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Preface 

This book grew out of lectures. It is intended as an introduction to classical two-valued 

predicate logic. The restriction to classical logic is not meant to imply that this logic 

is intrinsically better than other, non-classical logics; however, classical logic is a 

good introduction to logic because of its simplicity, and a good basis for applications 

because it is the foundation of classical mathematics, and thus of the exact sciences 

which are based on it. 

The book is meant primarily for mathematics students who are already acquainted with 

some of the fundamental concepts of mathematics, such as that of a group. It should 

help the reader to see for himself the advantages of a formalisation. The step from the 

everyday language to a formalised language, which usually creates difficulties, is dis­

cussed and practised thoroughly. The analysis of the way in which basic mathematical 

structures are approached in mathematics leads in a natural way to the semantic notion 

of consequence. 

One of the substantial achievements of modern logic has been to show that the notion of 

consequence can be replaced by a provably equivalent notion of derivability which is 

defined by means of a calculus. Today we know of many calculi which have this property. 

Some of these calculi are characterised by particular elegance and symmetry, which, 

however, is bought at a price: The process of operating with them bears little relation 

to the practices which mathematicians have adopted through years of experience in 

proving. In order that the mathematician I s experience should not be useless when it 

comes to deriving by means of a calculus, calculi have been developed which, to vary­

ing degrees, mirror the traditional mathematical methods. The calculus which is treat­

ed here, a form of sequent calculus, is of this sort. For technical reasons, we initially 

consider only negation, conjunction and generalisation, in order to keep the theoretical 

treatment as short as possible. However, the other logical connectives are treated 

later on. 

In order to make the significance of the completeness theorem clear, second-order logic 

is also discussed briefly, using Peano I s axiom system as a starting-point. 

Using model-theoretic methods, we prove a satisfiability theorem of A. Robinson; and, 

with the aid of this, Beth I s definability theorem and Craig I s interpolation lemma'. 



IV Preface 

I am greatly indebted to Heinz-Dieter Ebbinghaus, Walter Oberschelp, Dieter Rodding, 

Dieter Titgemeyer and Rainer Titgemeyer for their valuable help. 

Finally, my thanks are due to Diana Schmidt for a most careful translation of this book, 

which was first published in 1963 in German. 

Freiburg i. Br., Summer 1972 Hans Hermes 
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I. Introduction 

In this chapter we start from facts which are more-or-less familiar to every mathe­

matician. It is a characteristic of mathematics that every statement (other than the 

axioms themselves) has to be established by an argument of a nature which is essen­

tially different from that of the experiments and experiences on which scientists base 

their theories. By analysing mathematical procedure, we arrive at an idea of conse­

quence based on semantic concepts. The attempt to master mathematics by means of 

algorithms leads to the study of logic calculi, which are used to operate with and ma­

nipulate mathematical statements just as elementary arithmetic is used to do this with 

figures. It is at this stage at the latest that we realize that we can only successfully 

apply formal logic to mathematics if we formalize the mathematical statements. A for­

mal language suited to this purpose is built up in the second chapter and investigated 

more closely in the following ones. Thus, the first chapter is of a merely preparatory 

nature. However, in spite of this it is especially important, because it bridges the gap 

between traditional and fully formalized mathematics. 

§ 1. The task of logic 

What is logic? It is relatively easy to give a mathematician a preliminary answer to 

this question. In preparation for this, we shall say a little about the nature of mathe­

matics. Many people have tried to define the character of mathematics, both as subject 

matter and as regards methods. The subject matter of mathematics is continually in­

creasing and being enriched by new disciplines, so that, rather than simply enumerat­

ing such disciplines, we should have to find a way of describing adequately the contents 

of mathematical theories. Thus, in the nineteenth century, there was an attempt to char­

acterise mathematics as the science of quantity. Today, however, we have to admit that 

this description is much too limiting; for example, it does not include basic mathemat­

ical ideas like group theory or topology. These are concerned with fundamental struc­

tures, to which, in their purest form, the attention of mathematicians has only been 

drawn since the end of the last century. Mathematics today is, in many of its areas, 

so dominated by the idea of structures like these that, following Bourbaki, many people 

would like to conceive of the whole of mathematics as the science of structures. 
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Thus, the characterisation of mathematics by its subject matter has changed completely 

and raises the problem that we cannot be certain whether today I s views about it will 

still be accepted tomorrow. However, ideas about the methods of mathematics have 

remained basically the same for over two thousand years. These methods can be char­

acterised by a catchword: the mathematician is expected to provo the theorems of his 

science. This requirement distinguishes mathematics clearly from the natural sciences, 

in which experiments can also be used to establish statements. 

If considered purely externally, a proof for a mathematical theorem can be seen to con­

sist of a well-defined way of referring it back to mathematical theorems which were al­

ready known to be true, by showing that it is a "consequence" of these known theorems. 

Of course, the theorems which, in a proof, are supposed to be true must in their turn 

be referred back to other theorems which are known to be true. This process cannot 

go on ad infinitum; we must have started somewhere. Now it is conceivable that there 

could be mathematical theorems which could be proved without appealing to earlier ones. 

However, in general, a mathematician who is developing a particular theory starts from 

particul~r theorems which he lays down without proof as the basis of his theory. In this 

case, these theorems are called the axioms of the theory. Since Euclid I s time, the idea 

of building up a mathematical disCipline axiomatically has been an ideal of mathemati­

cians; certain theorems, the axioms, are assumed without proof. A system of axioms 

like this then defines a mathematical theory. The theorems of this theory are (apart 

from the axioms themselves) all those statements which can be proved starting from 

the axioms. Mathematicians can express in many different ways the fact that a theorem 

can be proved starting from a given system of axioms. For example, they can say: the 

theorem can be referred back, or reduced, to the axioms; the theorem can be inferred, 

derived, or deduced, from the axioms; the theorem is a consequence of the axioms; the 

theorem follows from the axioms. 

The above-mentioned expressions are used more-or-less synonymously in mathematical 
conversation, but the idea which they describe is not very preCisely defined. Later, start­
ing from different points of entry, we shall give two exact definitions of the idea, for 
which we shall use the words consequence and derivability (see §3 and Chap. III, §1 
and 2; also §5 and Chap. IV, §1 and 2). These words will then be used later in the sense 
in which they have been defined. They indicate possible ways of making the idea, de­
scribed above in the main text, precise. One of· the main aims of the reflections of this 
book will be to show that, in spite of their different definitions, the ideas of consequence 
and derivability are equivalent (cf. Chap. V). 

In order to indicate that a proof is valid, mathematicians use expressions like hence, 

thus, therefore, because, since, consequently, as a result of. 

We indicated previously that there is a well-defined connection between a mathematical 

theorem and the theorems to which it is referred back in a proof. This connection carries 

over to the mathematical theorem and the axioms of the mathematical theory to which it 
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belongs. It is the task of logic 1. to investigate this relationship. Since the above- men­

tioned connection is obtained through proofs, we can also say that logic has to inves­

tigate the nature and purpose of proofs. After the above reflections it is clear that a 

knowledge of logic is a basic requirement for the understanding of mathematical methods. 

In connection with mathematical methods, it is worth noticing t,hat a mathematician 
learns, during the course of his training, to infer logically, but that in general he does 
not know what this means, and in particular he obtains no overall idea of the logical 
rules which he may apply in a proof. This remarkable state of affairs is presumably 
connected with the fact that it is only a relatively short time since science obtained a 
clear understanding of the relationships which exist in this field. Logic has indeed been 
practised since ancient times, but syllogistics, which A r is tot I e created, is only 
fragmentary and is insufficient for the needs of mathematics. After many unsuccessfull 
efforts, for example those of Lei b n i z, it was only in the middle of the last century 
that a breakthrough was made. This was pioneered by G eo r g e Boo Ie, who, among 
other things, published his work" An investigation of the laws of thought, on which are 
founded the mathematical theories of logic and probabilities" in 1854, and Got t lob 
F reg e, whose first book, which appeared in 1870, bears the title: "Begriffsschrift, 
eine der arithmetischen nachgebildete Formelsprache des reinen Denkens." So-called 
"formal" languages are used to facilitate the formulation of logical rules. (We shall 
say more about this at the end of this section.) Boole tried to use normal algebraic 
formulas for this purpose. However, the algebraification which this involved is no longer 
used (except in specialized investigations). The symbolisation which Frege chose was 
modelled more on everyday language, but fell down on its unusual two- dimensional no­
tation. In 1900, G u i s e p peP e a n 0 created, in his "Formulaire de mathematiques" 
a more natural symbolism, which is, in essence, also the basis of A I f red Nor t h 
Whitehead and Bertrand Russell's epoch-making work "Princi ia Mathe­
matica" (1910/13). Since then, logic (sometimes also called "logistics" has become 
an important independent discipline, which bridges the gaps between sciences differing 
as widely as epistemology, mathematics, the theoretical sciences and linguistics. 

In this book we shall be treating classical predicate logic. The relationship of this fun­

damental part of logic to the totality of all logical theories can be compared with that 

of the infinitesimal calculus to the whole of analysis. Predicate logic, unlike Aristotle's 

syllogistic logic, is sufficient for the construction of mathematical theories. 

We have just ascertained that logic investigates the connection which exists between the 

axioms and the theorems of mathematical theories. That is to say, logic deals with the 

statements of mathematical theories (just as geometry deals with points, lines and 

planes, and analysis deals with numbers and functions). Since logic talks about the state­

ments of mathematics, it is sometimes also called metamathematics. 

Although here we have assigned to logic the task of talking about mathematical theories, 
this is really an unnecessary restriction. Proofs are conducted and conclusions drawn 
in other sciences, and even in the deliberations of everyday life. However, such proofs 
in other fields are usually not of the same" strictness" as mathematical proofs. For 

1. What we here call logiC is the same as what is also called formal logic. In philosophy, 
the word logic is often used with a wider meaning. To denote logiC as "the theory of 
correct thinking" can lead to misunderstandings, for it is not at all clear what is meant 
by "correct" thinking, if we take thinking to mean a psychophysical process rather than 
objectivising it. 
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this reason it is, in general, much harder to analyse them as regards their logical 
content. As the state of the development of the sciences stands today, mathematics is 
still the field of application par excellence of logic. 

Although the word "statement" can also be understood as something spoken, it is best to 

imagine the statements of mathematics as written statements. It is also possible to think 

of a written statement as a name for the "ideal" statement which it represents, which 

is itself not written down on paper but has an abstract existence in its own right. But 

we shall only want to admit those" statements in their own right" which we can represent 

in writing. However, this being the case, we can do without all statements except the 

written ones from the start. 

The advances which the formalisation of mathematics has brought about are well known. 

However, a glance at the run of mathematics books shows us that only a relatively small 

proportion of mathematical statements is expressed in formulas; the greater part of 

them consists of text expressed in everyday language. This is a serious disadvantage 

when, as in logic, we want to take the mathematical statements themselves as the sub­

ject of investigation, for the language of everyday conversation is a living language, 

and, as such, is capable of changing continually and is, in many ways, not fixed enough. 

In order to make mathematical statements the subject of a strict theory, we have first 

of all to strip them of their linguistic garb and to formalize them completely. Thus, we 

shall start Chapter II by building up the language of predicate logic as a formal language 

sufficient to represent mathematical statements. 

§ 2. Examples of mathematical proofs 

In this section we shall give three examples, simple in nature, of mathematical proofs. 

They will be taken from geometry, arithmetic and group theory respectively. In the next 

section, we shall use these examples to illustrate and explain the idea of consequence. 

2. 1 Example from geometry. The axioms of geometry were laid down in their original 

form by Euclid. After more than two thousand years, it has been discovered that the 

euclidean axioms are not in fact sufficient for the deduction of all the geometrical theo­

rems which had been claimed to follow from them. This discovery led to a revision of 

the euclidean system of axioms • The axioms which, today, are usually taken as the ba­

sis of geometry are to be found in H il b e r t's classic work, "Foundations of geo­

metry". These axioms are divided into several groups. The first group of axioms (the 

so-called axioms of connection) consists of eight axioms, which (in a formulation which 

differs inessentially from the original) read as follows: 

H1 Two distinct points A, B always lie on a line c. 

H2 Any two distinct pOints A, B do not lie on more than one line c. 
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H3 For every line c there are at least two points which lie on c. There are three points 

which do not all lie on one line. 

H4 Three points A, B, C not lying on the same line always lie in a plane 0/. 

H5 Any three distinct points A, B, C not lying on the same line do not lie in more than 

one plane 0/. 

H6 If two points A, B which lie on a line c lie in a plane 0/, then every point which lies 

on c lies in 0/. 

H7 If a point A lies in two planes 0/, S, then there is a point B, distinct from A, which 

also lies in 0/ and S. 

H8 There are at least four distinct points A, B, C, D which do not lie in a plane. 

A simple consequence of this system of axioms is the 

Theorem. For every two distinct lines c, d on which a point A lies there is a plane 0/ 

such that every point which lies on c or on d also lies in Ct. 

Proof. By H3, there are at least two distinct points on each line. Therefore there 
is a point A1 on c which is distinct from A and a point Bi on d which is distinct 
from A. A, A 1 and B 1 do not all lie on one line. We prove this indirectly: if A, A 1 
and Bi lay on a line b, then A and Ai would lie both on b and on c. Therefore, by 
H2, we should have b = c. Moreover, A and B1 would lie both on b and on d. There­
fore, by H2, we should have b = d, and hence c = d, contrary to hypothesis. A, Ai 
and Bi are pairwise distinct: Since, by construction, A '*' Ai and A '*' B:1., we could 
havA at most Ai = B 1• But then A and A1 would lie both on c and (since Ai = B 1) 
on d, so that by H2 we should have c = d, which is not the case. Thus we have three 
distinct points A, A1, Bi which do not all lie on one line. Now, by the first part of 
H4 there is a plane Ct in which A, A 1 , B:1. lie. We shall have completed the proof if 
we can show that every point on c and every point on d also lies in 01. We know that 
the two distinct points A and Ai lie on c and in Ci. Therefore, by H6, every point 
of c lies in Ct. Similarly for d: the two distinct points A, B 1 lie on d and in Ct, there­
fore, by H6, every point of d also lies in Ct. 

The axioms H2, H3, H4 and H6 were used to prove the theorem. 

2.2 Example from arithmetic. Arithmetic can be built up on a system of axioms which 

was suggested by Pea n 0 at the turn of the century. 

The system of axioms consists of the following 5 axioms: 

Pi 0 is a natural number. 

P2 If x is a natural number, then the successor of x is always a natural number. 

P3 If x is a natural number, then the successor of x is always different from O. 
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P4 If x and yare natural numbers and the successor of x is equal to the successor 

of y, then x = y. 

P5 (Axiom of induction). If 0 has an arbitrary property P and if, whenever x has 

the property P, the successor of x also has the property, then every natural number 

has the property P. 

It is on the axiom of induction P5 that "proofs by induction" are based. These are 

thus not regarded as pure logical inferences in Peano' s construction of arithmetic. 

As a simple example of an inference from the Peano axioms we shall prove the 

Theorem. If x is a natural number, then x is always different from the successor of x. 

Proof. We consider the property P which is characterised as follows: A thing x has 
the property P if x is a natural number and if x is different from the successor of x. 
We now prove two lemmas: 

Lemma 1. 0 has the property P. 

Proof 0 f L e m m a 1. By P 1, 0 is a natural number. By P 3, for every natural 
number x, the successor of x is different from O. Thus, in particular, the successor 
of 0 is different from o. 

Lemma 2. If x is a natural number which has the property P, then the successor of x 
always has the property P. 

Proof 0 f L e m m a 2. Let x be an arbitrary natural number with the property P. 
Then, by P2, the successor of x is also a natural number. If the successor of x did 
not have the property P, then the successor of x would be equal to the successor of 
the successor of x. Then, by P4, x would be equal to the successor of x, which is not 
the case since x has the property P. This contradiction shows that the successor of x 
must have the property P. 

Now we can complete the proof of the theorem. By P5 and Lemmas 1 and 2 we prove 
that every natural number has the property P. Thus, in particular, for every natural 
number x, the successor of x is different from x. 

All the Peano axioms were used to prove the theorem. 

2. 3 Example from group theory. The axioms of group theory can be found in different 

forms. One possible form is the following: we consider a two-place operation, which 

is denoted as a product. The product of x and y is denoted by xy. We require the 

product to satisfy the following three axioms, put forward by Hun tin g ton: 

G1 (Associative law) (xy}z = x(yz). 

G2 (EXistence of a right quotient) For every x and z there is at least one y such that 

xy = z. 

G3 (EXistence of a left quotient) For every y and z there is at least one x such that 

xy = z. 

As an example of an inference from this system of axioms we prove the 
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Theorem of the uniqueness of the right quotient. For every x and z there is at most 

one y such that xy = z 2) 

Proof. Let XY1 = z and XY2 = z, i.e. 

(1) XY1 = XY2 

We have to show that y 1 = Y2. By G3 there is a u such that: 

(2) uy 1 = Y 1· 

Again by G3, there is for x and u a v such that 

(3) vx = u. 

Finally, by G2, there is for y 1 and y 2 a w such that y 1 w = yz. 

N ow we infer: 
Y1 = UY1 

= (vx)Y:L 
= V(XY1) 
= V(XY2) 
= (VX)y2 

by (2) 
by (3) 
by G1 
by (1) 
by G1 
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Y 1 = UY2 
= U(Y1W ) 

(UY1 )w 
Y1W 
Yz 

by (3) 
by (4) 
by G1 
by (2) 
by (4). 

7 

3.1 Statement of the problem. We express the relationship between the axioms and the 

theorems of a mathematical theory by saying: The theorems are consequences of the 

axioms. We want to try to clarify this relationship and to give a definition of the rela­

tion of consequence. We shall only determine this idea in a provisional way, in order 

to provide a foundation for the exact definition which we shall give in the second chapter 

on the basis of a formal language. 

Our considerations of the notion of consequence will, in particular, lead us to refor­

mulate two of the systems of axioms put forward in the last section. 

