he reveals the original state o; = D; o £;(0;). See Figure 4.2.

We assume that ¢; is an arbitrary state. Therefore we must have D; = Ej_l,
and this implies that £; must be unitary (see Proposition 4.31). Thus £; = oy,
and D; = oy for some unitary operators U;. The question is how many bits are
needed to protect a single quantum bit, i.e. how many communication runs n are
encoded in a sequence of bits of size N?

Let {Uy, ..., U,} be a set of unitary operators defining the encoding and decod-
ing channels. A sequence of N random bits forming the key defines a random
sequence U;,, ..., U;, determining the sequence of encoding and decoding chan-
nels in n runs, i.e. U, € {Uy, ..., U,}. For anyone except Bob Alice is randomly
applying unitary channels, hence she is implementing a random unitary channel
constituting the private quantum channel

Evqc(0) = ) p;U;0U7, (4.57)
J
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where p; is the probability of operator U; in the random sequence U;,, ..., U;,
determined by the classical key. Security is achieved if the output state Epgc(0) is
independent of o, i.e. Epgc(0) = Y i pjUjoU7 = oo for some fixed state Qp.

Example 1.64 guarantees the existence of a random unitary channel with the
required properties. In particular, a private quantum channel with m = d? mutually
orthogonal unitary operators {U;} and

1
B
satisfies all requirements. As a result we obtain that if the encoding and decoding
channels are associated with mutually orthogonal unitary operators then they con-
stitute a private quantum channel with o = 51 and a key of length N = nlogm =
logd?> = 2nlogd. In conclusion, the secure transmission of a d-dimensional
quantum state requires 2n log d classical bits of the cryptographic key. A

Pj

Suppose that H is a finite-dimensional Hilbert space; then the identity operator
I is a trace class operator and we can compute £(/) for any channel £. If £ is a
random unitary channel then it follows from (4.55) that £(1) = I, i.e. £ is unital.
The unitality of £ is therefore a simple necessary condition for a channel to be
random unitary. (Recall that every channel is unital in the Heisenberg picture but
that here we require unitality in the Schrodinger picture.) The physical meaning of
this condition is that the complete mixture %I is a fixed point of any unital channel.

If d = 2 then the unital channels are exactly the random unitary channels, but
in higher dimensions the latter constitute a proper subset of the former [92]. We
refer to [8], [98] for further details on the connection between these two classes of
channels.

4.5.3 Phase-damping channels

The concept of decoherence was originally introduced as a process standing behind
the disappearance of interference patterns. In a sense, owing to decoherence an ini-
tial superposition changes into a mixture. The orthogonal pure states originally
forming the superposition form a so-called decoherence basis. Nowadays, in the
literature decoherence is sometimes understood as an arbitrary nonunitary dynam-
ics. Therefore, we shall refer to the original concept as a family of phase-damping
channels.

Definition 4.61 A channel £ describes phase damping if its power series
£,E2,&%, ..., converges to the channel

diag, : o > diag,(0) = ) (¢)lele;)le)e;l. (4.58)

J
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where b = {¢y, ..., ¢} denotes the decoherence basis.

If the decoherence basis b is fixed and &;, & are phase-damping channels with
respect to this basis then their convex combination A& 4 (1 — A)&, and their com-
position & o &, are also phase-damping channels with respect to the same basis b.
Moreover, £; and & commute, i.e. £ o & = &, o &;. If the decoherence basis of
&, is different from the decoherence basis of &, then their convex combination and
composition are no longer phase-damping channels.

Proposition 4.62 Consider a channel £(0) = > jAjoA; expressed in the
operator-sum form. It is a phase-damping channel if and only if the Kraus oper-
ators A; commute with the projections ey, ...,eq, €; = |@;){p;]. It follows
that for a phase-damping channel its Kraus operators A; mutually commute, i.e.
[A;, Ax] = Oforall j, k.

Proof Since £(ej) = e, it follows that £(T') = T for all operators T belonging
to the subalgebra generated by the projections ey, ..., e;. This subalgebra A, is
a maximal commutative subalgebra of the algebra of bounded operators L(H).
Consequently, the identity

EM-TH)ET)-T)" =0

holds for all T € A,. Using the relations E(T)E(T)* = TT* = E(TT*) and
2.; A5A; = I, we get the identity

0= (A;TT*AS — A;TAT* — TA;T*A% — TASA;T*)
J

=Y [T, AJIIT. A;]".
J

On the one hand, this identity holds if and only if [T, A;] = Oforall T € A, and all
Jj. Moreover, because the subalgebra A, is the maximal commutative subalgebra,
it follows that the Kraus operators A ; must mutually commute, too.

On the other hand, the identities [A;, e,] = O imply that [A;, T] = 0 for all
T € A, and, consequently, the above arguments can be reversed to prove that
E(T) = Z]. A;jTAT =T forall T € Ay, including the projectors ey, ..., e;. [

Proposition 4.63 (Dilations of phase-damping channels.) If £ is a phase damp-
ing channel then E[g] = treny [U(o @ §)U*| where U = il el ®Ujis a
controlled-U unitary transformation with the system playing the role of the control
system. The vectors ¢; form the decoherence basis.

Proof The preservation of the decoherence basis elements ¢;, 1.e. the identity
U(pj ® ¥) = ¢; @ ¥', implies that we need ' = U;¥ in order to preserve the
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scalar product. Using this condition for all j, the operator U is defined on the whole
Hilbert space and takes the form of a so-called controlled-U transformation,

U= Z @) (@il ® Uj. (4.59)

J
The decohering system plays the role of the control system and the environment is
the target system. 0

Exercise 4.64 Find an example of U for which both the system and the environ-
ment undergo a phase-damping process. Is it possible to find a U such that the
decoherence bases for both systems coincide? [Hint: Analyze the controlled-NOT
gate and observe the importance of the commutativity of {U}.]

4.6 Example: qubit channels

In this section we will demonstrate that even for the simplest possible quantum
system, namely one involving qubits, a complete parametrization of the channels
takes some effort. Our presentation is based on [124].

Recall from subsection 2.1.3 that the state space of qubits can be nicely rep-
resented as a Bloch sphere. Hence, qubit channels can be illustrated as mappings
on the Bloch sphere. Adopting this point of view, a qubit channel is presented by
a 4 x 4 matrix corresponding to an affine mapping. In particular, let us choose
the (subnormalized) operator basis o9 = I, oy, 0y, 0,. Then the matrix elements
Eix = % tr[ajci’ [O’k]] form a (real) matrix

1 0 0 0
e | ¥ o Tn Ta | (4.60)
Ty Ty Ty, Ty,

124 sz Tz y TZZ

and the channel acts as 7 +— 7' = Tr + T.
Suppose that Ay = ), ay0; are the Kraus operators of £. Then

k k1l

where j; = =+ according to 00,0, = %07, and q; = ), aya;, > 0. In particular,
since Too = qo + q1 + g2 + g3 = 1 it follows that T;; = 2(go + q;) — 1 for
Jj =1, 2,3. We can derive the inequalities

Ty £ Ty < Ty x T3z, —T11 £ Txy < Ty F 133, 4.61)
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which fix the values of 77, 1>, and T35 to form a tetrahedron with vertices (1, 1, 1),
(1,—1,—-1), (—=1,1, —1) and (—1, —1, 1). These conditions are necessary but not
sufficient for a channel to be completely positive.

Reducing the number of parameters

In order to formulate the sufficient conditions we will reduce the family of chan-
nels that we need to investigate. The singular value decomposition theorem (see
Theorem 1.66) implies that T = Q1 D, Q», where the Q; are matrices of orthog-
onal rotations (QJT = Q;l) and D, = diag{u, na, 3} is the diagonal matrix
of the singular values of T. The question is whether this decomposition can be
interpreted as concatenation of three channels. For a general orthogonal matrix,
det O = £1. However, in Example 4.43 we showed that unitary channels are asso-
ciated with special orthogonal matrices (rotations) Ry, for which det Ry = 1.
Fortunately, for the case of qubits the correspondence is one-to-one, i.e. each
special orthogonal matrix is associated with some unitary channel oy. The only
remaining problem is the negative determinant of Q ;. But every three-dimensional
orthogonal matrix Q is either a rotation (det Q = 1) or can be written as a product
of some rotation R and an inversion —/, i.e. Q; = *=R;, where detR; = 1.
Thus, T = Q1DwQ>2 = Ri(£Dy)Ry = (RiRy)R) (£Ds)R, = RS, where
S = R2T (£Dsy) R, 1s semidefinite (either positive or negative) and R = R R,
is a rotation.

The rotations S; associated with the Pauli unitary channels oy[o] = or00%
are diagonal matrices with [S¢];; = —11if j # k and [Si]ix = 1. On com-
posing any rotation Sy with Dy, = diag{u1, u, us}, two values pu; will change
their sign; hence the semidefiniteness of Dy, is lost in S; Dgy. By definition, if Dy,
determines a quantum channel then Sy D, must describe a quantum channel, too.
Hence, the semidefiniteness of S can be replaced by its self-adjointness. Since
every selfadjoint real matrix can be diagonalized by some rotation Ry it follows
that T = RS = RR‘T,DRV, where D = {A;, A,, A3} 1s a diagonal matrix composed
of the eigenvalues of S. Let us stress that the A ; are not singular values of T'. In fact
they are not necessarily positive. However, |A ;| = u; are the singular values of 7.

As a result we obtain T = Ry DRy for suitable rotations Ry, Ry and D =
diag{Ai, A2, A3}, where |A;|, |X2| and |A3| are the singular values of 7'. In such a
case the action of the channel £ can be written as

E£() =(oyoDooy)(o) =UDVoV*U"
withD : 7 — 7' = DF + £ thus

F+> 7' = RyDRyF + Ryf. (4.62)
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In other words, every qubit channel £ is unitarily equivalent to one of the channels
D forming a six-parameter family of channels. Although this assignment is not
unique (the signs of any pair of diagonal elements can be changed by applying one
of the S;), most of the interesting properties of £ are reflected in the properties of
Deg. The following properties follow directly from definitions given earlier.

A channel £ is completely positive if and only if D¢ is completely positive.

A channel £ is strictly contractive if and only if Dg is strictly contractive.

A channel £ is unital if and only if D¢ is unital.

det£ = detDg = A;AyA3. Note that the product A;AyA3 is fixed for all Dg
assigned to the same &.

Complete positivity constraints for Dg

The positivity constraint of D (and &) requires that [A;| < 1, because otherwise
the length of the Bloch vector will increase and the negative region (lying outside
the Bloch sphere) will be reached. In fact, the image of the pure states (the Bloch-
sphere boundary) under D defines an ellipsoid,

ri—t 2 ry—rt 2 ri — 1t 2
1 2 3

= 1. 4.63
()»1>+()»2)+()»3> (469
The interpretation is that each quantum channel transforms the Bloch sphere into
an ellipsoid (inside the original Bloch sphere), but the converse is not true: not all

ellipsoids included in the Bloch sphere correspond to some quantum channel. In
this case the inequalities from (4.61), written in the compact form

| T &= Tan| < |1 & T33], (4.64)

reduce to |A; £ Ay| < |1 £ Az|. Without giving all the details we will state the
necessary and sufficient conditions [124] for the complete positivity of D.

Proposition 4.65 A channel D is completely positive if and only if the following
inequalities hold:

(A1 4+ 212)° < A+ 43)* — 13, (4.65)
(h—22)* < (1 —A3)* — 13, (4.66)
- a2
(1= 3P = [FP] = 4036E + ) + 236 + )
+A3(t5 + 1) — 2A1A0A3] (4.67)
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Proof The result follows from the conditions on the positivity of the associated
Choi matrix:

141+ Az I —ib 0 M+ A
o _1 Hh+in 1 —t3 — A3 AM— A2 0
D_2 0 AM— Ao 1 4+13 — A3 t—it
M+ Ao 0 H+in 1 — 154+ A3
(]
Determinant

We showed in Example 4.43 that detoy = 1. Using |A;| < 1 and det & = det Dy,
it follows that |det £| < 1. Clearly, det&£ = 1 requires that |A;| = 1 for all j. Let
us recall that the A; are real. If |A;| = 1 then f; = 0, because otherwise we can
find a pure state (whose only nonvanishing entry is r; = =1) that is transformed
into a negative operator (lying outside the Bloch sphere). In summary, det Deg =
A1A2Az = 1 implies that either A; = 1 forall j = 1,2,3 0or A; = —1 forall j
but one, for which A; = 1. These are exactly the unitary channels induced by Pauli
operators. In conclusion, if for a qubit channel det £ = 1 then £ is unitary.

Further, we want to identify the channels minimizing the determinant. Clearly,
the value det£ = —1 requires that either A; = —1 forall j = 1,2,30rA; =1
for all j but one, for which A; = —1. Unfortunately, neither solution satisfies the
necessary condition |[A; XA, < |1xA3]. Let us note that 2 must be contained inside
the tetrahedron when 7 # 0 also. Since the determinant does not depend on 7, it is
sufficient to investigate only whether the parameter space of X is the tetrahedron.
After a little algebra one can find that the minimum of det D (and also of det ) is
achieved for A{ = A, = A3 = —%, when det £ = —%. Let us note that in this case
we have necessarily 7 = 0.

Unital channels

Let us now recall that a channel £ is called unital if £(7) = I. In the Bloch repre-
sentation, unital channels are those for which T = 7 = 0. This reduces the number
of parameters to three.

Example 4.66 (Pauli channels)
A Pauli channel is defined as a convex combination of Pauli operators, i.e.

Eruii(0) = ) _ 4;0;00, (4.68)
J

where 0 < ¢; < 1 and ) ;4 = 1. Itis clear that these channels are unital.
Since each Pauli unitary channel is itself associated with a diagonal matrix D,
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it follows that an arbitrary Pauli channel is also diagonal. In particular, Dp,,; =
diag{A\, A2, A3} such that

Aj=2(qo+q;) — 1.

Owing to the normalization of the probability distribution {q;} it follows that for
unital channels the conditions [A; £A;| < |1 £ A3]| are both necessary and sufficient
for the complete positivity of £. Thus, the set of all unital channels is unitarily
equivalent to the set of Pauli channels. A

It is an interesting fact that all Pauli channels commute with each other although
the Pauli operators themselves do not commute. For certain values of A or
probabilities {g;} we can distinguish several families of Pauli channels:

e Depolarizing channels: g1 = g = q3 =qand gy =1—3g,1.e. A; =1 —4q.
Under the action of a depolarizing channel the Bloch sphere is symmetrically
shrunk to a ball of radius 1 — 4q.

e Phase-damping channels: ¢ = g = 0 and g9 = ¢qg,q3 = 1 — ¢, 1.e.
Al = A, = 2g — 1 and A3 = 1. Under the action of a phase-damping chan-
nel the zth component of the Bloch vector is preserved; thus the eigenvectors of
o, determine the decoherence basis.

Amplitude-damping channels

A prototype of nonunital channels is the family of amplitude-damping channels
used to model the evolution of a system with two energy levels (a qubit) into its
ground state P, = %(I + o). The amplitude-damping channel was introduced in
Example 4.28 as an example of an extremal channel. In the basis of Pauli operators
it takes the matrix form

0 0 0

V1 -6 0 0
0 v1—-6 0

0 0 1-6

Eap =

O O =

Clearly, the only fixed point of an amplitude-damping channel is associated with
the Bloch vector 7 = (0, 0, 1) corresponding to the ground state P,. Consequently,
on applying this channel again and again the Bloch ball is shrunk into this fixed
point.

Exercise 4.67 (How to find the operator-sum representation)
Here we describe how to find an operator-sum representation for channels
expressed in some matrix form. The idea is based on the following observation.
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Since (A Q I)P,(A* ® I) = |4) (¥4l is a one-dimensional projection, the Choi
matrix Q¢ of a channel £ can be expressed as

Q= ERD(Py) =) (A;®DPLAT® D)
J

=Y )l
J

Let us stress that the vectors ¥; are not necessarily normalized, because H (U H =

tr[A’J’fA j]. Thus, by expressing the Choi matrix as a sum of operators |/;) (V|

we may determine the associated operators A; forming the operator-sum decom-
position of the channel. In particular, the canonical decomposition of €2¢ into
eigenvalues and eigenvectors gives a collection of mutually orthogonal (in
the Hilbert—Schmidt sense) Kraus operators of £. Perform this procedure for
amplitude-damping channels, starting from the above matrix form. [Hint: This is
not difficult, but it is quite a long calculation. To find the Choi matrix use the Bloch
vector representation of the maximally mixed state P, = %(1 RI+0,Q0,—0,®
oy + 0, ® o). Finally compare your result with Example 4.28.]
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Measurement models and instruments

Until now we have treated measurement apparatuses as devices taking quantum
systems as their inputs and producing measurement outcomes as outputs. At this
level of description, measurement apparatuses are fully described by observables,
as discussed in Chapter 3. The measurement outcome distribution is determined by
the particular input state and the observable describing the measurement device.

In this chapter we explore a mathematical framework suitable for the description
of measurement apparatuses for which, in addition to the measurement outcomes,
the measured systems are available after the measurement is performed. In such
cases we may try to obtain more information on the system by measuring some
other observable, or, perhaps by filtering out some preferred output states we may
use our measurement apparatus as a preparator. Clearly, in this kind of situation
we need a description of measurement apparatuses that is more detailed than that
of observables. Therefore, two more refined concepts, measurement models and
instruments, will be investigated in this chapter.

There is no customary name for a measurement model. As used here, it was
first formalized in a general way by Ozawa [106], [107] who referred to the mea-
surement process. A comprehensive general reference on quantum measurements
i1s the monograph by Busch er al. [35], where measurement models are called
premeasurements. Some other authors use the term indirect measurements.

5.1 Three levels of description of measurements

It is convenient to think of three levels of description when considering measure-
ments. At the first level, we concentrate only on measurement outcome probabili-
ties and the description is thus given by observables. At the second level we want
to include also post-measurement states in the description. This will lead to the
notion of an instrument. The third level adds still more detail to the description,

222
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such as specifications of the measurement interaction and probe observable, and
we call this kind of description a measurement model.

In this section we start from the most detailed description, i.e. measurement
models (subsection 5.1.1), then continue to the coarser levels (subsection 5.1.2)
and finally show that all these different descriptions can fit together perfectly
(subsection 5.1.3).

5.1.1 Measurement models

Let us first think in an informal way about a typical measurement procedure.
A measurement procedure starts by coupling the system of interest to a measure-
ment apparatus, or probe. After some time the system and the probe are decoupled,
and a measurement is carried out on the probe only. Owing to the coupling stage
the system and the probe have become correlated and the measurement outcome
distribution gives us information about the initial state of the system. The whole
procedure can be interpreted as a measurement on the system corresponding to
some observable A. The following definition formalizes this outline.

Definition 5.1 Let A be an observable on a system associated with a Hilbert
space ‘H and having an outcome space (€2, F). This is the observable that we are
intending to measure. Suppose that:

e /C is the Hilbert space associated with the probe system;

e & is an initial state of the probe system;

e Vis achannel from 7 (H ® K) to 7 (H ® K), which describes the measurement
interaction between the system and the probe;

e F is an observable implemented on the probe system and assumed to have the
same outcome space (€2, F) as A, known as the pointer observable.

The quadruple M = (K, &, V, F) is a measurement model of A (see Figure 5.1) if
it satisfies the probability reproducibility condition

tr[oAX)] = u[V(e ® §)(I @ F(X))] (5.1)
forall X € B(2) and o € S(H).

The probability reproducibility condition simply means that a measurement of
the observable F of the probe system (after its interaction with the system of inter-
est) leads to the same probabilities as if a measurement of A were performed
directly on the system. It is important to note that we can also interpret the prob-
ability reproducibility condition in the opposite order: any quadruple (/C, &, V), F)
defines a unique observable A by equation (5.1). This is actually what happens
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Figure 5.1 A measurement model; see Definition 5.1.

when we start to describe some measurement setting; we do not fix A at the
beginning but calculate it from the given measurement model.

Exercise 5.2 Verify that the probability reproducibility condition (5.1) holds for
all states o € S(H) if and only if it holds for all pure states. [Hint: Every mixed
state can be written as a convex combination of pure states.]

As one can see from (5.1), the measurement interaction channel V takes part in
the procedure only through its action on the subspace 7 (H) ® & of 7(H ® K),
since the initial state & of the probe system is fixed. For this reason, in order to
define a measurement model it is enough to specify the measurement interaction
only on a subset of states. Of course, we need to guarantee that the overall mea-
surement interaction is a channel since otherwise its physical realizability would
be questionable.

A common (but restricted) way to define a measurement interaction is the fol-
lowing. Fix an orthonormal basis {¢; ;?:1 in H and let ¥y € K be the initial vector
state of the probe system. If {y/;} C K is a set of d vector states then the mapping

Qi QYo ¢; @Y (5.2)

has an extension to a unitary operator on H ® K. Namely, any orthonormal set can
be extended to form a complete orthonormal basis of the whole Hilbert space. If
we extend both {¢; ® ¥} and {¢; ® ¥;} to orthonormal bases of H ® K then the
mapping in (5.2) extends to a unitary operator (see Proposition 1.49). This type of
construction is used in Example 5.3 below.

Example 5.3 (Stern—Gerlach measurement on a spin-% particle.)

Let us take another look at the Stern—Gerlach apparatus discussed for the first time
in Example 3.3. A spin—% particle is described by the tensor product Hilbert space
C? ® L*(R?) and can be understood as a bipartite composite system consisting of
the spin and spatial degrees of freedom. During the Stern—Gerlach experiment an
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external magnetic field couples the spin degrees of freedom to the spatial degrees of
freedom. This means that, depending on the spin state, the particle passing through
the Stern—Gerlach apparatus is deflected either up or down.

We denote by ¢, and ¢_ the vector states in C? associated with the situations
when the particles are deflected only up or down, respectively. These states are
assumed to be orthogonal and hence form an orthonormal basis of C2. Let v €
L?(R?) be the initial vector state of the spatial part. The channel V describing the
measurement coupling acts as follows:

v+ ® Yo > oy Yy,
- ® Yo > - QY_,

where 1/, are fixed vector states in L?(R?). The initial spin state is assumed to be
pure and we can therefore write it as ¢ = ag +bg_ for some a, b € C. The initial
compound state is thus ¢ ® {y. After the measurement coupling the compound state
becomes

¢ ® Vo > apy @Y +byp_Qy_. (5.3)

A detector measures the presence of the particle in a certain region, hence it
corresponds to the pointer observable measuring the position of the particle. In
Stern—Gerlach measurements a screen is used as a detector of particles in the plane
orthogonal to the incoming beam of particles. We are interested in whether the
particle is observed in the upper or lower half-plane of the screen. Thus in the ideal
case the pointer observable consists of the two projections P, and the probabilities
p(=%) for observing a particle in the upper (+) or lower (—) half-plane are

p(E) = lal* (Wi | Pelyry) + b1 (Y| Plyo), (5.4)
where
(UIPV) :/ ¥ ()| dF (VIP_|y) :/ ¥ (F)|* dF
upper h.p. lower h.p.

for every ¥ € L?(R?). Defining the effects E+ on C? as

Es = (Yo | Pr[¥ )@ (@4 | + (V- [ Pe|Y)|o-) (@], (5.5)

we obtain the following expression for the probabilities p(=%) in terms of only the
initial spin state @:

p(E) = (p|Exl). (5.6)
The resulting observable A is thus given by

A+ =E., A=) =E._.
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The properties of A depend on the vectors ¥.. In particular, A is a spin com-
ponent observable S (see Example 3.3) if and only if (Y |Ps|¥y+) = 1 and
(W= | Pelirz) = 0.

This description is already much more informative than the earlier one, in Exam-
ple 3.3. Naturally, most details, such as the connection of the unitary interaction to
the magnetic field and the concrete form of the pointer observable, are still hid-
den. For a more realistic description of the Stern—Gerlach measurement we refer to
Chapter VII in [34]. A

5.1.2 Instruments

If a system still exists after a measurement, one may try to perform some other
measurement to gain more information about the original state of the system. Alter-
natively, we can use a measurement procedure as a (conditional) state preparator.
In both cases, we need to know not only the measurement outcome probabilities
but also the influence of the first measurement on the system and, consequently,
on later measurements. We do not need to know all the details of the measurement
model used, and often such a detailed description is not available or is too com-
plicated to be helpful. The concept of an instrument neatly captures the relevant
description of the measurement process for the above-mentioned situations. Instru-
ments were introduced by Davies and Lewis [52] and the book [51] is still to be
recommended. The connection between measurement models and instruments was
clarified by Ozawa [107].

Let us assume that, after measuring the observable A by means of a measurement
model M = (K, &, V, F), we perform a measurement of another observable B on
the system. Altogether we find a joint probability distribution of the values of A and
B, and we denote by p,(A € X & B € Y) the probability that the A-measurement
gives an outcome from the set X and B-measurement gives an outcome from the
set Y. The subindex refers to the initial state o of the system. We do not write a
measurement model for B but consider it as a direct measurement on the system.
Hence the joint probability is given by

po(Ae X &BeY)=u[Vee®§BY)®FX)], (5.7)

valid for all X and Y.
Let us fix the set X for the present. We note that

[ V(e ® &) BY) ® F(X))] = u[BMuxVe ® U @ F(X)]],
and it turns out to be useful to define

I3l (0) == trx [V(e ® §)(I @ F(X))] . (5.8)
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The operator Z )/(V‘ (o) 1s uniquely determined by the requirement that
Po(A € X &B e Y) = t[Zy"(0)B(Y)] (5.9)

for all observables B and all outcome sets Y. The mapping ¢ +— I}/(V‘ (0) has a
unique linear extension to the vector space of trace class operators 7 (H), and we
will therefore consider Z}/(V‘ as a linear mapping from 7 (H) to 7 (H).

The following properties are straightforward to verify from (5.8):

(insl) for each X, the mapping I)/(V‘ is an operation;
(ins2) tr[Z5"(0)] = 1 and ;" (0) = O foreach ¢ € S(H) ;
(ins3) if o € S(H) and {X;} is a sequence of mutually disjoint sets then

u| 7 @] = Y| 0).

J

Since
po(A € X)=p,(AeX&BeQ)=u[ZTy'(0)B()],
where Q' stands for the sample space of observable B, we conclude that

po(A € X) = [T (0)] -

For a fixed set X the relation p,(A € X &B e Y) = tr[I)/(V‘ (Q)B(Y)] implies that
I)/(V‘ (o) determines the (unnormalized) conditional output state of the measured
system, on which the measurement of B is performed. In other words, the mapping
X — I)/(V‘ contains information on the observable A and, in addition, on the con-
ditional state transformation associated with the observation of the outcome from
X. Abstracting its properties leads us to the following definition.

Definition 5.4 A mapping Z from an outcome space (€2, F) to the set of operations
on 7 (H) is called an instrument if it satisfies the conditions (ins1)—(ins3).

If the set 2 of measurement outcomes is finite or countably infinite, we use the
shorthand notation Z, = Zj,,. As in the case of discrete observables, this type of
instrument is completely determined by the operations Z,, x € 2. If we take a
Kraus decomposition for each operation Z, then the collection of all these Kraus
operators gives a Kraus decomposition for the channel Zg. If, however, we start
from a channel &, fix one of its Kraus decompositions £(¢) = ), KoK} and
define 7, (0) = KoK then we obtain a discrete instrument 7 such that Zg = £.
Although discrete instruments have this kind of intimate connection to the Kraus
form of channels, one should remember that an instrument need not be discrete
while the Kraus decomposition is always countable. Hence, in the general case we
have to deal with the defining conditions (ins1)—(ins3).
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We have seen previously that each measurement model M defines a unique
instrument 7™, and we say that ZM is the instrument induced by M. The fol-
lowing fundamental theorem due to Ozawa [107] tells us that the converse also
holds.

Theorem 5.5 (Ozawa’s theorem)

For every instrument Z, there exists a measurement model M = (IC, &, V, F) such
that Z = 7. In addition, it is possible to choose M such that & is a pure state, V
is a unitary channel and F is a sharp observable.

Proof We prove the theorem only in the simplest case, when the instrument Z has
a finite number of outcomes and the Hilbert space H is finite dimensional.

Each 7, has a Kraus decomposition Z,(0) = )_ jAjoA7 containing at most
(dim H)? Kraus operators. Summing all operations Z, gives a Kraus decomposition
of the channel Zg, and this decomposition contains a finite number, say M, of
operators.

We saw in subsection 4.2.2 that the channel Zg has a dilation (Hg, U, n) such
that Zg(0) = trg[U (0 ® |n)(n|)U*]. There is some minimal dimension giving a
minimal dilation for Zg, but we can always increase the size of Hg by tensoring
it with another Hilbert space. We can hence assume that dim Hr = M and fix an
orthonormal basis {¢ j}ﬁi , for Hg. The measurement model consists of the probe
system Hp, the pointer state |n)(n|, the unitary channel oy and a pointer observ-
able, to be determined. For every j = 1, ..., M, the condition <w ReilU¢d 77) =
(wlB j¢>, required to hold for all ¥, ¢ € H, determines an operator B; on H. It is
straightforward to verify that Zg(0) = Zi‘il B jQB;‘. The two sets {A;} and {B;}
are Kraus decompositions of the same channel Zg and, by Proposition 4.25, they
are connected by a M x M unitary matrix [u;]. We define a new orthonormal
basis for Hg by setting go} = >, Uxpk, and this determines a sharp observ-
able F'(j) = |¢’)(@;]. We then have trxc [V(e ® [n)(nDUI @ F'(j)] = AjoA%
for every state 0 € S(H). The pointer observable F completing the measurement
model M is obtained by grouping the outcomes of F’ into suitable collections. []

5.1.3 Compatibility of the three descriptions

Let Z be an instrument defined on an outcome space (€2, F). For each X € F,
we denote by 7 the dual (i.e. the Heisenberg picture) of the operation Zy. The
instrument Z defines a unique observable A’ by the formula

AL(X) =Ti(D), (5.10)
required to hold for every X € F. Another way to write this formula is

t[oAT (X)] = u[Zx(0)]. (5.11)
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which is required to hold for all X € F and ¢ € S(H). This connection between 7
and A” means that they describe the same measurement outcome probabilities.

We can also start the other way round and have a fixed observable A. Any instru-
ment Z is called A-compatible if A = AZ. Each particular A-compatible instrument
7 describes a certain way of measuring A, leading to a certain kind of state trans-
formation. Example 5.6 below demonstrates that every observable A has (infinitely
many) A-compatible instruments.

Example 5.6 (Trivial instrument)
Let A be an observable and fix a state £. Then the formula

Ty (0) = t[oAX)] € (5.12)

defines an A-compatible instrument. In fact, we have

tr[IX (Q)] = tr[QA(X)] tr[é] = tr[QA(X)] ,

showing that the compatibility condition (5.11) holds. Instruments which have the
form (5.12) for some observable A and some state & are called trivial instruments.
(The motivation for this name will be explained later, in Example 5.7.) Since the
state & is arbitrary, we conclude that for each observable A there exist infinitely
many A-compatible instruments. A

To check that the different compatibility relationships are consistent, let M be
a measurement model. It defines an instrument Z**! through formula (5.8). How-
ever, ZM defines an observable AZ"" by the condition (5.10). Combining these two
formulas we get

tr[QAZM (X)] = t[ZT(0)] = tftrc [Ve ® §)1 @ F(X)]]
=tr[V(e® &I QF(X)].

This is nothing other than the probability reproducibility condition (5.1) between
M and the observable AT, Therefore, the way in which we have defined the com-
patibility relationships between observables, instruments and measurement models
is indeed consistent.

It is important to note that the three classes of objects are not in one-to-one
correspondence. Starting from an observable A, there is a collection [Z] of A-
compatible instruments. The set [Z] is an equivalence class in the set of all
instruments. Similarly, for each instrument Z, there is a collection [MM] of mea-
surement models that induce Z. This is again an equivalence class in the set of
all measurement models. The physical explanation of these one-to-many rela-
tions is that measurements of an observable A can affect the system in many
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different ways, while different measurement settings can influence the system in
a similar way.

We conclude that the three different perspectives can be adopted to describe a
measurement apparatus. These perspectives lead to three different mathematical
objects: measurement models, instruments and observables. These different layers
of description are connected in the following way:

M—TM, T AL, A— [Z], I — [M],

meaning that whereas each measurement model uniquely defines an instrument
and each instrument uniquely defines an observable, the opposite relations are
not unique. Each observable defines an equivalence class of instruments and each
instrument defines an equivalence class of measurement models.

5.2 Disturbance caused by a measurement

It is one of the basic lessons of quantum theory that a measurement on a quan-
tum system in general causes an unavoidable disturbance in the sense that after the
measurement the system is in a different state than that before the measurement.
The concept of a conditional output state is useful for analyzing this phenomenon,
and this will be discussed in subsection 5.2.1. In subsection 5.2.2 we give a simple
and precise formulation of the idea that disturbance is unavoidable in any non-
trivial quantum measurement. The other extreme case is presented in 5.2.3, where
we show that an important class of observables can be measured only in a way
such that all subsequent measurements become redundant. In subsection 5.2.4 we
take a look on the famous BB84 quantum key distribution protocol, in order to
demonstrate how one can sometimes benefit from the inescapable measurement
disturbance.

5.2.1 Conditional output states

Let us go back to the setting of subsection 5.1.2, where we had two observables A
and B. We will measure first observable A and after that observable B. Putting our
measurements together, we find a joint probability distribution of the values of A
and B, and for an initial state o this is given by

po(A€e X &BeY)=1t[Ix(0)B(Y)],

where 7 is an A-compatible instrument depending on how the A-measurement
is performed. The conditional probability p,(B € Y|A € X) can be written in
the form
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poAeX&BeY) tr[Zx (0)B(Y)]

poBeYAeX)=

po(A € X) tr[Zx (0)]
= tr[oxB(Y)].
The state
oy = ——=7T
Ox W[Zx @] x(0)

is called a conditional output state.

It is worth noting two things. First, the conditional output state gy is defined only
when tr[oA(X)]| = tr[Zx(0)] # 0. The reason is simply that we cannot define the
conditional probability p,(B € Y|A € X) if p,(A € X) = 0. As a second point,
notice that the mapping ¢ +> 0y is not, in general, linear. However, it is linear (and
hence a channel) when X = , since in this case 0o = Zq(0). We say that ggq is
the unconditional output state.

Example 5.7 (Conditional output states for a trivial instrument)
Let us recall Example 5.6 and consider again the trivial instrument 7 defined in
(5.12). We then have

~ 1
Ox = tI‘[IX(Q)]IX(Q) =§ (5.13)
for all X and o such that tr[I X (Q)] # 0. Hence, the conditional output state
depends on neither the particular measurement outcome nor the input state.
The reason for the name ‘trivial instrument’ can now be explained. Suppose that
we make an A-measurement and after that a B-measurement. If the A-measurement
corresponds to a trivial instrument, then we get

po(BeY |AeX)=rtu[oxB(Y)]=tu[BY)]| = p:BeY).

This is just the same as measuring the trivial observable ¥ +— tr[§B(Y)]7 in
the state o. In other words, the B-measurement does not contain any informa-
tion on the input state o. All measurements following the trivial instrument are
‘trivialized’. A

If the set 2 of measurement outcomes is finite or countably infinite, the
conditional output state corresponding to an outcome x is

1
0y = —7.(0), 5.14
0 t[Z.©)] (0) (5.14)

where as before we set 0, = 0,y and Z, = Z,,. The following example illustrates
an instrument that can be employed as a conditional state preparator.
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Example 5.8 (Conditional state preparation)
Let A be an observable with a countable outcome set 2. For each outcome x € £,
we fix a state &,. The formula

Z.(0) = troA(x)] & (5.15)

defines an A-compatible instrument. The conditional output states are simply
0x = &.. We call this type of instrument a conditional state preparator. Although
the state preparation is probabilistic, the measurement outcome indicates which
state is obtained. Clearly, trivial instruments are special cases of conditional state
preparators for which the conditional output state is always the same.

The action of the instrument in (5.15) can be mimicked in a very simple
way. After the measurement of A is performed and a measurement outcome x is
obtained, the system is destroyed and another system of the same kind is prepared
in the state &,. This system is then adopted as the output system. A

If A is a discrete observable then we can write

0o = Y _t[oAW®)] 2. (5.16)
xeQ
which expresses that, as expected, the unconditional output state pg, is the weighted
sum of the conditional output states ¢,. A formula of the type (5.16) can be devel-
oped also for general observables; however, this requires additional mathematical
machinery, and we refer the reader to the original article of Ozawa [108] for further
details.

5.2.2 No information without disturbance

Is it possible to perform a measurement of an observable A without causing any
disturbance? The answer to this question is the content of this section. Following
[25] we show that the linearity of operations implies that it is impossible to gain
any information without disturbing the system.

Let us start from the requirement that the obtained measurement outcome of
A does not make any difference to the measurement outcome distribution of a
subsequently measured observable B. This would mean that

po(BeYAcX)=p,BeY) (5.17)

forall X,Y € F and o € S(H). Since B can be chosen to be any observable, this
is equivalent to requiring that gx = o for all X € F and ¢ € S(H). Written in
terms of the related A-compatible instrument Z, the requirement is

Ix(0) =cx(0)o VX e F,0eS(H), (5.18)

where cx (o) is a nonnegative number possibly depending on X and p.
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Owing to the linearity of Zy it follows that the number cx (o) does not depend
on . To see this, let o; and o, be two different states. Since Zx is linear, we obtain
on the one hand

Ix(o1 + 02) =Zx(01) +Zx(02) = cx(01) 01 + cx(02) 02,

and, on the other hand,

Ix (01 + 02) = cx(01 + 02) (01 + 02) = cx(01 + 02) 01 + cx (01 + 02) 02.

Comparing these two equations we see that cx(01) = cx (01 +02) = cx(02). Hence,
the number cy (o) is the same for all states o and we can set cy(0) = cx. Taking
the trace on both sides of (5.18), we obtain

tr[eAX)] = t[Zx(0)] = cx. (5.19)

As this is true for all states o, we have in particular

cx = tr|o) (9lAX)]| = (p|A(X)p)

for all unit vectors ¢ € H. Using Proposition 1.21, this implies that A(X) = cx[.
Thus, A is necessarily a trivial observable, which does not provide any information
on the state of the system (see subsection 3.5.1).

Exercise 5.9 We saw in subsection 4.1.1 that the linearity of channels leads to
the no-cloning theorem. The above ‘no information without disturbance’ theorem
is linked conceptually with the no-cloning theorem: the first implies the second.
Namely, assume that the cloning transformation o — @ ® o is possible. Explain
how one could thus perform any desired measurement with no disturbance of the
initial state.

One could argue that the requirement (5.17) is too strong and that the conclusions
drawn from it are therefore irrelevant. We could start from the milder require-
ment that performing a measurement of A does not affect any other measurement
performed later on the system. This would mean that

PoBeYAcQ)=p,(BeY) (5.20)

forall Y € F and o € S(H), hence we would require (5.17) only for the total set
Q2 and not for all X. This would be to say that there is an A-compatible instrument
7 satisfying

Io(0) =0 (5.21)

for all o € S(H).
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Let us consider a fixed outcome set X € JF. For a pure state P we have
P = Zq(P) = Ix(P) + Z-x(P); hence by Proposition 1.63 we can conclude
that Zy (P) = cx (P) P for some nonnegative number cy (P). We need to show that
this number does not depend on P.

Let us first consider two orthogonal pure states |y ) (1| and |, ) (v |, where
¥, ¥, € 'H are orthogonal unit vectors. We write ¢ = %(W + 1) and ¢, =

% (Y — r1). Itis straightforward to verify that
W]+ 1Y ) (ol = o) el + o) (el (5.22)

Hence, by the linearity of Zx we obtain

Ix(1W) W) + Zx (1) (wil) = Zx (o) el) + Zx (o) (gL l)

and therefore

||+ a2lv ) (Yo = csle) (el + calor) (@1l (5.23)

for some nonnegative numbers ¢y, ¢, c3, ¢4 € R. Suppose that one of these, say cy,
is nonzero. Combining (5.22) and (5.23) leads to

(c1 = e ) (Yl + (2 = c)lY L) (Wil + (ca — c3)le) (@] = 0. (5.24)

Even if the three vectors ¥, ¥, and ¢ are linearly dependent, the corresponding
three rank-1 operators are linearly independent. (Any linear combination of |1) (/|
and |, ) (1 | commutes with [{) (1], but this is not true for |¢)(¢|.) We thus get
c1 = ¢ = ¢3 = ¢4 and conclude that cx(P;) = cx(P,) whenever Py, P, are two
orthogonal pure states.

To treat nonorthogonal pure states, we start from two unit vectors ¥, ¢ € H
that are neither parallel nor orthogonal. We can then find two vectors i, and ¢
that are orthogonal to v, ¢, respectively, and that are linear combinations of ¢ and
@. Both {1, ¢, } and {p, ¢, } are orthogonal bases of the same two-dimensional
subspace. This implies that

V) ([ + 1)Vl = le) (el + o) (el (5.25)

and we continue the calculation in the same way as previously. We then see that
cx (Py) = cx(P,) whenever P;, P, are two nonorthogonal pure states.

In summary, the number cx(P) does not depend on P, and this implies that
Ix(P) = cx P for all pure states P. By the linearity of Zy we then have Zx (o) =
cxo for all states o. We are thus in the same situation as that corresponding to
(5.19), and the rest follows.

We have seen that even the milder condition (5.20) can be satisfied only if A is
a trivial observable. We conclude that in order to acquire at least some nontrivial
information a measurement must produce some disturbance.
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Exercise 5.10 Instead of (5.21), let us start from the more general assumption that
Ta(o) =UpU* (5.20)

for some unitary operator U. Prove that this is possible only if A is a trivial
observable. [Hint: Apply the previous result to the instrument ¢ — U*Zx(0)U .]

5.2.3 Disturbance in a rank-1 measurement

We recall from subsection 1.3.2 that an effect £ € E(H) is rank-1 if there is
a one-dimensional projection P and a number 0 < e < 1 such that E = eP.
Alternatively, we can write E = [{) (1| for some vector ¥ € H with 0 < [[y] <
1. A discrete observable A is called a rank-1 observable if each effect A(x) is
rank-1.

The class of rank-1 observables forms an important subset of all discrete
observables. For instance, sharp observables associated with an orthonormal basis
(Example 3.28) and symmetric informationally complete (SIC) observables (sub-
section 3.3.2) are all rank-1 observables. The following proposition shows that for
rank-1 observables all the compatible instruments are conditional state preparators.
We will follow the proof presented in [74].

Proposition 5.11 Let A be arank-1 observable. If 7 is an A-compatible instrument
then it is of the form

Z:(0) = tr[oA(x)] &, (5.27)
for some set of states {£,}.

Proof Let Z be an A-compatible instrument and fix an outcome x. We write

A(x) = eP, where P is a one-dimensional projection P and e is a number
0 < e < 1. We choose Kraus operators {K ;} for the operation Z,, so that
T.(0) =Y KjoK;. I;(I)=) KiK;=Ax). (5.28)
J J

The last equation implies that for each j the operator inequality K7 K; < A(x)
holds. Since A(x) is rank-1, there is a number 0 < k; < 1 such that K;‘K j =
k;jA(x) (see Proposition 1.63). From Zj K7K; = A(x) it follows that Zj ki =1.

Let K; = V;|K;| be the polar decomposition of K; (see Theorem 1.37). Here
V; is a partial isometry and

Kj| = /KiK; = /kjVA(x) = ek, P.

For every state o, we then obtain

KjoK; =ek;V;PoPV} = ekjtr[oP|V; PV} = tr[oA(x)]| k;V; PV}
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and hence

Z.(0) = t[eA()] Y k;V; PV},

J

It remains to show that the operator V; PV is a state for each j, implying that the
convex sum ) k;V; PV =: & is also a state. If dimH < oo then V; is unitary
and we see immediately that V; PV is a state. If dim’H = oo, we notice that
the operator V*V; is the projection on the closure of ran(|K;|); thus VV; = P.
Therefore

u[V,PV}]| =u[VV;P] =u[P] = 1.

Since the operator VJ-PVJ?“ = V;P(V;P)* is positive and has trace 1, it is a state.
O

Suppose we measure first a rank-1 observable A and then some other observable
B. By Proposition 5.11 the instrument Z describing the A-measurement is neces-
sarily a conditional state preparator of the form (5.27) for some set of states {&,}.
The joint probability distribution is thus given by

poAe X &BeY)=u[Ix(0)BY)] =) tr[oAw)] r[£B(Y)].

xeX

We see that the joint probability distribution can be calculated after the first mea-
surement since the numbers tr[&‘x BY )] do not depend on the initial state 0. Hence,
the B-measurement is redundant and does not give any new information on the
initial state of the system.

5.2.4 Example: BB84 quantum key distribution

The fact that a measurement necessarily disturbs the system observed can be
exploited in cryptographic protocols as a tool to identify the presence of an eaves-
dropper. Let us discuss the most profound example of quantum cryptography — the
so-called BB84 quantum key distribution protocol originally proposed in 1984 by
Bennett and Brassard [16].

The goal of a key distribution protocol is not to communicate private information
but merely to establish a secret key that can be used afterwards for (classical) per-
fectly secure communication via the one-time pad protocol originally introduced
by G.Vernam [137].

Example 5.12 (One-time pad)
In 1926 Vernam proposed the first (and so far the only) provably secure crypto-
graphic protocol, known as the one-time pad, or Vernam cipher.
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Figure 5.2 Schematic description of the one-time pad.
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The one-time pad protocol needs a prerequisite called a cryptographic key,
which is shared by the communication parties, Alice and Bob. This key is used to
lock and unlock the confidential message (the so-called plaintext). In practice the
key 1s represented by a random string of symbols (characters), for instance, by the
sequence of bit values 00101001 ... The message itself is represented by another
string of bits, 11001100 ... Binary addition @, definedas 0 0 =1é@ 1 =0
and 01 =1& 0 = 1, is used as the enciphering and deciphering operation. Let
us denote by k the bits of the key and by b the bits of the message. The identity

bbk®k=>D>b (5.29)

guarantees that the deciphered message equals the original plaintext. See
Figure 5.2. For instance,

11001100 00101001 =11100101
111001016 00101001 =11001100

If the key is a random string then the transmitted ciphertext is a random string
too. Therefore, no one intercepting the ciphertext has access to any meaningful
information except the length of the message. And any message of this length
is equally probable. This is why perfect security is achieved. Without going into
further details let us note that in order to maintain security the key cannot be reused.

The shared key forms an ensemble of pairs of classical bits described by a joint
probability pgg = p11 = % and po; = pio = 0, 1.e. a classically maximally
correlated state. In quantum formalism this state can be expressed as wyey = (|9 ®
©0){wo ® @o| + %|g01 ® ¢1){p1 ® ¢1]). The modulo addition described above can
be understood either as a conditioned application of one of the logical gates T
and NOT, depending on the value of the bit b, or as a two-valued measurement
comparing the bit values of the bits b and k and producing outcome 0 if b = k
and outcome 1 if b # k. The one-time pad implements the secure transfer of a
state of the classical bit b from Alice to Bob exploiting an ideal (public) classical
channel and a classical key represented by wiey.
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Any of these three classical resources (plaintext, channel, key) can be replaced
by its quantum counterpart. We demonstrated in Example 4.60 that by replacing
the classical information represented by a bit b with the quantum information rep-
resented by a qubit in a state o, replacing the classical public channel by a quantum
channel and doubling the length of the shared classical key we were able to transfer
securely qubit states from Alice to Bob. In the following chapter we will describe
two other quantum generalizations of the one-time pad. By replacing the classical
keys by quantum (entangled) keys we can design protocols either for superdense
coding (if the aim is to communicate classical information via a quantum channel
and a shared quantum key, see Example 6.7) or for quantum state teleportation
(if the aim i1s to communicate quantum information, but no quantum channel is
available), as described in Example 6.62. A

The success of the one-time pad strongly depends on the method of distribution
of the key. The protocol is secure only if distribution is secure and hidden from
others. So, the crucial question is how to communicate the key itself. It is not dif-
ficult to transfer a random string from Alice to Bob, but the problem is how to
do it in a secure way, so that no one else has access to the distributed key. One
natural option is that Alice and Bob meet each other, prior to distance communi-
cation of the private information, and agree on the key personally. This is a safe
method but very inefficient and inconvenient. Surprisingly, quantum physics pro-
vides promising alternatives that overcome the practical problem of at-a-distance
key distribution.

The BB84 key distribution protocol, which we are going to describe next, estab-
lishes in a secure way a cryptographic key (a sequence of random bits) between
Alice and Bob. First we fix an orthonormal basis {{ +, ¥ +} of a two-dimensional
Hilbert space H, and then define another orthonormal basis by

Vo,x = %(Wont +vY1.4), VYix= %(WO,JF —Y14).

Here, the subindices +, x label the orthonormal bases and the bits O, 1 label the
vectors in the given basis. We note that these two orthonormal bases are mutually
unbiased (see subsection 3.2.3).

The BB84 protocol consists of the following steps (see Figure 5.3).

1. In each run r, Alice and Bob independently and randomly choose orthonormal
bases, either + or x. We denote by j, Alice’s choice and by k, Bob’s choice
(hence j,, k. € {4+, x}).

2. Alice generates a random bit x, € {0, 1} and sends the vector state ¥, ;
to Bob.
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Figure 5.3 Schematic description of the BB84 quantum key distribution protocol.

3. Bob performs a sharp measurement in the basis k, and therefore records an
outcome y, € {0, 1}, with conditional probability

| (Wry, 10 1V, ) 1P

depending on the vector state v, ; received from Alice. We have

Wy, ko [V, ) 1P = 8 k8 + 51— 8,4, (5.30)

This shows that if Alice and Bob chose the same orthonormal basis (i.e. j, = k;)
then the bits x,, y, are identical. If, however, Alice and Bob are using different
orthonormal bases (i.e. j, # k) then the bits x,, y, are completely independent.

4. After the previous steps have been repeated sufficiently (e.g. 100 runs), Alice
and Bob compare their choices of orthonormal bases by means of classical pub-
lic communication (e.g. using Twitter). If they have chosen different bases in the
rthrun (i.e. j, # k,) then that particular run is ignored, meaning that the bits x,
and y, are discarded. In this procedure the original bit sequences X = x - - - x,,
and y = y;---y, are transformed into smaller bit sequences x' and y’. The
modified sequences x ' and y’ are identical and form the rough key. The goal of
the key distribution protocol has been achieved; Alice and Bob share identical
sequences of random bits.

So far we have presented a procedure in which Alice and Bob establish a
sequence of perfectly correlated bits. This can also be done, and much more eas-
ily, without quantum tricks. However, the security of the quantum procedure is
the important added value. A potential adversary Eve is always considered to have
unlimited resources but we still assume that her possibilities are restricted by phys-
ical laws. Her aim is to learn the key in a way such that no one recognizes her
presence. Let us note that if classical systems are measured then any introduced
disturbance can be undone by the eavesdropper, at least in theory; thus her presence
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cannot be detected. In the case of BB84 the general strategy of the eavesdropper
must be based on the coupling of her system to the transmitted particles. After that
she can wait until Alice and Bob publicly announce the orthonormal bases that they
have used in each run and measure her system in order to estimate the bit values.
From Alice’s and Bob’s point of view Eve acts as a specific pointer observable,
hence realizing a measurement model of some observable on systems transmitted
from Alice to Bob.

However (and this is crucial!), there is no error-free measurement distinguishing
among the four possible vector states ¥ 4, ¥1.+, Yo,x, ¥1.x, because they are not
mutually orthogonal. As we have discussed previously, some disturbance is nec-
essarily introduced. Consequently, the transmitted and received states are different
and there is a nonvanishing probability that the rough keys x’, y’ do not match
perfectly. In order to find any differences, Alice and Bob release random bits from
their rough keys and compare their bit values publicly. Fortunately, no information
is transferred in the key distribution and thus this step does not reduce security. In
the ideal and strict version of the protocol, any difference in the rough keys implies
that the whole key must be discarded and the whole process restarted.

For the details of how much of the key must be released in order to detect the
eavesdropper with a very high probability we refer to the overview paper by Gisin
et al. [65]. Proofs of unconditional security of BB84 can be found in [97] and [130].
There have been several alternative proposals for quantum key distribution and
also for quantum secret communication. The common idea of all these protocols is
that security, in particular the detection of adversaries, is based on the unavoidable
disturbance caused by nontrivial measurements.

Example 5.13 (Simple attack on BB84)

Let us consider the simplest version of an attack on the BB84 key distribution pro-
tocol. Let us assume that an adversary, Eve, is measuring each transmitted particle
independently and trying to guess what the state is. One option for her is to switch
randomly between the same bases as those used by Alice and Bob (we assume that
Eve knows these bases). Let us denote by /, the orthonormal basis chosen by Eve
in the rth run and by z, her outcome value. Eve tries to learn the correct bit values
when Alice’s and Bob’s bit values coincide. If Eve gets an outcome z, then she
sends to Bob the vector state v, ;.

The conditional probability that j, = k, = [, (all three choose the same basis)
under the condition j, = k, (Alice and Bob choose the same basis) is % In these
cases x, = y, = z,, and we conclude that Eve can learn half the bits of the rough
key. This could be already enough for Eve to guess the confidential message later
sent by Alice to Bob using the one-time pad.
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However, there are also cases when Alice and Bob have chosen the same
orthonormal basis but Eve chooses the wrong one. The conditional probability that
Jjr = k, # [, under the condition j, = k, is % Alice and Bob then expect to have
identical bits but fail to do so in half the cases, since Bob has performed his mea-
surement on the vector state v, ; instead of the correct one, ¥/; . . As a result,
one quarter of the bits in the rough key are different. If Alice and Bob publish
sufficiently many bits from their rough key for comparison, they will notice Eve’s
presence with a high probability. A

5.3 Liiders instruments

Liiders instruments are perhaps the most common instruments occurring in appli-
cations. They have a simple structure and serve as a good illustration of our earlier
concepts. In subsection 5.3.1 we will discuss a particular type of measurement
model introduced by John von Neumann in his influential book [138]. Induced
instruments were studied in greater detail by Liiders [95]. In subsection 5.3.2 we
define the Liiders instrument for any discrete observable, and in subsection 5.3.3 a
particular feature of this instrument is explored.

5.3.1 Von Neumann’s measurement model

Let us start with a discussion of a specific kind of measurement model for a discrete
sharp observable associated with an orthonormal basis. Let {¢;} be an orthonormal
basis for H and A the associated sharp observable, i.e., A(j) = |¢;){(g;| (recall
Example 3.28. To construct a measurement model for A, we fix a Hilbert space
K with the same dimension as H. We fix an orthonormal basis {¢;} for K, and
choose the pointer observable F to be the sharp observable associated with this
basis, i.e., F(j) = |¢;){(¢;|. The probe is initially in a pure state |¢;)(¢1|, and the
measurement interaction is given by the unitary operator V on H ® K, defined as

Vigi®¢1) =¢;®@9; V. (5.31)

This requirement does not specify V uniquely, but only the action on the vectors
®; @ ¢ 1s relevant (see subsection 5.1.1).

If the system is initially in a vector state ¢ = Y _ ¢;¢;, then after the measurement
coupling the composition of the system and the probe will be in the state

Ve ® o)) (Ve ® 1| = Zézcj 1) {@jl @ |di) (). (5.32)

l,j
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On the one hand, after measuring the probe we observe outcome k with probability
pk) =t[V(p @ ¢p))(V(p ® ¢1)| I @ F(k)]
=t (3, aciloiol ® 160(@;1) (U @191 (6|

=D leil” o)) ol ® 1) (il ] = el
J

On the other hand, we have

tr[lo) (WIAK)] = [ploa) I* = lel,
and the probability reproducibility condition is therefore satisfied. We conclude
that M = (IC, ¢, V, F) is a measurement model of A.
Let us then calculate the instrument Z* corresponding to M. We obtain
LM o)) =t [V (9 @ $))(V(p ®@ $)|(I @ F(k))]

= le;l” tric [loj) (el @ 1) (]
j

= ek lge) (e | = tll9) (9IAK)] A(k).
The action on a general state o can be thus written in the form
M (0) = tr[oAt) ] Ak). (5.33)
Since A(k) are one-dimensional projections, formula (5.33) can be written in an

equivalent form
TM(0) = A(k)oA(k). (5.34)

This instrument is the Liiders instrument of A.

Exercise 5.14 Verify that (5.33) and (5.34) are equivalent. [Hint: Dirac notation
may be useful.]

If the system is initially in the vector state ¢, then the outcome k will be
observed with certainty. Moreover, A(k)gpr = ¢, implies that A(k)|gx) (pc|A(k) =
lok) (@r|. We conclude that the Liiders instrument of A satisfies

tr[oAk)| =1 = Ak)oAk) =0 (5.35)

for all outcomes k and states o. In other words, if the probability of an outcome
is 1, the corresponding state is not disturbed by the associated Liiders intrument.
This feature is called ideality, and one can show that it is a characteristic feature
of Liiders intruments; if an instrument associated to a discrete sharp observable
1s ideal, then it 1s a Liiders instrument. We refer to [35] for further details and
references.
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5.3.2 Liiders instrument for a discrete observable

As a generalization of (5.34), we make the following definition.

Definition 5.15 The Liiders instrument T* for a discrete observable A is defined
as follows:

Iy (0) = A(x)'?0A) 2. (5.36)

The fact that Z" is an A-compatible instrument is easy to see. First, from
Example 4.7 we conclude that each 7% is an operation. Since

t[Zy(0)] = tlAx) ' ?0A(x)*] = tr[oA(x)], (5.37)
we see that ) tr[Z5(0)] = tr[o] and thus that 7" is A-compatible.

Exercise 5.16 Why do we need the square roots in formula (5.36)? Let A be a
discrete observable (not necessarily sharp) and define a mapping x — Z,(0) =
A(x)oA(x). This would also be a generalization of (5.34). Find an explicit example
showing that 7 is not, in general, A-compatible (it is not even an instrument).

Starting from the Liiders instrument 7%, we can easily construct more
A-compatible instruments. Namely, let us fix a channel &, for every x. Then the
formula

Z.(0) = (& 0 IH)(0) = & (A(x)?0A(x)'?) (5.38)

defines an A-compatible instrument. This type of instrument can be interpreted as
a sequential procedure; first we implement a Liiders measurement of A and then,
depending on the measurement outcome x, a channel &, is applied.

Proposition 5.17 Let A be a discrete observable on a finite-dimensional Hilbert
space H. Every A-compatible instrument is of the form

T, =& oTr, (5.39)
where Z" is an A-compatible Liiders instrument and {£,} is a set of channels.

Proof We will give a proof only for a simple special case and refer the reader
to [72] for a general proof. Let Z be an A-compatible instrument. We assume that
an operation Z, is determined only by a single Kraus operator K ; hence

7.(0) = Ky0K, KIK, = A(x).
The latter equation implies that

K| = (KXK)'* = A@x)'/? (5.40)
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and therefore that the polar decomposition of K, is V,A(x)'/2. where V, is a unitary
operator. We conclude that Z, = oy, o ZE. In the more general case, an operation
7, 1s determined by several Kraus operators and the proof has to be modified. []

A related result was presented by Ozawa [109]. If A is a discrete sharp observ-
able (on a finite- or infinite-dimensional Hilbert space) then every A-compatible
instrument is of the form

T, =Eo01k, (5.41)

where It is an A-compatible Liiders instrument and £ is a channel. Thus in this
case the instrument 7 can be interpreted as a sequential procedure of the Liiders
measurement of A followed by a fixed channel £.

5.3.3 Liiders’ theorem

Let A and B be two discrete observables. Suppose that we make a Liiders measure-
ment of A and, after that, perform a measurement of B. We can then ask whether
the measurement of B is disturbed by the measurement of A. We consider B not to
be disturbed if the measurement outcome probabilities of B-measurement do not
depend on whether A has been measured first. Hence, if Z* is the A-compatible
Liiders instrument, the nondisturbance condition reads

tr[Z5(0)B(y)] = t[eB(y)]

and is required to hold for all outcomes y and states o (compare with (5.20)).
Concerning this problem the following theorem was first observed by Liiders [95].

Theorem 5.18 (Liiders’ theorem)
Let A and B be discrete observables and suppose that A is sharp. A Liiders
measurement of A does not disturb B if and only if A and B commute.

Proof Assume that A and B commute, i.e. A(x)B(y) = B(y)A(x) for all x, y. We
obtain

u[Z5@BM] = ) u[AeAWBM] = ) u[A(x)eB(y)]

= t[eB(y)].