In order to motivate the definition we are seeking, we shall start from the examples 

of the last section, in which we gave three systems of axioms and, for each system, a 

theorem which follows from it. We want, at first, to consider only the relation of con­

sequence which holds between the axioms and the given theorems, not the proofs which 

we gave j i. e. not the methods which led us to recognise the existence of this relation. 

We shall consider these methods in the next section. 

3.2 Groups. If the ideas which are familiar to mathematicians are taken into account, 

the considerations which are necessary to clarify the ideal of consequence can be carried 

out most convincingly with reference to the axiom system for group theory (see the third 

example in the last section). Let us therefore remind ourselves of the concept of a group. 

2 Correspondingly, we can clearly also prove the uniqueness of the left quotient. 
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(Note that it was not necessary to define this concept in the last section, although usually, 

in mathematics, the concept of a group and the axiom system for group theory are 

introduced simultaneously. It is, however, also possible to set up an axiom system for 

group theory in which the word "group" appears. We shall go into this possibility in 

3.5). 

By a group f we mean a domain w of elements together with a two-place operation ,p 

which can be carried out within the domain (so that the result of the operation, applied 

to two elements of the domain given in a particular order, is again an element of the 

domain) and for which the axioms G1, G2 and G3 are valid. 

That the axiom G1 is valid, or holds true, for a group Q. means: if t', 13, a are (not 

necessarily distinct) elements of w, then ,p ( ,p ( r , 13) , a) is the same as ,p ( r , ,p ( 13, a» . 
That G2 holds true for £. means that for given (not necessarily distinct) elements r, a 
of w there is always at least one element 13 of w such that ,pC r , ~) is the same as a. 
The situation is similar for G3. 

The domain w is also called a domain of individuals or an object domain. 

3. 3 Group-theoretic statements. F or the following, we shall use the concept of a group­

theoretic statement. In preparation for this, we shall look first at some arbitrary ma­

thematical statements. The axioms H1, ••. ,H8, Pl, ••• ,P5, Gl, ••. ,G3, as well as 

the theorems of the last section, are examples of mathematical statements. These state­

ments are valid statements of the particular mathematical disciplines. However, in or­

der for something to be simply a mathematical statement, it is not required to be valid. 

Thus, the following are also examples of mathematical statements: 

(*) There is a natural number x which is equal to the successor of its own successor 

(arithmetical statement). 

(**) xy = yx holds for all x and y (group-theoretic statement). 

If we consider these mathematical statements and those given above, we recognise that 

the components of which the statements are built belong to two different categories: 

(1) Components which are specifically concerned with the given theories, and 

(2) components which are universal and can appear in the statements of any mathe­

matical theory. 

The second category contains logical expressions such as and, not, QE, either- or, for 

all, there exists, is identical with, and also variables. The words (or groups of words) 

which belong to the first category show to which mathematical theory the given state­

ment belongs. They are called specific notions of the theory. The specific notions are 
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either primitive notions of the theory, i. e. concepts which appear in at least one axiom 

of the theory, or defined notions. A defined notion is referred back to the primitive 

notions by means of a definition (sometimes by means of a detour via other notions 

which have already been defined). The definition of a mathematical notion is required 

to be such that, with its help, the defined notion can be eliminated from every state­

ment of the theory. Thus, to a certain extent, a definition is only a means of abbrevi­

ation, and it can in principle be dispensed with (although in practice a definition can 

be an invaluable aid). Thus, in our considerations, we can leave aside the defined no­

tions and confine ourselves to the primitive notions of the given theory. 

What we have just said about definitions can perhaps be clarified by an example. In 
geometry, we talk about lines which meet and lines which lie in a plane. These notions 
are not primitive notions of the theory. This might be open to doubt in the case of the 
latter. However, a closer inspection reveals that the axioms only mention points (and 
not lines) which lie in a plane. The uncertainty is finally removed when we notice that 
Hilbert did indeed define what it means for a line to lie in a plane. 

The two notions which have just been mentioned can be introduced by the following 
definitions: 

Definition 1. The lines b and c meet if and only if they are different and there is a 
point A which lies both on b and on c. 

Definition 2. The line c lies in the plane 0' if and only if every point A which lies 
on c also lies in 0'. 

Let us consider any mathematical statement which contains notions which have been 
introduced by definition in this way, e.g. the (valid) statement: 

(1) Two lines b, c which meet must lie in a plane 0'. 

In every such statement, the defined notions can be eliminated with the help of their 
definitions. In this way, statement (1) can be transformed into the statement: 

(II) If band c are different lines, and if there is a point A which lies both on band 
on c, then there is a plane 0' such that every point which lies on b and every point 
which lies on c also lies in 0'. 

(1) can be regarded as an abbreviation for the statement (II). 

Inductive definitions, as they are called, playa special part. For example, on the ba­
sis of Peano' s system of axioms, addition is usually introduced by an inductive defini­
tion, which consists of the following two equations: 

x + 0 = x 

x + successor of y = successor of (x + y). 

It is not immediately clear whether this definition of addition is in fact an explicit de­
finition, i. e. a definition in the sense of an abbreviation. Thus, for example, we can­
not immediately see how we could, with the help of the two equations above, express 
the equation x + y = z in such a way that the addition symbol would no longer appear 
in it. It was Dedekind ("The nature and meaning of numbers", 1888) who first 
showed that every inductive definition can in fact be expressed as an explicit definition. 
We shall not enlarge on this point. 

The primitive notions of geometry, as they appear in the axioms Hi, ••• , H8, are the 

concepts point, line, plane, lies on, lies in. The primitive notions of Peano' s system 

of axioms are natural number, 0 and successor. The axiom system for group theory 
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which was considered in the last section has only one primitive notion, namely the 

notion times (expressed by the notation xy for the product of x and y)3. 

By a group-theoretic statement we shall mean a statement in which (if necessary after 

elimination of other terms by means of definitions) the only specific notion which ap­

pears is the primitive notion times of group theory. (We can introduce the concepts of 

arithmetical and geometrical statements in a similar way. ) 

The classification of the components of a statement which we have discussed in this 

section is fundamental; we shall enlarge upon it in § 6 and § 7. As long as we work on 

the basis of a natural language, we shall always be able, in individual cases, to dispute 

as to whether a particular word or phrase is a specific or a universal component of a 

statement. The situation only becomes completely clear when we go over to a formal 

language. 

3.4 Consequences of the axioms for groups. With the aid of the concept of a group we 

can now describe what it means to say that a group-theoretic statement A follows from 

(is a consequence of) an axiom system G1, G2, G3 for group theory. Let us consider 

at first a given group .Q. As regards the statement h., exactly one of two cases holds: 

either !!. holds true for .Q, or A does not hold true for Q. If we assume that A follows 

from G1, G2 and G3, then we shall expect A to hold true for the group Q; for we shall 

require a reasonable notion of consequence to be such that a statement which follows 

from the axioms of group theory holds true in every group. This requirement of the 

notion of consequence is a fundamental one. We can ask ourselves whether the notion 

of consequence should be restricted by any other requirement. Any such restriction 

would mean that there would be at least one group-theoretic statement A which did not 

follow from the axioms of group theory although it held true for every group. However, 

there is no apparent reason why such a statement should not also be a theorem of group 

theory. Therefore, we do not want to restrict the notion of consequence any further. If 

a group theoretic statement holds true for every group, then we w~nt to regard it as a 

consequence of the axioms G1, G2, G3. 

Thus, to sum up, we have the required 

Definition. A group-theoretic statement h. follows from the axioms G1, G2, G3 of 

group theory if and only if it holds true for every group. 

A proof, based on this definition, that a group-theoretic statement!!:. does not follow 

from the axioms of group theory can be provided by finding a group f for which !!. does 

3 There are axiom systems for group theory which contain other primitive notions as 
well as the notion times. Cf. also 3.5. 
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not hold. There are non-abelian {i.e. non-communative} groups. This shows that the 

statement {**} in 3.3 does not follow from the axioms of group theory. 

11 

In an attempt to describe in general terms the relationship between a group and the 

axioms of group theory, we can say: The axiom system Gl, G2, G3 contains the prim­

itive notion times. This primitive notion has no fixed meaning, and must therefore be 

regarded as a word without content as far as the group-theoretic axioms are concerned. 

However, in any given group C, the primitive notion times is interpreted by assigning 

the two-place group operation ~ to it. Thus, we can call the group operation ~ belong­

ing to a group C an interpretation of times. 

The axiom system Gl, G2, G3 contains no other primitive notions which can be inter­

preted. The domain w of elements of a group is not the interpretation of a primitive 

notion in Gl, G2, G3, but merely the "foundation" on which the function ~ operates. 

One more basic remark on the idea of a group: As we introduced this idea in 3.2, a 

group consists of a domain {a set} of elements, together with a two-place operation 

on this domain. However, the word "group" is also often used in a rather looser way, 

so that it is understood to mean only the domain mentioned above. It is expedient to 

distinguish these two meanings of the word clearly {which is not always done as much 

as is desirable in mathematics}. If, by a group {in the looser sense of the word} we 

mean only the set of the elements of a domain, then in general there are different oper­

ations on this domain which, together with the domain, form different {and, in general, 

not even isomorphic} groups {in the original sense of the word} {see exercise 1}. In 

the following, whenever we talk about a group {without further qualification}, we shall 

always mean a group in the original sense. 

3.5 Another axiom system for group theory. It is also possible to set up axiom systems 

for group theory in which the word "group" {to be understood in the looser sense} ap­

pears. We want to give an axiom system like this. In order to draw attention to the fact 

that here "group" is to be understood in the looser sense, we. shall write "group*" instead. 

G.to The product operation assigns uniquely an element xy {i. e. x times y} to any two 

elements x, y of the group*. xy is also an element of the group*. 

G*1 For any elements x, y, z of the group*, {xy}z = x{yz}. 

G*2 For every x in the group* and every z in the group* there is at least one y in the 

group* such that xy = z. 

G* 3 For every y in the group* and every z in the group* there is at least one x in the 

group* such that xy = z. 
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This axiom system has two primitive notions, group* as well as times. Thus, both these 

primitive notions must be interpreted in any interpretation. As a basis for the interpre­

tation we need, as before, a domain of individuals w. The primitive notion times is (as 

for the axiom system Gl, G2, G3) to be interpreted by an operation. The primitive no­

tion group* stands for a property, namely the property which elements of the domain 

have if and only if they are elements of the group. Thus, group* is to be interpreted by 

a property over the object domain. A group in the original sense, but now defined by 

the axiom system G*O, G*l, G*2, G*3, is thus a domain of individuals w, together 

with a property ~ of elements of this domain and a two-place operation ~ on w, pro­

vided that the axioms G*O, G*l, G*2, G*3 hold true for the property ~ and the opera­

tion ~. Thus, for example, G*O means that, to any two elements r, ~ of w which 

have the property ~, the operation ~ assigns an element ~(r, ~) of the domain such 

that ~(r,~) also has the property ~. 

Let us compare the original axiom system Gl, G2, G3 for group theory with the axiom 

system G*O, ••• , G*3 which we have just considered. The concept of a group which 

goes with Gl, G2, G3 is such that a group is determined by a domain of individuals w 

and an operation ~, whereas that which goes with G*O, .•• ,G*3 is such that a group 

is determined by a domain of individuals w, a property ~ and an operation ~. It must 

be agreed that a characterisation of a group by means of w, ~, as in the case of the 

first axiom system, is better suited to our purposes than a characterisation by means 

of w, ~, ~, for with (w, ~), every element of w is also an element of the group, but 

with (w, ~, ell) only those elements of w which have the property ~ can be regarded 

as elements of the group in the intended sense. In the consideration of a particular group, 

it seems an unnecessary luxury to take into consideration at all those elements of w 

which do not have the property ~. For this reason, we shall give preference to our orig­

inal axiomatisation of group theory. 

3.6 Consequences of the axioms for ring, field and lattice theory. By a procedure anal­

ogous to that which we used for the axioms of group theory, we can define what it means 

to say that a ring-theoretic, field-theoretic or lattice-theoretic statement A follows 

from the axioms of ring theory, fIeld theory or lattice theory respectively: This means 

that A holds true for every ring, field or lattice respectively. 

3.7 Consequences of the axioms of Peano. Correspondingly, we can also explain what 

it means to say that a geometric statement follows from the axioms Hl, .•• , H8 of 

geometry or that an arithmetical statement follows from the axioms Pl, ••• , P5 of 

Peano. The only difficulty here, which is more of a technical nature, lies in the fact 

that mathematics has no generally accepted name for the corresponding analogues to 

the concept of a group. 
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We want to consider arithmetic first. As we have already established, Peano's system 

of axioms contains the three primitive notions natural number, 0 and successor. Thus, 

an interpretation for the system of axioms consists of a domain of individuals w, a prop­

erty 'l\ over this domain (assigned to the basic concept natural number), an element n 

of w (assigned to the primitive notion 0) and, lastly, a one-place operation <I> on w 

(assigned to the primitive notion successor). 

If we compare this situation with that which occurs with the axiom system for group 

theory treated in 3.5, we see that here, as there, we are in the undesirable position 

of not being interested in all the elements of the domain of individuals w: the relevant 

elements of ware only those which have the property 'Il, for only these are interpreted 

as natural numbers. In the case of group theory, the axiom system G1, G2, G3, which 

can be thought as being obtained from G*O, .•• ,G*3 by eliminating the primitive 

notion group*, is in general preferable. Correspondingly, we shall obtain a more use­

ful axiom system for arithmetic if we avoid the primitive notion natural number. Thus, 

the first two axioms can be done away with, and we obtain the following new axiom sys­

tem for arithmetic: 

P'1 The successor of x is always different from O. 

P '2 If the successor of x is equal to the successor of y, then x = y. 

P' 3 (Induction axiom) If 0 has any property P, and if, whenever x has the property P, 

the successor of x also has this property, then every x has the property P. 

An interpretation of the primitive notions which appear in this axiom system consists 

of a domain of individuals w, an element n of w (corresponding to 0) and a one-place 

operation <I> on w (corresponding to the successor). If we now require that P' 1, P' 2, 

and P' 3 should hold true for nand <fl, we obtain an arithmetical analogue of the con­

cept of a group. For the moment, we want to use the word "ladder" for this concept. 

Thus, a ladder consists of a domain of individuals w together with an element n of the 

domain and a one-place operation <fl on the domain such that the arithmetical axioms 

P , 1, P' 2, P' 3 hold true for n and <fl. 

In a way analogous to group theory, we shall now say that an arithmetical statement 

follows from the axioms P' 1, P' 2, P' 3 if and only if it holds true for all ladders. 

3.8 Consequences of the axiom system for geometry. Finally, let us consider the axiom 

system H1, ••• , H8 for geometry. Just as we spoke of "groups" in group theory and of 

"ladders" in arithmetic, so we want here to speak of "frames". If we proceed as we did 

for the axiom systems we have already considered, we shall, in the geometrical case, 

want the elements of w to be the points, lines and planes of a frame. As in the case of 
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group theory and arithmetic, we shall expect to obtain an axiom system for geometry 

which fulfils this requirement if we eliminate the primitive notions ~ line, plane. 

There is, however, one difficulty in the case of geometry. In group theory and arith­

metic, we have only one sort of basic object (namely group elements and natural num­

bers respectively), whereas in geometry we have somehow to distinguish three 

sorts of basic objects (points, lines and planes) from each other. This could be achieved 

by using .(as is often done in mathematics) basically different sorts of letters for points, 

lines and planes. If we carried out consistently the ideas above, this in turn would sug­

gest that we considered not just one, but three separate domains of individuals for an 

interpretation. It is, inffact, possible, to set about the task in this way. However, in 

logic it has become customary to U$e only one sort of variable for the basic objects. It 

is possible to do this for geometry, as for other theories, even if we do without the prim­

itive notions point, line, plane. For these notions can be defined with the help of other 

primitive notions of geometry in the following way: 

Definition 1'. x is a point if and only if there is a y such that x lies on y. 

Definition 2'. Y is a line if and only if there is an x such that x lies on y. 

Definition 3' • Y is a plane if and only if there is an x such that x lies in y. 

With the aid of these definitions, the axiom system Hi, ••• , H8 for geometry can be 

transformed into an axiom system which contains only the primitive notions lies on and 

lies in. It is left to the reader to carry this out (see exercise 3). Thus, a frame con­

sists of a domain of individuals w together with two relations !R1 and !R2' which are 

interpretations of the basic concepts lies on and lies in, provided that the axioms 

(transformed as indicated above) of the axiom system for geometry hold true in this 

interpretation. Thus, we lay down the following definition: A geometrical statement fol­

lows from the axiom system for geometry if it holds true for every frame. 

3.9 General definition of the notion of consequence. Thus far, we have explained what 

it means to say that a group-theoretic statement follows from the axioms of group 

theory, an arithmetical statement from Peano' s axioms and a geometrical statement 

from the axioms of geometry. Now it is easy to find the common factor of these defini­

tions and to say for an arbitrary axiom system Ul and an arbitrary statement A what it 

means to say that A follows from the axioms of the axiom system Ul. In doing this we 

shall require (as in the examples we have already considered) that the statement A 

contains as specific notions only those which are primitive notions of the axiom system 

Ul. We shall refer to a statement like this as a specific statement (relative to the axiom 

system Ul under consideration). 

In the case of group theory, we have said that a specific statement A follows from the 

axioms of group theory if and only if !!:. holds true for every group, i. e. for every 
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interpretation of the primitive notions which appear in the axiom system for which all 

the axioms of group theory hold true. Similarly, a specific statement ~ follows from 

the axioms of arithmetic (geometry) if and only if it holds true for every interpreta­

tion of the arithmetical (geometrical) primitive notions for which all the axioms of 

arithmetic (geometry) hold true. We can generalise this by saying: 

A specific statement A follows from an axiom system U if and only if it holds true for 

every interpretation of the primitive notions of U in which all the axioms of U hold true. 