Therefore, B is not disturbed by the A-measurement.

Further let us start from the assumption that the measurement statistics of B are
not altered by the measurement of A. To proceed in this direction, we use also the
assumption that A is sharp. Then the nondisturbance assumption means that

Y tu[A®)eA®B(y)] = tu[eB()] (5.42)

X
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for every state g, so that

> A®BMARX) =B(y). (5.43)

For each x’, we obtain (by multiplying both sides of (5.43) by A(x’) on the left)
A(X)B(y) = ZA(X')A(X)B(y)A(X) =AXNBMAX) (5.44)

and similarly (by multiplying both sides of (5.43) by A(x’) on the right)
BO)AK) = ZA(X)B(y)A(X)A(X') = ANB)ARX). (5.45)

Here we have used the fact that A(x"))A(x) = A{x} N {x'}) = 8, «vA(x'); see
Proposition 3.29. A comparison of (5.44) and (5.45) shows that A and B commute.
]

Is there a version of Liiders’ theorem for a general pair of discrete observables?
First, suppose that A and B commute, i.e. A(x)B(y) = B(y)A(x) for all x, y. We
recall from Theorem 1.33 that this implies that A(x)'/?B(y) = B(y)A(x)!/? for all
x, y. Hence, as in the proof of Theorem 5.18, we see that a Liiders measurement of
A does not disturb B.

Now let us consider the converse: do two discrete observables commute if their
Liiders measurements do not disturb them mutually? The answer to this question
1s negative and a (quite tricky) counterexample was given by Arias et al. [7]. This
means that there are observables A and B which do not commute but for which,
nevertheless, a Liiders measurement of A does not disturb B.

Even though there is no general Liiders theorem covering all pairs of discrete
observables, the statement can be extended to certain classes of observables. All
these kinds of result are commonly referred to as generalized Liiders’ theorems. In
particular, there is a version of Liiders’ theorem for a pair of discrete observables
in finite-dimensional Hilbert space. Namely, suppose that A and B are discrete
observables on a finite-dimensional Hilbert space. Then a Liiders measurement of
A does not disturb B if and only if A and B commute. This result was first presented
by Busch and Singh [31].

5.3.4 Example: mean king’s problem

Once upon a time. .. Alice (a quantum physicist) was sailing on an ocean. A big
storm surprised her and she ended up on an island ruled by king Brutus. Brutus
loved cats. One day he learned about a cat being alive and dead at once and he
started to hate all quantum physicists. Nevertheless, he decided to give Alice a last
chance. Here is his deadly challenge.
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I shall take a spin-% system and perform a spin component measurement in the x, y or
z direction, thereby getting an outcome 1 (up) or —1 (down). Your task is to correctly
guess the outcome I obtain. You are allowed to prepare the system before I measure it.
In the morning, I shall make the choice, perform the measurement and give you back the
measured system. For the whole day you will have full access to my royal laboratory.
However, at sunset I shall close and lock the doors and there will be no possibility of
taking anything out of the laboratory. I shall tell you my choice of measurement and you
must immediately make your final guess of the outcome. You have only one chance.

What are the chances for Alice to survive this game? Before continuing the story,
let us stress that some details must be specified more precisely. After Alice gets
access to the royal laboratory she must first investigate the measurement appara-
tuses and conclude to which type of instrument they are related. The task i1s possible
only if Alice learns this information. We assume that the king performs Liiders
measurements and that Alice finds this out. Thus, the states corresponding to the
eigenvectors ¢, , and ¢_ ;, of o, are the conditional output states corresponding to
the outcomes =1 when a measurement in the direction b = x, y, z is performed.

The measurement outcome obtained by the king will be random in whichever
way Alice prepares the system. Therefore, Alice’s chances of survival must depend
on the fact that she will learn the king’s choice at the end. The question is whether
this information comes too late. We will not analyze the problem in its whole gen-
erality but demonstrate that Alice can find the king’s outcome with certainty. This
problem was originally considered in [136]. Here we present a slightly different
solution. Suppose Alice prepares two spin—% systems in the singlet state

Wl Y= 5 (04 @9 — 9 @ P1p)

which has the same form in any orthonormal basis. Alice keeps the first system
and gives the second system to the king. Suppose that the king performs a mea-
surement of S?. Alice gets the second system back and, depending on whether the
measurement outcome is +1 or —1, the final state of the composite system is

|Dp +) (Pp.+], where @, L =¢_;, @@y, and Py, _ =@, @ ¢_,.

Alice can count on the additional information she gets after performing her mea-
surement. Let us define an orthonormal basis {0, 65, 63, 64} of C*> ® C? in the
following way:

—in/4 1 in/4
! P+.z ® Ptz — Eem/ ¥z ® ¥z

92 = %w#—,z X (e %e—in/4(p+,z 029 Q1.2 + %eiﬂ/4¢—,z ® ¥z

0, = %w—hz Q¢+ %e
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—im/4

b3 = 50-: @@+ 3¢ 0 @0 — 3¢ @0,

in/4

9 f@ z®(ﬂ+z__e (p+z®§0+z+ e m/4§0 Z®§0 2

Alice’s observable A is the sharp nondegenerate observable associated with this
basis, i.e. A(k) = |6;)(6«| for k = 1,2, 3, 4. The following table contains the con-
ditional probability distributions (columns) measured by Alice for all possibilities
of the king’s measurement choice and outcome:

x,+1 x,-1 y,+1 y, -1 z,+1 z -1
1 1 1
3 1 o
2 0 b0 o]
ST N S A
4 3 0 0 3 3 0

The numbers in this table are the overlaps |(9k|d>b,i)|2. The last two columns are
easy to calculate as the vectors 6, are given in terms of ¢, , and ¢_ .. To calculate
the other columns, one can use the expansions

Orx =5 (Proto-z) . o= (01— 0-),

Pty = % (§0+,z + i@—,z) y Py = % (§0+,z - i(p—,z) .

It is straightforward to verify that if b is announced by the king then the outcomes
1, 2, 3, 4 uniquely match the king’s results £1. For instance, if the king decides to
measure o, then only first two columns of the table are of interest for Alice, and
outcomes 1 and 4 indicate with certainty that king’s outcome was +1. Similarly,
outcomes 2 and 3 imply that the king’s the outcome was —1. In summary, Alice
can survive with certainty the ‘deadly challenge’ of the king.

5.4 Repeatable measurements

Given an observable A, we can ask what kind of A-compatible instruments exist.
It should be emphasized, perhaps, that there are no preferred A-compatible instru-
ments. Different instruments simply describe different kinds of measurement of
A, which influence the system in different ways. Of course, we may want to per-
form the measurement of A in a certain way and wish to influence the system in
some way suitable for our purposes. For instance, one possibility is that we use
our measurement to prepare the system. Then, a typical requirement is that this
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preparation procedure makes the measurement outcome in further measurements
completely predictable; we always get the same result as in the first measurement.
This leads to the notion of a repeatable measurement.

An overview on repeatable measurements was presented in [33]. An extensive
discussion on repeatability and related concepts can be found in [35].

5.4.1 Repeatability

To formulate the above idea of a measurement device as a preparator, let A be
a discrete observable. Suppose that we perform a measurement of A in a state
o and that the measurement is described by an A-compatible instrument Z. Let
x be a measurement outcome which has a nonzero probability of occurring. The
conditional output state corresponding to the measurement outcome Xx is

1
0 = ———T.(0), 5.46
0 t[Z.©)] (0) (5.46)

where we write Z, = 7.

Assume, then, that after recording some measurement outcome x we repeat the
measurement using the same system. Naturally, the measurement outcome now
depends on the properties of the instrument Z. We require that we obtain the same
measurement outcome x as in the first measurement, with certainty. Hence, we set
the repeatability condition

[0, Ax)] = 1. (5.47)
This leads us to the following definition.

Definition 5.19 An instrument 7 is repeatable if tr[axA(x)] = 1 holds whenever
tr[gA(x)] # 0.

Repeatability is thus a property of instruments and it does not depend on the
other details of a measurement model. Sometimes we say that a measurement
model M is repeatable, but this means that the induced instrument Z- M s repeat-
able. In the following examples we will demonstrate that there are both kinds of
instrument, repeatable and nonrepeatable.

Example 5.20 (The Liiders instrument of a sharp observable is repeatable)
In (5.34) we defined the Liiders instrument related to a sharp observable A. This
instrument is clearly repeatable. Namely, the conditional outcome states are o, =

|v.) (¥ | and hence tr['é'xA(x)] = tr['éx] = 1. A
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Example 5.21 (The trivial instrument is not repeatable)
Let A be a discrete observable, & a state and Z the trivial instrument determined
by & (recall Example 5.6). For each state ¢ and measurement outcome x such that
tr[QA(x)] # 0, we then have g, = &. Thus, if the trivial instrument Z is repeatable
then tr[sA(x)] = 1 whenever A(x) # O. However, since

1=ul]=) ulfA@]= ) 1,
X x:A(x)#£0
the repeatability condition can hold only if there is only a single nonzero effect in
the range of A. In this case, the observable A is of the following form:

A(x) = I for some outcome x, A(y) = O for all outcomes y # x. (5.48)

We conclude that trivial instruments are never repeatable unless the corresponding
observable A is of the banal form (5.48). A

The repeatability condition can be written in different but equivalent forms.

Proposition 5.22 For an instrument Z, the following conditions are equivalent:

(1) Z is repeatable;

(ii) tr[Z:(Z:(0))] = tr[Z:(0)] for every outcome x and every state ©;
(iii) tr[Zy(Z:(0))] = O for all outcomes x # y and every state ©;
(iv) Z,(Z.(0)) = O for all outcomes x # y and every state ©.

Proof Using equations (5.11) and (5.46) we see that the repeatability condition
(5.47) for 7 is equivalent to

tr[Z,(Z. ()] = tr[Z.(0) ] , (5.49)

which must hold whenever tr[Ix (Q)] #= 0. If tr[Ix (,Q)] = 0 then both sides in
(5.49) give 0. Therefore, (i) and (ii) are equivalent.
The equivalence of (ii) and (iii) follows immediately by noticing that

> u[Z,(Z.(0))] = t[Za(Z.(0)] = t[Z.(0)].

y

Here we have used the fact that Zg, is trace preserving.

It is clear that on the one hand (iv) implies (ii1). On the other hand, since
1Z,(Z(0)) 1s a positive trace class operator we can have tr[Iy (Z, (Q))] = 0 only
if Z,(Z;(0)) = 0. Thus, (ii1) and (iv) are equivalent. L]

Which observables admit repeatable instruments? The following result was
reported in [35].
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Proposition 5.23 Suppose that A is a discrete observable. Then there exists an
A-compatible repeatable instrument if and only if every nonzero effect A(x) has
eigenvalue 1.

Proof The repeatability condition tr[@“xA(x)] = 1 implies that any nonzero effect
A(x) must have eigenvalue 1.

In the other direction, assume that each nonzero effect A(x) has eigenvalue 1.
For each outcome x satisfying A(x) # O, choose a unit vector ¥, € H such that
A(x)y, = V.. Then define an instrument Z as

Z.(0) = t[0AM) ] 1) (el

This instrument is an A-compatible conditional state preparator. Using condition
(i1) in Proposition 5.22 it easy to see that Z is repeatable:

tr[Z: (Z:(0)) ]| = t[oA) | [ Ze (1) (¥ D] = tr[ oA | e [¥2) (W |A(X) ]
= u[Z.(0)]. 0

In conclusion, we have seen that repeatable measurements are possible but set
some requirements for the observable in question. And, even if an observable
admits repeatable measurements, it always admits nonrepeatable measurements as
well.

5.4.2 Wigner-Araki-Yanase theorem

Eugene Wigner, the father of symmetry principles in quantum theory, was the first
to discover that a conservation law puts constrains on the measurements that are
possible [143]. Wigner’s observation was later formulated as a theorem by Huzihiro
Araki and Mutsuo Yanase [6]. This result is nowadays called the Wigner—Araki—
Yanase (WAY) theorem. In the following we will present a simple formulation of
the Wigner—Araki—Yanase theorem. A slightly more general version can be found
in, for instance, [13] or [107]. Wigner’s original argument is explained in [94].

We consider measurement models M = (K, &,V, F) with the following
specifications.

(N1) The pointer observable F is a sharp nondegenerate observable associated
with some orthonormal basis {¢;} in K.

(N2) The initial state £ of the apparatus is a pure state & = |¢g) (¢o-

(N3) The measurement interaction V is given by a unitary operator V on 'H ® K.

We say that these types of measurement model are normal. The conditions (N1)—
(N3) are quite typical, and normal measurement models are a representative class
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of all measurement models. For instance, the von Neumann measurement model
presented in subsection 5.3.1 falls into this class.
The observable that we intend to measure is a sharp nondegenerate observable

A with A(j) = ;) (1.

Proposition 5.24 If M is a normal measurement model for the observable A then
there are vectors y; € H such that

VY ® ¢o) =¥ ® ;. (5.50)
Moreover, the vectors v/ ; are orthogonal if M is repeatable.

Proof Since (¢j|A( j)wj) = 1, the probability reproducibility condition (5.1)
gives

(VW @ gl @ F(H)V (¥ ® do)) = 1 (5.51)
hence, we conclude that
ITQF(HV({; @ o) = V(¥; ® ¢o). (5.52)

We write the vector V({; ® ¢o) in the tensor product basis {x ® ¢}, obtaining
VW @ ¢o) = Y, Ci Wk @ ¢r. Using (5.52) we obtain

VW ®@0) =1® 191 Y cin®@pi=Y ci, (e i ® ¢
k,l k,l

= (ZQ{,,-W) Rp;=V; ®¢;.
k

If the system is initially in the state [4;)(;| then we get outcome j with
probability 1, and the conditional output state is [v/;){¥;|. Assuming that M is
repeatable, we then obtain

~ o~ ~ 2

L= ulF) 1A = [(vs]55)]
This implies that J = ey ; for some 0; € R. In particular, the vectors J ;j are
orthogonal. (]

The time evolution of the compound system during the measurement is given by
the interaction channel o +— V(o). A selfadjoint operator C acting on H ® K is
called a conserved quantity if

tr[V(0)C] = tr[oC]

for all states p. If C can be split into two selfadjoint operators, so that C = C| ®
I + 1 ® C,, then we say that C is an additive conserved quantity.
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Theorem 5.25 (Wigner—-Araki—Yanase theorem)

Let M be a normal measurement model for the observable A, and suppose that
C =C,®I+1Q C,is an additive conserved quantity. If M is repeatable then
[C1, A(j)] = O for every j.

Proof Foreveryi # j, on the one hand we have

(Vi ® ¢l C(¥; @ po)) = (Wil C1¥;),

and, on the other hand,

(1 ® lC(; ® d) = (V¥ ® $0)|CV (¥ @ )
(Vi @ &i|c@; @ 6))

WCWJWW (Vi

1Z1><¢i|cz¢j)

Therefore, (v;|C1y/;) = §;; (zp,-|cle).
For every k, £, we then have

(w11 AGII) = (il 1w (s twe) = (vl ) (1€
= 8k 8je (Wil C1vrj) — 88 e (Wi 1C1re) = O
Thus [Cy, A(j)] = 0. O

The lesson of the WAY theorem is that not all measurement models are phys-
ically allowable even if quantum theory contains their description. For instance,
the conservation of angular momentum forbids a repeatable normal measurement
model of a spin component.

5.4.3 Approximate repeatability

One could formulate the repeatability condition also in the general case, rather than
just for discrete observables. In the general case the repeatability of an instrument
7 means that

t[Zx (Zx(0)] = t[Zx (0)] (5.53)

for every X € F and o € S(H). However, according to a result of Ozawa [108],
there is no A-compatible repeatable instrument unless A is discrete.

The fact that repeatable instruments do not exist for nondiscrete observables
may seem controversial in view of the current quantum technology, where a single
particle can be repeatedly localized with high precision. One can give the practical
argument that in any real experiment there can be only a finite number of possible
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measurement outcomes. However, this issue can also be explained by modifying
the repeatability condition slightly, which allows to gain some additional insight
into the problem.

Overviews of relaxations of the repeatability condition can be found in [27] and
[37]. To demonstrate this kind of approach, we will follow the seminal article of
Davies and Lewis [52] and describe one possible way of relaxing the repeatability
condition. For simplicity, we assume that the outcome space of observables and
instruments is the Borel outcome space (R, B(RR)).

For every ¢ > 0 and x € R, we denote by I,.. the closed interval centered in x
and having length €, 1.e. 1., = [x — %8, X + %8] For every X C R, we then write

X, = L

xeX

Thus, if the diameter of a set X (defined as the least upper bound of the distances
between pairs of points in X) is | X| then the diameter of X, is | X| + €.

Definition 5.26 Let ¢ > 0. An instrument 7 is e-repeatable if

tf[IXg (ZX(Q))] = tf[IX (Q)] (5.54)
for every X € B(R) and every o € S(H).

The condition (5.54) has the following meaning. Assume that an outcome from
a subset X is recorded. Then a repeated application of the same measurement gives
an outcome from X, with probability 1. When ¢ is close to O then an e-repeatable
instrument is almost the same as a repeatable instrument. Formally, the definition
of e-repeatability makes sense also for ¢ = 0; in this case it would reduce to the
usual definition of repeatability.

Exercise 5.27 Show that if an instrument Z is e-repeatable then it is &’-repeatable
for every &’ > .

To conclude the previous discussion and Exercise 5.27, for a given observable
A we are interested in finding the smallest possible number ¢ such that there exists
an A-compatible instrument Z which is e-repeatable.

Proposition 5.28 Let A be an observable and assume there is an ¢ > 0 such that,
for every open interval X with diameter | X| = ¢, the effect A(X) has eigenvalue 1.
Then there exists an e-repeatable A-compatible instrument.

Proof For each n € Z, write X,, = [ne, (n + 1)¢e). Then (X,,) is a sequence of
mutually disjoint sets and U, X,, = R. From the assumption it follows that, for each
n € 7, we can choose a pure state g, such that tI’[QnA(Xn)] = 1. The formula
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Ix(0) == Y _tr[oAX N X,)] o
defines an A-compatible instrument Z.
To prove that 7 is e-repeatable, let X € B(R) and o € S(H). We then obtain

u[Zx, Tx@)] = ) Y u[esAX. N Xp)] tu[eAX N X,)]
n k

= Ztr[QnA(XS)] tI‘[QA(X N X,,)] .

If XN X, # @then X,, € X,. This implies that either tr[QA(X N Xn)] = 0or
tl‘[QnA(X S)] = 1. Therefore

r[Zx, Tx(@)] = ) _tr[eAX N X,)] = tr[eAX)] .

n

O

Example 5.29 (Approximate repeatability of position measurement)

Let us recall the canonical position observable Q introduced in Example 3.32. Itis a
sharp observable and thus each Q(X) # O has eigenvalue 1. However, Q(X) # O
whenever X is a nonempty open interval. We conclude from Proposition 5.28 that
there exists an g-repeatable Q-compatible instrument for each ¢ > 0. There is thus
no theoretical limit to the precision of repeatability of the position observable. A

5.5 Programmable quantum processors

By changing the probe state £ in a measurement model M = (K, &, V), F) (while
keeping the other components fixed), we potentially implement different instru-
ments, observables and channels on the system. In this sense the probe states can
be seen as quantum programs and the triple (K, V, F) as a programmable quantum
processor. The paradigm of programmable quantum processors was introduced
by Nielsen and Chuang [103]. Ten years later, a simple programmable quantum
gate was realized in photonic experiments done at Olomouc [100]. To make things
simpler, we will assume in this section that H is a finite-dimensional Hilbert space.

5.5.1 Programming of observables and channels

A programmable quantum processor can be used to realize instruments, observ-
ables and channels. Each program state & encodes all these objects; thus, a
programmable processor (/C, V), F) induces mappings from the state space S(K)
into the set of instruments, observables and channels, respectively, of the system H.
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All observables realized by a given quantum processor are given by the usual
formula,

tr[oA: (X)] = u[V(e ® §)I @ F(X))], (5.55)

where & runs over all probe states. All implemented observables A; have the same
outcome space as F, and we see also that if F(X) = O for some X then this implies
that A:(X) = O. In measure-theoretic terms this means that A; is absolutely
continuous with respect to F.

The realizable channels correspond to nonselective state changes. Hence, they
are given by

o &) =t [V(e®§)]. (5.56)

The pointer observable plays no role in the realization of channels. Therefore, when
our aim is to program only channels, we can identify programmable processors
with channels V' defined on H ® /.

Exercise 5.30 Suppose that a programmable processor (K, V, F) can implement
two channels £ and &,. Show that it can also implement any mixture A&+ (1—1)&;
of these channels. [Hint: Try to mix the probe states.]

Suppose that a collection of probe states &;, now considered as programs, imple-
ments a collection of devices D; (these are either instruments, observables or
channels). We purify all states &; to pure states P;; we do this by adding a Hilbert
space ' with the same dimension as K (see subsection 2.4.2). We define a new pro-
grammable processor (KQK', V', F') by setting V' = V®Z and F'(X) = F(X)®]I.
Then the pure states P; implement the devices D ;. We conclude that any collection
of devices that can be programmed in a single processor can also be programmed
using pure states.

5.5.2 Universal processor for channels

In this subsection we concentrate on the programmability of channels; hence a
programmable quantum processor will be represented by the pair (/C, V). We will
assume further that ) is a unitary channel o, where G is a unitary operator defined
on H ® K. This assumption is justified by the fact that by extending the probe
system K we can dilate V to a unitary channel (recall Section 4.2).

Let us start with a simple observation related to simultaneous realization of a
pair of quantum channels.

Proposition 5.31 Suppose that two channels £, and &, are realized on the same
processor with vector states E; and E,, respectively. There exist operator-sum
representations £ (X) = Zj AjX A% and &:(X) = Zj B; X B such that
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) = ZAij. (5.57)
J

Proof Let us evaluate the action of a programmable processor (K, o) on a vector
state ¢ € H. The action of the unitary operator G on ‘H ® K can be written in the
form G = ) ik Ejkc ® ;) o], where the vectors ¢; form an orthonormal basis of
K and the operators E j; satisfy Zj E;kajk/ = Iéip.

Using a pure program state & we get

GlY) ® |8) = ZE,kw (@l 2) ;) ZX,lw ® ;). (5.58)

where X; = ), Ejx (x| E). Tracing out the program system we obtain the channel
E(o) = Zj XjoX:.

Starting with the vector states &, E, we get a particular operator-sum form for
channels &;, & with operators A, B;, respectively. Using the completeness of the
orthonormal basis {¢;} and the property > i ESEji = Ié of the operators E jy,
we obtain

ZA B; = Z E5Ejw (Eilex) (91 E2)

kK

= 1&11 (X, ol ) 122) = (E1]8a) 1.

O

It is natural to ask whether there exists a universal programmable processor
that is able to encode all channels into states of the program register. That kind
of device would certainly be very useful. This question was asked by Nielsen and
Chuang [103] and they discovered the ‘no-go’ theorem formulated below.

Theorem 5.32 There is no programmable processor implementing all unitary
channels.

Proof Applying Proposition 5.31 we see that, in order to implement two different
unitary channels oy and oy, the corresponding program states must be orthogonal.
Namely, we have

U*V =cl & V=cUorc=0. (5.59)

The first option, V = cU, means that U and V determine the same unitary chan-
nel. Hence, two different unitary channels must be encoded with orthogonal probe
states. There is at most a countable number of orthogonal vectors in separable
Hilbert spaces, but there are uncountably many different unitary channels. There-
fore, it 1s impossible to realize all unitary channels on a single programmable
processor. 0
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Exercise 5.33 Show that a maximally mixed program state can encode only unital
channels. [Hint: tric[G(I ® 1)G*] =?.]

The following example illustrates that there are interesting one-parametric con-
tinuous sets of channels that can be implemented on a fixed quantum programmable
processor.

Example 5.34 (Programming phase-damping rates.)
In subsection 4.5.3 we introduced the family of phase-damping channels. In
particular, for a qubit system they take the form

Eni(@) =no+ (1 —n)@ -0)o(i- o), (5.60)

where 0 < n < 1 and ||n]| = 1; hence n - ¢ is a unitary operator. Let us denote
by ¢., ¢_ the eigenvectors of n - ¢ corresponding to the eigenvalues 4=1. A short
calculation shows that (¢+|o|¢+) = (¢+|E,(0)|¢+), and the parameter (called the
phase-damping rate)

(o1&, (0) o) _ /i
{p+lolo+)|

determines the speed of the phase-damping process providing that the channel
concatenates again and again. The smaller is the parameter y, the faster is the
phase-damping process.

Our goal is to investigate whether the phase-damping rate can be encoded into
the state of the program register (the environment) if the phase-damping basis is
held fixed. A direct calculation shows us that in this particular case (5.57) always
holds, and

—4n(1 —n) (5.61)

(1]

(8, 18,,) = VI + /(1 =0 = n2). (5.62)

For n = 0, 1 the phase-damping channels are unitary (U = -0 and I, respectively)
and, of course, in this case the vector states E;, Ey are orthogonal. Moreover,

(E/1E,) = /mand (Ey|E,) = +/T — 1. The program states
g, = JTE ++1— 1 &y (5.63)
satisfy (5.62). Indeed, setting
G=1Q|E/)&/+U®|Ey)(&Euyl, (5.64)

it is straightforward to verify that the program states E, encode the channels &,.
As a result we obtain that the qubit phase-damping rates can be programmed using
only a two-dimensional program space. A
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In general, which parameters of channels can be adjusted by changing the envi-
ronment (the program) degrees of freedom and which require different interactions
(a change in the programmable processor) is an interesting question.

Exercise 5.35 A single-point contraction is a quantum channel that maps the
whole state space into a single quantum state, i.e. A; : S(H) — &. Find a quantum
processor implementing all single-point contractions on a d-dimensional quantum
system. [Hint: There is a solution such that & encodes .A;. Example 4.15 may be
useful.]

5.5.3 Probabilistic programming

In the previous subsection we saw that no universal programmable quantum pro-
cessor exists. Could a measurement of the output of the program register help to
break this no-go theorem? By including a fixed pointer observable F in the descrip-
tion of the programmable processor and post-selecting the outputs associated with
a particular outcome X we achieve the transformation

0+ Tix(0) = ———TI5(0). (5.65)
tr o

Although the realization of 7; x is probabilistic, we know exactly when realization
occurs and when it does not. As our goal is to implement quantum channels we
are interested in outcomes, for which 7 x is a valid quantum channel. Linearity
requires that the probability tr[Ii (0)] 1s independent of g; thus, the operation Ii
is proportional to some trace-preserving map. Let us note that such a property is
not required for all program states &£. In fact, for a given programmable processor
(K, oG, F) we may define the set of probabilistic programs as the set of program
states that implement channels in practice.

Example 5.36 (Universal probabilistic programmable processor)

Suppose that K = 'H ® H and set G = Vswap ® I. That is, the program register
consists of two d-dimensional systems, where d = dim H. Let F be a two-outcome
observable associated with the effects P, and I — P, where P, is the projection
onto a vector ¥, = ﬁ Z?zl ®; ® ¢;. Suppose that the program state is the Choi-
Jamiolkowski state,i.e. Eg = (EQZ)(Py) = % ijk E(lej) o) ®le;) (gk|. Let us
use the notation Hgaa @ Kprogram = H1 & H> ® H3. Starting with the data register
in the state o and observing the outcome associated with P,, the data register
undergoes the transformation ¢ — @’ where
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1 1
¢'=tnl(l'® PG ® E)G"] = sl ® PY)(@" ® E)]

1
= F > Eden o) @ tle ) eslo] ® teller) (ecle;) (erl]

r,s,j,k

1 1
=7 ; E(e) e (il o) = ch(é?)

and p = tr[(I ® P1)G(0 ® Eg)G*| = 1/d?; thus
o =d*tr[(I ® P1)G(o ® Ee)G*] = £(o). (5.66)

That is, the processor (K, o), F implements (with a fixed probability 1/d?) the
encoding of an arbitrary channel into the associated Choi—Jamiolkowski state. In
this sense the Choi—Jamiolkowski state can be used to store in a quantum fashion
the information on a quantum channel.

If the outcome I — P, is recorded (it occurs with probability 1 — 1/d?) then

d*> (1 1 1
o -1 - =& = dl — &£(0)).
e d2_1<d Ve (Q)) d2—1( (0))
Unfortunately, this transformation cannot be corrected without some knowledge
of £. That is, there is no fixed universal channel mapping it into £. Finally, we
point out that the processor described is intimately related to the idea of quantum
teleportation, which will be discussed in subsection 6.4.1. A

This example illustrates that universality in the programmability of quantum
channels can be achieved in probabilistic settings; the processor described above is
an example of a universal probabilistic programmable processor. It is an important
feature that for probabilistic processors the implementation is heralded, meaning
that we know whether it was successful or not.

The earlier probabilistic programming scheme can be used to program binary
observables, as we discuss in the next example. It has still a flavor of universality;
it programs all effects up to a factor.

Example 5.37 (Implementation of binary observables)

In Example 5.36 we showed that the Choi—Jamiolkowski state can be used as a
program encoding a quantum channel. Suppose that the processor is the same as
in Example 5.36. The general program states can be expressed as Er = (F &
T)(Py), where F is some trace-nonincreasing completely positive linear map (i.e.
an operation). Using the same calculation as in Example 5.36 we find that

1
p+(@) = [ ® P,)G(e ® Ex)G*] = 7u[F(0)]. (5.67)
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p-(@)=tu[I® U - P)Gle® Er)G*]| =1- pi(0). (5.68)

Assuming that F(-) = > A,-A} andsetting F = ) A*A,, we have tr[f(g)] =
tr[F Q]; hence, the program state E r encodes an observable F’, I — F’, where F’ =
F/d?. In summary, the processor considered implements any binary observable
X, I — X satisfying X < I/d>. A
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Entanglement

In Section 2.4 we learned that a composite quantum system, composed of two sub-
systems A and B, is associated with a tensor product space H 4 ® Hpg. Composite
quantum systems have already played an important role in many instances in this
text, especially in open systems and measurement models. In this chapter we dive
deeper into tensor product spaces, discovering some strange implications of the
quantum theory of composite quantum systems.