In order to make this formulation easier to deal with, we introduce the concept of a 

~. Let there be an interpretation in which all the specific notions of a statement h. 
are interpreted. Either the statement holds true in this interpretation or it does not. In 

the first case, we shall say that the interpretation is a model for A. If an interpretation 

is a model for every axiom of an axiom system U, then we shall say that the interpre­

tation is a model for U. Now, by using the concept of a model, we can explain the no­

tion of consequence by the 

Definition. A specific statement A follows from an axiom system U if and only if every 

model for U is also a model for h.. 

Exercises. 1. (Cf. 3.4) Show that: 

(a) If w is a domain of individuals with exactly one element, then there is exactly one 
function ~ over w (i. e. one function ~ which is defined just for the elements of wand 
such that the values of ~ also lie in w) such that w, ~ is a group. 

(b) If w has just two elements, then there are exactly two different functions ~1' ~2 
over w such that w'~1 and W'~2 are groups. These two groups are isomorphic~ 

(c) If w has just four elements, then there are two functions ~1.'~2 over w such that 
w'~1 and W'~2 are non-isomorphic groups. 

2. Show that the following interpretation is a model of the axiom system Hl, ••• ,H8 
"[Cf. 2.1). The domain of individuals w is comprised of the numbers 2,3,5,6,7,10,14, 
15, 21, 30, 35 , 42,70 and 105. (w is finite, so that this is an example of a "finite geom­
etry" - but, of course, here we have been considering only the connection axioms.) We 
interpret the primitive notions point, line and plane by the properties of being divisible 
by exactly one, two or three prime numbers, and lies on and lies in by the relation of 
divisibility. 

3. Using the definitions in 3.8, change the axiom system for geometry H1, ••• ,H8 to 
make it contain only the, primitive notions lies on and lies in. 

§4. Remarks on the notion of consequence 

4.1 Independence proofs. The considerations of the last paragraph ended with a defini­

tion of the notion of consequence, which reads: A statement follows from an axiom sys­

tem if and only if every model for the axiom system is also a model for the statement. 

It was only relatively recently that mathematicians realized that the notion of conse-
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quence can be characterised in this way. It is interesting that this discovery was made 

- at least in principle - before the modern axiom systems for group theory, topology 

etc. were set up, and that it was made in the context of investigations of the euclidean 

axiom system for geometry. In Hilbert's formulation, the parallel postulate of euclidean 

geometry reads: 

Parallel postulate. Let a be an arbitrary plane, A a point lying in a and c a line ly­

ing in a such that A does not lie on c. Then there is exactly one line b which lies in 

a such that A lies on b (cf. 3. 3 as regards the defined notions whi ch appear here) • 

In comparison with the other axioms of geometry, this axiom is relatively complicated. 

Thus, even in ancient times, people wondered whether the parallel postulate was perhaps 

a consequence of the other axioms and was thus dispensable as an axiom. 

A statement is said to be independent of an axiom system if it is not a consequence of 

the axiom system. An axiom system ~ is said to be independent if every statement £ 
of that axiom system is independent of the axiom system ~' which is obtained from ~ 

by removing .£. The independence postulate is an aesthetic requirement of an axiom 

system which is often laid down. 

The "parallel problem" asks whether the parallel postulate of geometry is independent 

of the other geometrical axioms or whether it is a consequence of them. Ever since 

ancient times, people have tried to prove that the parallel postulate follows from the 

other geometrical axioms. The direct attempts did not lead to the goal. As the direct 

method was seen not to succeed, Sac c her i tried the following indirect method in 

1733: Let ~ be the euclidean axiom system without the parallel postulate. Let E' be 

the negative of the parallel postulate P, i.e. the following statement: There is a line 

·c and a point A which does not lie on c such that there are two different lines b 1 and 

b2 which fulfil the following conditions: 

(1) A lies on b 1 and b2" (2) There is a plane in which c and b1 lie and a plane in 

which c and b2 lie. (3) Neither c and b 1 nor c and b2 meet. If f really were a 

consequence of ~, then - argued Sacceri - the axiom system ~ together with P' must 

lead to a "contradiction", i.e. it must be possible to find a geometrical statement !!:. 
such that both A and the negation of A can be inferred from ~ and P'. Conversely, it 

could be shown from a "contradiction" like this that f is a consequence of ~. 

This sort of argument is, of course, only convincing to a limited extent, as long as it is 
based on the inexact intuitive notions of consequence and derivation which were all that 
was available at that time. What is immediately obvious is the existence of a "contra­
diction" with respect to U and P' under the assumption that E can be inferred from ~, 
for then, clearly E is a statement which, together with its negation (i.e. E') can be 
inferred from ~ and .E.: : P can be inferred from ~, therefore a fortiori from Vl and 
1:.:. P' can be inferred from P', hence a fortiori from Vl and P'. It is however, 
probable that Sacceri was not aiming at inferring the particular "contradiction" 
P, 1:.: from U and 1:.: j but rather, he was trying to find another suitable geo-
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metrical statement !!. for which both !!. and the negation of !!. could be inferred from 
[I and pl. Now let us suppose that such a "contradiction" from [I and P I has been 
found, T. e. a statement!!. which, together with its negation, follows from [I and E I • 

We should now have to show that E is a consequence of [I. In order to verify this, we 
shall take as a basis the notion of consequence which was made precise in §3. In order 
to prove that E follows from [I, we have to show that every model of m is also a model 
of E. If this assertion were false, then there would be an interpretation of the primi­
tive notions of geometry which is a model for [I but not for E. Since I' does not hold 
true for this interpretation, clearly the negation pI of P must hold true for it. Thus, 
the interpretation is a model for E I , and therefore alsoa model for [I and E I , and 
thus a model of every consequence of [I and E I , and in particular of both t:. and 1:. I • 

However, this is not possible, since A I is the negation of jj,. In this way, Saccheri I s 
method can be justified on the basis of the notion of consequence laid down in §3. 

The attempts to derive a contradiction from [I and E I failed. Instead of this, it turned 

out that it was possible to construct, on the basis of the axioms [I and E I, a theory 

which can be developed just as consistently as can euclidean geometry on the basis of 

the axioms m and E. Thus, at the beginning of the nineteenth century, G au s s , 

B 0 I ya i and Lo bat s c hew ski j became convinced that it is not possible to derive a 

contradiction from [I and E' and that, consequently, the parallel postulate is indepen­

dent of the other euclidean axioms. They called the science based on [I and 1: I !!Q.!l­

euclidean geometry. 

These results did not, of course, definitely solve the problem of the independence of the 

parallel postulate. For it could have happened that a more thorough investigation would, 

after all, have derived a contradiction from [I and 1: I. It was F. K lei n, who, in 

1871, first gave a definite answer (for three dimensional euclidean geometry, after 

Bel t ram i had solved the problem in 1868 for geometry of the plane) by giving a 

model for the axiom system m and 1: I, i. e. an interpretation for which [I and 1: I hold 

true. This shows immediately that 1: is not a consequence of m. The given interpret­

ation is a model for m and pI, and therefore in particular also a model for 1: I • If"p 

were a consequence of m, then the interpretation would also be a model for E. How­

ever, P cannot hold true in the interpretation, since the negation P I of E holds true 

in it. 

The model for non-euclidean geometry is given with the use of a model of euclidean 
geometry. Thus, the model exists only if euclidean geometry contains no contradictions. 
Thus, the result should really be formulated more cautiously thus: If the axiom system 
of euclidean geometry is free from contradictions, then the parallel postUlate is inde­
pendent of the other axioms. 

4.2 Mathematical statements as statement forms. Let us consider the axioms of group 

theory, given in the previous section, with only one primitive notion times. This word 

clearly has no fixed meaning. It is interpreted in different ways, according to which 

gro~p is under consideration. Therefore, it is quite immaterial whether, in an axiom 

system for group theory, the word times is used or whether it is replaced by some 
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other word which indicates a two- place operation 4. Since the word times has no fixed 

meaning, it is meaningless to ask whether, for example, the associative law G1 is true 

or false. Since Aristotle's time, the attributes true and false have been used to char­

acterise the statements, by saying: A statement in the sense of Aristotle, or an aristo­

telian statement, is a linguistic structure of which it is meaningful to say that it is true 

or false (this is the so-called aristotelian two-value principle). Thus, the associative 

law is not a statement in the aristotelian sense. It could perhaps be called a statement 

form, in the sense that aristotelian statements can arise from it if the word times is 

interpreted in different ways and then replaced by a symbol for the operation by which 

it has been interpreted. 

What we have said here for group theory is true mutatis mutandis for all other mathe­

matical theories. Where a mathematical theory is concerned, the mathematician is 

interested only in what follows from the axioms of this theory. This means that he rec­

ognizes as having equal status all interpretations of the primitive notions for which the 

axioms hold true; no model of the axioms is favoured more than another. Thus, it is 

clear that the primitive notions of a mathematical theory can have no fixed meaning 5. 

Thus, the axioms, theorems and statements of a mathematical theory are not state­

ments in the aristotelian sense, but rather statement forms. 

The realization of this fact must come as a shock, if we think of arithmetic and geom­

etry. For, when a mathematician does arithmetic or geometry, he thinks of the natural 

numbers and of the points, lines and planes of (the) euclidean space; in other words, 

he conceives of arithmetical and geometrical statements as statements in the aristote­

lian sense. However, we must keep hold of the fact that for mathematicians, who work 

axiomatically, euclidean geometry, for example, is determined by its axioms alone, 

and that it is not permissible to prove that a statement is a theorem of geometry by 

appealing to "the way we think about euclidean space". 

Notice here the contrast with physics. If we interpret the primitive notions of geometry 
empirically in a certain way, e.g. if we conceive of the lines as rays of light, then, 
with regard to a fixed interpretation like this, the geometrical statements can be com­
prehended in the aristotelian sense. But then it is by no means self-evident that in this 
interpretation, the axioms of geometry go over into true statements (cf. the discussion 
on relativity theory). 

The fact that the primitive notions do not mean anything in particular was (according to 

Blumenthal) expressed particularly forcefully by Hi I b e r t when he said of the primi­

tive notions of geometry "We must always be able, instead of talking of 'points, lines 

4 For example by "composition" or "plus". It is, however, customary to use the 
word "plus" only when the commutative law is also being taken as an axiom. 

5 An axiom system which has any model at all always has more than one model. 
Cf. Chap. VI, §2.4 for this. 
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and planes I, to talk even of I tables, chairs and beer mugs I ." What Hilbert meant by 

this was: Mathematicians who do geometry are not permitted to make use of the fact 

that the words point, line, plane (and the other primitive notions of geometry) have a 

meaning in the language of everyday speech. However, if mathematicians ignore the 

everyday meaning of the primitive notions of geometry, they can just as well replace 

these primitive notions by others (e.g. point by table), where of course, once again, 

as long as they are doing geometry, the everyday meaning of the new primitive notions 

will be of no importance to them. 

In order to make it immediately obvious that the everyday meaning of the primitive 

notions of mathematics is irrelevant, mathematicians often use, in new axiom systems, 

words of everyday language for which it is quite clear that they are not being used in 

their traditional meaning. Examples are the word composition for the group operation 

(which we characterised by times in §2), or the words cup and cap for the basic opera­

tions of lattice theory (in view of the symbols v and 1\ which represent them). 

In formal languages, the primitive notions are not represented by words at all, but 

variables are used instead, e. g. P for point, Q for line and R for plane. In this way, 

any misunderstandings which could arise because of everyday meanings are excluded 

from the start, and the possibility of different sorts of interpretations is indicated. 

When mathematical statements are written in such a way that the primitive notions 

which appear are replaced by variables, it becomes clear that mathematical statements 

are statement forms, not statements in the aristotelian sense. 

As regards the mathematical irrelevence of the everyday meaning of words like point, 
line, plane, we might ask why we should use these words at all in geometry. However, 
apart from historical continuity, there are two reasons for this: (1) the everyday 
meanings of the primitive notions of geometry do point to one model for the axiom sys­
tem of geometry, which is an invaluable aid to intuitive understanding and, in particular, 
can lead to new hypotheses. (2) Because of the categoricity of the euclidean axiom sys­
tem, considered in 4.3, the interpretations of the primitive notions in the different mod­
els are isomorphic to the "intuitive model" indicated by the words point, line, plane. 
If instead of that of geometry another axiom system is considered, then in general there 
will be no argument analogous to (2), but only one analogous to (1) for the choice of 
everyday words for the primitive notions, e.g. for the fact that we talk about neigh­
bourhoods in topology. 

R u sse 11 once formulated the fact that the primitive notions of mathematical theories 

have no fixed meaning, in the following acute observation: " ••. mathematics may be 

defined as the subject in which we never know that we are talking about, nor whether 

what we are saying is true." 

4.3 Categorici ty. If, in arithmetical and geometrical investigations, mathematicians 

think of the numbers and the space, whereas the group does not exist for them, this 
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does, in spite of our previous criticisms, have its roots in reality. For it turns out 

that (under certain assumptions) any two models of the axioms of arithmetic (and, 

similarly, of the complete set of axioms of geometry) are "isomorphic" to one another, 

whereas this is not true for group theory. Because of this property, the axiom system 

of arithmetic is called categorical or monomorphic. We shall study these situations 

more closely for arithmetic in Chapter VI. 

4.4 The applicability of mathematics. If mathematicians, working axiomatically, con­

fine themselves to drawing consequence from statement forms and refrain from making 

statements in the aristotelian sense, then this characteristic attitude is at the same 

time the source of the universal applicability of mathematics. For the proof that a 

mathematical statement A follows from an axiom system ij means that l!: holds true 

in every interpretation which is a model for ij. Seen in this light, it will be those 

axiom systems which have many interesting models which will be especially useful. 

This is true in particular of the axiom systems of such modern mathematical theories 

as group theory, topology and lattice theory. The theorems of these theories are indeed 

applicable in a multiplicity of ways. 

4.5 Semantics. In the considerations above, the idea of an interpretation and that of 

the validity (holding true) of a mathematical statement in an interpretation were funda­

mental. The ideas of a model and of consequence, as well as others, have been reduced 

by definitions to these ideas: A model of a mathematical statement is an interpretation 

in which this statement holds true; a mathematical statement follows from an axiom 

system if every model of the axiom system (i.e. every model of all the statements 

which belong to the axiom system) is also a model of the mathematical statement. 

The above-named concepts have something in common: They depend on the relation be­

tween linguistic structures (the mathematical statements or their components) and 

entities which are in general of a non-linguistic nature. For the fundamental idea of an 

interpretation refers to a mapping of the (linguistic) primitive notions of an axiom sys­

tem onto individuals, properties (relations) or operations. It is customary to call ideas 

which concern the relationship between linguistic and non-linguistic elements semantic 

concepts, and to call the corresponding science semantics. 

An approach to logic which conceives of logic as the science of the notion of conse­

quence, and introduces the notion of consequence as we have done in these paragraphs, 

is known as a semantic development of logic. An approach like this assumes that it is 

permissible to make use of ontological notions like domains of individuals, properties, 

relations or operations. In comparison with other possible ways of developing logic, it 

has the advantage of having been carried out particularly extensively and of harmoniz­

ing well with the ways of modern mathematical axiomatics. 
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Semantics can be traced back to A r i s tot Ie. The definition of the notion of conse­
quence which we have given here is found, in essence, in B 0 I z a no IS "Wissen­
schaftslehre", which appeared in 1837. However, this work did not become well-known. 
The notion of consequence was defined again (independently of Bolzano, but this time 
with the precision which is attainable on the basis of a formal language) in the twentieth 
century. Here, Tar ski I s work, "The concept of truth in formalised languages", 
published in 1935, is particularly worthy of mention. 

Exercises. 1. With the aid of the interpretation given in §3, exercise 2, show that the 
parallel postulate (4. 1) is independent of the axioms H 1, ... ,H8 (2. 1) . 

.§.:.. Show that the following axiom system with the primitive notion equivalent is inde­
pendent: 

A1. x is always equivalent to itself. (Reflexiveness) 

A2. If x is equivalent to y, then y is always equivalent to x. (Symmetry) 

A3. If x is equivalent to y and y to z, then x is always equivalent to z. 
(Transitivity) 

(If ill is a domain of individuals and R is a two-place relation such that ill, R is a model 
of Al, A2, A3, then, as is well-known, R is called an equivalence relation.) 

~ Discuss the independence of A 1, ..• ,A4 (cf. exercise 2), with 

A4. For every x there is a y such that x is equivalent to y or y to x. 

h Prove the independence of the axiom system for group theory given in 2.3. 

5. An axiom system for partial orderings (where the primitive notion is represented 
by";;) reads: 

01. x";; x. (Reflexiveness) 

02. If x";; y and y";; x, then x = y. (Anti symmetry ) 

03. If x,,;; y and y";; z, then x,,;; z. (Transitivity) 

If we add 

04. x";;y or y";;x. (or in the non-exc!usive sense- see 6.2) (Connectedness), 

then we obtain an axiom system for total orderings. 

(a) Show that 01, ..• ,04 are dependent. 

(b) Give an independent axiom system for total orderings. 

(c) Give an independent axiom system for total orderings which, by removing one 
axiom, can be turned into an independent axiom system for partial orderings. 

§ 5. Logic calculi 

5.1 Mathematical proofs. The mathematician wants to draw consequences from systems 

of axioms. However, in a specific case, how does he convince himself that a mathemat­

ical statement A follows from a given axiom system m? It is only in very few cases 

that this can be seen immediately. Normally he divides the way of seeing that a relation­

ship of consequence holds into a (larger or smaller) number of steps, by inserting 

suitable mathematical statements. Thus he has before him the typical configuration 

which we call a mathematical proof. Such a proof consists (if we idealise the situation 

somewhat) of a finite sequence of mathematical statements written down one after the 

other, or, better, one beneath the other. The first statements of this sequence are the 
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axioms with which we start, and the last statement of the sequence is the mathematical 

theorem which is to be proved 6. Every statement of the sequence (except for the 

axioms themselves) must be so chosen that it can be seen directly that this statement 

"follows immediately" from certain of the statements which precede it in the sequence. 