As a result of its tensor product structure, quantum theory has embedded into
it the phenomenon of entanglement, which is often seen as the foremost quantum
feature. As early as in 1935 it puzzled Erwin Schrodinger, who introduced the
German term Verschrdnkung [127] and Albert Einstein, who, together with Boris
Podolski and Nathan Rosen, used the specific example of an entangled state to
argue that quantum theory is incomplete [58]. In the 1960s John Bell demon-
strated that the consequences of entanglement are incompatible with the Einstein—
Podolsky—Rosen model of local realism [11], [12]. In recent years entanglement
has been recognized as the resource for quantum information processing.

Nowadays entanglement theory is a highly developed subject, and we can
present only the mathematical basics. For the reader with a deeper interest in
entanglement we recommend the recent reviews by Horodecki er al. [80] and
Plenio et al. [118], which also cover the quantum information aspects of entan-
glement. To simplify our discussion we will assume that the Hilbert spaces are
finite dimensional.

6.1 Entangled bipartite systems

Entanglement is a feature of composite quantum systems. In the simplest case we
have two subsystems, and the total system is then called bipartite. We will first
consider only bipartite systems and then briefly discuss multipartite systems in
subsection 6.4.2.
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In the present section we introduce the mathematical separation of bipartite vec-
tors, operators and channels into factorized and nonfactorized classes. Entangled
vectors are easy to define. We have to be slightly more careful when we define
entangled operators. Finally, the analogous classification for channels is a tricky
topic.

6.1.1 Entangled vectors

In the following, H4 and Hp are two finite-dimensional Hilbert spaces. Their
tensor product H 4 ® Hp was defined in subsection 1.3.5.

Definition 6.1 Let n be a vector in H4 ® Hp. The vector 7 is called

1. factorized if n = ¢ ® Y for some vectors ¢ € H,, ¥ € Hp,
2. entangled otherwise.

The following example gives a concrete illustration of entangled vectors. In par-
ticular, it demonstrates that entangled vectors exist, and it will serve as a typical
example later.

Example 6.2 (Existence of entangled vectors)
Let ¢1, @2 € H be two orthogonal unit vectors and let o, 8 be two nonzero complex
numbers such that |«|?> + |8]*> = 1. The unit vector

Nn=ap @Y1 +Br @y e HOH (6.1)

is entangled. To see this, choose unit vectors ¢s, ¢4, ... € H such that the set
{¢1, @2, ...} 1s an orthonormal basis for H. A general factorized vector in H ® H

then takes the form
s0v = (T, 0m)e (5, o).

where ¢y, ¢a, ... and dy, d;, . . . are complex numbers. Comparing this expression
with (6.1) we get the conditions

cd; = «, crdy = B, cid, =crd; =0.

Multiplying the first two and the last two equations together and noting that
left-hand sides coincide, it follows that ¢ = 0. But this contradicts the fact
that both ¢ and B were chosen to be nonzero numbers, and therefore n is
entangled. A

Consider orthonormal bases {¢; ‘;i , for H4 and {wk}ii , for Hp. A factorized

vector has the form
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Nn=¢®Y = (Z} Cj%‘) ® (Zk dk!ﬁk) = chdk%' ® Vi
J.k

for some complex numbers c;, di. If the vectors ¢ and vy do not belong to
the respective orthonormal bases then there are at least two coefficients c¢; and
similarly at least two coefficients d;. Hence, at least for some values j, k with
J # k, the product c;dy is nonvanishing. On the basis of this observation, we
conclude that all vectors of the form 2?21 ajp; ® j, where d = min{dy, dp},
are entangled provided that at least two coefficients a; are nonzero. Notice
that the entangled vector in Example 6.2 is just a special case of the above
form. The following theorem says that any entangled vector can be written in
this form if suitable orthonormal bases of H,4 and Hp are chosen. This result,
known as the Schmidt decomposition, is useful in many calculations related to
entanglement.

Theorem 6.3 (Schmidt decomposition) For each vector v € H 4 ® Hp there exist
orthogonal bases {ey, ..., e4,} of Ha and {f1, ..., fa,} of Hp such that

d
V=) Vhe®f;, (6.2)
j=1

where d = min{d,dp} and A, ..., A; are decreasingly ordered nonnegative
numbers forming the so-called Schmidt vector )1/,.

The Schmidt rank ry(1) is defined as the number of nonvanishing elements in
le, and the vector v is entangled if and only if ry(¢) > 2.

Proof The Schmidt decomposition (6.2) is a direct consequence of the singular-
value decomposition given in subsection 1.3.3. In finite dimensions we can express
singular-value decomposition as follows: any n x n matrix C can be written in the
form C = UDV, where U, V are unitary matrices and D is a diagonal matrix with
nonnegative entries.

Let us first consider the case d4 = dp = d. We fix orthonormal bases
{o1,..., 04} and {@y, ..., ¢} of H4 and Hp, respectively. A vector v € HaQHp
has a basis expansion {y = ijzl Cik ¢j @ ¢r. The complex numbers c;; form a
d x d matrix C = [cj], which has a singular-value decomposition C = UDYV.
Here U, V are unitary matrices and D is a diagonal matrix with nonnegative entries
/2. We can assume that these numbers have been decreasingly ordered by per-
mutations of the rows and columns of the unitary operators U and V as necessary.
Writing the singular-value decomposition of C as
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d
Cjk = Z Ujl\/)Tl(Slmek s

[,m=1

the vector ¢ takes the form

V= Zd:\/): (Zj=1 Ujl(pj) ® (ZZ:l Vlkd)k) .

The vectors ¢; = Zle Ujipjand f; = ZZZI Vik @i form orthonormal bases of H 4
and Hp, since U and V are unitary operators.

If d4 # dp then we can consider the smaller Hilbert space as a subspace in
a Hilbert space with same dimension as the larger Hilbert space. The rank of the
matrix C is bounded by the dimension of the smaller Hilbert space. Since the rank
of the diagonal matrix D is the same as that of C, it follows that D can have at
most d = min{d,, dg} nonzero elements.

The fact that the vector ¢ is entangled if and only if r; (/) > 2 follows from our
discussion prior to the statement of the theorem. 0

Given the Schmidt decomposition, we can immediately see some useful conse-
quences. Suppose that the compound system consisting of subsystems A and B is
in a pure state Py,. We write ¢ in its Schmidt decomposition ¥ = ) iviiei® [,
and the reduced states of the subsystems are then given by

oA =Y _Ajlepeil. o= ) MMl
J J

This shows that the eigenvalues of o4 and pp are the same except that the mul-
tiplicity of the eigenvalue O can differ. Thus, if the composite system is in a pure
state, the reduced states of the subsystems have the same purity and entropy. More-
over, the Schmidt rank r;(yr) of ¢ equals the number of pure states in canonical
convex decompositions of the reduced states o4 and pp.

In the following we give two examples of entangled vectors, which are both
related to specific choices of orthonormal bases for the tensor product space HQH.
In the first example we discuss the exchange symmetry of vectors on 'H ® H. In
the second example we discuss the existence of an orthonormal basis consisting
of entangled states only. The properties of this latter basis play a crucial role in
the so-called superdense coding protocol, which doubles the rate of the (classical)
one-time pad communication (Example 6.7).

Example 6.4 (Symmetric and antisymmetric subspaces)
Consider a bipartite system ‘H @ H and let ¢, ¢, ... form an orthonormal basis
of H. In Example 4.15 we defined the swap operator Vswap associated with the
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exchange (relabelling) of the systems. The operator Vswap has two eigenvalues +1
(see Exercise 4.16). Depending on its behavior under the exchange transformation
a vector ¥ € 'H ® H belongs in one of three categories.

e It is an eigenvector of Vswap with eigenvalue 1; then we call it symmetric.
e It is an eigenvector of Vswap with eigenvalue —1; then we call it antisymmetric.

e It is not an eigenvector of Vgwap.

Recall that eigenvectors corresponding to the same eigenvalue form a vector
subspace (Exercise 1.25). The symmetric vectors form the symmetric subspace
Hy of H ® H. Similarly, the antisymmetric vectors, form the antisymmetric
subspace 'H_.

To find the dimensions of the subspaces H, and H_, we construct a specific
orthonormal basis for H ® H. First, we choose an orthonormal basis {¢ j}‘jzl for H.
For any pair of indices j, k =1, ..., d such that j < k, we define (unnormalized)
vectors

Visk =0 Qo T @9, e HRH. (6.3)

It follows from the discussion after Example 6.2 that all these vectors are entangled.
Foreach j =1, ..., d, we further define

Vi i=¢; @0, e HOH. (6.4)

It is straightforward to verify that all the vectors ¥ itk v ; are mutually orthog-
onal. Therefore, we have d?> nonzero mutually orthogonal vectors altogether, and
d? is the dimension of H ® H. Thus, after normalization these vectors form an
orthonormal basis of H ® H.

We now observe that @Zj+k € Hy, &j € H; and &j_k € H_. As a result, we
conclude that the dimensions of the symmetric and antisymmetric subspaces equal
dy = dmHy = %d (d £ 1), respectively. In this particular orthonormal basis of
H ® H, there are d factorized vectors and d? — d entangled vectors. A

Example 6.5 (Bell basis)

Fix an orthonormal basis {¢;} for a d-dimensional Hilbert space H,; and consider
an entangled vector V¥, = ﬁ Z?;é ¢; ® @; defined on the bipartite system H,; ®
H,. We define vectors ¢, = (I Uy )Y, where the Uy, are unitary operators on H,.
Owing to the Choi—Jamiolkowski isomorphism between the vectors in Hy; ® Hy
and the operators on H,; (see subsection 4.4.3), we have the identity

1
(ilvn) = Etr[UZ‘Uz]- (6.5)
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|Bell measurement|

Jj HO; > o
J bj d
Q . -

—J

Figure 6.1 Superdense coding scheme transferring two bits of information per
single use of qubit channel.

This formula implies that the vectors /; are mutually orthogonal if and only if the
corresponding unitary operators are orthogonal with respect to the Hilbert—Schmidt
inner product. As we saw in Example 1.64, there exists an orthogonal operator basis
composed of unitary operators only. Consequently, for suitable choices of unitary
operators U the unit vectors ¥, = (I ® Uy)y are mutually orthogonal and form
an orthonormal basis of ‘H,; ® H,. This kind of orthonormal basis is called a Bell
basis. An observable associated with a Bell basis is called a Bell observable. A

Exercise 6.6 Consider a composite system consisting of a pair of qubits, i.e. H =
C>®C?. Verify by an explicit computation that the vectors (o; ® ) € H®H are
mutually orthogonal when the operators o, j = 0, 1, 2, 3, are the Pauli operators
defined in Example 2.21.

Example 6.7 (Superdense coding)

The success of the one-time pad protocol introduced in subsection 5.2.4 relies on
the existence of a pre-shared cryptographic key represented by a maximally cor-
related state of two classical bits. In this example we will ask what would happen
if the cryptographic key were quantum (see Figure 6.1). Could we increase the
transmission rate and still preserve the security of the key?

Suppose that two spatially separated partners, Alice and Bob, share as the cryp-
tographic key a pair of qubits and that the compound state is P, = |y ){(¥],
where ¢, = %(gp ® ¢+ ¢, ®¢,)and {@, ¢} is an orthonormal basis for C>.
Moreover, Alice and Bob are connected by an ideal qubit channel. Alice’s encryp-
tion consists of the application of a particular channel to her qubit associated with
the information she wants to submit. Bob, after receiving Alice’s qubit, performs
a two-qubit measurement in order to determine which channel (information) was
chosen by Alice.

How much information can be securely transferred from Alice to Bob per single
use of the given resources? It turns out that, following the so-called superdense
coding protocol originally introduced by Bennett and Wiesner [16], they can com-
municate two bits of information per single use of the channel and the state P..
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Moreover, the communication will be perfectly secure providing that the resources
are certified. i.e. the maximally entangled state, the unitary channels applied and
Bob’s measurement are performing as claimed.

The success of superdense coding is based on the existence and properties of a
Bell basis. The elements of a Bell basis are related by local unitary channels, i.e.
Pi=(0;®1)P(0; Q1) = |{;){¥], where 0y = I, 01 = 0,07 = 0,,03 = 0,
are the Pauli operators. We then have tr[ P; Py] = § jx, and Alice can choose one of
these four unitary channels to generate one of the pure states P;. If Bob receives
her system, he can identify perfectly which channel has been chosen by Alice by
performing the corresponding Bell measurement. Since Alice has four possibilities
she can communicate at most two bits of information to Bob.

The individual qubits of Alice and Bob are described by the total mixture, i.e.,
the reduced states are o4 = 0 = %I . The encrypting unitary channels do not
change this feature. Consequently, the qubit communicated from Alice to Bob is
independent of the information sent; thus it does not contain any information. In
summary, the provided protocol of superdense coding not only doubles the trans-
mission rate of the one-time pad with a classical key but also preserves the same
degree of secrecy. A

The following exercise is related to the existence of a superdense coding scheme
for general quantum keys.

Exercise 6.8 Suppose Alice and Bob share a two-qubit quantum key described by
a pure state Pg. Find a maximal number of encrypting channels &; such that the
related states w; = (& ® I)(Py) are mutually perfectly distinguishable. [Hint: If
wPy = O then also Py, Py = O for all Y € supp(w). Thus, we may assume that
the w; are pure and the &; are unitary channels. Use a Schmidt decomposition of ¢
and ¥ to calculate how many orthogonal vector states can be produced. ]

6.1.2 Entangled positive operators
Definition 6.9 Let 7 € £, (H4 ® Hp) be a positive operator. It is called

1. factorizedif T = T, ® Tp forsome Ty € L, (Ha), Tg € L (HB);
2. separable if T is a convex combination of factorized operators;

3. entangled if T is not separable.

Exercise 6.10 Show that a positive operator T € L, (Hs ® Hp) is separable if
and only if 7 = ) T].A ® T].B for some positive operators Ty € L, (H,), Tz €
Li(Hp).
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If we replace £ (H) in the previous definition by S(H) (in the case of states) or
by £(H) (in the case of effects) we get a classification of states or effects, respec-
tively. Below we make the definition explicit in the case of states, which will be
our main interest. The precise distinction between separable and entangled states
is due to Werner [141]. The physical meaning of this division will become clearer
in Section 6.2.

Definition 6.11 A state p € S(H4 ® Hp) is called

1. factorized if 0 = 04 ® 05; we denote by S™(H, ® Hp) the set of factorized
states;

2. separable if o is a convex combination of factorized states; we denote by
S%P(H 4 ® Hp) the set of all separable operators;

3. entangled if o is not separable.

As we know, pure states are one-dimensional projections and hence associated
with vectors. A pure state |n)(n] € S(HA®Hp), where n € H, ®H p, is factorized
if and only if 1 is a factorized vector. Since pure states are separable only if they are
factorized, we can also draw the conclusion that the pure state |n)(n| is entangled
if and only if the vector n is entangled. In this perspective, the next example may
be surprising.

Example 6.12 (Convex sum of entangled vectors)
Let ¢1, @2 € 'H be two orthogonal unit vectors and let «, 8 be two nonzero complex
numbers such that |o|>+|B8]> = 1. We recall from Example 6.2 that the unit vectors

N =091 Q1 + P @ e HROH

are entangled. Consider the mixed state T = %|n+) (ny|+ %ln_) (n—|. Although the
vectors 7+ are entangled, the operator T is separable. Namely,

T = lal*lo1 ® ¢1) (@1 @ o1] + 1812102 @ ¢2) (02 ® @3 .

With this in mind, it may be found surprising by the reader that the states 7, =
Alne)(ne| + (T —=A)[n-)(n-|,0 < A < 1, are entangled unless A = % This will be
shown in subsection 6.3.4 (see Exercise 6.55), after we have learned some methods
of identifying entanglement. A

We learned in subsection 6.1.1 that to check whether a vector ¥ € H ® H is
entangled we need only write down its Schmidt decomposition. With this method
we can therefore decide whether a pure state is entangled or separable. What about
mixed states? Is there a similar test for them?

In the next example we demonstrate that there are separable states containing
only entangled eigenvectors in their support. This indicates that canonical convex
decompositions do not give any hint on the separability of mixed states.
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Example 6.13 (Separable state with entangled spectral decomposition)
Let us consider the separable state

w=73¢; ® ) {0r @ pil + o @ 9) {0 ® ¢]) (6.6)

defined on ‘H, ® H,, where ¢, = %((p + ¢1) and ¢, ¢, are orthogonal unit
vectors. Let us assume that a factorized vector ¥ ® v’ is a normalized eigenvector
of w associated with a nonzero eigenvalue w, i.e. (¥ ® ') = uy ® ¥’. We want
to show that this leads to a contradiction.

First, direct derivation gives

o @Y =3(xps ® ¢y +yp ®9),

where x = (@ |Y)(py|Y') and y = (@|¥){(@|¥’). Our assumption is thus
equivalent to the identity

XQL @@L +ye Q¢ =2uy QY.

Setting ¥ = co +dp, and ¥' = c'¢ + d'¢, we obtain

dped =y + 2 ed =dd =dd = . 6.7)

2 41

If x # 0 then necessarily ¢,d,c’,d" # 0 and we get ¢’ = d' = x/(4dw) and
also d’ = x/(4cu). Consequently, y + %x = 2ucd = %x implies that y = 0.
However, by definition y = c¢c’, which is in contradiction with the assumption
x #0. Moreover, x = 0 requires that d = d’ = 0; by normalization c=c¢' =1,
hence, 2u = y and v = ' = @. However, this is in contradiction with the
assumption x = 0, because x = (@, |@)(p+|p) = % In summary, the conditions
in (6.7) cannot be satisfied and we can conclude that the eigenvectors (associated
with nonvanishing eigenvalues) of the operator w are entangled. A

By its definition the set of separable states is convex. The following proposition
classifies its extremal elements.

Proposition 6.14 The extremal elements of S**P(H 4 ® H ) are one-dimensional
factorized projections, i.e. operators of the form P = |¢ ® ¥)(¢p ® | for some
unit vectors ¢ € H4 and ¢ € Hp.

Proof The extremality of one-dimensional factorized projections follows from
their extremality in the set of all states S(H4 ® Hp) (see Proposition 2.11). To
prove that they are the only extremal elements, consider a separable state o =
> i Pj§j ® &, where the §; are states on 74 and the ¢; are states on H z. Writing
the states &;, {; in canonical convex decompositions we obtain

0= Tiw l9ja) @il ® Vi) (Wil (6.8)

jvkvl
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where 0 < mj,; < 1 and @ € Hyu, ¥;; € Hp are unit vectors. Since tr[o] = 1,
we have > k1 i = 1 and (6.8) is therefore a convex decomposition. Hence, any
separable state can be expressed as a convex decomposition of one-dimensional
factorized projections. 0

The proof of Proposition 6.14 shows not only that extremal separable states are
one-dimensional factorized projections but also that any separable state can be
expressed as a mixture of one-dimensional factorized projections. It follows that
the set of separable states S*P(H 4 ® Hp) is a closed subset of the set of all states
S(H 4 ® Hp) in the trace norm topology.

6.1.3 Nonlocal channels

Let us recall some notation from Chapter 4. We denote by O the set of all quantum
operations. A set of channels is a subset O. C O consisting of all trace-preserving
operations.

Definition 6.15 A channel £ : 7 (Hx ® Hp) > 7 (Hs ® Hp) is:

1. local or factorized if £ = €4 ® Ep and &4, Ep are channels defined on the sub-
systems A and B, respectively; we denote by O™ the set of all local channels
and by co((’)ﬁac) the convex hull of local channels;

2. nonlocal if € 1s not local;
3. separableif € =), F# ® F}, where F#, F? are operations on H 4 and H3,

respectively; we denote by O:" the set of separable channels.

The physical meaning of ‘local’ in this context is clear: there are individual
actions on the subsystems. The definition of a separable channel is, however, quite
mathematical and lacks a direct physical interpretation. Although the definitions of
separable states and separable channels look similar, there is a small yet important
difference. While positive operators can be normalized to become density opera-
tors, an analogous ‘normalization’ procedure transforming operations to channels
1s not possible. In particular, a separable channel may not be expressible as a convex
sum of factorized channels. This also means that the set of separable channels Og "
is not a convex hull of the set of factorized channels. Let us notice that a channel £
is separable if and only if it can be expressed via factorized Kraus operators, i.e.

E@=)Y K;®LjoK;®L, and » KIK,®L'L;=I®]I.

J J
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This can be seen as follows: suppose that & = } . .7:;‘ ® F JB where F ;‘ (0) =

>, KjoKj,,and F(0) =3, LjroL%, . ThenE(@) =), .. K;;®Lj 0K}, ®
L}k.r, which is of the above mentioned form.

How do we implement a channel £ which is a convex sum of factorized channels
on spatially separated subsystems A and B? The implementation of such a channel
E=) i9;€ JA ®E ]’3 is easy if the experimentalists (Alice and Bob) are allowed to
exchange classical information in order to ‘share’ a random source which gives rise
to the probability distribution ¢. For instance, we can imagine that Alice throws
a dice and tells the result j to Bob. Then they both apply local channels corre-
sponding to this result and hence obtain 5;‘ ® E ]B. In other words the classical
communication helps to synchronize the local actions of Alice and Bob, so that the
desired channel £ is obtained. We conclude that any convex mixture of factorized
channels can be implemented if classical communication between Alice and Bob
is allowed.

We may also consider a somewhat more general protocol. Let us assume that
Alice and Bob are performing local measurements and communicating their mea-
surement outcomes. In this setting each can adjust his or her action according to
the outcomes communicated by the second party. Moreover, communication and
the subsequent conditioned local actions may be repeated many times. We will see
that having this additional freedom allows us to implement some channels which
are not mixtures of factorized channels. Could we even implement all channels by
this method? Before answering this question, let us first formalize the idea in the
following definition.

Definition 6.16 A channel £ : 7 (Hs ® Hg) — 7 (H4 ® Hp) is a local opera-
tions and classical communication (LOCC) channel if it can be implemented by a
sequence of local actions (instruments and channels) and an exchange of classical
communication. We denote by OFOCC the set of all LOCC channels.

To see established the mathematical form of an LOCC channel, let us assume
that in the first round of the protocol Bob performs a measurement described by an
instrument defined on a finite outcome space €2; and consisting of operations F ﬁ :
The sum ) _; .o F ﬁ = &P is a quantum channel. Bob communicates his observed
measurement outcome j; to Alice. In the second round of the protocol Alice
chooses a measurement described by an instrument defined on a finite outcome
space €2, and consisting of operations F jf;. Her choice may depend on the informa-
tion j; received from Bob. Alice then communicates her measurement outcome j,
back to Bob, who continues his action, and so on. After the last (nth) information

exchange both Alice and Bob apply a local channel £, . = ® EF.,. . The
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realized LOCC communication protocol consists of n communication rounds, and
as a result Alice and Bob have jointly applied an LOCC channel:

B
ELocc = Z Enittjnst ® Eitfjni) - Fry ® Fi) . (6.9)
Jnsees J2.J1
where 3. FP =&, 3" Fi . =&, etc. are channels.

In summary, we conclude that
O C co(OF) € OLOCC c O C O,. (6.10)

The first two inclusions are obvious from the definitions. The third inclusion is also
clear since any LOCC channel is a sum of factorized operations.

Example 6.17 (Unitary LOCC channels)

A unitary channel oy on H = 'H 4 ® H p 1s separable if and only if it is factorized, in
which case the associated unitary operator is of the factorized form U = U, Q Up.
This follows directly from the ‘trivial” ambiguity of the operator-sum decomposi-
tion of unitary channels. By Proposition 4.25, oy (-) = > A A wIth Ay =c;U
and Zj |cj|2 = 1. That is, on the one hand, if U # Us ® Up then the Kraus
operators A; = c¢;U for oy are never factorized, which is in contradiction with the
property of being separable. On the other hand, if U = U, ® Up then oy is sep-
arable. We conclude that for unitary channels the three classes, factorized, LOCC
and separable channels are the same.

An essential property of local unitary channels is that they map factorized states
into factorized states, i.e. £4 @ {p — &) ® 5. This is, however, not a feature unique
to them: a unitary channel may have this property even if it is not factorized. An
innocent-looking SWAP gate Vswap (see Example 4.15) also maps factorized states
into factorized states since Vswap(£a Q@ ¢p) = {4 ®E&p. However, Vswap # Ua® Vp
for any unitary operators U, and Vp. Indeed, as we will see in Example 6.57 none
of the eigenvectors of Vgwap associated with the eigenvalue —1 can be factorized.
One may ask whether there are other unitary channels mapping factorized states
into factorized states. It was shown by Busch [24] that unitary channels that do not
entangle at least some initially factorized states are either factorized unitaries, or
factorized unitaries composed with the SWAP gate. A

It is instructive to look at a special class of LOCC channels. Suppose that com-
munication between Alice and Bob is restricted in such a way that Alice can send
information to Bob, but not vice versa. In this case it is sufficient to consider
a single communication round from Alice to Bob. Alice makes a measurement
described by an instrument j — F ]A. After Bob receives the measurement out-
come j, he applies a channel £ JB . In this way the resulting channel is a so-called
one-way LOCC channel, having the form
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Ei-tocc =Y FPr®EF, (6.11)

J

where £ ]13 are the channels and F JA the operations forming the instrument.

We can now use the explicit form of one-way LOCC channels to see that not all
these channels are convex combinations of factorized channels. Let us make the
counter-assumption that every one-way LOCC channel can be written as a convex
sum of factorized channels, & _Locc = )_; p; 3 J’-‘ ® & JB. Then the action on the
subsystems is described by the channels £4 = Y P jfj‘ and 8 = 3 P jgf.
Moreover, using the form (6.11) we see that the local action on the subsystem A
isE4 =Y iF JA. These two descriptions should lead to the same result, and we

should have £4 = £4.

Consider a one-way LOCC channel such that £4 is an extremal channel but
not an extremal operation. As an example we can choose the qubit amplitude-
damping channel (Example 4.28). Extremality implies that £ JA = &4 and hence
Ei_Locc = E4 ® EB is necessarily factorized. However, the amplitude-damping
channel under consideration, £4, can be expressed as a positive sum of simple
operations (see Example 4.7) A (-) = Ay - A} and Bf'(-) = By - B}, where Ag, By
are given in Example 4.28. We can write & _Locc = Aj ® EF + Bf! @ &L for
arbitrary local channels £, £F. Suppose also that B is a qubit system, and set
8]5(-) = oj-o0; for j = 0,1. As AyoA) # c(0)ByoB; for all g, it follows
that the operator £,_occ(o ® &) is not factorized, which is in contradiction with
the assumption that £;_| occ is factorized. In conclusion, there is a one-way LOCC
channel which cannot be expressed as a convex combination of factorized channels.

It follows that the set of LOCC channels, and thus also the set of separable
channels, is strictly larger than the convex hull of all factorized channels. Our
next question is, of course, whether all separable channels can be implemented
by means of local operations and classical communication. The following example
will be useful for the construction of a counter-example showing the existence of a
separable but not LOCC channel.

Example 6.18 (LOCC preparation of nonlocal factorized basis)
Suppose that ¢, ¢,, @3 form an orthonormal basis of H3. It is straightforward to
verify that the following vectors form an orthonormal basis of H3; ® Hj:

V1O Yiy2, P1Q®PYI—2, 3R Y23, YO P23, 2@ P2,
(6.12)
3P, Pr3QP1, P23, PI2Q @3,

where we have used the shorthand notation ¢;1; = %((p i £ ¢). A remarkable
property of this orthonormal basis (also called a nonlocal product basis) 1s that all
the basis vectors are factorized but the set of local vectors
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{01, 92, ¥3, Y243, Y142}

is overcomplete on H3, i.e. even if we drop a vector the set still generates H3.
A nonlocal factorized basis ¥/jx ® ¢ ;i specified in (6.12) defines a separable
channel on 7 (H; ® H3):

£(0) =Y AjoA%. (6.13)
j.k

where A = [¥jr @ ¢ji)(@; ® @rl|. Specifically, this channel transforms a local
factorized basis into a nonlocal one. Our question is whether it is LOCC.
Fortunately, the simplest idea works. Let Alice and Bob perform local orthogo-
nal measurements associated with the orthonormal basis ¢;, @2, ¢3. Observing the
outcomes j on Alice’s side and k on Bob’s side, the whole system transforms into

o+ (F @ F) () = 0kl ® i) {w; @ ¢il (6.14)

where 0 jx = (¢; @ prlop; ® @r). By exchanging information on their obtained
measurement outcomes, Alice and Bob can apply local channels & f‘k ® & jBk
depending on both outcomes j, k:

Ei ol = 1Y) (Wil , Ei o enl = 1) (Bxl -
As a result, they obtain the desired state
0= 0kl Vik ® b)Yk ® Bl - (6.15)
Jik
This proves that the separable channel defined in (6.13) is LOCC. A

The proof of the following statement is based on an example which was orig-
inally reported by Bennett ef al. [18] and named by these authors nonlocality
without entanglement.

Proposition 6.19 There exists a separable channel which is not LOCC.

Proof Consider the adjoint channel (but now understood as a channel in the
Schrodinger picture) of that introduced in Example 6.18, i.e.

£*(0) = Y _ BjxoB. (6.16)
j.k

with Bjx = A% = lg; @ ¢u)(Yjk ® ¢jil. It turns out that this adjoint channel
&E* is not LOCC although it is separable. As we will see, the crucial difference
between the channels £ and £* is that the Liiders measurement in the basis ¥, ®
@i cannot be implemented by LOCC. Therefore, the LOCC procedure exploited
for the implementation of £ fails for £*. Let us stress that if £* were an LOCC
channel then the vectors ¥ i ® ¢ could be discriminated perfectly by means of
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LOCC actions, because the vectors ¢; ® ¢y are locally orthogonal. Is it possible to
discriminate between the vectors ¥ ® ¢ in an LOCC manner?

Suppose we want to distinguish the vector states ¢; ® @112 and ¢ ® ¢;_,. Suc-
cessful LOCC strategies must perform measurements of a unique (up to unitary
freedom) sharp observable of subsystem B in the basis ¢;7, ¢1_2, ¢3 and an arbi-
trary action on the subsystem A. Similarly, for vectors @11, ® @3, @12 ® @3 we
need to perform measurements on a sharp observable on subsystem A in the basis
Y142, ©1-2, @3 and we are free to choose an action on subsystem B. However, let us
consider a pair of vectors ¢, ® ¢,, 1 ® @147. Perfect distinguishability requires a
sharp observable to be in the basis ¢, ¢,, ¢3 on subsystem A, which is not compat-
ible with the previous conditions, hence, we conclude that these five vectors cannot
be LOCC perfectly discriminated. In conclusion, the separable channel £* cannot
be LOCC, which proves the proposition. O

Example 6.18 and Proposition 6.19 illustrate a kind of pointwise LOCC
irreversibility. While the preparation of vector states forming a nonlocal factor-
1zed basis from local factorized basis 1s LOCC, the reverse transformation is not.
In a sense, if either Alice or Bob forgets which basis state he or she has actually
prepared by an LOCC procedure, then he or she is no longer able to identify it
perfectly by means of LOCC.