If there is a proof of this sort, then the last statement of the proof does indeed follow 

from the axioms. In order to see this, let us assume that 3 is an arbitrary interpre­

tation which is a model for the axioms. We have to show that 3 is also a model for the 

last statement of the proof. In fact, we shall show that every statement of the proof is 

valid in the interpretation 3. If this assertion were false, then there would be a first 

statement A in the proof which was not valid in 3. A could not be an axiom, since 3 
is a model for all the axioms. Thus A must be an immediate consequence of certain 

statements ~1' ••• ,.ar , which precede the statement A in the proof. The statements 

.a1, ••• ,.ar are valid in 3 since A is the first statement in the proof which is not valid 

in 3. But ~ is an immediate consequence of A1, ••• ,.ar • Every model for .a. 1 , ••• ,Ar 

is thus a model for .a, and therefore so is 3. But this contradicts the assumption that 

.a. is not valid in 3. Thus we have shown that every statement of the proof, and there­

fore, in particular, the last, is a consequence of the axioms. 

As a simple example we give the proof for Lemma 1 of 2.2 in the idealised form we have 

just described 7 : 

(1) 0 is a natural number. 

(2) P2. 

(3) If x is a natural number, then the successor of x is always different from O. 

(4) P4. 

(5) P5. 

(6) If 0 is a natural number, then the successor of 0 is different from O. 

(7) The successor of 0 is different from O. 

(8) 0 is a natural number and the successor of 0 is different from O. 

This proof consists of eight statements. The first five statements are the axioms. State­

ment (6) "follows immediately" from (3); (7) "follows immediately" from (1) and (6); 

(8) "follows immediately" from (1) and (7). The last statement states that 0 has the 

property P. 

6 In general the axioms are not written down at the beginning of the proof every time. 
However, in a systematic treatment it is convenient to have this requirement. - In 
this section we want, for the sake of simplicity, always to assume that we are deal­
ing with finite systems of axioms. 

7 In doing this we shall explicitly state only axioms P1 and P3 and shall confine our­
selves to abbreviations for P2, P4, P5, since the proof does not depend on these 
axioms. 
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5.2 Indefiniteness of the concept of immediate consequence. We spoke above of imme­

diate consequences, where A was to be an immediate consequence of ~1' ••• ,Ar if it 

could be seen directly that A followed from A.1 , ••• ,Ar. If we inspect this concept, we 

have to admit that it is very vague and unsatisfactory, for there is no way of seeing 

what its objective meaning is. In fact, we have to admit that mathematicians are not 

at all in agreement as to when the passage to a new mathematical statement in a proof 

should count as directly obvious. We often speak of more or less "complete proofs, " 

depending on the "degree of obviousness" which has been attained, without actually 

possessing a criterion for completeness itself. Some considerations which were pre­

viously recognized as proofs are today regarded as "defective" and are indeed defec­

tive, because the statement which is to be proved does not follow from the axioms from 

which it is supposed to follow. 

Euclidean geometry provides us with an example. It was only in 1882 that Pas c h 
realised that, as well as the original euclidean axioms, further ones, namely the so­
called axioms of order, are needed for the proofs of certain geometrical theorems. 

With such a state of affairs, the possession of a criterion by which we can judge when 

a proof can be regarded as "complete" - and, thus, be regarded as a proof at all -

must be seen as an urgent necessity. It was the investigations of modern times which 

first provided a satisfactory solution to this problem. (They were, however, based on 

ideas to which many generations, going back to ancient times, had contributed.) We 

shall give a short account of this in 5.3. 

5.3 Rules of inference. Let us examine the proof in 5.1 a little more closely. Statement 

(7) is an "immediate consequence" of the preceding statements (1) and (6) ; and it is 

noticeable that (6) contains the statements (1) and (7) as "sub-statements". In order 

to make this clear, we shall write Ao for (1) and 120 for (7). Then we can write if 
AO' then 120 for (6). 

We have just established that ~O is an immediate consequence of AO and!! AO' then 

~O. However, it is obvious that, even for arbitrary statements I:! and ~, the state­

ment ~ is an immediate consequence of A and!! A, then ~. We can express this in 

the form of a rule: In a proof, we may always pass from statements of the form A and 

.!! A, then J2. to the statement g. This rule was known even to A r is tot 1 e, and has 

been called modus ponens since the time of the scholastics. 

The order of the two initial statements is not important. Thus, we shall also say that 
~ follows from the two statements if A, then ~ and ~ by modus ponens. 

Modus ponens leads from two statements A and!! I:!, then!! to the statement J2.. This 

statement 12 is a conseguence of the two initial statements A and li A, then 12. Because 
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of this, modus ponens is called a sound rule 8 , or a rule which preserves validity. 

Because of the soundness of modus ponens, we can appeal to it in each concrete case. 

In the example from 5. 1 we shall say that line 7 follows from lines 1 and 6 by modus 

ponens. 

A further important property of modus ponens is the following: If we are given any three 

mathematical statements A, fl and Q, we can always decide whether or not £ follows 

from A and ~ by modus ponens. For it does so if and only if either ~ is identical with 

.!! !:, then Q or !:. is identical with.!! fl, then £ 9 • We want, in general, to demand 

that every rule has a similar decidability property. 

Modus ppnens leads from two initial statements to a new statement, and it is therefore 

called a rule with two premises. However:1o we do not want to demand that every rule 

shall have exactly two premises. In general, we want to allow a rule to have some 

finite number k of premises, where k is characteristic of the rule. 

Let a finite system !R of correct rules be given. Now we can give a precise meaning to 

the concept of a proof by defining this concept in a way which depends on!R. We shall 

call a finite sequence of statements a proof relative to !R with regard to a (finite) sys­

tem of axioms ~ if the sequence begins with the axioms and if (apart from the axioms 

themselves) every statement of the sequence can be obtained from previous statements 

with the aid of one of the rules of !R. 

The soundness of the rules of !R guarantees that all the statements (and thus, in parti­

cular, the last statement) of a proof are consequences of the chosen axiom system ~ . . 
Because of the decidability of the rules of !R we can, given any finite sequence of mathe­

matical statements, decide whether this sequence is a proof relative to !R from a given 

finite axiom system ~: First of all, we can decide whether the elements of ~ comprise 

the beginning of the sequence. If this is the case, then we test the next statement !:. We 

choose anyone of the (finitely many) rules of !!t. Let this rule have k premises. Now 

choose any k statements !:.1' ••• ,Ak which precede A (in our case, k axioms) 1:1.. By 

our supposition, we can decide whether A can be obtained from !:.1' ••• ,~ by the rule 

we are considering. If this is not the case, then we test k other preceding statements, 

8 Not every rule is sound; consider, for example, the rule which permits us to pass 
from the two statements !! and if !J:., then B to the statement !J:.. 

9 Here we are assuming that the mathematical statements are written in some sort of 
standard way, for otherwise there may be syntactically different statements which 
have the same logical content. This sort of standardisation can be achieved precisely 
by going over to a formal language. 

:10 In contrast to the situation in Aristotle's syllogistics. 

ll. Some or all of the As.' ... ,b may be identical. 
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and so on; note that there are only finitely many possibilities. If these are exhausted 

without its once having been shown that h:. can be obtained from preceding statements 

with the aid of the rule under consideration, then we pass to another rule in !R and treat 

it in the same way. Either this process provides us with a rule in !R and certain state­

ments which precede A in the sequence such that h:. can be obtained from these by the 

rule, or it does not. In the second case, the sequence we are investigating is not a 

proof, and in the first case the part of the sequence up to and including h. is a proof. 

Now we must examine Similarly the statement which follows h., and so on. 

5.4 Complete sets of rules. We have just seen that, given a finite system !R of sound 

rules and a particular axiom system ~, we can always decide whether or not a given 

finite sequence of mathematical statements is a proof from ~ relative to !R. This valu­

able property makes our precise concept of proof decidedly preferable to the usual, 

rather vague concept. On the other hand, we are faced with the following problem: 

Mathematicians are - consciously or unconsciously - convinced that every consequence 

of an axiom system can be shown to be such by a proof. However, if we restrict the 

concept of proof by additional demands, as we have just done, this is no longer self­

evident. 

This suggests the formation of the following concept: A finite system !R of rules is said 

to be complete if every consequence of every (finite) axiom system ~ can be obtained 

from ~ by means of a proof relative to !R. Thus, the problem we have just mentioned 

is equivalent to the question of the existence of a complete set of sound rules. The pos­

session of such a set of rules - if one exists at all - would undoubtedly be of great 

value. However, if no such set of rules exists, then there is no finite set of sound rules 

which is sufficient to obtain all the consequences of an arbitrary system of axioms from 

it. In this case mathematicians would, as their science developed further, always be 

"discovering" new sound rules, which would enable them to prove more than was prov­

able before. 

For over two thousand years mathematicians have struggled to formulate the problem 
we have just mentioned and to answer it. In his syllogistics A r is tot I e laid down a 
set of sound rules. However, this set is incomplete. The Greek tradition was carried 
on by the Arabs, who were concerned in particular with the development of algorithms 
in mathematics :12 • 

An algorithm is a schematic computational method of solving problems. The algorithms 
which are commonly used in mathematics (e.g. the procedure for adding and multiply­
ing numbers which are given in decimal form; the euclidean algorithm for determining 
the greatest common factor; the well-known algorithm for computing square roots) 
have each been developed for a very limited range of problems. A complete set of 
sound rules would also yield an algorithm, and indeed a very universal one. Against 
the background of Arabic culture, Raym undus Lull us (about 1300) formulated in 
Spain the idea of an "ars magna", an art of solving schematically not only mathematical 

:12 The name algorithm comes from the name of the Arabic mathematician 
Al Chwarizmi (about 800). 
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problems but all problems of any sort. This idea of an liars magna" strongly influenced 
research throughout many centuries. However, the algorithms which were discovered 
(e.g. the procedure for solving cubic and quadratic equations) were, again, of limited 
application. 

Lei b n i z was very deeply involved in the problem of the ars magna. In particular, he 
thought about the relationship between algorithmic computability and decidability. We 
can illustrate this relation by a simple example: We know of algorithms for computing, 
figure by figure, the decimal expansion of IT. With the help of such an algorithm, we 
can produce this expansion up to an arbitrary number of decimal places. However, this 
certainly does not provide us with the means of deciding whether a given sequence of 
figures appears in this decimal expansion; If this is the case, then we shall be able to 
discover this "in a finite length of time" by producing the decimal expansion to suffi­
ciently many decimal places. However, if the given sequence of figures does not appear 
in the expansion, then naturally we shall not be able to find it however far we develop 
the decimal expansion of IT; we shall never be able to prove by this method that the se­
quence never appears. There is a completely analogous problem in logic: Let us assume 
that we have a complete system !Jl of sound rules. Then, given any axiom system, we 
shall be able, by systematic application of the rules, to find all its consequences by 
means of proofs, in a similar way to that in which we can, with an algorithm, find all 
the places of the decimal expansion of IT:l.3 • However, this does not provide us with a 
solution to the decision problem, i.e. the problem of finding a procedure which, given 
any (finite) axiom system !!l and any given specific mathematical statement b:, enables 
us to establish in finitely many steps whether or not Ii is a consequence of !!l. If Ii 
does indeed follow from !!l, then the systematic application of the rules of the complete 
set of rules will eventually lead .0 a proof of A from !!l. However, if Ii is not a conse­
quence of !!l, we shall not be able to prove this by application of the rules of !Jl above. 

In spite of his efforts, Leibniz was not able to answer the question of the existence of a 
complete set of rules. His investigations did not influence the following generations; it 
was only around 1900 that Leibniz' s notes on the subject were published. 

Today we can see that the use of everyday languages was not the least of the reasons why 
the problem offered such strong resistance to the efforts of many outstanding research 
workers. Operating in a natural language with so precise an instrument as an algorithm 
is like trying to determine with a precision instrument the height of a tree shaken by a 
gale. So it is no wonder that the first substantial advances were only made when people 
started using artificial "formalised" languages instead of natural languages. 

This change was brought about systematically in the last century. In his The mathemati­
cal analysis of logic, G. Boo Ie (1815 - 1864) attempted, from 1847 onwards, a form­
alisation of language which imitated the formalism of mathematical algebra. Many in­
vestigations have been carried out in Boole' s formalism; however, it is not now gener­
ally used because it differs excessively from the natural languages. (The concepts of 
cylinder algebras and polyadic algebras are modern developments of the algebraification 
of logic) . 

The f0rmalisation created by G. F reg e (1848 - 1925) in his Begriffsschrift (1879) was 
nearer to the natural languages, but did not catch on because of its two-dimensional no-" 
tation. The (unfortunately not uniform) formalisations which are used today are derived 
from the formal language created by G. Pea no (1858 - 1932). Frege not only built up 
a formal language, but also set down a system of rules. However, as B. R us sell 
( 1872 - 1970) showed, Frege' s system of rules is not sound. A revised sound system 
of rules proved to be sufficient to transform all the important proofs of some basic 
mathematical theories into proofs relative to this system of rules. This was shown in 
Whitehead and Russell's monumental work Principia Mathematica (1910/13). 
Thus it could be suspected that the system of rules used was complete. It was only con­
siderably later, in 1930, that G 6 del proved the completeness of a system of rules. 
This was, however, only for a formal language with limited means of expression, which 

:1.3 The only difference is that we obtain the places of the decimal expansion of IT in a 
well-ordered sequence, whereas there is no natural order of succession for the 
consequences of an axiom system and such an order can only be introduced artifi­
cially. 
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is today known as the language of predicate logic; or, more precisely, as the language 
of first-order predicate logic. Godel also showed that, for a richer language, that of 
second-order predicate logic, there is no complete set of rules :1.4 • 

The first of these two results of Godel brought .to a positive conclusion the investiga­
tions of an era which had lasted for centuries. However, the second result showed that 
the first was by no means self- evident. Incidentally, we see again how important the 
transfer to formal languages is, for the formalisation contributed substantially to the 
clarification of the difference between first-order and second-order predicate logic. 

A complete system of sound rules for the formal language of predicate logic is usually 

called a predicate calculus. The word calculus is reminiscent of the 

c a I cuI i, i. e. the pebbles by means of which addition and other operations used to be 

carried out on an abacus before the modern methods of calculation, based on the arabic 

numbers, became customary. 

5.5 Assumption calculi. Today, several predicate calculi are known. Some of these can­

not immediately be seen to have the simple form which we took as our basis in the gen­

eral discussion above. But even slightly different calculi such as these do in fact serve 

to obtain all the consequences from an arbitrary system of axioms . 

The predicate calculus which is to be presented in this book is of this more general sort. 

The reason for the deviation from the form given above is that we want to develop a cal­

culus which, in one characteristic respect, reflects the practices of mathematical proof 

as truly as possible:1.5. 

The point is this: The axioms of an axiom system m, which are taken as the basis of a 

mathematical theory, can be interpreted as assumptions, for these axioms are not 

justified at all. Moreover, in the course of a proof, a mathematician often introduces 

further assumptions ad hoc without justifying them in any way. Of course, he then has, 

later, somehow to "eliminate" these arbitrary further assumptions. We want to give 

three indications as to the use of these introduced assumptions: 

(a) An example is given by the proof in 2.3, which begins by at once introducing the 

two additional assumptions xy 1 = z and xy 2 = z. 

(b) If, in a theorem of some mathematical theory, the hypotheses are first enumerated 

before the actual assertion is made, then this theorem is usually proved by introducing 

the hypotheses as assumptions at the beginning of the proof. 

(c) In fact, every so-called indirect proof consists in introducing as an assumption the 

negation of the assertion which is to be proved, with the initial aim of deriving a 

14 Cf. Chap. VI, §4. 5. Apart from the restriction to the first order, Godel' s system 
of rules is practically identical with that of Principia Mathematica, if we disregard 
the fact that in Principia not all the rules which are applied are explicitly formulated 
as such. 

:1.5 Such a true reflection has the advantage that someone who is used to ordinary mathe­
matical proofs can also handle this predicate calculus relatively easily. 
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"contradiction", in order then to be able to pass immediately to the assertion itself 

(cf. the proof of Lemma 2 in 2.2). 

If it is permitted to introduce additional assumptions in the course of a proof, then we 

must ensure that, for every assertion which occurs in the proof, we can determine the 

assumptions on which the assertion "depends". This is most Simply and surely done by, 

in the relevant line of the proof, putting the assumptions belonging to the assertion ex­

plicitly at the beginning and the assertion itself at the end. Once we have decided to do 

this, we can go one step further and treat the axioms just as we do the additional as­

sumptions. 

Thus, a proof in an assumption calculus like this consists of a finite sequence of rows, 

each of which consists of finitely many statements, of which, in each case, the last is 

regarded as the assertion of the row and the preceding ones as the assumptions. There 

must be finitely many rules by which we can pass from initial rows (the premises) to 

another row (the conclusion) • 

We want also to admit rules without any premises as a special case. We can then write 

down certain rows immediately by means of such rules. The so-called rule for the in­

troduction of an assumption is an example of such a rule. This rule allows us to write 

down, at any stage of a proof, a row 

(*) AA 

where A may be any mathematical statement. 

What shall we mean by a sound rule of an assumption calculus? In order to explain this, 

we introduce the idea of a sound row, or a row which preserves validity: A ~ is to be 

called sound if its assertion is a consequence of its assumptions. Now we call a rule 

sound if, given sound rows as premises, it always leads to a sound row as conclusion. 

For a rule without premises, we shall understand the definition of the soundness of a 

rule as follows: We shall say that such a rule is sound if the rows which it permits us 

to write down are sound. The above-mentioned rule for the introduction of an assumption 

is sound: This rule allows us to write down rows of the form (*). But every such row 

is sound, since the given assumption A follows from the assertion, which is also !!.. 

Clearly, every row of a proof in an assumption calculus which is based on sound rules 

is sound. This holds in particular for the last row of the proof. Thus, the assertion of 

this row is a consequence of its assumptions. In this way, an assumption calculus can 

serve to derive consequences algorithmically. We shall call an assumption calculus 

complete if every consequence can be obtained as indicated by means of a proof based 

on the rules of the calculus:lS • 

:IS This refers to the case where there are finitely many axioms from which consequences 
are to be obtained. For the general case cf. Chap. IV, §1.2. 
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Now we shall rewrite the proof given in 5. 1 in a form which could fit into an assump.­
tion calculus. We want to do this using only those axioms of geometry which are really 
needed for the theorem which is to be proved. 