Let us note that in the classical theory all channels are LOCC. In fact, classical
communication is nothing other than an exchange of classical systems. Suppose
that we want to implement a classical transformation on a composite system, one
part being in the possession of Alice and the second in the possession of Bob.
Alice can send her system to Bob (by classical communication). Bob can apply
an arbitrary desired operation locally on the joint system and send Alice’s system,
thus modified back to Alice. In this way any operation on a joint system can be
accomplished. Thus, all classical operations are LOCC. Moreover, it is sufficient
to use at most two communication rounds.

Summarizing the previous discussion we conclude that

co(OF) G O S OFP . (6.17)

Perhaps the most interesting fact here is that OL9C £ O:. In particular, we have
learned that there are channels which are not LOCC, and this is already a quite
intriguing observation. We end this section with a concrete example of an LOCC
channel.

Example 6.20 (Twirling channel)
Suppose that both Alice and Bob apply the same unitary channel oy to their sub-
systems and that the choice of U is made in a random fashion. The randomness
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i1s defined via the Haar measure dU on U(H), and the resulting map is
therefore

S|—>T(S)=/ UU)SU*®U"dU, (6.18)
UMR)

which is a LOCC channel. The group invariance property of the Haar measure
implies that (U @ U)7 (S)(U* @ U*) = T (S) for every U € U(H) and hence the
operator 7 (S) commutes with all unitary operators of the type U ® U.

Since 7 is a linear map, it is completely determined by its action on selfad-
joint operators (recall from the start of subsection 1.2.2 that every operator can
be expressed as a linear combination of selfadjoint operators 7k and 77). We also
notice from (6.18) that 7 (S)* = 7 (S*), hence 7 (S) is selfadjoint whenever S
is selfadjoint. If S is a selfadjoint operator on ‘H ® H, we can write 7 (S) in the
spectral decomposition form 7 (S) = > ;X Pj, where the x; are real numbers and
the P; are orthogonal projections. The commutativity of 7 (S) with an operator
U ® U implies that each projection P; commutes with U ® U as well. That is, the
subspaces H; are invariant under the action of the operator U ® U.

Let us recall that the SWAP operator Vswap 1s defined as Vswapry @ ¢ = ¢ @ .
It is straightforward to verify that Vswap(U Q@ U) = (U ® U)Vswap for all U €
U(H). It follows that the symmetric subspace H and the antisymmetric subspace
H_ of H ® H, introduced in Example 6.4, are invariant under the action of the
operators U ® U . These are the only subspaces of ‘H ® H which are invariant under
the action of any unitary operators U @ U (see the following exercise). We thus
conclude that the only projections that commute with all unitary operators U ® U
are O, I and P_, P,. Let us note that P, and P_ are orthogonal projections and
the P + P_=1.

As a result of the above discussion, the operator 7 (S) is a linear combination of
P, and P_, 1i.e.

TS)=ar(S)Pr+a_(S)P- (6.19)

for some functionals a, and a_. From formula (6.19) we obtain tr[7 (S)P,] =
diay(S), but since P, commutes with all the operators U ® U we also have
tr[7(S) Py] = tr[T (SP;)] = tr[SPy]. Therefore, a;.(S) = [ SP.]/d, and simi-
larly a_(S) = tr[SP_]/d_. In conclusion, the action of the twirling channel can be
expressed by the formula

tr[S Py ] tr[ S P_]

P+

T($) = d, d_

P_. (6.20)

We have derived this formula for selfadjoint operators, but by writing § = Sg + .57
we can see that it holds for all operators. A
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Exercise 6.21 The basis vectors of the subspaces of the symmetric and antisym-
metric vectors are given in Example 6.4. Find the explicit form of the unitary
operators U @ U transforming between the vectors in {¢; ® ¢ j}?zl, (0; @ ¢ +
%q)k ® @;)j<k and %(gp i @ o — ok ® @) j <k, respectively. Moreover, verify that
©; ® ¢ + ¢r @ @; is a linear combination of ¢ ® ¢« and ¢;_; ® @;_, and
where, as usual, @4+ = % (¢; = ¢r). Conclude that there are no subsets of P, , P_
that are invariant under the action of the unitary operators U ® U. [Hint: Observe

that i @ @jar = (U Q U)(p; @ ¢)).]

6.2 Entanglement and LOCC

Roughly speaking, entanglement is a property of quantum states of a composite
quantum system that exhibits their ‘quantumness’, i.e. quantum features that are
missing in classical composite systems.

In this section we will exploit the concept of local operations and classical
communication (LOCC) channels to provide an operational intuition for entan-
glement. For any pair of quantum states, there exist channels transforming one of
these states to the other, and vice versa. However, it could happen that for some
pairs of states there is no LOCC channel relating them. Why are we interested
in the existence of LOCC channels? The motivation is that LOCC channels can
be implemented on spatially separated systems in the same manner as classical
channels.

Interestingly, the existence of an LOCC channel in one direction does not guar-
antee the existence of an LOCC channel in the opposite direction. In this section
we will use the semigroup structure of LOCC channels to define a partial order-
ing on the set of quantum states, and this will be interpreted as the entanglement
ordering of states. This partial ordering allows us to say which states are more
entangled than some others. Although not all states can be compared in this sense,
the extreme cases of LOCC-smallest and LOCC-greatest states do exist.

6.2.1 LOCC ordering and separable states

Definition 6.22 A state ¢ is LOCC smaller than a state &, denoted o <;occ &, if
there exists an LOCC channel £ mapping & into o. We say that states ¢ and & are
LOCC equivalent (denoted as 0 ~1occ &) if 0 <rocc & and & <[ occ 0.

For each state p € S(H4 ® Hp), we write

OQLOCC = {0 € S(HA ® Hp) : 0’ = E(o) for some £ € OO}
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and say that OgOCC is the LOCC orbit of o. The ordering relation o <iocc &
can than be restated as O}°°C < Op°°C. Consequently, if ¢ and & are LOCC
equivalent, this means that OQLOCC = O,ELOCC.

In the following proposition we formulate basic statements showing that LOCC
ordering splits the state space into subsets of separable and entangled states.

Proposition 6.23 The following statements hold.

(a) The LOCC orbit of any separable state w equals the set of separable states, i.e.
OLOCC — SsP(H 4 ® Hp). Thus, all separable states are LOCC equivalent.

(b) S*P(Ha ® Hp) S OF°CC for any state o.

(c) The set of separable states is the smallest LOCC equivalence class.

Proof (a): Consider a general separable state & = ) _ Pl ® @) (Y ® ¢l
A factorized channel Ay, ® A, , where Ay is the contraction into a pure state
%) (¥, is LOCC and we have (Ay, ® Ay) (@) = |¢; ® ;) {(¥; ® ¢;|. Since the
set of LOCC channels is convex, it follows that & occ = ) P jij Q A(pj is also
a LOCC channel. Hence, for an arbitrary separable state £ there exists an LOCC
channel & occ such that &€ = & occ(w). Channels that are LOCC form a subset
of separable channels and it is easy to verify that a separable channel applied to
separable states can produce only separable states. Therefore, no entangled state
belongs to the LOCC orbit of a separable state w, and we have O-0¢C = §%P(H, ®
Hp).

(b): Starting with a general state o € S(H 4 ®H p) we can apply the local channel
A, ® Ay, resulting in the transformation o — ¢ ® ¢)(¢ ® ¢| = w, by which o
becomes a separable state. Now using (a) we obtain (b).

(c): This 1s a direct consequence of a combination of (a) and (b). ]

As a consequence of Proposition 6.23 we can formulate an operational definition
of entangled and separable states.

Corollary 6.24 A state o is entangled if and only if it cannot be prepared from
any factorized state by means of an LOCC channel or, equivalently, if it does not
belong to the LOCC equivalence class of separable states.

An interesting and surprising feature is that LOCC channels do not preserve
LOCC ordering [87], [150], [151]. Even more surprisingly, no communication is
needed to demonstrate this property.

Proposition 6.25 The LOCC ordering is not preserved under the action of local
channels. In particular, there exist states o, ® € S(H4 ® Hp) and a channel £ on
'H 4 such that

0 <tocc @ but (£®7I)(0) £rocc (€ @ D)(w). (6.21)
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Proof Let Hj3 be a three-dimensional Hilbert space and {¢;, ¢, ¢3} a correspond-
ing orthonormal basis. We define two pure entangled states v, ¥, of a composite
system H3z ® H3 using these basis vectors:

Vi =752 @0+ 03 ®3), (6.22)
Vi =Vip®p+vV1l—qp®e. (6.23)
Consider a local channel £4 defined using the Kraus operators M; = |¢;){¢;| +

l@2) (2| and M, = |@3)(@3|. Applying this local channel to the above pure states
we obtain the states

01" = 75 (192 ® 92) (92 ® | + |93 ® 93) {93 ® 3], (6.24)
03" = |¥2) (Yl . (6.25)

First, by a local unitary channel we can transform i, into Uy, = %((pl Q @1 +

¥ ® @), 1.e. they are LOCC equivalent. We can think of the vectors &2, Y, as
elements of H, ® H, with H, spanned by the vectors ¢, ¢,. Then the vector IZZ 18
maximally entangled with respect to H, ® H» and, therefore, there exists an LOCC
channel mapping [v,) (1, into |v,) (v ]; hence [2)(¥2] <rocc [¥1)(¥1l.
Second, if |Y){(Yn| — |¥) (Y| were implemented by some LOCC channel
then |12) (Y| — |¥2) (¥»| would also be achieved by an LOCC channel, however,
this would mean that [y,)(¥,| is maximally entangled on H, ® H,, which is not
true unless g = % Therefore, the ordering relation is strict and |y) (¥2]| <rLocc

1Y) (Y-

Since o{"" is separable the transformation o{"" — 5" cannot be an LOCC chan-

nel, but the transformation o9"' — " can still be implemented by an LOCC
channel because the set of separable states is contained in the LOCC orbit of any
state. That is, 0" <pocc 09" although [v¥2) (V2] <rLocce Y1) (1], which proves

the proposition. L]

6.2.2 Maximally entangled states

We have seen that all separable states are LOCC equivalent and strictly LOCC
smaller than any entangled state. In this subsection we investigate the other extreme
— maximal elements of the LOCC ordered set of states. These are states that are
LOCC-greater than any other state. As we will see, not only do there exist LOCC
maximal elements but also an LOCC equivalence class of greatest elements. These
states are LOCC greater than any other state. On the basis of this observation we
may introduce the concept of maximally entangled states.
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Definition 6.26 If a state o belongs to the LOCC equivalence class of the LOCC-
greatest element (if such an element exists!) then the state o is called maximally
entangled.

From this definition follows that the LOCC orbit of a maximally entangled state
equals the whole state space: OQEOCC =S(HisQ Hp).

First we need to prove that maximally entangled states do exist. Let us define on
Ha ® Hp the vector state

d—1
1

vy = Vil Z 0 ® ), (6.26)

where ¢y, . .., @41 is an orthonormal basis of H 4 and ¢, ..., ¢/_, is an orthonor-

mal subset of Hp. Here d = dim 'H 4, and the systems are ordered in such a way
that dim H4 < dim Hp. We write

Hupax ={¥ € HaQ Hp : ¥ = (U ® V)i, for U, V unitary} .
Proposition 6.27 If {y € H,x then Py is a maximally entangled state.

Proof Since elements of Hp.x are locally unitarily equivalent, they are LOCC
equivalent. Without loss of generality we can fix a state shared by two spatially sep-
arated partners, Alice and Bob to be P, = |y, ) (4 |. From the Choi isomorphism
it follows directly that there exists an operation .4, such that w = (Z ® A)[ P, ] for
all states w € S(H ® Hp). Although this transformation (Z ® .A) is not physical,
its action on P, can be simulated by an LOCC channel. Moreover, since any mixed
quantum state can be written as a convex combination of pure states, it is sufficient
to employ an LOCC channel transforming P, into Py = |¢)(¢| for all vector states
¢ € Ha ® Hp. This LOCC channel transforming P, into w = 74Py, 1s then
implemented as a convex combination of LOCC channels transforming P, into
Pd)] .

According to the Schmidt decomposition, a general vector is locally unitarily
equivalent (i.e. LOCC equivalent) to a state ¢ = »_ jaje; ® (p}. Assume that
Alice and Bob share the state P,. The Choi—Jamiolkowski isomorphism implies
that ¢ = (I ® Ry)y4 with Ry = \/EZJ aj|g0;.)((p}|. In the first step Alice adds
a (dp = dim’H p)-dimensional ancilla in a state |@,) 1’ (¢,| and applies an isometry
transformation G : ¢, ®¢; — (U; ® Ry) ¥ to the systems A" and A, where the U;
are shift operators, i.e. Ujgo;, = 90}@9]" Let us note that j/ = 0, ..., dp and that we
have added unit vectors ¢/, ..., 90213—1 to complete the basis on Hy = Hp. After
Alice’s action the composite system is described by the vector state



6.2 Entanglement and LOCC 281

Vaas =) ;0 ®0; Q¢; =) ¢ ®| Y ajp®¢)

JJ’ k JJ"iej'=k

In the second step Alice performs a projective measurement, of the ancillary system
A’, described by the Liider’s instrument k — Z;(0) = (¢, lole,) 1¢.) (@) |; hence if
she measures an outcome k the composite system ends up in the vector state

k
,Ev)AB = ¢ ® Z ajpy ® ¢’ (6.27)
J =k

In the third step Alice submits the outcome k that she found to Bob. Let us note
that in this step the ancillary system becomes factorized from the systems A and B
and does not play any further role. In the fourth step Bob applies a unitary channel
given by the unitary operators U : go;., = go}/ek (the inverse of the shifts applied
by Alice) to obtain the desired vector state

k
Np= ), 49 ®@ie =) ai9; ® ¢l = das. (6.28)
Jij®j = 7’

In summary, the state P, is LOCC-greater than any pure state and, consequently,
LOCC-greater than any mixed state w; thus OLOCC S(Ha ® Hp), which proves
the proposition. (]

Lemma 6.28 Suppose that d = dim’H4 < dim Hp. For an operator A : Hy —
H 4 define an operator AT : Hp — Hp via the following identities:

d—1

for j < d, AT(P} = Z(¢j|A¢k>§0]/<;
k=0

for j >d ATgoj Q.
Then we have the identity
AR DY, =1 A )Y, . (6.29)

Proof A direct derivation gives

d— d—1
(AQ DYy = — ¢-®<p‘—— (k| Agj)or ® ¢
\/—JZO J J \/— Z: J J

1 d—1 ®AT /

= Pk 2

Vi 5 k
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Using the above lemma we can simplify the definition of the set H,.x. In partic-
ular, the lemma implies that (U @ V)¥, = (I @ UT V)., where UV defines a
unitary operator on /3. Consequently,

Hmax = {W € Ha® Hp : W =U® U)W+ for U € Z/{(HB)}

The remaining question is whether there are maximally entangled states other than
the vector states belonging to H,.x. Clearly, if a state w is maximally entangled
then there must exist an LOCC channel transforming  into v,. In what follows
we will show that no other pure state is maximally entangled, but there exist mixed
maximally entangled states if the dimensions of H 4 and H p are different.

Proposition 6.29 If ¢ ¢ H,,« then Py is not maximally entangled.

Proof Consider a pure state Py = [¢)(¢| for some ¢ € H, ® Hp for which
¢ &€ Hmax; that is, in Schmidt form ¢ = ) VA ® ¢,, where the numbers

A form the Schmidt vector X¢. A potential LOCC channel mapping ¢ into ¥y =
ﬁ > ¥k ® ¢, is separable and thus can be written in the form

> 1(A; ® BY$)(A; ® Bl = [vri) (Y41, (6.30)
J

with ), ATA; ® B;B; = 1. Since P, is a rank-1 operator, it follows that (A; ®
Bj)¢ = oy, for some complex numbers «;, |o;| < 1. Writing the vector ¢ in
Schmidt form this condition reads

> Vi@ Bigl =LY e @) (6.31)
k \/C_l k

The uniqueness of the expression for a vector in a fixed basis requires that
Vai(A; ® B)) (¢ ® ¢)) = —zat; (9 ® @}), which implies that
.|2

((A; ® B)) (o @ p)I(A; @ B)) (¢ @ ¢1)) = |3;\k '

Using . |aj|*> = 1 we obtain

1
> ((A; ® B)) (¢ ® 9pI(A; ® B))(¢x ® ¢)) = v

J

Owing to the normalization condition) |, A = 1 there necessarily exist 1, < 1/d,
and in such a case the right-hand side is strictly larger than 1. However, since
>.;A%A; ® BiB; = I it follows that

D (4 ® B (o ® 9I(A; ® B)) (9 ® @) = 1,
J
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independently of k, which contradicts the previous conclusion. Therefore, our
assumption of the existence of a separable channel transforming P, into P, is
wrong, which means that maximally entangled vector states from H,,x do not
belong to the orbit of Py, and this proves the proposition. 0

Exercise 6.30 Show that even if there exist LOCC channels £[°°C, ££9CC map-
ping states wy, @, into o, respectively (which would mean that ¢ € 05°°C N
O52CC), it may happen that there is no LOCC channel mapping their convex

Loce for some value ¢g. [Hint: See Example

combination into g, i.e. 0 & qu1+(1—q)a)2

6.12.]

Lemma 6.31 If Py <jocc w forw € S(Ha @ Hp), ¢ € Ha @ Hp and v =
qPy + (1 — q)o’ with g > 0 then P, <jocc Py.

Proof This statement follows from the following fact. If a channel £ maps a mix-
ture w into a pure state P, then, owing to the convexity of the state space, this
channel maps any pure state decomposing w into the state Pg. 0

Combining this lemma with the previous proposition we can argue that, for
equal-dimensional systems A and B the set Hy.x contains all the maximally
entangled states. No pure state outside H,x 1S maximally entangled and there-
fore only mixtures of maximally entangled states remain as potential candidates
for maximally entangled states. However, it must also hold that any given mix-
ture of maximally entangled states cannot be written as a mixture that includes
some nonmaximally entangled state. For a mixed state @ (a mixture of maximally
entangled states) there are two cases. Either all its eigenvectors (corresponding to
nonzero eigenvalues) are maximally entangled, or they are not. If they are not then
by (an inversion of) Lemma 6.31 the state @ cannot be maximally entangled. In
what follows we will provide an explicit example of a mixed maximally entangled
state that is a convex combination of suitable maximally entangled vector states.

Example 6.32 (Mixed maximally entangled state)

Consider a system of three qubits. One qubit forms a system A and the remaining
pair of qubits forms a system B, i.e. Hap = H> ® H4. Consider a state w that is a
mixture of the orthogonal vector states

Van = 5@ @9 @9+ ¢ ®pL®¢);
Van, = 501 ®9 @91 +9® ¢ @),

1.€.

w = q|Yap){Vap + A = @IVap,) (Vas,l. (6.32)
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Both vectors are expressed in Schmidt form and are entangled with respect to the
splitting A| B. Moreover, they belong to H.x for H, ® H4 and hence are maximally
entangled. In the first step Bob implements a Liiders measurement

= TQ0D)0w(I®Q01); 2 UQ0)Hol® 0r), (6.33)

where 01 = ¢ @ ¢) (¢ @ ¢| + o1 B ¢)p. @ ¢land 0> = ¢ @ 1) {9 @ ¢1| +
lo1 @ @1 ){p1 & @, | are projections. If the state w is inserted into this instrument,
the joint system transforms into conditional states:

o> o1 = [Yap ) (Yap l; @ w3 =[¥ap,)(Vap,l-

On observing outcome 1 (see (6.33)) Bob will do nothing, but if he records out-
come 2 then he performs a unitary transformation / ® U transforming ¥4, into
Y ap,. In conclusion, Bob can locally implement a channel transforming o into the
maximally entangled state [Y4p,)(V¥ap,|; hence, the mixed state w is maximally
entangled as well. However, due to its mixedness it is obvious that w & Hp.x. A

This example shows that if dim H g > 2dim H 4, then there is enough room in
the state space to accommodate mixed maximally entangled states. What about the
case dim Hp < 2dim H 4? Can we classify all maximally entangled states?

Proposition 6.33 A state v € S(H4 ® Hp) is maximally entangled if and only if
® = Y4 qiPr, where Po = (I ® U)Po(I ® Uy), Y i qx = 1 and tra[P] L
tra| P;] for k #£ 1.

Proof Since %Qk = tra[P] = Uitrg[PL1U; = %Uk QoU;, where Q¢ =
Z?:o |<p})(g0}| is a projection onto a d-dimensional subspace of Hgpg, it follows
that the Qy are also d-dimensional projections onto subspaces of H . The orthog-
onality condition Q; 1 Q; for k # [ implies that dim’Hp > KdimH, = Kd.
Using the same idea as in the LOCC protocol described in Example 6.32, we can
transform an w of the form given above into the state P,. Thus, such mixed states
are indeed maximally entangled; this proves the sufficiency of the form w. The
proof of necessity is formulated as the following exercise. U

Exercise 6.34 Complete the proof of Proposition 6.33. [Hint: Show that there
are nonmaximally entangled eigenvectors in the spectral decomposition of @ with
nonorthogonal try[ P;]. Then apply Lemma 6.31.]

The following property is a direct consequence of Proposition 6.33. If a state w
1s maximally entangled then

1
plo] = —1; and tslol =Y p;Q;.
J
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where the Q; are mutually orthogonal projections onto Hp of rank (at least)
dim H 4. This proposition also implies that if dimH, < dimHg < 2dimH,
then the only maximally entangled states are elements of H,«; hence, in this case
all the maximally entangled states are pure.

6.2.3 Majorization criterion for LOCC

Thus far, we have employed the concept of LOCC channels to define a partial
ordering on the state space of a bipartite system, and we have identified classes
of separable states and maximally entangled states. In general, the question on the
existence of an LOCC channel connecting a given pair of states w;, w, may be
difficult to solve. A major achievement in this direction was due to Nielsen [102],
who showed that for pure states the LOCC ordering problem can be resolved by
majorization. We will state this result without a proof; the latter can be found either
in the original paper [102] or in the textbook by Nielsen and Chuang [104].

Theorem 6.35 (Nielsen’s majorization theorem)

Let ¥,¢ € Ha ® Hp be two unit vectors and let Lﬁ, X¢ be the corresponding
Schmidt vectors. Then Py <iocc Py if and only if Xd, majorizes XW, which means
that their components Ay, (j), Ay () satisfy

Y () = > a4
j=1 j=1
foralln <d = min{d,, dg}.

This theorem gives a general method for deciding whether a pure state is LOCC-
smaller than another pure state. A general characterization of an LOCC ordering
that includes mixed states is still open.

Exercise 6.36 Let {¢1, ¢», ¢3, ¢4} be an orthonormal basis for H4. Show that
vector states ¥, ¢ € Hy ® Hy4 defined by

K”:\/g(%®§01+€02®€02)+\/110(¢3®¢3+<P4®<P4),

¢=\/g¢1®§01+%(¢2®¢2+§03®§03),

are LOCC incomparable (this term means that neither Py, <;occ Py nor Py <pocc
Py holds).

The majorization theorem leads to some interesting observations on the nature
of LOCC ordering. In what follows we ask how additional resources would change
this relation.
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Let ¥, ¢ be as in Exercise 6.36. It follows from their incomparability that Alice
and Bob cannot transform the state Py into Py just by means of LOCC chan-
nels. Suppose that they are given an additional resource in the form of a two-qubit

entangled state P,, where
_ /3 2
n —\/;<p®<p+\/;m®m

and ¢, ¢, are orthogonal unit vectors. The Schmidt coefficients of the pure states
Py, ® P,and Py ® P, are

Apop = (&, &, 4 &4 3 3 1 1)
y®n — \25° 25> 257 25° 50° 50° 25° 25/ °
Rpan = (3,2, 2 2 1 1 0 0)
¢®n — \10° 10> 20 20° 10’ 10’ 10’ 10

It 1s straightforward to verify that X¢®n majorizes Xw(gm. Therefore, by Nielsen’s
majorization theorem there exists an LOCC channel transforming Py ® P, into
Py @ P,, although P, and Py are LOCC incomparable. In conclusion, the shared
two-qubit state P, plays the role of an LOCC catalyst and enables one to transform
a specific pair of LOCC-incomparable states. This phenomenon is known as entan-
glement catalysis [86]. Notice that the crucial thing here is that the catalyst state
P, 1s not consumed but can be given back to its original owner after the LOCC
channel has been implemented.

Exercise 6.37 One might expect that a maximally entangled pair would be the
best catalyst. This is, however, not true. On the contrary, a maximally entangled
pair cannot catalyze any transformation. Namely, prove that if two pure states Py,
and P4 are LOCC incomparable then Py, ® P, and Py ® P, are also LOCC incom-
parable whenever P, is a maximally entangled state. [Hint: The Schmidt vector of
a maximally entangled state is uniform.]

6.3 Entanglement detection

The paradigm of LOCC channels divides the quantum state space into two dis-
joint subsets containing separable and entangled states, respectively. But how can
one find out whether a given state is entangled or separable? That is the question
addressed in this section.

Even if a complete mathematical description of a state is given, entanglement
detection is not an easy task. The point is that it is not at all clear which parameters
of the density operator are relevant in resolving this problem. Two main goals of the
entanglement theory are on the one hand to find out how to capture the fingerprints
of entanglement and on the other hand how to design suitable experimental tests.
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6.3.1 Entanglement witnesses

Suppose that we have an unknown state ¢ of a composite system and that we want
to know whether o is entangled. To discover this property of o, we perform a
measurement of a real observable A. As discussed in subsection 3.1.4, we can then
calculate the mean value (A),, and this number contains at least part of the required
information.

The key idea in detecting entanglement via the mean value (A), is very simple.
Suppose that the set of mean values has minimal and maximal values, i.e.

Amin = <A>Q = Omax

as o run over all states in the set. The state space is a convex set, hence we thus
obtain all the values between a,;, and an,x. For the subset of separable states we
have different extremal values:

sep se
Amin = Api, = (A>Q =< Clmfx = Omax

for all separable states . The set of separable states is a closed and convex subset of
the state space, and therefore each value from the interval [a.. , amax] is attained by
some separable state. Whenever the interval [amm, amb ] is strictly contained in the
main interval [@min, dmax], the mean value (A), can potentially lead to entanglement

detection. Namely, if (A), ¢ [af;i, axb ] then we can draw the conclusion that the

state o is entangled. Notice, however, that (A), € [a ., ama] does not imply that
o 1s separable.

Let us now make some observations to simplify the discussion. First, we are free
to label the outcomes of A as we wish, and our choice can be used to shift the mean
values (A),. We can therefore always assume that amm = 0, meaning that (A), > 0
for all separable states p.

The second point is that the mean-value mapping ¢ — (A), determines a self-
adjoint operator A by the formula (A), = tr[oA], and any selfadjoint operator
can be obtained by thus calculating the mean value of some observable (see sub-
section 3.2.2). We can therefore switch the discussion completely to selfadjoint

operators.

Definition 6.38 A selfadjoint operator W € L;(Ha ® Hp) is an entanglement
witness if W is not a positive operator but (¥ @ ¢| Wy ® ¢) > 0 for all factorized
vectors ¥ @ ¢ € Ha ® Hp. We say that an entangled state o is detected by W if
trloW] < O.
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To explain this terminology, consider first the factorized state o = 0% ® 2. By
writing canonical convex decompositions for o and o we obtain

trlo? ® 0" W1 =Y A Pul|vi) (| ® 19} (0|1 W]
ij
=D MWW ® )WY ® @) = 0.

iJ
By definition, any separable state is a convex combination of factorized states and
we thus conclude that tr[oW] > 0 for all separable states p. In particular, the
condition tr[o W] < 0 implies that o is entangled. The following observation is due
to Horodecki et al. [77]; see Figure 6.2.

Theorem 6.39 A state o is separable if and only if tr[o W] > O for all entanglement
witnesses W.

Proof If o is separable then tr[oW] > O for all entanglement witnesses W, as
previously discussed.

In order to prove the ‘only if’ part, let us assume that o is entangled. We need to
find an entanglement witness W such that tr[oW] < 0. The set S*P(H 4 ® Hp) of
separable states is a closed and convex subset of the real Banach space 7;(Hs ®
Hp). It follows from the Hahn—Banach theorem (see e.g. [123, Theorem 3.4]) that
there exist a linear functional f on 7;(H4 ® Hp) and re’R such that

flo) <r < fn) (6.34)

for all n € S**P(H 4 ® Hp). However, the dual space of 7,(Ha ® Hp) is L(Ha ®
H ), and hence there is an operator F € L;(H 4 ® Hp) such that f (o) = tr[oF]
for every o € 7,(Ha ® Hp) (see subsection 1.3.4). Defining W = F — rZ we
obtain the required entanglement witness, for which tr[oW] = f(o) —r < 0. U

Figure 6.2 The Hahn—-Banach theorem for entanglement witnesses.
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Corollary 6.40 A state o is entangled if and only if there exists an entanglement
witness W such that tr[oW] < 0.

It would be convenient if there were a single entanglement witness detecting all
entangled states. Unfortunately, this is not the case.

Proposition 6.41 There is no entanglement witness that detects all entangled
states.

Proof Let us suppose, on the contrary, that W is an entanglement witness detect-
ing all entangled states. Let ¢, ¢, € 'H be two orthogonal unit vectors and
write 14 = %(gol ® ¢ £ @2 ® ¢,). Both ny are entangled vectors, as shown in
Example 6.2, and therefore we have (n |Wns) < 0 and (n_|Wn_) < 0. This
implies that

0> neWny)+ n-|Wn_)
= (01 @ 1IWe1 ® ¢1) + (92 @ 2| W ® ),

which contradicts the fact that W is positive for factorized states. (]

The previous statements characterize the power of entanglement witnesses in
two extreme cases. There is no entanglement witness detecting all entangled states
but the set of all entanglement witnesses is sufficient to detect every entangled state.

Example 6.42 (CHSH entanglement witness)
Historically, an inequality based on the CHSH entanglement witness was one of the
first tests for quantum entanglement. The acronym CHSH comes from the authors
Clauser, Horne, Shimony and Holt [44].

Consider the following selfadjoint operator defined on H, ® H, :

Xensu=ad 6@ b -6+b-6)+d -6QbB-6—b-5), (6.35)
Wher a,a, E, b are unit vectors in R3. We will use the notation A = a -5, A’ =
6,B=b-0,B =b'-0o.Forproduct states 04 ® o we have
tr[(A ® B)(04 ® 0p)] = tr[ Aoa| tr[ Bos]
and —1 < tr[o(X - )] < 1if | X ||= 1. Using these relations we see that

tr[Xcusnoa ® 0] = tr[Aoaltr[(B + B')op] + tr[A’04ltr[(B — B')o5]
<tr[(B+ B +B—B)opl <2

and

tr[Xcusnoa ® opl = trlAoaltr[(B + B")ogl + tr[A’04ltr[(B — B')o5]
> —tr[(B+ B'+ B — B')og] > —2.
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Figure 6.3 CHSH experiment.

Owing to the linearity of the mean value (tr[ X (w; + wy)] = tr[Xw ] + tr[Xw»])
and the convexity of the set of separable states, the above inequalities imply that

— 2 < tu[Xcusuw] < 2 (6.36)
for all w € S*P; thus, fi " = 42. We can define witness operators
W, =21 — Xcusn, W = Xcusy — 21 . (6.37)

These witnesses are of interest because the mean value of Xcpsy can be deduced
from classically coordinated local measurements only. Namely, it consists of
all bipartite combinations of measurements A, A" Alice’s side and B, B’ on
Bob’s side.

Setting the local measurements (see Figure 6.3) as

i=(1,0,00, a@=(0,1,0), b= %(1, 1,0), b = 25(1,—1,0),
and inserting them into the formula for Xcysy we obtain
Xcusy = V2(0, ® 0 + 0y ® 0y) = 2v/2(|p3 ) (@4 | — [p_) (B,

where ¢+ = %(go ® @1 ¢ ® @) are the eigenvectors of Xcysy. It follows that,
for a general state o € S(H, ® H»),

— 242 < t[Xcnsnel < 2V2. (6.38)

Thus, in this case both the associated witnesses W, are nontrivial and detect some
entanglement. In particular, Wy achieve their minimal (negative) mean values for
the vector states ¢. The entanglement of these vector states can be certified by
measuring of Xcysy. A

Definition 6.43 Let W and W’ be two entanglement witnesses. We say that W is
a better witness than W’ (denoted W > W) if all the states detected by W' are
detected also by W, i.e. if for all states o the following implication holds:

tr[Wo] <0 = tr[Wo] <O.

The above relation > defines a partial ordering on the set of entanglement wit-
nesses. An entanglement witness W, is called optimal if it is a maximal element
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with respect to this partial ordering, i.e. for all witnesses W' either Wy, > W’ or
Wope and W' are incomparable.

Exercise 6.44 Show that the CHSH witnesses W.. defined in the previous example
are optimal. [Hint: It is sufficient to show that tr{ Wow] = 0 for some separable
state. ]

There are several ways of determining the average value of a witness operator
W. The canonical way is to measure the sharp positive operator-valued measure
(POVM) associated with the selfadjoint operator W via its spectral decompo-
sition. Providing that the witness operator W and the POVM effects F; form
a linearly dependent set, we may associate values x; with effects F; such that
W = > jXjFj. Then the average value of an observable x; +— F; equals
(F)o = >_;xjpj = )_; xjtrloF;] = trloW], which determines the average value
of the witness operator W. Further, we will now generalize this concept to include
nonlinear entanglement witnesses.

Nonlinear entanglement witnesses

Let us consider the measurement of an observable F on n copies of an unknown
bipartite state o. After the experiment our knowledge is represented by a proba-
bility distribution p,(k) = tr[Fx(0 ® --- ® 0)], where the Fj are joint quantum
effects forming a POVM on n copies of the system. As before, we may define the
average value (W), = trfoW®"] for an operator W = Z xjF;. Let fuin, fmax
stand for the minimal and maximal values of (W),; then frfﬁﬁ, fmax are the min-
imal and maximal values of (W), when we restrict ourselves to separable states.
If either fiin < I:EE OF fmm < fmax then we say the operator W is a nonlinear
entanglement witness. In such case, if we observe a value tr[Wo®"] ¢ [ £, finax]
then we conclude that p is entangled.

The nonlinearity becomes clear if we express the states as Bloch vectors (see
subsection 2.1.3), i.e. we write 0 = cl_z(l +7- E), where Ey, ..., Ep2_; are traceless
mutually orthogonal operators on Hy ® Hpz and D = (dimH4)(dimHp). The

multiple-copy state 0®" is then given by
1 - = - = - =
Q®”=ﬁ(l(gm—i—r-E®I®---®I—|—---+r~E®---®r-E).
Similarly, for an entanglement witness W € L,((H4 ® Hp)®") we have

W=wl® +u, EQI® QI+ +1® - IR, E

where W jij arereal K (D? — 1)-dimensional vectors (for K = 1, ..., n) and the
labels ji, ..., jg list K places in the tensor product of the operator basis at which
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the operators are traceless. Evaluation of the mean gives us the formula

which determines (for each entanglement witness) a polynomial of the nth degree
in o expressed in terms of the Bloch vector 7. For a single-copy witness this
expression is linear,

trfoW] = wo +w - F, (6.39)

and the condition tr[oW] = 0 defines a hyperplane in the Bloch-sphere represen-
tation of the state space.

By evaluating the average value of some observable we reduce significantly the
information provided by the whole probability distribution, which combines the
mean values tr[wF;] of a set of operators F;. Even if the individual operators
F; are not themselves entanglement witnesses, it may happen that the observed
probability distributions may be used for entanglement detection. An example that
is in some senses trivial is provided by an informationally complete observable,
for which each probability distribution specifies a unique quantum state. Unfor-
tunately, the derivation of the conditions under which the probability vector is
induced by separable states is exactly the problem of perfect entanglement detec-
tion. Moreover, the implementation of a complete tomography measurement is
also quite a complex experimental task. Nevertheless, one may hope that den-
sity operators with only a few parameters are relevant for entanglement detection,
and this motivates the investigation of simpler experimental tests and entanglement
measures. The discussion of these topics is beyond the scope of this book, however.

6.3.2 Quantum nonlocal realism

Before proceeding further with the entanglement-detection problem we will
expand the discussion of Example 6.42. Let us have a taster in the form of quantum
nonlocal realism — the phenomenon that brought the concept of entanglement into
our ‘everyday’ life.

For the general setting of measurements A, A’, B, B’, the inequality

|tr[ X cusnel| < 2 (6.40)

derived in Example 6.42 is known as the CHSH inequality and was originally pro-
posed as a testbed for the paradigm of local realism. The concept of local realism
can be traced back to the famous article ‘Can the quantum-mechanical description
of physical reality be considered complete?” by Albert Einstein, Boris Podolsky
and Nathan Rosen [58].
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We have seen that quantum systems can violate the CHSH inequality, and this
leads to the conclusion that quantum theory is not in accordance with the idea of
local realism. In this section we will briefly describe the background of the EPR
paradox and of its experimental tests, provided by the Bell inequalities.

So, what is this local realism that was so important for Einstein, Podolsky and
Rosen? Consider two spatially separated laboratories. On the one hand, by ‘local’
we understand that the choice of measurement (A or A’, B or B’) in one labora-
tory does not instantaneously affect the measured outcome in the second. The term
‘realism’, on the other hand, means that if for some measurement the outcome can
be predicted with certainty without affecting the system, then this has to be a prop-
erty of the system before the experiment was performed. Let us note provocatively
that separately neither condition seems to be in direct contradiction to quantum
theory. It is their combination which turns out to be problematic.

Example 6.45 (EPR paradox)

Consider a pair of qubits, each qubit being located in a spatially separate laboratory.
Their composite state is P_ = |{_)({¥_, where _ = % (p®¢@1 —¢@1 ®¢). Since
Y¥_ is the only element of the antisymmetric subspace of H,; ® Hy, it takes the
same form in any basis ¢, ¢, of Hj,. Therefore, if Alice and Bob run the same
ideal Stern—Gerlach experiment, each on one member of the qubit pair (in both
cases aligned with the same axis, determined by the basis ¢, ¢, ), then they will
always record mutually opposite outcomes.

After Alice learns the outcome of her measurement she knows with certainty
what will be the outcome of Bob’s measurement. Local realism implies that Bob’s
system must have possessed this feature before the experiment. Such a situation
is usual also in the classical case and simply reflects the presence of correlations
between the measurements A and B. However, the problem with quantum systems
concerning local realism is that Alice has the freedom to choose between noncom-
muting measurements and yet perfect predictability still holds. Local realism then
requires that Bob’s qubit must have definite values for all spin-direction measure-
ments, which is not compatible with the intrinsic uncertainty in quantum theory. In
fact, we saw in Chapter 3 that in general it is impossible to predict with certainty
the individual outcome of a Stern—Gerlach experiment in any given direction. A

Einstein, Podolsky and Rosen were perplexed by the probabilistic nature of
quantum theory, hence, they were happy to find a contradiction between the quan-
tum formalism and the idea of local realism. On the basis of this inconsistency they
argued that the quantum description of physical reality is incomplete.

The EPR paradox suggests that there could be a local hidden variable model con-
taining some (potentially) unmeasurable quantities. However, once we know their
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values we are able to predict at least the probabilities of the individual outcomes in
any measurement. Before we proceed let us formalize this idea.

Let us introduce a hidden variable A taking values in some measurable space
A. The statistics of any measurement is described by a distribution x4 (a, A) deter-
mining the probability of recording a given that the hidden parameter equals A.
We meet the reality condition in cases when the value a is uniquely determined
by the value of A, 1.e. xa(a, A) = 1 for some value of a. In our setting the sys-
tem consists of two spatially separated subsystems and, by the locality assumption,
the measurements A on Alice’s side and B on Bob’s side are independent. Hence,
for a fixed value of A characterizing the state of the composite system, the prod-
uct xa(a, A)xp(b, A) defines the probability of observing value a in experiment
A and value b in experiment B. Not having access to the actual values of A, we
will assume that they are distributed according to some probability distribution
@ on A; thus

P(a,blA, B) =/XA(a,k)XB(b,k)M(d)») (6.41)

1s the observed joint probability of the measurable quantities A and B. The question
is how to relate the probability measures u to the density operators ¢ € S(Ha ®
‘Hp). But, is it even possible? Is there a suitable probability measure p for any
quantum state?

Clearly, for a fixed density operator and a fixed pair of measurements A and B,
one can find u, x4, xp compatible with the associated distribution P(a, b|A, B) =
trfloEs(a) ® Fp(b)], where E 4, Fp are POVMs associated with A and B, respec-
tively. However, for a given state o it turns out to be difficult to find a probability
measure u that is simultaneously compatible with all pairs of measurements rep-
resented by x4, xp. If it is possible then we say the state ¢ admits a local
hidden variable model represented by the probability measure p. In the follow-
ing example we will derive an inequality that is valid for any local hidden variable
model.

Example 6.46 (CHSH inequality)
Suppose that both A and B are binary observables, with outcomes +1. Let us use

quantum notation to denote the mean value of a product of the individual outcomes
of A and B, i.e.

(AQ® B) = Z abP(a,b|A, B) = / w(dnabo) , (6.42)
a,be{+£1}
where a(A) = (xa(1, 2) — xa(=1, ) and b(A) = (xs(1, A) — x(—1, 1)). Let us
stress that if A gives the outcomes a and b deterministically thena()), b(X) € {£1}.
Otherwise a(L), b(L) € [—1, 1].
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Let us consider the following combination of mean values of different pairs of
measurements,

B=[(A®B)+(A®B'Y+ (A’ ® B) — (A’ ® B')|, (6.43)

where A, A’ and B, B’ are measurements performed on Alice’s and Bob’s sides,
respectively. Then

B =1a() (b0 +b' (W) +a' )b —b' (W) <2, (6.44)

because a(1),a’(A), b(r), b'(A) € [—1, 1]. In Example 6.42 we showed that in
quantum settings (where B = |tr[Xcysye]|) the inequality (6.40) holds for all
separable states; however, there are entangled states that violate it. A

In the above example we derived the CHSH inequality, which must be valid
for any locally realistic theory. However, some entangled states of quantum theory
violate this inequality (see Example 6.42); hence either these states do not occur
in nature or quantum theory is not compatible with the paradigm of local realism.
This feature of entanglement, the violation of the consequences of local hidden
variable models, is called quantum nonlocal realism or quantum nonlocality.

What is the relation between entanglement and quantum nonlocality or, equiv-
alently, between entanglement and local hidden-variable models? Any separable
state admits a local hidden variable model and hence quantum nonlocality requires
entanglement. However, it was demonstrated by Werner [141] that there are entan-
gled states admitting local hidden-variable models, implying that entanglement
does not necessarily imply quantum nonlocality.

6.3.3 Positive but not completely positive maps

In this subsection we will see that the complete-positivity constraint on physical
transformations is intimately related to entanglement. Consider a linear map F =
FaQ@ FptfromT (Hs Q@ Hp)to 7 (Ha ® Hp'), where F4, Fp are positive linear
maps acting on subsystems A, B, respectively. We say that F is a factorized locally
positive map.

If operators T € 7T(Ha) and S € 7 (Hp) are positive then F,(T) and
Fp(S) are positive as well. Consequently, if F is applied to a separable state

OAB = ZJ. p ngj) ® Qg) of a composite system A 4 B then the operator

Foan) = (Fa® Fp)oan) = »_ piFalei) ® Fr(ey)
J
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1s positive. However, if p4p 1s entangled then the operator F(04p) need not be
positive.

As an aside, we recall from Chapter 4 that if both 74 and Fp are not only
positive but completely positive then F = F4 ® Fp is a positive map. In this case
the operator F(p04p) is positive whenever p4p is positive. This was exactly the
motivation for including complete positivity in the definition of an operation.

This observation leads us to an important application of maps F4, Fp which
are positive but not completely positive. Namely, if the operator (F4 ® F5)(0aB)
is not positive then the state psp is entangled. As in the case of entanglement
witnesses, every factorized locally positive map F = F4 ® Fp divides the state
space S(H 4 ® Hp) into two subsets,

SF={0:F) >0}, S ={o:F) #0}.

As before, the question is how strong are the entanglement tests that we obtain
from factorized locally positive maps? In particular, is there a universal factorized
locally positive map F deciding the entanglement of any state?

The paradigmatic example of positive, but not completely positive, linear maps
is the transposition map t : ¢ — o!. In Example 4.3 we showed that the induced
linear maps Z ® 7 and 7 ® Z, called partial transpositions, are not positive. We
will use the shorthand notation t4(0) = (t ® Z)(0) and t3(0) = (Z ® 7)(0) and
formulate a useful lemma concerning partial transpositions and partial traces.

Lemma 6.47 For operators X, Y € L(H4 ® Hp), the following identity holds:
trp[tp(X)Y] = trp[Xtp(Y)]. (6.45)

Proof Consider an orthonormal basis {1/;} of Hp and let E;; = [v;) (| be the
associated operator basis of L(Hp). We can write X = Zj’k Xix  Ej, Y =
Zj’k Yk ® Eji, where X ji, Y ;i are suitable operators from £(H 4). Then

trp[tp(X)Y] = ZXkZYk’l’<Wj|EJZ}Ek’Z’Wj> = Zijij
and, simultaneously,
trp[Xzp(Y)] = ZXlek/l’<Wj|EklE151/Wj> = Zlele
which proves the lemma. 0

It is an important result [77] due to Horodecki et al. that for the purposes of
entanglement detection it is sufficient to restrict one’s attention to a special family
of one-sided local channels, by setting 74 =7 and A’ = B’ = A.
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Proposition 6.48 A state o € S(H4 ® Hp) is separable if and only if for all
positive maps F : L(Hp) — L(H,) the operator (Z ® F)(p) is positive.

Proof We will prove that under the Choi—Jamiolkowski isomorphism there is a
one-to-one correspondence between linear witnesses W : Hy @ Hp — Ha Q@ Hp
and positive maps F : L(Hp) — L(H4). Consequently, the results achieved for
entanglement witnesses can be (to some extent) translated into the language of pos-
itive maps and vice versa. In particular, this correspondence makes the proposition
equivalent to Theorem 6.39.

Assume that d = dimH, < dimHp = d’. Suppose that F : L(Hp) — L(Ha)
is a positive linear map. Then the associated Choi—Jamiolkowski operator acting
on Hp ® Hp is

Wr = (FQI)(Ps), (6.46)

where P, = |y ) (Y|, ¥y = ﬁ Zj Y¥; ® ¥; and the vectors {y;} form an
orthonormal basis of Hg. For all ¢ € H4 and Y € Hp,

1
@ YIWrlp®Y) = — > (9@ VI(FOD(En® Ejn)l(p ® V)
J.k

1
_ Ew}“(zﬂc tr[E jx Py 1E i) @)

1
= S (@IF(PDIg) = 0,

where we have used the notation Ej; = [|¥;){Y¥| and Py, = |¢)(¥|, and P$
stands for transposition with respect to the basis {1} used in the definition of ..
Let us note that the inequality in the last line of the right-hand side holds owing
to the positivity of the transposition map and of F itself. If an operator is positive
on factorized vector states then, by convexity, its mean value is positive on all
separable states; hence W defines an entanglement witness on H4 ® Hp.

Suppose that W € L(H4 ® Hp) is an entanglement witness. Then the induced
linear map Fy : L(Hp) — L(H ) is defined via the inverse formula

FwX)=d trg[WUI @ X1)]. (6.47)
Setting X = P = (|y)(¥])" we obtain
(@I Fw Py ) =d (plrs[WU @ P;7)]p)

=d' (@YW & Py)(p @ V))
=d (¢ QYW y)) >0,

where the last inequality follows from the property of the entanglement witness.
Since this derivation holds for all vectors ¥ and since a general positive operator
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1s a positive sum of one-dimensional projectors it follows that Fy[X] > O for
all X € L, (Hp). In summary, operators that are positive on product vectors (i.e.
linear entanglement witnesses) and positive linear maps are related by the Choi—
Jamiolkowski isomorphism.

According to Theorem 6.39, for an entangled state o there exists an entangle-
ment witness W such that tr[Wo] < 0. Consider a linear map F induced by the
operator W' defined by the formula

(Za @ Fp)oap) =d trg[(In @ (ta @ 18)(Wap))((tp(0aB) ® 1a)],

where the systems A, A’ are identical and (t4 ® t3)(Wag) = WZ, p defines the
complete transposition of W4/p. Let us note that W is an entanglement witness if
and only if W7 is an entanglement witness; thus the considered linear map F is
positive. Using Lemma 6.47 and the identity 373 = Z we obtain

(Za @ Fp)(oap) =d trg[(In ® ta(Warg))(0ap @ 1a)]. (6.48)

In order to show the nonpositivity of (Z4 ® Fg)(04p) let us evaluate its mean value,

A= (Y |(Za ® Fp)oap) V) = r[(Za ® Fp)(0an) Pi], (6.49)

where P, = [y ) (Yo ], ¥y = ﬁ Z]. ¢; @ ¢; and the unit vectors {¢;} form an
orthonormal basis of H4 = H 4. The operators G jx = |¢;){¢k| form an operator
basis of L(H ) and L(H 4/). The operators E,, = |, ) (V| form an operator basis
of L(Hp). Writing W = > wap 1yGap @ Eyy and 0 = Y 0apxyGap @ Exy We
obtain

d/
A=) WabxyQawey (@l Gawd) (el Gapps) (V| Evy Evryr i)
/
—d Z Wab,xyQa'b' x'y' Oka' O jOkpOajOrxOyx' Oyt

/ d/
= 7 Z Wik 1yOkj,yl = q trfWapoasl.

Since we have assumed that trf[ Wo] < 0 it follows that A < 0 and, consequently,
the operator (Z4 ® Fp)(0ap) 1s not positive, which proves the proposition. 0

Exercise 6.49 (Reduction map)

Define a linear map R on L(H) by R(T) = t[T]I — T. Show that this map is
positive and formulate the corresponding entanglement criterion. Show that either
of the inequalities S(04) > S(oap) and S(op) > S(0ap), Where S is the von
Neuman entropy, implies that the state o 4p is entangled. Using the corresponding
entanglement witness show that tr[o P, | > % implies that o is entangled.
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6.3.4 Negative partial transpose (NPT) criterion

We have shown that for each entangled state on ‘H4 ® Hp there is a positive
map F : T7(Hp) — 7 (H,) such that the operator (Z ® F)(o) is not posi-
tive. Although Proposition 6.48 is closely related to Theorem 6.39, the ‘power’ of
entanglement tests based on positive maps is not equivalent to the ‘power’ of entan-
glement witnesses. In fact, as illustrated in the following example, the conditions
(Z ® F)(o) # 0and tr{Wrp] < 0 are satisfied for different states o.

Example 6.50 (Entanglement witness for transposition)

The entanglement witness corresponding to the transposition map t : 7 (H4) —
T (H,) reads

1 1
We=15(Ps) =~ ) 19)) el ®li) (@] = — Wswar,
jk
where Wswap 1s the SWAP operator, which was defined in Example 4.15. We have
tr[ Wswap P+ ] > 0 but the operator (I ® t)[ P, ] is not positive (see Example 4.3). In
other words the entanglement witness Wswap does not detect the entanglement of a
maximally entangled state P,, but the transposition map 7 is capable of detecting
the entanglement of any pure maximally entangled state. A

Exercise 6.51 For a two-qubit system show that tg(0) # O if o is an entan-
gled pure state. Note that the spectrum of the partially transposed operators is
independent of the basis with respect to which the transposition is accomplished.
[Hint: First just do the calculation for a general pure state. Then use Schmidt
decomposition and make a partial transposition in the Schmidt basis.]

While very simple, the transposition map provides a surprisingly strong entan-
glement test. The relation between positive maps and entanglement was recognized
for the first time by Peres [115]. He asked whether the nonpositivity of a density
operator under partial transposition is not in fact a necessary condition for the state
to be entangled. Using old results of Stormer [134] and of Woronowicz [148], it was

shown by Horodecki et al. [77] that this is the case for density operators defined on
C?® C?and C?* @ C°.

Definition 6.52 A state o € S(H4 ® Hp) is called a positive partial transpose
(PPT) state if it remains positive under partial transpositions. We denote the convex
set of PPT states by STFT. If o ¢ SPPT then we say it is a negative partial transpose
(NPT) state.

Theorem 6.53 (Stromer—Woronowicz [148])
All positive linear maps F : £(C?) — L(C?) and F : L(C?) — L(C?) are
decomposable in the sense that
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F=FL+Foor, (6.50)

where fclp,
Theorem 6.54 (NPT/Peres—Horodecki criterion)
If a state o4 € S(H4 ® Hp) is NPT then it is entangled. Moreover, if H, = C?

and Hp € {C?, C?} then 45 is NPT if and only if it is entangled.

ffp are completely positive maps.

Proof The first part of the theorem is a direct consequence of Proposition 6.48
applied to the transposition map t. According to Theorem 6.53 all positive maps
on systems H, ® H, and ‘H, ® H3 are decomposable and thus related to the trans-
position map. By Proposition 6.48, for any entangled state there exists a linear map
JF such that (Z ® F)(p) is nonpositive. However, owing to the decomposability of
F it follows that (Z ® t)(p) is also nonpositive. From the other side, the positivity
of (Z ® 7)(p) implies that (Z ® F)(p) is positive for all positive maps F, as well.
In other words all entangled states for the considered systems are NPT. 0

Exercise 6.55 Show that the states X; from Example 6.12 are entangled. [Hint:
Try the partial transposition test. ]

6.3.5 Range criterion

In order to show that for larger-dimensional systems the set of entangled PPT states
is not empty, we will employ the so-called range criterion for separability [79].
By definition, if a state o is separable then there exists a family of product states
{V¥; ®¢,} spanning the range of o. If we find that there is no such family of product
vectors {Y/; ® ¢;} spanning the range of 0 we can conclude that the state is not
separable and hence entangled.

Proposition 6.56 (Range criterion)
If the range of o € S(H4 ® Hp) is not spanned by a family of product vectors
{¥; ® ¢;} then g is entangled.

This criterion does not look very practical. However, there are some interesting
special cases where it turns out to be useful.

Example 6.57 (Symmetric and antisymmetric states)

Consider a composite Hilbert space H & H of two systems of the same type. In
Example 6.4 we introduced symmetric and antisymmetric vectors. We can also
define symmetric and antisymmetric states. If the range of o is contained in the
symmetric (antisymmetric) subspace we say the state is symmetric (antisymmet-
ric). An important property of antisymmetric vectors is that they cannot be of
product form. In particular, applying the swap operator to a product vector ¥ & ¢
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we obtain ¢ @ ¥ # —y ® ¢. Thus, antisymmetric states have no product vectors in
their range, and according to the range criterion, they are entangled. For symmetric
states the situation is different and they can be either separable or entangled. A

In what follows we will show that the range criterion and the Peres—Horodecki
criterion are different in a sense that there exist entangled states that pass the PPT
test but are still identifiable by the range criterion. Recall from Proposition 1.52
the complex conjugate operator J related to an orthonormal basis {¢;}. We assume
that the orthonormal basis is fixed and write ¢* = J¢. Then t[|p)(@|] = |¢*){(p*|.
Therefore, if a product vector v ® ¢ belongs to the range of ¢ then the product
vector ¥ ® ¢* belongs to the range of tz[o]. We will exploit this observation in
order to design a PPT entangled state.

The following key concept was introduced in [19].

Definition 6.58 A set of orthogonal product vectors {V/|  ¢1, ..., ¥ @ ¢, } with
m < dim’H, dimHp is an unextendible product basis if there is no factorized
vector ¢ € Hy ® Hp suchthat ¢ L ; ® ¢; forall j.

Proposition 6.59 (PPT entangled states)

Consider an unextendible product basis (upb) of H 4 ® Hp consisting of m < dadp
vectors w; = ¥ ®¢;. (Here dy = dim’H 4 and dp = dim H.) Define a projection
My = D i |w;){wj|. Then the state oypp = — Iypb) 1s a PPT entangled
state.

1
dadp—m (I

Proof By definition the range of g,p, 1s orthogonal to the vectors w;; thus it
does not contain any product state. Consequently, the range criterion implies
that oypp 1s entangled. The vectors /; ® ¢ are also mutually orthogonal, hence,
T[Iypn] = Zj v ® (p;f)(wj ® go;‘.‘| and I — tp[I1,pp] are also projections. It fol-
lows that, although oy, 1s entangled after the partial transposition, the operator
T[0upb] = ﬁ(l — 7g[I1ypp]) 18 positive. In summary, o is a PPT entangled
state. To conclude the proof it remains to show the existence of an unextendible
product basis; this is left for the reader (see the following exercise). U]

Exercise 6.60 Consider a composite system H3; ® H3. Show that the vectors
0 ® o1, P2 @ Y1-2, Yo—1 @ ¢2, P12 ® @o and @oi142 @ @Yotr142 form an
unextendible product basis and verify that the associated state gp, 18 indeed a
PPT entangled state; the shorthand subscript notation denotes a superposition of
orthonormal states ¢y, @1, ¢, with equal absolute values of their amplitudes but
possibly different signs. For example, ¢y_; stands for %((po — ¢1).

Example 6.61 (Entanglement witnesses for Qupp)
An unextendible product basis can be used to design nondecomposable positive
maps determining new entanglement tests that are not equivalent to the partial
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transposition criterion. In this example we will design a linear entanglement wit-
ness for the entanglement of o, as defined in Proposition 6.59. Let us start with
the observation that the projection I,y is strictly positive on all factorized vectors,
1.e. miny g, (¥ ® || ® ¢) = € > 0, because of the unextendibility of the
product basis. Let us note that ¢ = 0 would imply that there exists a factorized
vector orthogonal to all vectors in the unextendible product basis, which is a con-
tradiction. Define P, = |¢)(¢| for an entangled vector ¢ satisfying IT,pn¢p = 0.
Since for the operator Wlf;b = Ilypp — € Py we have

(U @ pIWhy ¥ ® ¢) = € (1 - (gl ® 9)*) = 0 (6.51)

for all product vectors ¥ ® ¢, it follows that Wj;b is positive on all separable states
and thus 1s an entanglement witness. Moreover, the inequality

€
tr [Qupbef;b] = _ddz—m <0 (652)
1 —

implies that it detects the PPT entangled state gp,. Using the Choi-Jamiolkowski
isomorphism we can define an indecomposable positive map providing an entan-
glement criterion qualitatively different from the PPT criterion. A

6.4 Additional topics in entanglement theory

Over last 20 years, approximately the age of entanglement theory, there have
been many interesting and important discoveries; so far, we have covered only the
absolute basics of the phenomenon of entanglement. In this section we will intro-
duce three additional topics from entanglement theory, extending the paradigm of
LOCC channels to LOCC operations, bipartite systems to multipartite systems and
entanglement kinematics to entanglement dynamics.

6.4.1 Entanglement teleportation and distillation

Most papers on quantum entanglement glorify its importance in quantum infor-
mation theory and highlight its conceptual position within quantum theory itself.
Indeed, particular entangled states (especially maximally entangled ones) exhibit
very interesting and puzzling features and they deserve the special attention of
mathematicians, physicists and computer scientists. However, it is also fair to say
that we lack an operationally clear understanding of the difference between separa-
ble and entangled states. In our approach we have exploited the paradigm of LOCC
channels to introduce the concepts of separable and entangled states and have
identified a particularly interesting equivalence class, that of maximally entangled
states.
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It turns out that, in the field of quantum information processing, maximally
entangled states constitute a rich resource allowing us to perform tasks that are
either impossible or have no counterpart in the classical information domain. Per-
haps the most prominent example is the quantum communication protocol for
quantum state teleportation. Using the weird properties of maximally entangled
states, it provides a purely quantum alternative for the perfect (and secure) trans-
mission of a quantum state from side A to side B without transmitting any quantum
systems.