1) 0 is a natural number. 0 is a natural number. 

2) If x is a natural number, then the successor of x is always different from O. If x 
is a natural number, then the successor of x is always different from O. 

3) If x is a natural number, then the successor of x is always different from O. If 0 
is a natural number, then the successor of 0 is different from O. 

4) 0 is a natural number. If x is a natural number, then the successor of x is always 
different from O. The successor of 0 is different from o. 
5) 0 is a natural number. If x is a natural number, then the successor of x is always 
different from o. 0 is a natural number and the successor of 0 is different from o. 

Note that this "proof" (like the "proof" in 5.1) is not a proof in the strict sense which 
we want to give to this concept here, since it is not based on any system of rules. We 
have to think out a system of rules to go with it. 

In the proof we have just given, rows 1) and 2) can be thought of as being obtained by 
means of the rule of the introduction of an assumption. Rows 3), 4) and 5) correspond 
to rows (6), (7) and (8) of the proof in 5. 1. If we could find a system of sound rules 
such that the sequence 1), ... ,5) were a proof relative to these rules, then we should 
have shown that the assertion of 5), that is, the statement (8), was a consequence of 
the assumptions of 5), i.e. of the statements (1) and (3), and, thus, a fortiori, a con­
sequence of Peano' s axioms. 

5.6 Mechanical proof. The frequent repetition of particular statements in the proof 

1), •.• ,5) may at first appear pedantic. In fact, in practice abbreviations will be de­

vised. However, at the moment we are trying to work out general principles and there­

fore need to practise this sort of exactness. When we work with such precision (which 

can only really be attained by laying down rules and after passing over into a formal 

language) it becomes clear that carrying out a calculus is really a formal process, 

which can intuitively be conceived of as moving words and letters. If we think only of 

the meaning and sense of statements, then slight variations, or even omissions which 

could easily be filled in, may be unimportant; but if we are trying to manipulate letters 

like pieces in a puzzle, then every single piece is important. 

Given the exactness which we can achieve in this way, we can easily use computers 

for proofs (in a precise meaning of this word), either to test mechanically proofs which 

are already given to see whether or not the rules have been applied faultlessly, or to 

generate proofs according to a given system of rules. It must, however, be said that 

the limited storage capacity of modern machines provides, at any rate at present, a 

practical hindrance. 

Exercises. 1. Try to find a system, in the sense of 5.3, of sound rules such that the 
mathematical proof given in 2.3 becomes a proof relative to this system of rules 
(cf. 5.3). 

2. Try (using the rule for the introduction of an assumption) to find a system of sound 
Tin the sense of 5.5) rules such that the sequence 1), ..• ,5) given in 5.5 becomes a 
proof relative to this system of rules. 
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1:.. Find out whether the following rules of inference are sound (5. 3) : 

(a) We may pass from two statements of the form 

if A. then B and not A 

to the statement not B. 

(b) We may pass from two statements of the form 

A or (if not A! then B) and !!Q1..1! 

to the statement A. 

(c) We may pass from seven statements of the form 

A:!. or Aa or A3 if B1 , then not (Ba or B3 ) 

if A:!., then B1 if Ba , then not (B3 or B3,) 

if Aa , then Ba if B3 , then not (B;1, or Ba) 

if A3 , then B3 

I. Introduction 

to the statement (if ~:!., then Ai) and (if Ba , then As) and (if B3 , then A3 ). 

(d) We may pass from two statements of the form 

if (A or B). then C and if (B or C). then A 

to the statement if (A and C), then B. 

§6. The symbolisation of mathematical statements: Junctors and quantifiers. 

6.1 Statement of the problem. In the last few sections we indicated repeatedly that it is 
necessary to pass from natural languages to a formal language in order to study logic 
successfully. We could, therefore, start building up such a formal language at once in 
order to have a basis for our logical investigations. However, the formal languages have 
grown up against the background of the natural languages. Thus, we shall be able to un­
derstand the structure of a formal language better if we know which characteristics of 
the natural language it reflects and how it does this. We can find this out best by prac­
tising "translating" everyday statements into the formal language, or, in other words, 
by symbolising these statements. The symbolisation of statements is an art which can, 
to a large extent, be learned by practice. The symbolisation of arbitrary linguistic 
statements can be very difficult. However, the exercise is simpler if the statements 
which are to be translated are mathematical statements, since the traditional mathemat­
ical statements have a fairly transparent logical structure and since it is precisely this 
logical structure that we want to bring out in the symbolisation. 

Since mathematical statements are usually formulated to some extent in everyday lan­
guage, we shall only be able to apply the logic we develop here to mathematics if we 
know how to translate the mathematical statements into the formal language which 
forms the basis of our logic. The reader is therefore strongly urged to practise symbol­
ising (cf. the exercises at the end of the next section). 

In this section and the following one, we want to acquaint the reader with the most es­
sential elements of the language of predicate logic by ascertaining the logical structure 
of mathematical statements by means of examples. First of all we shall consider uni­
versal components of statements (see 3.3) ; we shall consider the specific components 
in the following section. 

6.2 Junctors. Examples of universal components of statements are words (or word 

complexes) such as and. 2f, either-or, not, if-then, if and only if, neither-nor, while, 

with whose help statements can be connected to form new statements. Words like these 
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are called propositional connectives or (as by Lorenzen) junctors. Apart from the 

junctor not, the junctors given above are two-place, i.e. we can, by means of them, 

join together two statements to form a new statement. Thus, for example, from the two 

statements. 

3<4,3=4 

we obtain the statement 3 < 4 2.!' 3 = 4 (which is abbreviated in arithmetic by 3":;; 4) 

through connection by QI. Not is a one-place junctor, which, for example, connected 

with the statement 3> 4, gives the statement not 3> 4. 

Let us assume that we are dealing with an aristotelian statement A (see 4.2). Now, A 

is either true or false. If A is true, then clearly the statement not A is false, and con­

versely. We can represent this property of the junctor not by the following so-called 

truth table (logical matrix) : 

Truth table for not A not A 

T F 
F T 

Here, T means truth and F falsehood. T and F are known as the aristotelian truth 

values. 

Because of the above-mentioned property of not, we do not need to know what the state­

ment A is in order to determine the truth value of not A (i. e. in order to discover 

whether this statement is true or false). It is sufficient to know the truth value of A. 
For this reason, not is called an extensional junctor. 

And is another example of an extensional junctor. If A and !!. are aristotelian state­

ments~7 , then A and..§. is true if both A and 12 are true; in every other case, A and 

B is false. We can represent this by a truth table with two axes: 

Truth table 
B 

,.-;-.. 

for and A and B T F or, more and T F 

A{~ T F compactly: T T F 

F F F F F 

If we pass to QI, the situation becomes more complicated. It is easy to see from exam­

ples that, in everyday speech, this word is used in different ways by different people 18. 

If we want to build up a logic, we cannot allow this situation to continue; it is then ne­

cessary to define the use of or in some fixed way. We want to do this and to agree to 

17 In the following, A and 12 are always to be aristotelian statements. 

18 This is, in my experience, true even of mathematics students who have been study­
ing differential and integral calculus for some time. 
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use the word or extensionally, just as we use and and not. A Q!' !! is to be false if 

both A and B are false; in every other case, A or B is to be true. Thus we have the 

truth table 

for Q!' 

or T F 
T T T 
F T F 

The or which we have defined precisely in this way, which corresponds to the most 

usual mathematical usage of this word, is a "non-exclusive or", since!!. Q!' B is 

regarded as true even when both A and ~ are true. This is not the case with the "ex­

clusive or", i.e. with either-or. If we decide to use this connective extensionally too, 

then we shall decide on the following 

truth table 

for either-or 

either-or 

T 

F 

T F 
F T 
T F 

If we connect two statements by and, the resulting statement is true exactly when both 

its components are true. However, if we connect two statements by (the non-exclusive) 

or, the resulting statement is false exactly when both its components are false. For 

this reason, and and Q!' are said to be dual junctors, or junctors which are dual to each 

other. 

Except where we explicitly state otherwise, we shall, in this book, always use the june­

tors Q!' and either-or in the way shown in the truth tables above. (The same holds for 

the junctors if-then and if and only if, which we shall discuss shortly.) 

By studying the above matrices it is easy to see that the two statements A Q!' !! and not 

(not A and not ~) always have the same truth value for arbitrary!!. and !!. It is thus 

possible to define Q!' from and and not, i.e. to interpz:et 

( 1) A sg B as an abbreviation for not (not b:, and not !!). 

Similarly, we can introduce 

(2) either A Q!'!! as an abbreviation for (b:, Q!' g) and not (!!. and !!). 

We can show quite generally that every extensional junctor can be defined by means of 

the junctors and and not in a similar way 19 • This fact allows us to restrict ourselves 

to the extensional junctors and and not when we are conSidering logic theoretically. We 

shall make use of this later. 

19 See exercise 5. 
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We call not the negator and and the conjunctor. 

A two- place junctor, which can be represented as not (A and not 12) appears relatively 

often in mathematics. In many cases, mathematicians express it as: jJ /!" then 12 20. 

If we want to use if-then in this way, we have 

(3) .il A, then 12 as an abbreviation for not (A and not 12). 

This corresponds to the following 

truth table 

for if-then 

if-then T F 

T T F 

F T T 

It follows that!! A, then 12 is false exactly when A is true and B is false 21. 

It corresponds to the usual way of speaking to interpret 

(4) A if and only if ~ as an abbreviation for (if A, then B) and (g B, then!!.). 

Using the truth table for if-then as a basis, we obtain the 

truth table 

for if and only if 

if and 

onl if 

T 

T F 
T F 

F F T 

6.3 Symbols, rules for dispensing with brackets. The extensional junctors!!Qj;, and, Q!', 

if-then, if and only if appear so frequently that it is worth introducing symbols to repre­

sent them (like + and· in arithmetic). Unfortunately, there is, as yet, no universally 

accepted symbolism. We shall write 

.., for not 

V for Q!' 

1\ for and 

~ for if- then 

(reminiscent of the minus sign) . 

(reminiscent of the latin vel for the non-exclusive Q!') 

(reminds us of the duality of and and Q!'). 

.. for if and only if 22 • 

20 However, they also often use if-then in quite a different sense, namely to express 
a logical consequence. 

21 Thus, of the statements (1) if 1+1=2, then 17 is a prime number, (2) if 1+1=2, then 
16 is a prime number, (3) if 1+1=3, then 17 is a prime number, (4) if 1+1=3, then 
16 is a prime number, the statement (2) is false; the other statements are true. 

22 Other symbols are, for example, '" or overlining for not; &,. or Simply concatena­
tion for and; :::l for if-then, ;: for if and only if. 
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It is often necessary to use brackets in order to indicate the construction of a statement 

clearly. For example, if we write b A ~ ~ Q, it is not immediately clear whether we 

mean (b A !2) ~ Q or A A (12 ~ Q). However, in order to make our symbolisation easier 

to take in, it is worth introducing rules for dispensing with brackets. We shall use the 

following two 

Conventions for dispensing with brackets: 

(a) A and v have precedence over ~ and ++ 23 • 

(b) Iterated A-connections and iterated V-connections are to be bracketed from the 

left 24 • 

6.4 Example of a non-extensional junctor. We shall now consider the junctor while, 

which we have already mentioned in 6.2. First of all, we must observe that the English 

word while is ambiguous. In fact, this word is used to express (1) a contrast and (2) a 

coincidence 25 • 

Thus, we should really speak of two different junctors, namely of while in the contrast­

sense and while in the time-sense. 

The junctor while in the contrast-sense can usually simply be replaced by and. It is then 

an extensional junctor. 

Strictly speaking, the junctor while in the contrast-sense differs from the junctor and in 
that while is used particularly to call attention to some difference between the two com­
ponents connected by while. Thus, the statement f§.. is algebraic, while TT is transcen­
dental means, strictly speaking, the same as the statement Vf is algebraic and TT is 
transcendental; note the difference! However, the summons at the end of this statement 
is mathematically irrelevant. 

Now we turn to the junctor while in the time-sense and consider the following true state­

ment: 

Milton wrote "Comus" while the great migration of Puritans from England to America 

was taking place. 

If, in this statement, we replace the true substatement: 

Milton wrote "Comus" by the statement, likewise true: 

23 This is analogous to the convention in algebra that the multiplication sign has prece­
dence over the addition sign, so that ab+c is understood as (ab) +c. By convention 
(1) A A § ~.Q means the same as (A. A !2) ~ C. Note that A and V (and, similarly, 
~ and e) have equal status as regards bracketing, so that, for example, b A ~ V Q 
and A ~ 12 ft Q are ambiguous. 

24 Thus, for example, A A ~ A Q A 12 is an abbreviation for «b A ~) A Q) A 11. 
25 The two senses of the word may also be expressed by whereas and during the time 

that. The French language has two distinct junctors tandis que and pendant que 
corresponding to these two meanings. 
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Milton wrote "Paradise Lost", then the total statement, which was originally true, be­

comes false. This shows that the junctor while in the time-sense is not extensional. 

Non- extensional junctors are called intensional. In mathematics we can restrict our­

selves to extensional junctors. 

It is possible to rewrite a statement in which the junctor while in the time-sense appears, 

to obtain a statement with the same meaning which contains no intensional junctors. Thus, 

the statement given above in the text has the same meaning as the statement: Every mo­

ment in which Milton wrote "Comus" is a moment in which the great migration of Puri­

tans from England to America was taking place. 

6.5 The quantifiers in predicate logic. We consider the two statements 

(*) All natural numbers are algebraic. 

(**) There is an algebraic number which is not rational. 

The word all which appears in the first statement is called a generalisor or a universal 

quantifier and the pair of words there is, which appears in the second statement, a par­

ticulisor or an existential quantifier. 

The statement (*) can be reformulated in various ways without changing its meaning; 

e.g. by writing: 

Every natural number is algebraic. 

A natural number is (always) algebraic. 

Thus we shall call the word every and also the word ~ (an) (at any rate if it is used in 

the same sense as in the last statement) a universal quantifier. Since, in logic (and 

mathematics) it is immaterial which universal quantifier is used, we shall only have to 

consider one universal quantifier in a formal language. 

We write 

/\ for the universal quantifier. 

The symbol" /\ " is a large 1\. In fact, we can always interpret a statement which be­

gins with the universal quantifier as a generalised I\-connection of statements. Thus, 

for example, the above statement (*) has the same value as 

o is algebraic and 1 is algebraic and 2 is algebraic and .•• 

Note, however, that the dots at the end of the line indicate that the and-connection is to 

be exte-ded infinitely far. Thus, strictly speaking, this is not a statement, since we 

shall require a statement to have a finite length. It is only when we are dealing with a 

finite totality that we can really replace the universal quantifier by an and-connection. 



36 I. Introduction 

We can make comments on the existential quantifier analogous to those on the universal 

quantifier. For example, the statement (**) can be reformulated in the following ways: 

There exists an 26 algebraic number which is not rational. 

(At least) one algebraic number is not rational. 

Thus, we shall also call there exists and (at least) ~ existential quantifiers. 

In the formal language, we use only one quantifier to express existence, and we write 

V for the existential quantifier. 

V is a large II V ". For we can interpret a statement beginning with the existential quan­

tifier as a generalised Qr-connection and thus, for example, rewrite the statement there 

is a natural number which is a prime number as 

o is a prime number or 1 is a prime number or 2 is a prime number or ••• 27 • 

As in the case of the universal quantifier, it is only when we are dealing with a finite 

totality that it is really possible to replace the existential quantifier by an Q.!'-connection. 

We can define V by means of /\ and..., just as we can define V by means of II and ..., 

(see 6.2). We shall enlarge upon this in the next section. 

Exercises. 1. (a) With the help of 6.4, find further examples of non-extensional junc­
tors. 

(b) Contrary to mathematical usage, there are examples in everyday language in which 
and is not used in a commutative way, i. e. in which ~ and I! is true and B and A is 
false. Such examples stem from the fact that ~ and;§. refer to different points in time 
(without this having been explicitly stated). Find such examples and show that, in such 
examples, the junctor and is not used extensionally. 

~ The following two statements 

(1) Paris is the capital of France and London is the capital of England, 

(2) Paris is the capital of France or Paris is not the capital of France 

are both true. However, there is an important difference between them: In order to rec­
ognise the truth of (1), we must have some knowledge about the geographical content of 
(1). In the case of (2), on the other hand, we can manage without any such knowledge, 
for, because of our decision about the use of Q!' and not, (2) is - as can be shown easily 

26 The words l! and !ill can be used in more than one way; they sometimes act as uni­
versal quantifiers and sometimes as existential quantifiers. This is illustrated by the 
following two statements in the everyday language: An American speaks English. An 
American has landed on the moon. The ambiguity of the words !! and §!! is another 
example of the logical incompleteness of the natural languages. 

27 Note that here Q.!' cannot be replaced by either-or. 



§ 6. The symbolisation of mathematical statements: Junctors and quantifiers 37 

- a true statement independently of whether or not Paris is the capital of France. Be­
cause of this, (2) is called a formally true statement. (1), on the other hand, is not 
formally true, but merely true by virtue of its content. A formally true statement is 
also, more precisely, called a propositionally formally true statement or a tautology. 

If a statement is built up from other statements by means of an extensional junctor, then 
this statement is said to be (propositionally) decomposable; if not, it is said to be 
(propositionally) indecomposable. Clearly, every statement can, in a unique way, be 
built up from indecomposable statements by means of extensional junctors (if we allow 
the case in which the given statement is itself indecomposable). If we replace the in­
decomposable components of a statement by different letters A, B, C, •.• (where, how­
ever, components which occur more than once are to be replaced by the same letter 
each time), then we obtain a structure built up from letters and junctors (and, possibly, 
brackets to show the way in which the structure is connected together), which we call 
the (propositional) structure of the statement. The structure of a statement is deter­
mined uniquely up to renaming of the letters. Thus, for example, the statement (1) has 
the structure 

A /\ B, 

whereas the statement (2) has the structure 

AV-,A. 

Note that, although the statement 

(3) Every town is the capital of France or not the capital of France 

contains extensional junctors, it is still (propositionally) indecomposable, because the 
universal quantifier every blocks the decomposition. (3) is essentially different from 
the (decomposable) statement 

(3') Every town is the capital of France or every town is not the capital of France. 

(3) has the structure A and (3') the structure A V B. Neither of these statements is 
a tautology. 

Let some statement have, for example, the structure (A ~ B) V (C ~ A). The test to 
find out whether the statement is a tautology can be carried out according to the follow-
ing simple pattern: 

A B C (A ~ B) V (C ~ A) 

T T T T T T 

T T F T T T 

T F T F T T 

T F F F T T 

F T T T T F 

F T F T T T 

F F T T T F 

F F F T T T 

The column under II V II shows that the given statement is a tautology. 

In many cases, we can replace this systematic method of working out by a shorter, in­
direct method. In the example given above, this would work as follows: If 
(A ~ B) V (C ~ A) were false in some case, then both A ~ Band C ~ A would have to 
be false in this case. But A -? B is false only if A is true (and B is false), and C -? A 
is false only if (C is true and) A is false. This contradiction shows that 
(A-?B) v (C-?A) can never be false. 
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Test the following statements to find out whether or not they are tautologies: 

(a) If Cardiff is in Wales or Dundee in Scotland, then Cardiff is in Wales. 

(b) If it is the case that, if Joe goes to America, he will either stay here or come 
back a rich man, then Joe will stay in America if he goes there or Joe will come back 
a rich man if he goes to America. 

(c) It is not the case that Caesar is a Gaul if he is a Gaul. 

1:.. We can extend the notion tautology, which, up till now, we have applied only to state­
ments, by also referring to the structures of such statements as tautologies. Test the 
following structure formulas for this property: 

(a) 

(b) 

(c) 

(d) 

(e) 

(f) 

(C-+AV B) -+ (C-+A) V (C-+B) 

(A -+ (B -+ C» -+ (C -+ (A -+ B» 

«A -+ B) -+ A) -+ A 

(A -+ B) 1\ (C -+ D) 1\ (A V C) 1\..., (B 1\ D) -+ (B -+ A) 1\ (D -+ C) 

(A 1\ B .., C) ~ (A -+ C) V (B -+ C) 

(A V B -+ C) ... (A -+ C) 1\ (B -+ C) 

4. The connective of alternative denial 
the following matrix: 

is an extensional junctor which is defined by 

Truth table for the 

connective of alter­

native denial 

T F 
T F T 

F T T 

Show that..., and 1\ can be defined by means of (as, for example, V can be defined by 
means of ..., and 1\) ; see example 2. 

5. Show that every n-place extensional junctor can be defined by means of ..., and 1\ (and 
hencer by exercise 4, also by I alone). (Because of this, the sets of junctors h, 1\ I 
and I I are called functionally complete sets of junctors.) 

S k etc h 0 f apr 0 0 f: Let J be an arbitrary n- place extensional junctor. Let its 
truth table be given in the following form: 

T ... T 
T ••• F 

F ••• F 

Each of the truth values WI appearing in the right-hand column is either T or F. Now 
we pick out the rows in which WI = T. (The case in which there are no such rows must 
be considered separately.) Suppose that w~ ••• w~ I T is one such row. Then we con­
struct the structure formula 

(-,) ~A~ 1\ ••• 1\ (-,) nAn ' 

where (-,)l is to be ..., if w; = F and is to be omitted if w; = T. Now, after enclosing 
each of the formulas obtained in this way in brackets, we connect them all together by 
means of V. The resulting formula can be used as a definition of the junctor J. We have 
thus solved the problem, since V can be defined by means of ..., and 1\. 
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.§.=.. Test the following sets of junctors for functional completeness: 

(a) fl\,V,~,ti>I, 

(b) lv, -d, 
(c) I-?"l, 
(d) l~, ' I , 

~ Calculate the number of different n- place extensional junctors for each n ~ 1. 

8. Find all those two- place extensional junctors J such that ! J I is a functionally com­
plete set of junctors. 

§7. The symbolisation of mathematical statements: Individuals, predicates and functions. 

7.1 Survey. The most important specific notions which appear in aristotelian state­

ments are names for individuals, names for predicates and names for functions. Notions 

like these also appear in mathematical statements, but there, as we have seen in 4.2, 

they are usually to be understood as variables. Thus, correspondingly, we shall have to 

distinguish between individual variables, predicate variables and function variables. 

There is, however, a name for a predicate which also appears in mathematical state­

ments and which is not to be understood as a variable; it is the name "=" (known as the 

equality sign) for the equality predicate. 

It appears that it is possible to construct almost all the traditional mathematical state­

ments from the variables we have just mentioned together with the junctors and quanti­

fiers which we considered in the last paragraph and the equality sign. If we replace the 

names for individuals, predicates and functions which appear in a mathematical state­

ment by letters and the universal notions by the symbols which we introduced in §6, 

then we obtain a "formula" which is called a symbolisation of the original mathematical 

statement. In the next chapter, we shall introduce the expressions, as they are called, 

in a precise way. Every expression can be regarded as a "formula" like this; converse­

ly, all "formulas" (if they satisfy an additional condition, on which we shall enlarge in 

7.4) can be taken as expressions. 

It is customary to use the letters x, y, z, ... , a, b, • .. as individual variables, 

P, Q, ••• , A, B , • •. as predicate variables and f, g, . •. as function variables. These 

letters are also often used with indices •. 

7.2 Names for individuals, predicates and functions. In order to speak about indivi­

duals, predicates and functions we have to use names for these entities. In the state­

ment The crown jewels are kept in the Tower of London, The crown jewels and the Tower 

of London can be understood as names for individuals and are kept in as a name for a 
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predicate. the Tower of London can, however, be analysed further by taking the Tower 

of as a name for a function and London as a name for an individual 28 • 

are kept in is a name for a two- place predicate; it can be completed to form an aristo­

telian statement by the addition of ~ names for individuals. There are also names for 

k-place predicates where k :j: 1. Thus, for example, is tall is a name for a one-place 

predicate and lies between - and - 29 a name for a three-place predicate. There are also 

names for many-place functions. An example of a name for a two-place function is the 

railway-line between - and -. A name for an n-place function together with n names for 

individuals yields a name for an individual. 

It is sometimes worth admitting no-place predicates and no-place functions as a border­

line case. For n ~ 1, a name for an n-place predicate together with n names for indivi­

duals yields an aristotelian statement. If we want to extend this situation to the case 

n :: 0, then a name for a no- place predicate must yield an aristotelian statement without 

any additional name for an individual. Thus, a name for a no- place predicate is simply 

an aristotelian statement (i.e. a name for a proposition). For n ~ 1, a name for an 

n- place function together with n names for individuals yields a name for an individual. 

If we extrapolate this for n :: 0, we must expect a name for a no- place function to yield 

a name for an individual without any additional name for an individual. Thus, a name for 

a no- place function is simply a name for an individual. 

The word predicate is also used in grammar, but in not quite the same sense as in logic. 

7.3 Examples of aristotelian statements. Now we consider some common types of 
aristotelian statements and show how to analyse these logically. These analyses can be 
applied correspondingly to mathematical statements. Example (2) is particularly im­
portant. 

(1) Sirius is not a planet. 

(2) All planets are oblate. 

(3) No planet is luminous. 

(4) There is at most one winner. 

Here, the following analyses suggest themselves: 

to (1): Name for an individual: Sirius, name for a predicate: is a planet. Complete 
statement: Not Sirius is a planet-.--

to (2): No name for an individual. Names for predicates: is a planet and is oblate. 
Clearly, statement (2) is trying to express that, for all things, it is not the case that 
the thing is a planet and is not oblate. Thus we could write provisionally: 

28 It may be questioned whether The crown jewels could also be analysed in a similar 
way. 

29 Consider, for example, the statement: Stratford-on-Avon lies between Oxford and 
Birmingham. Note that the word and which appears here is not to be understood as 
a junctor. This is in contrast to the situation in the statement Oxford and Birmingham 
are towns, which can be regarded as an abbreviation for the statement: Oxford is a 
town and Birmingham is a town. 
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For all things: not (the thing is a planet and the thing is not oblate). 

By §6, we could use the extensional junctor if-then here and write: 

For all things: (if the thing is a planet, then the thing is oblate). 

Finally, we ask ourselves what exactly the word pair the thing, which we have intro­
duced here, is. We might at first think that it was a name for an individual we were 
dealing with here. However, this is not the case, since a name for an individual must 
be a name for a fixed individual and we cannot say that this is true of the thing here. 
The part which the expression the thing plays is, rather, that it indicates the places to 
which the quantifier For all at the beginning relates. We could, instead, use any other 
symbol, e.g. an asterisk, and write: 

For all l~ (if * is a planet, then l~ is oblate) • 

In practice, it has become usual to make the necessary indication by means of a letter. 
For this purpose, we use the letters which are also used for individual variables, since 
the components * is a planet and * is oblate can be made into statements by replacing 
* by a name for an individual. Thus, we finally obtain 

(5) For all x (if x is a planet, then x is oblate). 

(We could also write "y" or "z" instead of "x".) An individual variable x which is used 
together with "for all" plays a different part from a variable x as in 

(6) x is a planet. 

This is superficially obvious from the fact that (5) is an aristotelian statement. whereas 
(6) is only a statement form (cf. 4.2). We can make a statement from (6) by substi­
tuting a suitable name for an individual, e.g. Jupiter, for the individual variable x. 
However, a replacement like this for x would turn ( 5) into a meaningless linguistic 
structure. 

In order to make this difference clear, we talk of a free individual variable in the case 
(6) and of a bound individual variable in case (5). In (5), the variable x is bound by 
the universal quantifier. 

In traditional mathematical formulas, too, the difference between free and bound vari­
ables is an essential one. Thus, for example, in sin x = y the variables x and yare 

co p 

free variables, whereas in formulas such as L ~ and S sin x dx the variables} and 
i=O 0 n 

x are bound, i by the summation sign and x by the integral sign. In 
variable and n a free variable. 

L ~ i is a bound 
i=O 

Some authors distinguish the bound variables from the free from the start by using spe­
cial letters for the bound variables. In order to avoid such a duplication of variables, 
bound and free variables will not be distinguished typographically here. It is always 
possible to see whether a variable is bound or not by considering the quantifiers which 
precede it. 

to (3): No name for an individual. Names for predicates: is a planet and is luminous. 
If we use the variable y as a bound variable in connection with the existential quanti­
fier, then the analysis yields: 

not there is a y (y is a planet and y is luminous) • 

to (4): No name for an individual. Name for a predicate: is a winner. Although the 
statement (4) begins with there is, it is in fact not an assertion of existence. We can 
rewrite (4) as: If any x and yare winners, then they are equal. Thus we obtain: 

For all x for all y (if x is a winner and y is a winner, then x = y). x and yare 
bound variables. 
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7.4 Exam les of mathematical statements. We consider Peano I s axioms pI 1, pI 2, 
pI 3 3.7 • Nought appears to be a name for an individual and successor of appears to 
be a name for a one-place function. In fact, however, it is an individual variable and 
a function variable that we are dealing with here. We want, therefore, to represent 
nought by nand successor of by f. 16. If we also use the symbols introduced in the 
last section for the junctors and the quantifiers, we obtain: 

P ' l I\x, f(x) = n 

P ' 2 I\x 1\ y(f(x) = f(y) -+ x = y) 

P I 3 I\P(PnA 1\ x(Px-+Pf(x)) -+ I\xPx). 

The third axiom needs special clarification: We might represent the fact that 0 has the 
property P by nP. However, it is usual to put the large letter (the predicate variable) 
before the small letter (the individual variable). (We proceed correspondingly in the 
case of many-place predicate variables.) The variable P which occurs in P I 3 is clear­
lya bound (one-place) predicate variable, whereas in previous examples we have dealt 
only with bound individual variables. It is characteristic of the language of predicate 
logic, which we are going to build up in the next chapter, that only bound individual va­
riables can appear, and not bound predicate or function variables. The induction axiom 
as originally given by Peano is not symbolised in the language of predicate logic. How­
ever, we can make shift with predicate logic in arithmetic. We shall enlarge on this in 
Chap. VI, §4. 

7.5 Definability of the existential quantifier by means of the universal quantifier. We 

have already mentioned at the end of 6.5 that the existential quantifier can be defined 

by means of the universal quantifier. We want to enlarge upon this now. First, let us 

consider the example: 

(* ) There is a prime number. 

We can interpret this statement as a generalised £!:-connection: 

o is a prime number or 1 is a prime number or 2 is a prime number or 

Or can be defined by means of and and not. If we generalise the relation (1) given in 

6.2, we obtain: 

not (not 0 is prime number and not 1 is a prime number and not 2 is a prime number 

and . .• ) . 

Now we want to summarise the infinite and-connection by universal quantification: 

(**) not for all x not x is a prime number. 

Thus, we have defined there is by means of ~ and not: The equivalence of (*) and 

(**) can be seen immediately. In fact, we recognise in general that we can take 

(***) there is an x such that ••• as an abbreviation for not for all x (not •.• ). 

Thus, for the purpose of theoretical considerations, we can limit ourselves to the uni­

versal quantifier and define the existential quantifier, when it is needed, by the relation 

we have just given. 
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Exercises. 1. Cauchy's criterion for a function f to be continuous at the point Xo 
reads: 

!\€VoAx(\x-xo\ <0-+ \f(x)-f(xo)\ <d. 

In writing down this condition, we make use of mathematical symbolism and, in parti­
cular, of the convention that x stands for a real numbe.r and € and 0 for positive real 
numbers. If we want to do without mathematical symbolism and the conventions we have 
mentioned, then we can use d and m for the difference and modulus functions respec­
tively, and L, P and R for the less-than-relation and the properties of being a positive 
real number and a real number. Then we can reformulate the continuity criterion as: 

Adp€-+VII(PO i\/\x(Rx-+ (Lm(d(x,xo»O -+Lm(d(f(x),f(xo)))d))). 

It is characteristic that the predicates P and R which have been added are followed by 
the junctor -+ when they occur after a universal quantifier, but by the junctor i\ when 
they occur after an existential quantifier. Now symbolise in a corresponding way 

(a) the continuity of a function f in an interval I, 

(b) the uniform continuity of a function f in an interval I, 

(c) the convergence of a sequence of numbers a to a number a, 
n 

(d) the convergence of a sequence of numbers an' 

(e) the uniform convergence of a sequence of functions fn in an interval I. 

~ Symbolise Peano' s axioms in the form in which they are given in 2.2, using N for 
the property of being a natural number, n for the zero element and f for the successor 
function. 

3. Symbolise the geometrical axioms H 1, ••• ,H8 (2. 1), using P, Land Q for the prop­
erties of being a point, a line and a plane respectively, and I and 0 for ~ and lies 
on. 

4. Symbolise the axioms for group theory (2.3) and the theorem stated in 2.3, using p 
for the product function. 

5. The reader cannot be reminded often enough how important it is to practise symbol­
ising. The easiest material for practise is provided by mathematical statements. Given 
any such statement, first of all find the specific notions which occur in it and choose 
letters to represent them. It is customary to use the letters a, b, c, x, y, z, u, v, w, ••. 
(possibly with indices, as also in the following) for individuals, f, g, ••• for functions 
and A, •• " Z for predicates. 

Sometimes, so-called characterisations occur in a statement. Examples are the phra­
ses the point at which the lines a and b meet and the least commun multi Ie of x and 
A characterisation, such as the x such that Ex is used when we can show within the 
framework of a theory) that there is exactly (i.e. at least and at most) one thing which 
has the property E. In order to represent such characterisations, we can extend our 
logical symbolism by adding a characterisation operator, which we could, for example, 
symbolise by? Thus, the x such that Ex can be expressed by ? xEx. If, on the other 
hand, we want to do without a special characterisation operator, then we shall have to 
rewrite statements which contain this operator in a way which does not involve charac­
terisation. For the sake of simplicity, we shall confine ourselves here to considering 
a statement D? xEx, which asserts that the x which has the property E (also) has the 
property D (we proceed analogously if, in place of the one- place predicate D, there is 
a many- place predicate which is followed by only one characterisation; we do not intend 
here to go into the difficulties which can arise in the general case). Following a sug­
gestion by Russell, we can interpret this statement to mean that there is exactly one 
thing which has the property E, and that every (and hence this) thing which has the 
property E also has the property D. Thus we can rewrite the statement without the use 
of characterisation as follows: 

V xEx i\ /\ x /\ y(Ex i\ Ey -+ x = y) i\ A x(Ex -+ Dx) 
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(this, incidentally, can be abbreviated to an equivalent statement; cf. Chap. III, §2, 
exercise 7) • 

Symbolise the following statements with and without the characterisation operator: 

(a) The point at which the lines a and b meet lies on the line c. (Specific notions: 
lies on, point, line.) 

(b) The greatest common factor of 6 and 8 is a prime number. (Specific notions: 6, 8, 
is a factor of, prime number.) 

(c) There is no greatest natural number. (Specific notions: greater than, natural num­
ber. ) 

6. We have just mentioned the fact that it is possible to do without characterisation. It 
is also possible to do without functions. [Predicate logic is often built up without func­
tions. However, this often makes quite simple mathematical formulas very difficult to 
understand. Cf. (a) below.] We shall illustrate this by taking as an example the two­
place group-theoretic product operation p. We can introduce a three-place product pre­
dicate P such that Pxyz means the same as p(x, y) = z. Thus, for example, the com­
mutative law 

I\xl\y p(x,y) = p(y,x) 

can be expressed without the use of the product function as: 

1\ x 1\ y 1\ z ( P xyz -t Pyxz) • 

If we write the group-theoretic axioms with the use of this product predicate instead of 
a product operation, then we must add to the usual group-theoretic axioms the following 
two axioms, which express the fact that P has the nature of a function: 

1\ x 1\ y V z Pxyz 

1\ xl\y /\z I\w(Pxyz 1\ Pxyw -t Z = w). 