Example 6.62 (Quantum state teleportation [18])

Let us start with the remark that quantum state teleportation can be viewed as
yet another quantum generalization of a classical cryptographic protocol, the one-
time pad (see subsection 5.2.4). In this case the goal is to communicate quantum
information (identified with the concept of a quantum state) using a quantum key
(represented by a pair of shared maximally entangled quantum systems) and a clas-
sical public line (used to transfer a classical message). In what follows we will
describe the quantum state teleportation protocol of arbitrary (finite-dimensional)
quantum systems.

Consider a composite system composed of three subsystems Hx @ Ha ® Hp
such that Hy = H4 = Hp. Two of these (A’, A) are in the possession of Alice
and one (B) is in the possession of Bob. We assume that (prior to communication)
Alice and Bob share a pure maximally entangled state P, playing the role of the
quantum key. The goal is to transfer a state A" of the subsystem (not the subsystem
itself!) from Alice to Bob.

The joint state of all three subsystems is Qa4 = 04 ® PAB, where o4 is a
state that 1s going to be transmitted from Alice to Bob. The ‘magic’ of quantum
state teleportation is based on the following identity. For all unitary operators U :
‘H — 'H and any operator X € L(H),

/ , 1
tras | (P4 ® D(Xa ® PP @ )| = U X,U, (6.53)

where Py = (UQI) P, (U*QI), P. = % ij lo; @ ¢;){@r ® @il is the projection
onto the maximally entangled state and X4, = Xp. Indeed, denoting by A the
left-hand side of (6.53) we get

d’A = d*rya[(PY @ I(U*XU @ PLA)]
= Y twalle) @l U XUTtrallg;) (@l @m) (@nlllom) 5 (@nl

J.k,m,n

= > Sumbinl@lU*XUQ;)|0m) 5 (9nl = U*X35U.

J.k,m,n
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Figure 6.4 Quantum state teleportation; see Example 6.62.

Moreover, in a similar way one can prove that
4> trg [(Pg’f‘ ® (X4 ® PAB)(PA4 ® 1)] — u[X] P4,

Equation (6.53) is interpreted as a postselective state transformation of system
B in the measurement process described by the Liiders state transformer asso-
ciated with the effect P&‘/A ® I. This effect is observed with probability p =
tr[Qaag(PF4®1D)] = diz. In other words, if Alice performs a local measure-
ment and observes the effect Py then Bob’s subsystem is described by the unitarily
transformed state o. This fact is hidden to Bob unless this information is commu-
nicated from Alice. After receiving the information that Alice has observed the
particular outcome Py, Bob can reverse the unwanted unitary transformation and
retrieve the original state ¢ on his subsystem (see Figure 6.4).

Does there exist a measurement for which all effects are projections onto max-
imally entangled vector states? Luckily, the Bell basis (see Example 6.5) is of
exactly this type; thus Alice’s measurement can be composed of d? projections
Py,, ..., Py, such that Zj Py, =1 ®I and tr[UJTUk] = dd jx. Such a measure-
ment is known as a Bell measurement and is described in Example 6.5. It follows
from the identity in (6.53) that, for each outcome associated with the projection
Py, Bob can perform a unitary transformation U to retrieve the original state o
on his side while the subsystems A" and A on Alice’s side end up in the state Py;.
Applying a conditioned unitary channel oy;g; on Alice’s side, this state can be
transformed into P44,

In summary, the procedure described implements an LOCC channel that effec-
tively swaps the subsystems A" and B, i.e.

on ® P25 = P ® 0p.
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It consists of the following steps.

1. The maximally entangled state P, is distributed between Alice and Bob.

2. Alice performs a Bell measurement on systems A, A" and submits the recorded
outcome j to Bob.

3. Both Alice and Bob apply the conditional correcting unitary channel oy, to
systems A and B, respectively.

State teleportation achieves the deterministic and perfect transmission of an
unknown quantum state from Alice to Bob (just using classical communication).
In each run Alice sends only logd?> = 2logd bits of classical information that in
themselves contain no information about the state; that is, the sequence of recorded
outcomes (if the teleportation is repeated) is completely random and independent
of o; hence, security is achieved. A

A natural question is whether the teleportation protocol described is unique.
In particular, is it necessary to have a maximally entangled state? The answer
was given by Werner [142], who showed that the family of teleportation schemes
described in Example 6.62 is essentially unique. In particular, a general telepor-
tation protocol consists of an observable x +— FxA/A and a set of ‘undo’ channels
{EP} satisfying the identity

wloEl= tr [(IA’A ® EB) (T @ EBY(FAY @ I%)(0n ® a)AB)]] ,
for all states o and all effects E. This guarantees that the final state of the system B
and the initial state of the system A’ coincide. Using the dual channel £* we obtain
a more compact form:

uloE] =Y [(FXA’A ® EE(E)) (o ® a)AB)] . (6.54)

X

It was shown in [142] that, in order to achieve the perfect quantum-state telepor-
tation of a d-dimensional quantum system, it is crucial that the state w? initially
shared by Alice and Bob is maximally entangled, i.e. FA'4 = (U, ®I) Pj_‘/A Urel)
and &,() = U, - U} where {Uy,...,Up,p} are orthogonal unitary operators
('[I'[U;: Uy] = dgxx’)-

As maximally entangled states are very fragile in the presence of any type of
noise, it is of interest (not only from the perspective of teleportation) to investigate
to what extent the maximally entangled state can be ‘distilled’ out of general mixed
states by means of LOCC actions. Suppose that we have access to n copies of a
shared state w. The goal of the entanglement distillation protocol is to transform



306 Entanglement

asymptotically these n copies of w into m < n (approximate) copies of P,. The
limiting fraction m/n is called the entanglement distillation rate.

Example 6.63 (Entanglement distillation protocol)

The goal of this example is to illustrate that distillation is indeed possible. Suppose
Alice and Bob share two pairs of two-qubit states o = g Pyo + (1 — g) Q-+, where
Poo = |90 ® ¢0) (w0 ® ol and Q4 = [$)(¢| with ¢ = I5(00 ® 91 + 01 ® 9.
Suppose that both Alice and Bob apply to the qubits in their possession the
controlled-NOT gate such that the qubits forming the first pair play the role of the
control and the remaining qubits represent the target. Since U = Vé‘l\}g% ® Vgﬁgfzr =
> k=01 PJ-A1 ® P’ ® GJ-Az ® 0%, with Po;1 = |9o/1){@oy1| and o = I, 01 = oy,
it follows that

A1 B AyByy _ A1B1AyB)
Ulegy @ Py ) = Poono ;

AB A2B A1B A2B
U((pool 1 ®¢+2 2) — 90001 1 ®¢+2 2,

A A A1B1A A1B1A
U@y @ gy = %(%110[;)l "%+ oii0 ™).

U((b_?]Bl ®¢1232) — (bj‘-lBl ® wi\sz.

Using these expressions we obtain, setting ' = U (o ® 0)U*,

@ = q*Poooo + q(1 — q)(Poo ® Q1 + Poror+1010) + (1 — q)* 04 ® Py.

Further, let Alice and Bob measure locally the target qubits in the basis {¢g, ¢}.
When they both record the effect P; then the first pair of qubits ends up
in the maximally entangled vector state gblel; thus with probability p =
(IR R Py Pyw') = %(1 — g)? Alice and Bob have prepared a single copy
of the maximally entangled state. Otherwise the remaining pair of (control) qubits
is discarded and hence the distillation algorithm fails. Using this (nonoptimal) dis-
tillation procedure on n pairs of o we can (on average) distil %(1 — g)*n pairs of

maximally entangled states. A

Exercise 6.64 Show that the two-qubit state o from the previous example is entan-
gled for all ¢ > 0. [Hint: It is possible to use the NPT criterion but the above
example also provides an evidence that separable states cannot be distilled. ]

Entanglement distillation procedures are very complex and we will omit any
further details here. Instead, we will formulate a surprising connection between
the Peres—Horodecki criterion and the existence of an entanglement distillation
procedure. For a reader interested in more details on entanglement distillation we
recommend the review articles [80] and [118], mentioned earlier.

Proposition 6.65 If a state is positive under partial transposition, i.e. tg[o] > O,
then it cannot be distilled, i.e. the entanglement distillation rate is zero.
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Proof First, the distillation process is an LOCC channel and LOCC channels can-
not change a PPT state into an NPT state. Second, if w is PPT then »®" is also
PPT, because t3(0®") = [15(w)]®". Third, maximally entangled states are NPT.
In summary, these three statements imply that no maximally entangled state can
be distilled from PPT states. In order to show that PPT is LOCC invariant, we
will employ the following identity. It is quite simple to check that, for operators
A, C e L(HE"),B,D € L(HY") and X € L(HY" @ HE"),

73[(A® B)X(C ® D)] = (A® D")w3[XI(C ® B). (6.55)

As any LOCC channel takes the separable form F,(X) = ) ;A ®B;jXA:® B,
it follows that

T5(Fu(@®") =Y (4; ® B )15(0®") (A} ® B]). (6.56)

J

Since B;‘T = B].T* we see that 75 (F, (0®")) = F,(t5(0®")) and F, is a completely
positive map. That is, T3 (F, (w®")) is positive providing that 7z (w®") is positive.
Equivalently, we could prove that if w is PPT then F,,(w®") is PPT, i.e. ‘being PPT’
1s LOCC invariant and the proposition follows. (]

This result shows that there are entangled states that cannot be distilled; hence,
they are useless for teleportation and have a special name.

Definition 6.66 An entangled state w € S(H ® H) is called bound entangled if it
cannot be distilled.

The existence of bound entangled states is a strange feature of quantum entangle-
ment and has attracted much attention. Examples can be found in subsection 6.3.5,
where PPT entangled states were identified. A main unsolved problem of entan-
glement theory is the existence or nonexistence of so-called NPT bound entangled
states, 1.e. entangled states that cannot be distilled but can be identified by means
of the Peres—Horodecki entanglement criterion.

6.4.2 Multipartite entanglement

Our discussion so far concerns only bipartite systems. In this subsection we briefly
sketch some elementary features of the entanglement of multipartite composite
systems.

We consider a composite system consisting of N subsystems, which we now
label by numbers 1, ..., N instead of letters. The associated Hilbert space 'H =
Hi®---®Hy has dimension D = d; - - - dy, where d; = dim H; is the dimension
of the jth subsystem.
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Assuming that each subsystem is in the possession of a different experimenter
we say that a multipartite channel £ is LOCC if it can be implemented by the
joint action of all experimenters coordinated by the unlimited exchange of classi-
cal information. In analogy with bipartite systems the related multipartite LOCC
ordering relation identifies the set of multipartite separable states as the equivalence
class of the LOCC-smallest states. In all other cases we say that a state is entan-
gled. A multipartite state 0 € S(H; ® - - - @ Hy) is factorized if o = 01 ® - - - Q@ 0w,
where o; = tr;[o] and by tr; we denote the partial trace over all subsystems except
the jth.

Proposition 6.67 A state p € S(H; ® - - - ® Hy) is separable if and only if it can
be written as a convex sum of factorized states, i.e.

o=y g0 ® @0y (6.57)
J

where 0 < ¢g; < I,quj = 1.

Proof The proof is analogous to that of Proposition 6.23. There is no need to
go through the details again; we will just repeat the basic line of argument. First,
a single-point contraction S(H; ® ---Hy) +— wyp = P; ® - ® Py, where the
P; are one-dimensional projections on H;, is an LOCC channel. Second, there is
an LOCC channel mapping wy into an arbitrary state of the form (6.57). Finally,
there is no separable channel mapping wy into an entangled state. This proves the
proposition that the states expressed in (6.57) are the only LOCC-smallest, i.e.
separable, states of a multipartite system. 0]

Although the composite system consists of N subsystems we can always split
them into two subsets, forming a pair of (composite) subsystems A and B each
composed of N4 and Np subsystems, respectively (N4 + Ng = N). Let us stress
that such a bipartite cut is not unique; however, once it is fixed we can employ
the results derived for bipartite systems and investigate the properties of multipar-
tite systems from a bipartite perspective. In the following example we illustrate
the rather surprising fact that separability with respect to any bipartite cut is not
sufficient to guarantee separability in the multipartite sense. This result was first
presented by Bennett er al. [19].

Example 6.68 Suppose that an unextendible product basis of three qubits labelled
A, B,C consistsof vectors ¥ = ¢ @ ¢, Q 01 =90 Q%1, Vo = ¢ QL Q¢ =
P10, Y3 =90, Q¢ =9, Qkjand Yy = ¢ Q¢ Q¢ = ¢_ Qky, where
YL = %(go + ¢ ). The furthest right equalities determine vectors ¢;, &, k1, kp On
Hs = Hp®Hc satistying (¢ |«x) = 0. For simplicity we omit the use of the indices
A, B, C. The state o = %(I — ijl | ;){(¥;) 1s an example of a multipartite
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entangled state (see Proposition 6.59), because it does not contain any three-partite
product vector in its support. Choose ¢ Ji such that (¢ Ji ¢j) = 0 and such that the
e JL are from the subspace spanned by the vectors ¢j, ¢z, and set ¥5 = ¢ ® {ﬁ,
Y6 = 91 ®¢;-. In the same manner we define unit vectors i;- and set Y7 = ¢, ®«{,
Vs = ¢_ ® k5. The vectors {y/ ;} form an orthonormal factorized basis of the
bipartite cut H, ® Hy; however, let us note that the vectors ¢ jL, K]J-‘ are entangled
on H4 = Hp ® H¢. Using the notation w = 41"1 Z?:S |j) (Y], we can see that w is
separable with respect to a bipartite cut H, ® H4 separating qubit A from qubits B
and C. Because of the symmetry of the vectors {1} a similar construction works
for any other bipartite cuts; thus the entangled state w is separable with respect to

any bipartite cut. A

Which multipartite states are maximally entangled? One can show that even for
three qubits there is no unique equivalence class of maximally entangled states. In
the following we introduce two paradigmatic examples of pure three-qubit states,
for which an even stronger inequivalence holds (details can be found in [55]).

Example 6.69 (GHZ state and paradox)
Let {¢, ¢, } be an orthonormal basis for H,. We write

Yoz = 5@ @99 +9. ® 9L ®¢1) € Ha @ Ha ® Ha,

and the related pure state Pouz = |Vguz) (Vcuz| is called the Greenberger—Horn—
Zeilinger (GHZ) state. There are three possible bipartite cuts, and in any of them
the state 1s maximally entangled on 'H, ® H4. We thus conclude that the GHZ state
is an entangled multipartite state.

However, on discarding any qubit the state of the remaining pair of qubits is
OGHzZ = %(Rp ® P, + Pj ® P(pl), and this state is separable. The remarkable
feature of the GHZ state is that, although no pair of subsystems is entangled, the
joint state of all three qubits is entangled.

This state is exploited in the so-called GHZ paradox, in which three experi-
menters (A, B and C) are asked to take part in the following game. They are
individually asked one of two questions (labelled by X and Y), the answers to
which are either +1 or —1. Their answers are required to satisfy the relations

X(A)X(B)X(C) =1,
XA)Y(B)Y(C)=YA)XB)Y(C)=Y(A)Y(B)X(C)=—1. (6.58)
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Multiplying together the left-hand sides and also the right-hand sides of all four
equations we find the contradiction 1 = —1, which means that it is impossible to
satisfy the rules of this game. However, if the experimenters share a GHZ state
and questions X, Y are replaced by measurements associated with operators o, o,
(with outcomes labelled £1) then the conditions in (6.58) are met whenever the
challenge is given. This paradox illustrates a (deterministic) violation of local real-
ism by quantum systems. It was originally proposed by Greenberger, Horne and
Zeilinger [67] and is known as the GHZ paradox.

In particular, let us consider the X X X case. In the eigenbasis of o, the GHZ
vector state takes the form Yonz = 3 (904 ® 901 Q¢ — 91 ®Y_ QY- —¢p_ QP4 ®
Y- —p_Qe_Q¢,), where g = % (pE @, ) are the eigenvectors of o,.. That is, by
measuring o, ® o, ® o, the experimenters will record with equal probabilities one
of the outcomes + + +, + — —, — + —, — — +, all of which satisfy the constraint
X(A)X(B)X(C) = 1. The validity of the remaining conditions can be verified
in a similar way by expressing the GHZ state in the corresponding measurement
bases. A

Example 6.70 (W state)
Again let {¢, ¢, } denote an orthonormal basis for H,. We write

Yw=50®9R@pL+e®PIOP+9L®P®¢), (6.59)

and the related pure state Py is called the W state. In any of the three possible
bipartite cuts, the state of the H, ® H, system is not maximally entangled. Thus
the existence of an LOCC channel mapping Pw into Pgyyz is forbidden from the
bipartite entanglement perspective. Let us notice that multipartite LOCC channels
are included in the set of LOCC channels with respect to any bipartite cut. In con-
trast with the GHZ state, for the W state each pair of qubits is in an entangled state
(see Example 6.12 and Exercise 6.55):

ow = 3lpL @ @)@ ® ¢l + 350+, (6.60)

where Q. is the projection onto a unit vector ¢, = %(gp R @, +¢1 ® ¢). That
1s, while oGz is separable, the state oy i1s entangled. Since no LOCC channel can
transform separable states into entangled ones we conclude that neither can Py
be (multipartite) LOCC transformed into Pgyyz. The states Pgyz and Py are not
comparable from the multipartite entanglement point of view. A

6.4.3 Evolution of quantum entanglement

It follows from our discussion on entanglement that two spatially separated exper-
imenters cannot create a desired entangled state unless entangled states are already
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involved in the process or they are able to exchange quantum systems. The reason is
that separable states can be turned into entangled ones only via a nonlocal operation
(in the sense of a tensor product of Hilbert spaces), and no (spatially) long-range
physical interaction has been discovered yet. As a result, in order to entangle a pair
of quantum systems produced by independent (uncorrelated) sources, they must be
put in contact with some entangling device. It could be either a measurement acting
via a quantum operation or a quantum gate implementing an interaction between
the systems by means of some quantum channel. Theoretically, there are many dif-
ferent ways to prepare a maximally entangled state from a fixed factorized state.
In the following example we describe one that is canonical in the area of quantum
computing.

Example 6.71 (Creation of maximally entangled state)

Consider a pair of qubits described by the vector state ¢ ® ¢. Our goal is to prepare
the vector state %(gp ® ¢ + ¢ ® ¢,) for some fixed basis ¢, ¢, . On the basis
of the quantum circuit model the experimenters are, typically, trying to implement
this process in two steps. First, they prepare a superposition of states ¢ and ¢, of
the second qubit, i.e. a state transformation

<p®¢'—>¢®%(¢+m)- (6.61)

This can be achieved by application of the so-called Hadamard gate implementing
a unitary channel induced by the unitary operator

Vi) = 5@ +90).  Vilp) = 59 —91). (6.62)

In the second step, a so-called controlled-NOT gate,

Venor = o) (@] @ T + @1 ) (@1 | ® oy, (6.63)

is applied to both systems, which results in the desired transformation:

¢®%(‘P+‘PL)H %(fﬂ(@(ﬂ—i‘ﬁ%@(ﬂﬂ- (6.64)

In summary, the sequence of unitary operators Venor (I ® V) transforms the vector
state ¢ ® @ into a maximally entangled vector state i{/,. The remaining question
is how to realize the above mentioned (universal) quantum gates for a particular
physical system. This is exactly the type of question that is not addressed in this
book. We refer interested readers to textbooks on quantum information theory. A

The following example shows that entanglement creation between systems can
be mediated by another system, which means that entangled systems do not have
to have met in the past.
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Example 6.72 (Entanglement swapping)

Quantum teleportation enables us to transfer an unknown state from Alice to Bob
just by using classical communication channels and a maximally entangled state
Pj_‘B shared by both sides. We assume that the systems A, A’ are both in the
possession of Alice. Suppose now that the system A’ is in fact entangled with a
third system C. Let us denote by p /¢ their joint state. By running a teleportation
protocol between Alice and Bob the transformation

oxc ® P8+ opc @ P, (6.65)

is implemented (verify!); thus systems B and C exchange roles. In conclusion,
although never being close to each other (at any time in the past), the systems B
and C become entangled. Simply, the entanglement of the systems A’ and C is
transformed into the entanglement of B and C. A

We have shown that, in order to entangle a given system with another, some
nonlocal quantum operation (with respect to the tensor product) must take place.
In what follows we will briefly discuss the opposite case. In particular, what is
needed to disentangle a given system from another? Suppose that we do not know
the exact nature of this other system, which is entangled with the given system. In
such a case we are restricted to actions on this system. Is it possible, by applying
a channel &, to disentangle the system H from any other system Homer With which
it was originally entangled? It turns out that this is possible, and the class of such
channels forms as a very interesting subset of the channels acting on H.

Definition 6.73 A channel £ : 7(H) — 7 (H) is called entanglement-breaking
if, for all Homer, the state @’ = & ® Zomer(w) is separable for all @ € S(H ® Hogher)-

The following proposition, which was originally reported by Horodecki, Shor
and Ruskai [78], identifies entanglement-breaking channels exactly with measure-
and-prepare procedures, consisting of a measurement of some POVM and the
subsequent conditional state preparation.

Proposition 6.74 A channel £ is entanglement-breaking if and only if £ is of the
form £(0) = ) _; §;tr[oF;], where the &; are states and the positive operators F;
determines a discrete POVM, i.e. i Fi=1

Proof By definition, if £ is entanglement-breaking then the state ® = (£QZ)[ P, ]
is separable, i.e. wg = D Pnl@n){(@n| @ |Pn)(¢n|. Consider a map & of the form
5/(0) = Zn EntrfoFy] with &, = [¢n)(¢u| and F, = dpyl|e,)(@n|, where d is
the dimension of the Hilbert space on which the channel £ acts. Let us note that
tralowg] = ﬂlll = Zn DPnl|®n)(®n|; thus the positive operators F, are properly
normalized (}_, F, = I) and form a POVM. Owing to the Choi—Jamiolkowski



6.5 Example: Werner states 313

isomorphism, the state wg determines the channel £ uniquely. Therefore, since

wg = (&' @ DIPL] = ), Pulen)(@nl ® |¢n)(dn] = we, we can conclude that
& = &'; hence, if £ is entanglement-breaking then it has the desired form.

Conversely, if £ is defined as £(0) = ) _ ;&) trloF;] then

ERD(w) =Y ¢ ®DNsl(F;®NQA =Y q;£; ® Q,
J J

where ¢; = t[(F; ® I)Q2] and Q4 = qj_l tral\/F; ® IQ/F; ® I] are positive
operators with tr[Q ;] = qj_ltr[(F ;@ 1)2] = 1, 1.e. the Q; are density operators.
That is, the state (£ ® Z)(w) is separable. (]

By definition, entanglement-breaking channels disentangle any system from the
rest of the world (excluding the local environment used to implement the chan-
nel). The Choi—Jamiolkowski operator of such a channel is necessarily separable.
It turns out that the inverse statement is also true: if the Choi—Jamiolkowski oper-
ator associated with a channel £ is separable then £ is entanglement-breaking.
In fact, in the above proof we assigned a measure-and-prepare channel for any
separable Choi—Jamiolkowski state. Consequently, the decision whether a given
channel is entanglement-breaking is as difficult as testing the separability of its
Choi-Jamiolkowski representation.

Exercise 6.75 Consider the class of Pauli channels, introduced in Section 4.6,
ie. Epauri(’) = Y jPjoj - 0j. Find n such that the concatenation &g, . 18 an
entanglement-breaking channel.

6.5 Example: Werner states

In this section we introduce a specific family of states called Werner states, origi-
nally used by Werner in his seminal article [141] to show that there are entangled
states admitting local hidden-variable models. Since then this class of states has
been employed in many different case studies and provides important insights into
the properties of entangled states.

Definition 6.76 A state o € S(H,; ® Hy) is called a Werner state if it is invariant
under unitary channels of the form oygy, 1.€. if [0, U ® U] = 0 for all unitary
operators U on H,.

Let us note that by definition a Werner state o is invariant under the twirling
channel introduced in Example 6.20, i.e. 7 (0) = o. It follows that all Werner states
can be written as linear combinations of projections P, and P_ onto symmetric
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and antisymmetric subspaces H, respectively. Taking account of positivity and
normalization, Werner states are of the form

| 1
uw =w—— P+ (I —w)=—P-, (6.66)
+ —

where w € [0, 1] and d4 = tr[ P+] = %d(d 4 1) are the dimensions of H.
We recall that Vgwap = P, — P_and I = P, + P_; hence

P = 3(I £ Vswap). (6.67)

Therefore, we can express Werner states alternatively as linear combinations of the
identity and SWAP operators:

w —Ww
Ow = m(l + Vswar) + m(l — Vswap)
_ m((d +1—2w) + Qdw—d — 1)VSWAP>. (6.68)

Proposition 6.77 A Werner state o,, is entangled if and only if w < %

Proof Let us start with the observation that the functional w +— tr[Vswapw]
is invariant under the action of the twirling channel 7, i.e. tr[VswapZ ()] =
tr[ Vswapw] for all states w. In fact, as a result of the twirling channel, an arbi-
trary state o i1s mapped into some Werner state ¢, with some specific value of
w. Therefore, as the twirling channel is LOCC, the Werner state o,, = 7 (w) is
separable whenever w is separable. Consequently, since for pure product states
tr[Vswar(lo ® ) (@ @ ¢)] = |(p|d)|* € [0, 1], it follows that for each Werner
state 0., with tr[ Vswapo,] > 0 there exists a separable state wy = |¢ ® @) (¢ ® ¢|
such that o, = T[] ® ¢){¢ ® ¢|]. Therefore, if tr[ Vswapow ] > 0 then the Werner
state o,, must be separable.

Let us recall that the selfadjoint operator Vswap 1s proportional to the entangle-
ment witness associated with the partial transposition criterion (see Example 6.50).
That is, if tr[ Vswapw] < O then the state w is entangled. Since tr[ Vswap P+] = £d.,
we obtain

tr[ V P tr[ Vi P_
t[Vewapon] = w ovswaelel oy ulVewar Pl 0
dy d_
In summary, for values w > % Werner states are separable and for w < % they are
entangled. 0

Exercise 6.78 For the two-qubit case show that 0, <{occ 0w if W' < w, i.e.
the larger is the fraction P_ the more entangled is the Werner state. [Hint: The
depolarizing channels introduced in Section 4.6 are useful.]
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P_} i { P,
0 entangled % PPT 1

Figure 6.5 Werner states: the projections P+ represent unnormalized states.

Proposition 6.79 A Werner state o,, is PPT if and only if w > %

Proof 1Tt follows from the previous proposition that for w > % the state is sep-
arable, and hence positive under partial transposition. It remains to show that for
w < % the operator 74(0,) has a negative eigenvalue. For the purposes of this
proof we will use the parametrization of Werner states from (6.68). The identity
operator is unaffected by the partial transposition and

Ta(Vswap) = T4 (Z 9 ® i) (er ® (Pj|> = 1ok ® ¢i) () ® 9
=d|y (Y,

where ¢, = ﬁ > ;9 ® ¢;. Clearly, ¥ is an eigenvector of 74(0,) and

2w —1

(Qw — 1)(d* = D)y = 7

TA(Qw) ¥y = /. (6.69)

dd*—1)

The eigenvalue is negative for all w < % 0

Exercise 6.80 Show that the reduction criterion formulated in Exercise 6.49 does
not detect the entanglement of Werner states unless d = 2.

Combining the previous propositions we can conclude that the PPT criterion
is necessary and sufficient to identify the entanglement of Werner states in any
dimension.

Example 6.81 (Mixed states distillation via Werner states)
Starting from an arbitrary two-qubit state w, the twirling channel (see Example
6.20) transforms this state into a Werner state. Namely,

T (w) = 3 r{wP, P, + tlwP_]P_; (6.70)

thus 7 (w) = o, with w = tr[w P, ]. This fact is employed to reduce the distillation
of a general bipartite state into the distillation of Werner states. This is not the most
general, or the most optimal strategy; however, it possesses the sign of universality.
Let us recall that twirling is a LOCC channel and thus represents a valid distillation
step.

Suppose that Alice and Bob share two copies of the Werner state o, 1.e.
048 @ o4'F' In the first step Alice implements the local unitary transformation
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o,®oy, on A, A’, thus transforming the Werner states into a mixture of the canonical
maximally entangled state 1/, and the mixture %(Pl + P, + P3), 1.e.

Ow > 0, =sw(Pi+ P+ P)+(1—wh, 6.71)

where we use the notation Py = |4 ) (¥ 1| and P; = (0; ® I)(FPp). In the second
step both Alice and Bob apply locally CNOT gates on their qubits, regarding A, B
as the pair of control qubits and A’, B’ as the pair of target qubits. Under this action,
PP — P®P, I®3 +— 1®1l,
I ®Py = ((Po+ P3)® Py+ (P + P2) ® Po);
Ph®il +— 1(P®(Py+P)+ P® (P + P3)).
Let us note that 9|, = xPy + (1 — x)}ll, with x = 1 — %w. If, on performing

o, measurements (see Chapter 3) on the target qubits A’, B’, they record the same
outcomes then the unnormalized state of systems A and B can be post-selected:

&) = tryp [(IAB ® (PYE + PAE)) (04dr ® 08B (0, ® Q;U)]
= x?Po+ 5(1 = x)* 31 + 3x(1 = x)(Po + Py),

where ocnor(-) = Venor - Venor. Normalizing this state and applying oyA ® I8,
we obtain the state

o = ! (x2P2 + %(1 _ x)zil + %x(l —x)(P, + Pz)),

traq ]

where tr[w;] = %(1 + x2) is the probability that Alice and Bob record the same
outcome. It equals unity when the Werner state is maximally entangled, i.e.if x = 1
and w = 0. By twirling the state w; we obtain a new Werner state with w; =
1 —trlw P_] = 1 — tr[w; P>]; thus

4 dx + 2

=1 A 6.72
X SW1 x3(x2+1) (6.72)

Since (4x—|—2)/(3x2—|—3) > lfor% < x < 1, or, equivalently, for w = trlw Py ] < %,
it follows that x; > x. As a result we find that the Werner state associated with w;
1s more entangled (it contains a larger fraction of the singlet state, see Exercise
6.78) than the Werner state associated with the original state w. One can apply
this procedure recursively, consuming two pairs of w; to produce w,, etc. Finally,
whenever trlwP_] > % the protocol that we have described enables Alice and Bob
to distil some pairs of maximally entangled states, i.e. Wy, = P_ with x — 1 and
w — 0. A



Symbols

Sets of Hilbert space operators
L(H)  bounded linear operators
L(H) bounded self-adjoint operators (7' € L(H) and T = T%)
E(H) effects (T € L(H)and O < T < 1)
P(H) projections (T € Ls(H) and T = T?)
U(CH)  unitary operators (T € L(H) and TT* =T*T = 1)
T(H) trace class operators
Ts(H)  self-adjoint trace class operators (T € Ls(H) N7 (H))

Sets of states

S(H) states (T € T(H), T > O and tr[T] = 1)
S*U(H) pure states (T € S(H), r[T?] = 1)
S (H) unnormalized states (T € 7(H), T > O and tr[T] < 1)

Sfac(H, @ Hp) factorized states
S*P(Ho ® Hp) separable states

Sets of channels and of operations

Mep completely positive linear mappings
@ quantum operations (£ € M.y and £ is trace nonincreasing)

O, quantum channels (£ € M, and £ is trace preserving)
Ofac all local channels

OP separable channels
OLOCC 3]l LOCC channels

317



[1]
(2]
[3]
[4]
[5]

[6]
[7]
[8]
[9]
[10]

[11]
[12]

[13]
[14]
[15]

[16]

[17]

318

References

A. Acin. Statistical distinguishability between unitary operations. Phys. Rev. Lett.,
87: 177901, 2001.

S.T. Ali, J.-P. Antoine and J.-P. Gazeau. Coherent states, Wavelets and Their
Generalizations. Springer-Verlag, New York, 2000.