Formulate without the use of functions 

(a) the group-theoretic axiom system in 2.3 and the theorem given there, 

(b) Peano I s axiom system in 2.2, and the theorem given there. 
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In § 1, predicate logic is built up as a formal language. We shall define the central se­

mantic concepts for this language in Chap. III, § 2. As a basis for the predicate calculus 

which we shall give in Chap. IV, § 2, we shall introduce the concept of the free occur­

rence of an individual variable here in § 4 and that of substitution in § 5. In § 2 and § 4 we 

shall treat questions of decidability connected with the concepts introduced in this chap­

ter. 

§ 1. Terms and expressions 

1.1 Survey. We want to build up a formal language. For this, we introduce certain 

(finite) rows of symbols as expressions (see 1. 5). The rows of symbols which appeared 

in Chap. I, § 7 as symbolisations of mathematical statements can be understood as expres­

sions. Those expressions which contain no junctors and no quantifiers:L, and from which 

the other expressions can be built up by means of the junctors and quantifiers, are called 

atomic eX2ressions [i.e. "lOgically indecomposable" statements (see 1.4)J. As an aid 

to defining the atomic expressions, we shall introduce (see 1. 3) the concept of a term: 

The terms can be regarded as a generalisation of the terms we know in algebra. 

The symbols available to us, from which the expressions are built uP. are given in 1.2. 

Now it is intuitively convenient to assume that there are countably many 2rimitive §ym­

boIs (also called letters, in generalisation of the usual meaning of this word), from 

which the rows of symbols are constructed. However. we could (particularly with regard 

to the possibility of utilising the language mechanically) stipulate that only finitely many 

primitive symbols should be used. This stipulation can be complied with; we shall return 

to this in 1. 6. 

We introduce the terms by setting up a calculus, called the term calculus, and by taking 

as terms those rows of symbols which are derivable in the term calculus. Correspond-

:L We shall confine ourselves to the junctors --, and A and the quantifier /\. The other 
extensional junctors and the quantifier V can be defined on this basis (cf. Chap. I, 
§ 6.2 and Exercise 5, and also § 7.5). We shall treat the defined notions for the formal 
language of predicate logic in Chapter VII. 
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ingly, we set up an expression calculus and take as expressions those rows of symbols 

which are derivable in it. 

In § 2 we shall show that, for every row of symbols, we can decide whether it is a term, 

or an expression, or neither. 

1.2 Primitive symbols and rows of symbols. In the following, we assume that there are 

countably many primitive symbols, as follows: 

(1) For every non-negative number n, countably many n-place function variables. The 

no-place function variables are also called individual variables 2 • 

(2) For every non-negative number n, countably many n-place predicate variables. The 

no-place predicate variables are also called proposition variables 2 • 

(3) The left and the right bracket. 

(4) Two junctors: the negator and the conjunctor. 

(5) One quantifier: the universal quantifier (sometimes known as the generalisor). 

(6) The equality sign. 

We call the junctors and the quantifiers logical symbols. 

Rows of symbols are obtained by the concatenation of finitely many primitive symbols 

(which do not all need to be different from each other). A row of symbols must contain 

at least one primitive symbol. 

For the following, it is not necessary to describe in detail exactly what the primitive 

sym boIs are to look like. (Cf., however, a remark at the end of this section and also 

1.6.) However, the symbols must be chosen so that they are compatible with the follow­

ing 

Assumptions about the primitive symbols. (a) For every primitive symbol, we can de­

cide whether it is a function variable, a predicate variable, the right or the left bracket, 

the negator, the conjunctor, the universal quantifier or the equality sign. 

(b) Given any function variable or any predicate variable, we can determine the number 

of places it has. 

(c) For each n, there is a 1-1 mapping of the n- place function variables onto the natu­

ral numbers and of the n-place predicate variables onto the natural numbers. These 

2 For this, cf. Chap. I, § 7.2. 
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mappings are effective, i.e. for every n-place function variable or predicate variable 

the corresponding natural number can be determined, and conversely. 

(d) Every row of symbols can be separated effectively and unambiguously into the 

primitive symbols of which it is composed. 

The following example shows that this assumption is by no means always true: Consider 
two primitive symbols, of which one consists of one stroke and the other of two strokes. 
Then a row of symbols consisting of three strokes can be built up from the given primi­
tive symbols in three different ways. 

These assumptions hold true if we introduce the symbols as in 1.6. 

Because of assumption (d), we can determine effectively whether or not a given primi­

tive symbol occurs in a given row of symbols C, and how often it occurs in C. Let the 

number of primitive symbols and logical symbols respectively which occur in a row of 

symbols C be called the length L(C) and the rank R(C) respectively of C. (Primitive 

symbols which occur more than once are to be counted a corresponding number of 

times. ) 

We use ~ for certain symbols. Thus, we use: 

"(,, for the left bracket, 

,,) " for the right bracket, 

"-, " for the negator, 

"A" for the conjunctor, 

" 1\" for the universal quantifier, 

for the equality sign. 

Further, we shall use variables for arbitrary rows of symbols and also variables for 

rows of symbols which belong to particular classes of rows of symbols {just as mathe­

maticians use variables for arbitrary real numbers (e.g. "a") and also variables for 

particular classes of real numbers, e.g. "e" for positive numbers or "n" for integers). 

As variables, we use: 

II~" , "c 1 " "c 2" , ••• for arbitrary rows of symbols, , 
"f" , "f1 " "f " "g" , Ilh" , ••• for function variables, , 2 , ••• , 

"x" , "Xl " 11 " "y" , IIZ II , ••• for individual variables, , x2 , ••• , 

"P", "P1 " lip II "Q", "R", ... for predicate variables, , 2 , ••• , 

"A", "Al'" "A2",···, liB", "Gil, ••• for proposition variables. 

C1 :; C2 is to mean that C1 and C2 are the same row of symbols. 

If we write down a row of symbols C2 after the row C1' then we obtain a row of symbols 

known as the concatenation of C 1 and C 2. This row of symbols is to be represented in 
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short by '1'2. Since the associative law ['1'2]'3 == '1['2'3] holds for concatenation, 

it is convenient to do away with brackets and write '1' 2' 3. 

One more fundamental remark: We must, in principle, distinguish between two lan­

guages, namely the language of predicate logic, which we are to build up, and the lan­

guage in which we talk about the language of predicate logic. The latter language is called 

a metalanguage relative to the former, the former an obj ect language relative to the lat­

ter. We take the language of everyday speech (or, to be more precise, the usual mathe­

matical "purified" everyday language) as our metalanguage. Note that the symbols 

"(", ") ", "-," etc. which we introduced above are metalinguistic names for the corres­

ponding primitive symbols in the object language. We have said nothing about what these 

primitive symbols in the object language are to look like, and this is not necessary for 

our purposes. However, we could settle that the corresponding primitive symbols in the 

object language should be the same symbols underlined, so that ,,{ "is the name for 

"i", "-," the name for "2" etc. This convention would have to be supplemented by one 

concerning the function and predicate variables; for this cf. 1. 6. 

Note the difference between "==" and "=". "==" is a metalinguistic predicate, which is 

not to be confused with the name" "in the metalanguage for the equality sign of the 

language of predicate logic. 

1. 3 Terms. We consider a simple calculus, called the term calculus, which is deter­

mined by the following two rules: 

R u lei. We are allowed to write down an arbitrary individual variable. 

Rule2. We are allowed to pass from r (not necessarily distinct) rows of symbols 

'1' ... ' 'r (r ~ 1) (which have already been obtained) to any row of symbols which is 

obtained by writing down an r-place function variable followed by the row of symbols 

'1··· Cr· 

Definition. The rows of symbols which can be derived in the term calculus (and only 

such rows) are called terms. 

E xa m pI e s 0 f t e r m s. In the following, let x, y, z be individual variables, f a 
one-place and g a two-place function variable. Then, by rule 1, we can derive each of 
the rows of symbols x, y, z in the term calculus. Putting r = 1, we see that we are al­
lowed to pass from x to fx. Since x is derivable in the term calculus, this also holds 
for fx by rule 2. From fx we can pass to ffx by rule 2. Thus, ffx is also derivable 
in the term calculus. Putting r = 2, we see that we can pass from y and ffx to 
gyffx. Since y and ffx are derivable, this holds also for gyffx. Thus the rows of 
symbols x, y, z, ffx and gyffx are terms 3 • 

3 This way of writing down terms is convenient, but not always easy to understand. If 
we used brackets, we should write g{y,f{f{x))) instead of gyffx. 
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In general, it is clearly true that: 

Every individual variable is a term. If '1' .•• " r are terms and f an r- place function 

variable, then f '1 ••• 'r is a term. 

The terms which are not individual variables are to be called compound terms. 

We use "t", "t1'" "t2", •.• as variables for terms. 

1. 4 Atomic expressions. We shall define two sorts of these: Firstly, those rows of 

symbols which are obtained by writing down an n-place predicate variable P and, after 

it, n (not necessarily distinct) terms t 1, ••• , tn' thus obtaining Pt 1 ••. tn. Taking 

n = 0, we see that every proposition variable (i. e. no- place predicate variable) is also 

an atomic expression. Secondly, all rows of symbols which are obtained by writing down 

the equality sign between two terms are to be atomic expressions. Thus, all rows of 

symbols of the form t1 = t2 are atomic expressions. 

Examples of atomic expressions. If Po is a no-place, P a one-place, Q a 
two-place and R a three-place predicate variable, then, with the aid of the examples 
of terms given in 1.3, we obtain, for example, the following atomic expressions: Po, 
Pffx, Qxy, Rxyz, Rxxz, Rgyffxyfx, x = x, x = y, y = x. 

The atomic expressions serve as a jumping-off point for the calculus by means of which 

we introduce the expressions. 

1. 5 Expressions. The expression calculus is defined by means of the following four 

rules: 

R u Ie 1. We are allowed to write down an arbitrary atomic expression. 

R ul e 2. We are allowed to pass from a row of symbols' (which we have already 

obtained) to the row of symbols -". 

R u Ie 3. We are allowed to pass from two (not necessarily distinct) rows of symbols 

61' '2 to the row of symbols ('1/\ (2). 

R u Ie 4. We are allowed to pass from a row of symbols , to every row of symbols 

A x " where x is an arbitrary individual variable. 

Definition. Those rows of symbols which can be derived in the expression calculus (and 

only such rows) are called expressions. 

For optical reasons, and in order to fit in better with the customary notation, we shall 

write 
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and sometimes also 

01 1\ ~ for (01 1\ a ) 4 • 

Examples of expressions (cf. the examples in 1.4). 

Po, Px, Qxy, Qxx, x = y, -,Px, -,-,Px, x = y, (-,PXI\ Qxy), -,(-,PXI\ Qxy), 

(QXXI\-,(-,PXI\ Qxy», (Pxl\ X:f y), !\xPo ' !\xPx, !\xQxy, !\zQxy, 

I\x!\yQxy, !\xx=x, !\x!\xx=x,-,(!\yQxyl\!\x(QXXI\-,Px». 

In general, it is clearly true that: 

Every atomic expression is an expression. If , is an expression, then so is -". If 

'1' '2 are expressions, then so is ('11\ (2). If , is an expression and x an individual 

variable, then !\x, is an expression. 

We use the Greek letters 01, ~, 'I, 6, E, on occasion with indices, as variables for ex­

pressions. 

Moreover, we use the abbreviations (cf. also Chap. I, § 6 and 7) : 

(01 -+ ~) for -,(OII\-,~) 

(01 V ~) for -, (-,01 1\ -,~) 

(01 f+~) for (OI-+~) 1\ (~-+OI» 

VXOl for -'!\X-'OI 

(01 1 1\ 012 1\ 01 3 ) for «01 1 1\ (12) 1\ 01 3 ) (bracketing from the left; corres-

pondingly where there are more 

conjuncts) 

(011 V 012 V 013) for «011 V (12) V 01 3) 

Expressions of the form P t 1 ••• tr are called predicative expressions, expressions of 

the form tl = t2 are called equations. The transition from 0/ to -'01 is called negating 

01, and -,01 is called the negation of 01. The transition from 0/ and ~ to (01 1\ ~) is called 

conjunctive connection of 01 and ~, and (011\ ~) is called the conjunction of 01 and a. The 

transition from 01 to an expression !\ x 01 is called generalising 5 01 (or, sometimes, 

generalisation of 01), and !\XOl is called a generalisation of 01. 

4 We want, accordingly, to omit the outermost brackets of expressions occaSionally, 
except in systematic investigations. 

5 An expression 0/ may be generalised in different ways, according to the choice of the 
individual variable x. Note that we do not require x to occur in 01. 
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An expression is called a negation, a conjunction or a generalisation according to 

whether it begins with -', (or 1\ respectively 6. Noting that the atomic expressions 

begin with a predicate variable or a function variable according to whether they are 

predicate expressions or equations, we see that every expression is either a predicate 

expression, or an equation, or a negation, a conjunction or a generalisation. 

1. 6 Finite alphabet. We want to show that the countably many function and predicate 

variables can be built up from a finite alphabet. In order to do this, we take four fur­

ther symbols 0, 0, I and * 7 besides (,), -', /\, 1\. A sequence of strokes (consist­

ing of at least one stroke) is to be called a distinguishing index and a sequence of aste­

risks (consisting of at least one asterisk) a place index. 

A row of symbols is to be called a predicate variable or a function variable respective­

ly if it begins with 0 or 0 respectively and is followed by a place index and, finally, 

a distinguishing index. The number of places of a variable is to be one less than the 

number of asterisks which appear in it. Thus, for example, 0**1111 is a one-place 

predicate variable and 0*1 a no-place function variable (individual variable). 

If the primitive symbols are chosen in this way, the assumptions of 1.2 clearly hold 8. 

Whether or not we take a finite alphabet as a basis, there are countably many individual 
/ 

variables, countably many terms and countably many expressions. 

Exercises. 1. Determine which of the rows of symbols given here are terms or expres­
sions (cf. 1.6): 

ill, 0 * * * II, 0 *" * 1 *, 0* I, cO * 1 , 0 * * * II 0 * I 0 * I, 0 * II = 0 * * 1 , 
(0*111/\0**10*11), (;\0*1 0*1/\0*1),1\0*11 =0**10*. 

2. Following on from 1. 6, show that the language of predicate logic can be built up 
from two symbols. 

3. In 1.5, brackets are used to build up conjunctions. We can alsQ do without brackets, 
by writing /\ O'~ instead of (0' /\ Fl) ("Polish notation"). Determine whether, in this nota­
tion, the following rows of symbols are expressions: 

/\/\ 0*10*10*1, /\ 0*1/\ 0*10*1, /\01*0*1/\ 0*1, 
-,/\-,-,0*1-,/\ 0 *[-, 0*1 0*1. 

6 Remember that the outermost brackets of an expression may only be omitted in non­
systematic investigations. 

7 Here, once again, 0, 0, I and * are to be understood as names in the metalan­
guage. The primitive symbols themselves can (as in a remark at the end of 1.2) be 
taken as the corresponding boldface symbols 0 J D, 1 and~. 

8 Note that the length of a row of symbols, introduced in 1. 2, is equal to the number 
of primitive symbols in it. Thus, every individual variable, and therefore also 0* I, 
has length 1. 
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§2. Elementary questions of decidability 

2.1 Statement of the problem. Let 6 be the set of all rows of symbols which can be 

generated from a given stock of primitive symbols. Let C be a calculus by means of 

which rows of symbols from 6 can be generated. Let ~ be the set of all rows of sym­

bols which can be derived by the rules of C. Let !8 be the set of the rows of symbols 

of 6 which do not belong to ~. 

There is a natural way of showing that a row (; of symbols of 6 belongs to ~, namely 

by giving a derivation of (; by the rules of C. In fact, we can generate systematically 

all the possible derivations by the rules of C, and thus obtain a systematic procedure 

which produces successively all the elements of ~ in an order determined by the proce­

dure. However, as we know today, we cannot, in general, do this for the set !8. In 

fact, we can do this for !8 if and only if there is a general procedure by means of which, 

for every (; in 6, we can decide in finitely many steps whether (; ED or (; E!8. In a 

case like this, the set ~ and the calculus C which generates it are called decidable. 

In this section we want, among other things, to show that the term calculus and the ex­

pression calculus are decidable. 

2.2 Inversion principle. Let C be an arbitrary calculus and (; an arbitrary row of sym­

bols. If (; is derivable by the rules of C, then, in general, it is derivable in different 

ways. In every derivation of (;, in the last step, one of the rules of C leads to (;. In 

general, we cannot say which of the rules of C does this. However, it may be that we 

know a property of (; which excludes certain rules straight away from being the "last 

rule leading to (;". In a particularly favourable case, it may be that there is some 

property of (; which means that there is only one rule R of C which can be the last 

rule in a proof of (;. In such a case, the conditions for the applicability of the rule R 

must be fulfilled; thus we have the possibility of ascertaining further properties of (;. 

In considerations like thiS, the rule R is, so to speak, applied "backwards". We there­

fore speak (following Lo r e n zen) of an inversion. 

In the following considerations, such inversions will be used frequently. 

2.3 Classification of terms and expressions. A term is called simple or compound 

according to whether it begins with a no-place or with a more than no-place function 

variable. A term is Simple if and only if it can be obtained by rule 1 of the term calcu­

lus (1.3). Thus, a term is simple if and only if it is an individual variable. A term is 

compound if and only if it can be obtained by rule 2 of the term calculus. A simple term 

has length 1 and a compound term has length greater than 1. Every term is either sim­

ple or compound. 
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An expression is called (cf. also 1. 5) 

a predicative expression or predicative if it begins with a predicate variable; 

an equation if it begins with a function variable; 

a negation if it begins with -, ; 

a conjunction if it begins with ( ; 

a generalisation if it begins with ;\. 