S.T. Ali, C. Carmeli, T. Heinosaari and A. Toigo. Commutative povms and fuzzy
observables. Found. Phys., 39: 593-612, 2009.

S.T. Ali and G.G. Emch. Fuzzy observables in quantum mechanics. J. Math, Phys.
15: 176-182, 1974

A. Ambainis, M. Mosca, A. Tapp and R. de Wolf. Private quantum channels. In
FOCS, Proc. 41st Annual Symp. on Foundations of Computer Science, pp. 547-553.
IEEE Computer Society, 2000.

H. Araki and M.M. Yanase. Measurement of quantum mechanical operators. Phys.
Rev. 2, 120: 622626, 1960.

A. Arias, A. Gheondea and S. Gudder. Fixed points of quantum operations. J. Math.
Phys., 43: 5872-5881, 2002.

K. Audenaert and S. Scheel. On random unitary channels. New J. Phys., 10:
023011, 2008.

A. Barenco, C.H. Bennett, R. Cleve et al. Elementary gates for quantum
computation. Phys. Rev. A, 52: 3457-3467, 1995.

V. Bargmann. Note on Wigner’s theorem on symmetry operations. J. Math. Phys.,
5: 862-868, 1964.

J.S. Bell. On the Einstein Podolsky Rosen paradox. Physics, 1: 195-200, 1964.
J.S. Bell. On the problem of hidden variables in quantum mechanics. Rev. Mod.
Phys., 38: 447-452, 1966.

E. Beltrametti, G. Cassinelli and P. Lahti. Unitary measurements of discrete
quantities in quantum mechanics. J. Math. Phys., 31: 91-98, 1990.

I. Bengtsson and K. Zyczkowski. Geometry of quantum states. Cambridge
University Press, 2006.

C.H. Bennett. Quantum cryptography using any two nonorthogonal states. Phys.
Rev. Lett., 68: 3121-3124, 1992.

C.H. Bennett and G. Brassard. Quantum cryptography: public-key distribution
and coin-tossing. In Proc. IEEE Int. Conf. on Computers, Systems and Signal
Processing, pp. 175-179. IEEE, New York, 1984.

C.H. Bennett and S.J. Wiesner. Communication via one- and two-particle operators
on Einstein-Podolsky-Rosen states. Phys. Rev. Lett., 69: 2881-2884, 1992.



References 319

C.H. Bennett, G. Brassard, C. Crepeau, R. Jozsa, A. Peres, and W.K. Wootters.
Teleporting an unknown quantum state via dual classical and Einstein—Podolsky—
Rosen channels. Phys. Rev. Lett., 70: 1895-1899, 1993.

C.H. Bennett, D.P. DiVincenzo, C.A. Fuchs, et al. Quantum nonlocality without
entanglement. Phys. Rev. A, 59: 1070-1091, 1999.

C.H. Bennett, D.P. DiVincenzo, T. Mor, P.W. Shor, J.A. Smolin, and B.M. Terhal.
Unextendible product bases and bound entanglement. Phys. Rev. Lett., 82: 5385,
1999.

J.A. Bergou, U. Herzog and M. Hillery. Discrimination of quantum states. In
Quantum State Estimation, Vol. 649 of Lecture Notes in Physics, pp. 417-465.
Springer, Berlin, 2004.

P. Busch. Unsharp reality and joint measurements for spin observables. Phys. Rev.
D, 33: 2253-2261, 1986.

P. Busch. Quantum states and generalized observables: a simple proof of Gleason’s
theorem. Phys. Rev. Lett., 91: 120403/1-4, 2003.

P. Busch. The role of entanglement in quantum measurement and information
processing. Int. J. Theor. Phys., 42: 937-941, 2003.

P. Busch. ‘No information without disturbance’: quantum limitations of measure-
ment. In J. Christian and W. Myrvold, eds., Quantum reality, relativistic causality,
and closing the epistemic circle. Springer-Verlag, Berlin, 2008.

P. Busch and P. Lahti. The determination of the past and the future of a physical
system in quantum mechanics. Found. Phys., 19: 633-678, 1989.

P. Busch and P Lahti. Some remarks on unsharp quantum measurements, quantum
nondemolition, and all that. Ann. Physik 7, 47: 369-382, 1990.

P. Busch and P. Lahti. The complementarity of quantum observables: Theory and
experiments. Riv. Nuovo Cimento, 18: 1-27, 1995.

P. Busch and H.-J. Schmidt. Coexistence of qubit effects. Quantum Inf. Process.,
9: 143-169, 2010.

P. Busch and C. Shilladay. Complementarity and uncertainty in Mach—Zehnder
interferometry and beyond. Phys. Rep., 435: 1-31, 2006.

P. Busch and J. Singh. Liiders theorem for unsharp quantum measurements. Phys.
Lett. A, 249: 10-12, 1998.

P. Busch, G. Cassinelli and P. Lahti. Probability structures for quantum state spaces.
Rev. Math. Phys., 7: 11051121, 1995.

P. Busch, M. Grabowski and P. Lahti. Repeatable measurements in quantum theory:
their role and feasibility. Found. Phys., 25: 1239-1266, 1995.

P. Busch, M. Grabowski and P. Lahti. Operational Quantum Physics. Springer-
Verlag, Berlin, 1997; second, corrected, printing.

P. Busch, P. Lahti and P. Mittelstaedt. The Quantum Theory of Measurement.
Springer-Verlag, Berlin, second edition, 1996.

A. Aspuru-Guzik. C.A. Rodriguez Rosario and K. Modi. Linear assignment maps
for correlated system—environment states. Phys. Rev. A, 81: 012313, 2010.

C. Carmeli, T. Heinonen and A. Toigo. Intrinsic unsharpness and approximate
repeatability of quantum measurements. J. Phys. A, 40: 1303-1323, 2007.

G. Cassinelli, E. De Vito, P. Lahti and A. Levrero. The Theory of Symmetry Actions
in Quantum Mechanics. Springer, Berlin, 2004.

G. Cassinelli, E. De Vito and A. Levrero. On the decompositions of a quantum
state. J. Math. Anal. Appl., 210: 472483, 1997.

C.M. Caves, C.A.. Fuchs and R. Schack. Unknown quantum states: the quantum
de Finetti representation. J. Math. Phys., 43: 4537-4559, 2002.



320
[41]

[42]
[43]

[44]

[45]
[46]

[47]
[48]
[49]
[50]

[51]
[52]

[53]
[54]
[55]
[56]
[57]
[58]
[59]
[60]

[61]
[62]

[63]
[64]
[65]

[66]

References

N.J. Cerf and J. FiurdSek. Optimal quantum cloning — a review. In Progress in
Optics, Vol. 49. Elsevier, 2006.

A. Chefles. Quantum state discrimination. Contemp. Physics, 41: 401-424, 2000.
M. Choi. Completely positive linear maps on complex matrices. Linear Alg. Appl.,
10: 285-290, 1975.

J.F. Clauser, M.A. Horne, A. Shimony and R.A. Holt. Proposed experiment to test
local hidden-variable theories. Phys. Rev. Lett., 23: 880-884, 1969.

J.B. Conway. A Course in Functional Analysis, second edition. Springer, 1990.
J.B. Conway. A Course in Operator Theory. American Mathematical Society,
Providence, Rhode Island, 2000.

R. Cooke, M. Keane and W. Moran. An elementary proof of Gleason’s theorem.
Math. Proc. Cambridge Philos. Soc., 98: 117-128, 1985.

J. Corbett. The Pauli problem, state reconstruction and quantum-real numbers. Rep.
Math. Phys., 57: 53-68, 2006.

J. Corbett and C. Hurst. Are wave functions uniquely determined by their position
and momentum distributions? J. Austral. Math. Soc. Ser. B, 20: 182-201, 1978.
G.M. D’Ariano, P. Lo Presti and P. Perinotti. Classical randomness in quantum
measurements. J. Phys. A, 38: 5979-5991, 2005.

E.B. Davies. Quantum Theory of Open Systems. Academic Press, London, 1976.
E.B. Davies and J.T. Lewis. An operational approach to quantum probability.
Comm. Math. Phys., 17: 239-260, 1970.

W.M. de Muynck. Foundations of Quantum Mechanics, An Empiricist Approach.
Kluwer, Dordrecht, 2002.

P.AM. Dirac. The Principles of Quantum Mechanics. Oxford University Press,
1930.

W. Diir, G. Vidal and J.I. Cirac. Three qubits can be entangled in two inequivalent
ways. Phys. Rev. A, 62: 062314, 2000.

T. Durt, B.-G. Englert, I. Bengtsson and K. Zyczkowski. On mutually unbiased
bases. Int. J. Quant. Inf., 8: 535-640, 2010.

A. DvureCenskij. Gleason’s Theorem and Its Applications. Kluwer, Dordrecht,
1993.

A. Einstein, B. Podolsky and N. Rosen. Can quantum-mechanical description of
physical reality be considered complete? Phys. Rev., 47: 777780, 1935.

Y. Feng, R. Duan and M. Ying. Unambiguous discrimination between mixed
quantum states. Phys. Rev. A, 70: 012 308, 2004.

G.B. Folland. A Course in Abstract Harmonic Analysis. CRC Press, Boca Raton,
Florida, 1995.

G.B. Folland. Real Analysis, second edition. John Wiley & Sons, New York, 1999.
A. Friedman. Foundations of Modern Analysis. Dover, New York, 1982. Reprint
of the 1970 original.

C. Friedman. Some remarks on Pauli data in quantum mechanics. J. Austral. Math.
Soc. Ser. B, 30: 298-303, 1989.

C. Gerry and P. Knight. Introductory Quantum Optics. Cambridge University Press,
2005.

N. Gisin, G. Ribordy, W. Tittel and H. Zbinden. Quantum cryptography. Rev. Mod.
Phys., 74: 145-195, 2002.

A.M. Gleason. Measures on the closed subspaces of a Hilbert space. J. Math.
Mech., 6: 885-893, 1957.



References 321

D.M. Greenberger, M.A. Horne and A. Zeilinger. Going beyond Bell’s theorem.
In M. Kafatos, ed., Bell’s Theorem, Quantum Theory, and Conceptions of the
Universe, pp. 69—72. Kluwer Academic Publishers, Dordrecht, 1989.

S. Gudder. Lattice properties of quantum effects. J. Math. Phys., 37: 2637, 1996.
S. Gudder and R. Greechie. Effect algebra counterexamples. Math. Slovaca, 46:
317-325, 1996.

R. Haag and D. Kastler. An algebraic approach to quantum field theory. J. Math.
Phys., 5: 848-861, 1964.

N. Hadjisavvas. Properties of mixtures on non-orthogonal states. Lett. Math. Phys.,
5:327-332, 1981.

M. Hayashi. Quantum Information. Springer-Verlag, Berlin, 2006. Translated from
the 2003 Japanese original.

T. Heinonen. Optimal measurements in quantum mechanics. Phys. Lett. A, 346:
77-86, 2005.

T. Heinosaari and M.M. Wolf. Nondisturbing quantum measurements. J. Math.
Phys., 51: 092201, 2010.

C.W. Helstrom. Quantum Detection and Estimation Theory. Academic Press, New
York, 1976.

A.S. Holevo. Probabilistic and Statistical Aspects of Quantum Theory. North-
Holland, Amsterdam, 1982.

M. Horodecki, P. Horodecki and R. Horodecki. Separability of mixed states:
necessary and sufficient conditions. Phys. Lett. A, 223: 1-8, 1996.

M. Horodecki, P.W. Shor and M.B. Ruskai. Entanglement breaking channels. Rev.
Math. Phys., 15: 629-641, 2003.

P. Horodecki. Separability criterion and inseparable mixed states with positive
partial transposition. Phys. Lett. A, 232, 1997.

R. Horodecki, P. Horodecki, M. Horodecki and K. Horodecki. Quantum entangle-
ment. Rev. Mod. Phys. 81: 865-942, 209.

L.P. Hughston, R. Jozsa and W.K. Wootters. A complete classification of quantum
ensembles having a given density matrix. Phys. Lett. A, 183: 14-18, 1993.

I.D. Ivanovi¢. Geometrical description of quantal state determination. J. Phys.
A: Math. Gen., 14: 3241-3245, 1981.

I.D. Ivanovi¢. How to differentiate between nonorthogonal states. Phys. Lett. A,
123:257-259, 1987.

E.T. Jaynes. Information theory and statistical mechanics. II. Phys. Rev., 108:
171-190, 1957.

A. Jencovd and S. Pulmannova. Characterizations of commutative POV measures.
Found. Phys., 39: 613-624, 2009.

D. Jonathan and M.B. Plenio. Entanglement-assisted local manipulation of pure
quantum states. Phys. Rev. Lett., 83: 3566-3569, 1999.

Y. Kinoshita, R. Namiki, T. Yamamoto, M. Koashi and N. Imoto. Selective
entanglement breaking. Phys. Rev. A, 75: 032307, 2007.

K. Kraus. General state changes in quantum theory. Ann. Physics, 64: 311-335,
1971.

K. Kraus. States, Effects, and Operations. Springer-Verlag, Berlin, 1983.

S. Kullback and R.A. Leibler. On information and sufficiency. Ann. Math.
Statistics, 22: 79-86, 1951.

P.J. Lahti and M. Maczynski. Partial order of quantum effects. J. Math. Phys., 36:
1673-1680, 1995.



322

[92]

[93]
[94]
[95]
[96]
[97]
[98]

[99]
[100]

[101]

[102]
[103]
[104]
[105]

[106]

[107]
[108]
[109]
[110]
[111]
[112]

[113]
[114]

[115]

References

L.J. Landau and R.F. Streater. On Birkhoff’s theorem for doubly stochastic com-
pletely positive maps of matrix algebras. Linear Algebra Appl., 193: 107-127,
1993.

G. Lindblad. Completely positive maps and entropy inequalities. Comm. Math.
Phys., 40: 147-151, 1975.

L. Loveridge and P. Busch. ‘Measurement of quantum mechanical operators’
revisited. Eur. Phys. J. D, 2011.

G. Liiders. Uber die Zustandsidnderung durch den Messprozess. Ann. Physik (6),
8:322-328, 1951.

G. Ludwig. Foundations of Quantum Mechanics I. Springer-Verlag, New York,
1983.

D. Mayers. Unconditional security in quantum cryptography. J. Assoc. Comp.
Mach., 48: 351, 2001.

C.B. Mendl and M.M. Wolf. Unital quantum channels — convex structure and
revivals of Birkhoff’s theorem. Comm. Math. Phys., 289: 1057-1086, 2009.

D.N. Mermin. Quantum Computer Science. Cambridge University Press, 2007.
M. Micuda, M. Jezek, M. Dusek and J. FiurdSek. Experimental realization of
programmable quantum gate. Phys. Rev. A, 78: 062311, 2008.

L. Molnar. Selected Preserver Problems on Algebraic Structures of Linear
Operators and on Function Spaces, Vol. 1895 of Lecture Notes in Mathematics.
Springer-Verlag, Berlin, 2007.

M.A. Nielsen. Conditions for a class of entanglement transformations. Phys. Rev.
Lett., 83: 436439, 1999.

M.A. Nielsen and I.L. Chuang. Programmable quantum gate arrays. Phys. Rev.
Lett., 79: 321-324, 1997.

M.A. Nielsen and I.L. Chuang. Quantum Computation and Quantum Information.
Cambridge University Press, 2000.

M. Ohya and D. Petz. Quantum Entropy and Its Use. Springer-Verlag, Berlin.
Second, corrected printing, 2004.

M. Ozawa. Conditional expectation and repeated measurements of continuous
quantum observables. In Probability Theory and Mathematical Statistics (Tbilisi,
1982), Vol. 1021 of Lecture Notes in Mathematics, pp. 518-525. Springer, Berlin,
1983.

M. Ozawa. Quantum measuring processes of continuous observables. J. Math.
Phys., 25: 79-87, 1984.

M. Ozawa. Conditional probability and a posteriori states in quantum mechanics.
Publ. RIMS, Kyoto Univ., 21: 279-295, 1985.

M. Ozawa. Operations, disturbance, and simultaneous measurability. Phys. Rev. A,
63: 032 109, 2001.

M. Paris and J. Rehdcek, eds. Quantum State Estimation, Vol. 649 of Lecture Notes
in Physics. Springer-Verlag, Berlin, 2004.

K.R. Parthasarathy. Extremal decision rules in quantum hypothesis testing. Infin.
Dimens. Anal. Quantum Probab. Relat. Top., 2(4): 557-568, 1999.

V. Paulsen. Completely Bounded Maps and Operator Algebras. Cambridge
University Press, Cambridge, 2003.

G. Pedersen. Analysis Now. Springer-Verlag, New York, 1989.

J.-P. Pellonpdd. Complete characterization of extreme quantum observables in
infinite dimensions. J. Phys. A: Math. Theor., 44: 085304, 2011.

A. Peres. Separability criterion for density matrices. Phys. Rev. Lett., 77: 1413—
1415, 1996.



[116]
[117]
[118]
[119]
[120]
[121]
[122]
[123]
[124]
[125]
[126]
[127]
[128]
[129]
[130]
[131]
[132]
[133]
[134]

[135]

[136]

[137]

[138]

[139]
[140]

References 323

D. Petz. Quantum Information Theory and Quantum Statistics. Springer, Berlin,
2008.

D. Petz. Algebraic complementarity in quantum theory. J. Math. Phys.,51: 015215,
2010.

M.B. Plenio and S. Virmani. An introduction to entanglement measures. Quant.
Inf. Comp.,7: 1, 2007.

E. Prugovecki. Information-theoretical aspects of quantum measurements. [Int.
J. Theor. Phys., 16: 321-331, 1977.

M. Raginsky. Strictly contractive quantum channels and physically realizable
quantum computers. Phys. Rev. A, 65: 032306, 2002.

M. Reed and B. Simon. Methods of Modern Mathematical Physics, Vol. I:
Functional Analysis, revised and enlarged ed. Academic Press, London, 1980.

W. Rudin. Real and Complex Analysis, third ed. McGraw-Hill, New York, 1987.
W. Rudin. Functional Analysis, second ed., McGraw-Hill, New York, 1991.

M.B. Ruskai, S. Szarek and E. Werner. An analysis of completely positive trace-
preserving maps on M. Linear Algebra Appl., 347: 159-187, 2002.

B. Russo and H.A. Dye. A note on unitary operators in C*-algebras. Duke Math.
J., 33: 413-416, 1966.

V. Scarani, S. Iblisdir, N. Gisin and A. Acin. Quantum cloning. Rev. Mod. Phys.,
77: 1225-1256, 2005.

E. Schrodinger. Discussion of probability relations between separated systems.
Math. Proc. Camb. Phil. Soc., 31: 555-563, 1935.

A.J. Scott and M. Grassl. Symmetric informationally complete positive-operator-
valued measures: a new computer study. J. Math. Phys., 51: 042203, 2010.

P. Shor. Polynomial-time algorithms for prime factorization and discrete logarithms
on a quantum computer. SIAM J. Comput., 26: 1484-1509, 1997.

P.W. Shor and J. Preskill. Simple proof of security of the BB84 quantum key
distribution protocol. Phys. Rev. Lett., 85: 441-444, 2000.

M. Singer and W. Stulpe. Phase-space representations of general statistical physical
theories. J. Math. Phys., 33: 131-142, 1992.

P. Stano, D. Reitzner and T. Heinosaari. Coexistence of qubit effects. Phys. Rev. A,
78: 012315, 2008.

W.E. Stinespring. Positive functions on C*-algebras. Proc. Amer. Math. Soc., 6:
211-216, 1955.

E. Stgrmer. Positive linear maps of operator algebras. Acta Math., 110: 233-278,
1963.

W. Thirring. Atoms, molecules and large systems, in Quantum Mathematical
Physics, second ed. Springer-Verlag, Berlin, 2002. Translated from the 1979 and
1980 German originals by Evans M. Harrell II.

L. Vaidman, Y. Aharonov and D. Albert. How to ascertain the values of oy, oy, and
o, of a spin-1/2 particle. Phys. Rev. Lett., 58: 1385-1387, 1987.

G. Vernam. Cipher printing telegraph system for secret wire and radio telegraphic
communications. J. Am. Inst. Electr. Eng., 45: 109-115, 1926.

J. von Neumann. Mathematical Foundations of Quantum Mechanics. Princeton
University Press, 1955. Translated by R.T. Beyer from Mathematische Grundlagen
der Quantenmechanik, Springer, Berlin, 1932.

D.F. Walls and G.J. Milburn. Quantum Optics, second ed. Springer-Verlag, 2008.
T.-C. Wei, K. Nemoto, PM. Goldbart, P.G. Kwiat, W.J. Munro and F. Verstraete.
Maximal entanglement versus entropy for mixed quantum states. Phys. Rev. A, 67:
022110, 2003.



324
[141]
[142]
[143]

[144]

[145]

[146]

[147]
[148]
[149]
[150]

[151]

References

R.F. Werner. Quantum states with Einstein—Podolsky—Rosen correlations admitting
a hidden-variable model. Phys. Rev. A, 40: 4277-4281, 1989.

R.F. Werner. All teleportation and dense coding schemes. J. Phys. A, 34: 7081,
2001.

E.P. Wigner. Die Messung quantenmechanischer Operatoren. Z. Physik, 133:
101-108, 1952.

E.P. Wigner. Group Theory and Its Application to the Quantum Mechanics
of Atomic Spectra. Expanded and improved edition, translated from the German
by J. J. Griffin. Academic Press, New York, 1959.

M.M. Wolf and J.I. Cirac. Dividing quantum channels. Commun. Math. Phys., 279:
147-168, 2008.

M.M. Wolf, D. Perez-Garcia and C. Fernandez. Measurements incompatible in
quantum theory cannot be measured jointly in any other no-signaling theory. Phys.
Rev. Lett., 103: 230402, 2009.

W.K. Wootters and B.D. Fields. Optimal state-determination by mutually unbiased
measurements. Ann. Physics, 191: 363-381, 1989.

S. L. Woronowicz. Positive maps of low dimensional matrix algebras. Rep. Math.
Phys., 10: 165-183, 1976.

S. Yu, N. Liu, L. Li and C.H. Oh. Joint measurement of two unsharp observables
of a qubit. Phys. Rev. A. 81: 062 116, 2010.

M. Ziman and V. BuZek. Entanglement-induced state ordering under local
operations. Phys. Rev. A, 73: 012312, 2006.

M. Ziman and V. BuZek. Entanglement measures: state ordering vs. local opera-
tions. In M. Zukowski, ed., Quantum Communication and Security, pp. 196-204.
IOS Press, 2007.



ancillary system (ancilla), 180
automorphism

pure state, 97

state, 92
average value, 115

basic statistical framework, 46
basis expansion, 7
BB&84 protocol, 238
Bell basis, 265
Bessel’s inequality, 5
Birkhoff-von Neumann theorem, 167
Bloch

representation, 60

sphere, 62

vector, 61
Born rule, 71
bra vector, 37

canonical commutation relation, 132
canonical convex decomposition, 51
Cauchy sequence, 6
Cauchy—Schwarz inequality, 2
channel, 173, 178
amplitude damping of, 193, 220
average unitary, 193

complete state space contraction of, 180

conjugate, 202
depolarizing, 211, 220
divisible, 197
extremal, 191
factorized, 270
indivisible, 197

local, 270

local operations and classical communication

(LOCCO), 271
nonlocal, 270
one-way LOCC, 272
Pauli, 219

Index

phase damping, 220

private quantum, 213

random unitary, 212

separable, 270

strictly contractive, 210

twirling, 275
Choi’s theorem, 207
Choi—Jamiolkowski isomorphism, 208
Clauser—Horn—Shimony—Holt (CHSH) inequality, 294
coarse-graining, 164
coexistent effects, 121
complement of a projection, 23
complementarity, 134

of position and momentum, 137

of spin components, 135

probabilistic, 137

value, 136
complete metric space, 6
complete positivity, 176
completely bounded distance, 201
concatenation of channels, 194
C*-algebra, 14

density matrix, 50
dilation of a channel, 185
dimension of a Hilbert space, 3
Dirac notation, 36
discretization of an observable, 114
discrimination of states, 150
minimum error, 160
perfect, 151
dispersion-free state, 76
double-slit experiment, 84
dual space, 40

effect, 48
identity, 48
operator, 70
qubit, 70

325



326

zero, 49
effect algebra, 73
eigenvalue, 16
eigenvector, 16
Einstein—Podelsky—Rosen (EPR) paradox, 293
entanglement
NPT criterion, 299
range criterion, 300
reduction criterion, 298
entanglement distillation, 306
entanglement witness, 287
nonlinear, 291
optimal, 291
entropy
relative, 147
Shannon, 148
von Neumann, 65
exponential map, 28
extremal element in a convex set, 52

fidelity function, 161
Fourier coefficient, 8
Fréchet—Riesz theorem, 40
fuzzy set, 165

generalized probability measure, 73
dispersion-free, 76

Gleason’s theorem, 80

Greenberger—Horn—Zeilinger (GHZ) paradox, 309

Hadamard gate, 83
Hilbert space, 6
Hilbert—Schmidt inner product, 33

informationally complete observable, 138
informationally equivalent observables, 162
inner product, 1
instrument, 227
A-compatible, 229
e-repeatable, 253
conditional state preparator, 232
induced by a measurement model, 228
Liiders, 243
repeatable, 248
trivial, 229
interference, 84
isomorphism, 3

kernel, 12
of a state, 51
ket vector, 37
Kraus form of a channel, 189
Kronecker function, 4

likelihood, 147
linear functional, 40
local realism, 292
(2(N), 4,6

Index

Liiders’ theorem, 244

matrix
doubly stochastic, 167
permutation, 167
stochastic, 166
mean king’s problem, 245
mean or expectation value, 115
measure
positive operator-valued, 109
probability, 109
projection valued, 126
measurement model, 223
von Neumann’s, 241
mixture
of channels, 191
of observables, 116
of states, 49
multiplicity of eigenvalues, 30
mutually unbiased bases (MUBs), 136

negative part of selfadjoint operator, 20
negative partial transpose (NPT) criterion, 299
Nielsen’s majorization theorem, 285
no-cloning theorem

strong version, 184

weak version, 175
norm, 4

Hilbert—Schmidt, 33

operator, 12

trace, 32
normed space, 4

observable, 110
associated with an orthonormal basis, 126
Bell, 266
canonical momentum, 131
canonical position, 128
discrete, 114
emission spectrum, 133
fair coin-tossing, 108
informationally complete, 138
minimal informationally complete, 141
photon counting, 170
pointer, 223
polarization, 116
pure, 120
real, 115
sharp, 126
spin component, 108
spin direction, 110
symmetric informationally complete, 144
trivial, 162
unsharp, 165
one-time pad, 213, 236, 266, 303
operation, 173, 178
operator, 11
adjoint, 13



antiunitary, 29

bounded, 11

complex conjugate, 30

energy, 132

identity, 12

isometry, 20

Kraus, 189

momentum, 131

normal, 38

null, 12

partial isometry, 20

position, 130

positive, 18

projection, 20

rank-1, 36

selfadjoint, 17

trace class, 32

unbounded, 11

unitary, 26
operator-sum form of a channel, 189
orthocomplementation, 23
orthogonal

projections, 24

vectors, 3
orthonormal basis, 6
Ozawa’s theorem, 228

parallelogram law, 5

Parseval’s formula, 9

partial trace, 100

partial transposition, 177

Pauli operators, 62

Pauli problem, 139

polar decomposition, 19

polarization identity, 15

positive operator-valued measures (POVM), 105
positive part of selfadjoint operator, 20
preparator, 185, 191

private quantum channel, 213
projection-valued measure (PVM), 126
purification, 103

purity of a state, 54

Pythagorean formula, 5

quantum circuit, 195
quantum gate, 195
quantum key distribution
B92, 158
BB&4, 238
quantum NOT gate, 91
quantum teleportation, 303

range, 12
rank, 12
of a state, 51
ray, 82
repeatability, 248
approximate, 253

Index

scalar product, 2
Schmidt
decomposition, 263
rank, 263
vector, 263
separable Hilbert space, 6
shift operator, 14
o -algebra, 109
o-convex set, 50
singular-value decomposition, 40
spectral decomposition, 39
spectrum, 16
square root lemma, 19
state, 48
bound entangled, 307
entangled, 268, 308
factorized, 268, 308
GHZ, 309
joint, 102
maximally mixed, 64, 67
mixed, 53
pure, 53
reduced, 102
separable, 268, 308
subnormalized, 174
vector, 51
W, 310
Werner, 313
state determination power, 163
state distinction power, 162
statistical map, 112
Stern—Gerlach apparatus
ideal, 107
measurement model of, 224
Stinespring’s dilation theorem, 186
subsystem, 99
superdense coding, 266
support, 12
of a state, 51
SWAP gate, 183
symmetric informationally complete (SIC)
observables, 235

tensor product, 42
trace, 32
triangle inequality, 4

unextendible product basis, 301
unital mapping, 179
unitary freedom, 87

variance, 115

weak operator topology, 35
Wigner’s theorem, 97
Wigner—Araki—Yanase theorem, 252

327