Every expression belongs to exactly one of the above-named categories. Because of 

1.2 (d), (a), (b) we can decide to which category a given expression belongs. 
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An expression can be obtained by rule 1 (of the expression calculus; see 1. 5) if and 

only if it is a predicative expression or an equation; by rule 2 if and only if it is a nega­

tion; by rule 3 if and only if it is a conj unction; by rule 4 if and only if it is a generali­

sation. 

2.4 Decidability of the property of being a term. We can decide whether or not a row 

of symbols , is a simple term: By 2.3, , is a simple term if and only if , is an indi­

vidual variable. By 1.2 (d), (a) and (b), we can decide whether or not this is the case. 

We can decide whether or not a row of symbols , is a term. We show this by induction 

on L(,): 

If L(,) = 1 then, by 2.3, , is a term if and only if , is a simple term; and, as we have 

just seen, this is decidable. 

If L(,) > 1, then, is a term if and only if , is a compound term. , is a compound 

term if and only if there is an r- place function variable f (with r ~ 1) and r terms 

t 1 , .•• , tr with' == ft 1.•• t r • By 1. 2 (d), (a) and (b), we can decide whether C has the 

form fC I, where f is a more than no-place function variable. If this is the case, find 

all the possible ways (there are only finitely many!) of representing C I as 

C I == C l' .. Cr' , is a term if and only if there is a decomposition like this in which 

(; l' ... , (; r are terms. By the induction hypothesis and since L( (; 1) , .•. , L( (; r) < L( (;) , 

we can decide whether or not this is the case for any given decomposition. 

2.5 Decidability of the property of being an expression. We can decide whether or not 

a row of symbols' is an atomic expression: (; is an atomic expression if and only if 

(; is an equation or a predicative expression. , is an equation if and only if , can be 

written in the form '1'2'3' where '1 and '3 are terms and '2 == =. Clearly, we can 

decide whether or not such a decomposition exists. , is a predicative expression if 

and only if there is an r-place predicate variable P and r terms t 1, .•• , tr such that 
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, == P t1 ... t r • We can decide whether or not this is the case (cf. the considerations 

of 2.4!). 

We can decide whether or not a row of symbols , is an expression. Proof by induction 

on L{(;}: 

L{,) = 1. , can only be an expression if , is an atomic expression, and this is deci­

dable. 

L{,) > 1. , is an expression if and only if , is an atomic expression, a negation, a 

conjunction or a generalisation. We can decide whether or not, is an atomic expres­

sion. , is a negation if and only if , ==....,,', where " is an expression. Since 

L{,') < L{,), we can (by induction hypothesis) decide this. , is a conjunction if and 

only if there is a decomposition, == (, 1 1\ (2)' where, 1 and '2 are expressions. There 

are only finitely many possible decompositions of the given form. Since L('l)' L{(2) < 
< L{,), we can, in each case, decide whether '1 and C 2 are expressions. We prove the 

assertion Similarly for the case where C is a generalisation. 

2.6 Unique decomposition of sequences of terms. A term cannot be a proper initial seg­

ment of another term: We are to show that, for arbitrary t, t', there is no row of sym­

bols C with tC == t' 9. Instead we prove (because the proof is technically simpler) the 

impossibility of 

tC == t' or t' C == t 

by induction on L{ t) . 

If L{t) = 1, then t is an individual variable x. Thus t' must also begin with x, and, 

consequently, we must have to == x. Thus we should, in both cases, have xC == x, which 

is impossible since the lengths of the two rows of symbols are different. 

If L{t) > 1, then t is a compound term, so that t == ft 1 ••• t r , where f is an r-place 

function variable (r ... 1). Thus, in both cases, t' also begins with f, so that 

t' == ftl ••. t~. Thus we obtain 

In both cases, either t 1 == t 1. or t 1 is a proper initial segment of t 1. or t 1. a proper 

initial segment of t i . By the induction hypothesis and since L{t1) < L(t), the last two 

alternatives are impossible. Thus we have 

9 ~ote that we have agreed that a row of symbols , must contain at least one primitive 
symbol. 
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If we continue in this way, we finally obtain 

which is impossible by the induction hypothesis since L( t r ) < L( t) . 

From the assertion which we have just proved we see immediately that: 

(*) If t 1 ••• t r =ti ••• t~, then r = sand tl =ti, ••• ,tr =t~. 

(**) If t 1'1 =t2'2' then tl =t2 and '1 ='2· 

2.7 Unigue decomposition of seguences of expressions. An expression cannot be a 

proper initial segment of another expression. 

We show the impossibility of 

a' = a' or a " = a 

by induction on L( a) • 
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If L(a) = 1, then a is a proposition variable P. Then a' also begins with P, and, con­

sequently, we also have 0/' = P. Thus, in both cases, we should have P, =' P, which is 

impossible (compare the lengths! ) • 

Let L(a) > 1. a belongs to one of the categories named in 2.3. It can be seen that, in 

both cases, a' belongs to the same category as a. Thus we have the following cases: 

CI', a' are predicative expressions: a = Pt1 ••• t r , a' =' Pti ••• t~ (clearly with the 

same p). Because of L( a) > 1 we have r;;;' 1. After eradicating P and by repeated 

application of 2.6 (**), we obtain 

which contradicts the main result of (2.6). 

a, a' are equations: Ct = tl = t 2 , a' =' ti = t2. We prove the assertion as in the above 

case. 

a,O/' are negations: a = ,0/1' a' = 'ai. Then we obtain a 1, =' ai or ai' =' a1 which 

contradicts the induction hypothesis since L(a1) < L(a). 

a, a' are conjunctions: a=' (a 1 " a2 ), a' = (ai" a2). Then we obtain 
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By the induction hypothesis and because L(O'l) < L(O') , it follows that 0'1 = 0'1. 

Thus we have 

Because L(0'2) < L(O') , 0'2 = 0'2' so that, in both cases, )C = ), which is impossible be­

cause the lengths of the two rows of symbols are different. 

0/, 0/' are generalisations: 0' = AXO'l' 0" = Ax' 0'1. We see at once that, in both cases, 

x = x', so that the assertion can again be proved with the aid of the induction hypothesis. 

From the assertion we have just proved we see at once that: 

If a1 •• • a r = 011 .•. Q'~, then r = sand 0'1 = 0'1 , ••• , O'r = O'~ 

2.8 Decomposition of terms and expressions. As a consequence of the above considera­

tions we obtain the 

Theorem. (a) If t is a compound term then there is a uniquely determined number 

r;;': 1, an r- place function variable f and r terms t 1 .•• tr such that t = ft 1· •. t r • 

(b) If 0/ is a predicative expression, then there is a uniquely determined number r;;': 0, 

an r- place predicate variable P and r terms t 1 , •.• , tr such that a = Pt1• •. t r • 

(c) If 0' is an equation, then there are uniquely determined terms t 1,t2 such that 

0'=t1 =t2 • 

(d) If a is a negation, then there is a uniquely determined expression 0' 1 with 

0/=--'011 • 

(e) If 0' is a conjunction, then there are uniquely determined expressions a 1 '0'2 with 

0' = (01 1 /\ ( 2 ). 

(f) If a is a generalisation, then there is a uniquely determined individual variable x 

and an expression 0'1 with 0' = A x 0' 1. 

In every case, the rows of symbols whose existence is asserted can be found effectively 

for any given t or 0'. 

Proof. We confine ourselves to the proof of (a) and (e). We need only show that the 

required decomposition is unique and that we can find it effectively. 

to (a): If t = ft 1 ••. t r = f't 1 .•. t~, then f = fl and t 1 ••• t r = t1 ... t~, from which, by 

2.6, the uniqueness follows. f is the first primitive symbol of t. The number of places 

of f determines r (cf. 1. 2b). If we put t = fC, then there are only finitely many decom-
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positions of , whi ch have the form C == '1 ... Cr. Thus we must, in finitely many cases, 

test whether the given' 1' ... ' 'r are terms, which is decidable by 2.4. 

to (e): If 0/ == (0/1 II 0/ 2 ) == (0/1 II 0/2)' then, by 2.7, 0/1 == 0/1 and, again by 2.7, 

0/ 2 == 0/2. There are only finitely many decompositions of 0/ of the form 01 == (' 1 II (2). 

Thus we have, in finitely many cases, to test whether the given '1 and '2 are expres­

sions, which is decidable by 2.5. 

Exercises. 1. There is a procedure by which, given an arbitrary row of symbols, we 
can determine in finitely many steps whether or not the row of symbols is a conjunction 
(of expressions) • 

~ There is no row of symbols which is both a term and an expression. 

l:.. For any terms t:]., tel and any expression 0/, t:]. O'te! is not an expression. 

±=.. Let a calculus be determined by the following rules: 

Rule 1. We may write down one stroke. 

R ul e 2. We may add a stroke to the end of a row of symbols which has already been 
obtained. 

R u 1 e 3. We may add a circle to the end of a row of symbols which has already been ob­
tained and which ends with a stroke. 

Using the inversion principle, prove that 100 I 0 I cannot be obtained by means of the 
above rules. 

5. Verify that the inversion principle has been used in the solution of exercises 1 and 
3Of§1. 

§3. Proofs and definitions by induction on the structure of the expressions. 

3.1 Analogy to arithmetic. The theory of the natural numbers can be established on the 

basis of Peano ' s axiom system (for example, as it is given in Chap. I, §3. 7 in the form 

Pll, P12, pi 3). Now the theory of the expressions of predicate logic can be understood 

as a sort of generalised arithmetic, in which the atomic expressions correspond to 

nought. Where, with the natural numbers, we had the successor function, we now have 

functions with names n, c, gx' which are defined as follows: 

(a) Negating 0/ : n(O') == -,01. 

(b) Conjunctive connection of Ci and ~ : c(Ci,~) == (0' II ~) • 

(c) Generalisation of 0' by means of the individual variable x: g (Ci) == !\XOl. 
x 

In analogy to Peano I s axioms, the following axioms are valid: 

P*la n(OI) is not an atomic expression. 

Pl~lb c(O',~) is not an atomic expression. 

P*lc gX(OI) is not an atomic expression. 
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P*2a If n(a) ;: n(~), then a ;: ~. 

P*2b If c(a,~);: c(y,6), then a;: y and ~;: 6. 

P*2c If g (a) ;: g (~), then a ;: ~ • x x 
P*2d It is never true that: n(a) ;:c(~,y) or n(QI) ;:gx(~) or c(a,~) ;:gx(Y) or 

g (QI);:g (~) (for x$y). 
x y 

P*3 (Inductions): Let P be an arbitrary property. Then every expression QI has the 

property P if: 

(1) every atomic expression has the property P, and 

(2) for arbitrary a, ~, x: 

if QI has the property P, then so does n (a) , 

if QI, ~ have the property P, then so does c(a,~), and 

if QI has the property P, then so does g (QI). 
X 

If a proof is carried out with the help of P*3, then we speak of an induction on the 

structure of a. 

The axioms P*la, P*lb, P*lc correspond to Peano f s axiom P f 1, the axioms 

P*2a, ••• , P*2d to the axiom P f 2 and the axiom P*3 to the axiom P f 3. For the validity 

of P*la, P*lb, P*lc and P*2d cf. 2.3. P*2a is valid because of 2.8 (d), P*2b because 

of 2.8 (e) and P*2c because of 2.8 (f). 

In order to prove P*3, we assume that P is a property which fulfils the conditions (1) 

and (2). We must show that every expression a has the property P. It suffices to prove 

that, for every number n, all expressions with rank n (see 1.2) have the property P. 

We can show this by induction on the rank n. In order to do this, we have to show that: 

If all expressions of rank < n have the property P (induction hypothesis), then every 

expression of rank n also has the property P 10 • 

Now let a be a given expression with rank n. We distinguish the following cases: 

(a) QI is atomic. Then, by (1), a has the property P. 

(b) QI;: n(~). Then R(~) < n (because QI contains one negator more than ~). Thus, 

~ has the property P. Then, by (2), Ct has the property P. 

(c) QI;: c(~, 'I). Then R(~) < nand R( 'I) < n. Thus, ~ and 'I have the property P. 

Then, by (2), QI has the property P. 

(d) Ct;:g (~). Then, R(~)<n. Thus, ~ has the property P. Then, by (2), QI has the 
x 

property P. 

10 This is a variant of induction which is well known in .arithmetic. Note that the case 
n = 0 is also covered by the given formulation. 
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3.2 Inductive definitions. Let us consider, in arithmetic, a system of functional equa­

tions for an unknown (n + l)-place function f. This is to consist of two equations. The 

first equation is to define f( xl' •.. ,xn ' 0) for every n-tuple xl"'" xn of parameters. 

The second equation is to give f(x l , ... , xn ' y') in terms of xl"'" xn ' yand 

f( xl ' •.• , xn ' y). In arithmetic we can prove, on the basis of Peano' s axioms, that there 

is one and only one function f which satisfies the given system of functional equations. 

We say that f is inductively defined by the two equations. 

By analogy to arithmetic we can, in the generalised arithmetic given above, consider 

a system of functional equations for an unknown (n + l)-place function f which is de­

fined for expressions as arguments. The system of equations is to consist of four 

equations. 

The first equation is to determine f(a l' •.• ,an' ~) for arbitrary expressions a l' ... ,Cln 
and for every atomic expression ~. 

The second equation is to give f(a l , •.• ,an' n(~)) in terms of a l , .•. ,an' ~ and 

f(a 1,··· ,an' ~). 

The third equation is to give f(a 1 , •.. ,Cln , c(a,~)) in terms of Cll, ... ,an , a,~, 

f(a1"" ,an' a) and f(a l ,· .. ,Cln , ~). 

The fourth equation is to give f(a l , ..• ,an' gx(~)) in terms of a1"" ,an' x, ~ and 

f(a1,··· ,an'~)' 

We say that such a function f is defined by induction on the structure of the expressions. 

The proof of the existence and uniqueness of such functions f can be conducted using 

methods similar to those used in arithmetic. We shall not carry out the proof here. 

Exercises. 1. To each symbol (cf. 1.2) we assign a whole number: 1 if the symbol is 
the left bracket, -1 if it is the right bracket and 0 otherwise. If we run through the sym­
bols of a row of symbols C from left to right then we obtain, by this method, a sequence 
of the numbers 0, 1, -1. From this sequence we form a new sequence 1>( C), by replac­
ing each element of the original sequence by the sum of the elements which occur up to 
that point. 1> (C) has L( C) members (for L( 0 see 1. 2). Show that: If C is an expres­
sion, then 1>( C) has no negative elements and the last element of 1>( 0 is O. 

2. As in exercise 1, we assign a whole number to each symbol, but this time 2 if the 
symbol is the left bracket, -1 if it is the right bracket or the conjunctor and 0 otherwise. 
Thus, as before, we can assign a sequence ~(C) of whole numbers to every row of sym­
bols C Show that: If C is an expression, then Hc) contains no negative elements and 
the last element of W(C) is O. 

l:.. By induction on the structure of the expressions, we can assign to every expression 
a the set of the subexpressions of CI, as follows: If a is atomic, then CI is the only sub­
expression of a. If CI = .....,~ or a == I\~, then a and the subexpressions of ~ are the 
subexpressions of CI. Finally, if CI == (~ /\ y), then Q! and the sUbexpressions of ~ and 
of yare the subexpressions of CI. Let c, nand g be the number of conjunctors, nega-
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tors and universal quantifiers respectively which occur in 01. Show that 01 has at most 
2c + n + g + 1 subexpressions. 

4. By induction on the structure of the expressions, we can assign to every expression 
athe set of the subexpressions of 01 localised with respect to 01. The localised subex­
pressions are rows of symbols which are built up from the symbols given in 1.2 to­
gether with the symbols 0, 1, 2, which are used for localising. If 0/ is atomic..! then 01 

is the only subexpression of 01 localised with respect to 01. If Ct == -,~ or 01 == /\~, then 
the subexpressions of 01 localised with respect to 01 are the following: (1) 01, (2) 0)" 
where). is a subexpression of ~ localised with respect to B. If 01 == (~ /\ 1'), then the 
subexpressions of 01 localised with respect to 01 are the following: (1) 01, (2) lA, where 
). is a subexpression of ~ localised with respect to ~, (3) 21J., where IJ. is a subexpres­
sion of "I localised with respect to 1'. Show (cf. exercise 3) that 01 has exactly 
2c + n + g + 1 subexpressions localised with respect to 01. 

§4. Free and bound variables 

4. 1 Introduction. Let us take as an example the expression 

(!\x(Qx /\ -,Rxy) /\ -, !\ySyz) , 

where we assume that x, y, z are pairwise distinct individual variables. Let us first 

direct our attention to the variable x. This appears after the universal quantifier as well 

as after Q and after R. We shall say that the variable x in the latter two positions is 

in the scope of the universal quantifier and is bound by this universal quantifier. In the 

same way, the variable y which appears after S is, in this position, bound by the uni­

versal quantifier which precedes y. By contrast, the variable y which appears after x 

is not in the scope of a universal quantifier; it is not bound, and is thus free. The same 

holds for the variable z. In the expression we are considering, the variable x occurs 

only bound, the variable y occurs both bound and free and the variable z occurs only 

free. Every individual variable which is different from x, y and z occurs neither free 

nor bound in the expression. 

By far the most important of the concepts which we have just introduced in an intuitive 

way is that of the free occurrence of an individual variable x in an expression Ct. We 

shall define this concept here. 

In order to do this, we lay down the rules of a calculus which we shall call the calculus 

of free occurrence. Certain rows of symbols of the form XO/ are derivable in this cal­

culus. If XOI is derivable in the calculus of free occurrence, we shall say that the indi­

vidual variable x occurs free in the expression Ct. 

We shall, Simultaneously, lay down the rules of another calculus in which a row of sym­

bols of the form o/x is derivable if and only if x does not occur free in Ct. We shall 

call this calculus the calculus of the negation of free occurrence. 
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4.2 The rules of the calculi 

Calculus of free occurrence 

R u 1 e 1. If 0' is atomic and x occurs 

in a, then we may write 

down xa. 

Rule 2. We may pass from xa to x...,a. 

Rule 3a. We may pass from xa to 

x(O'/\~). 

Rul e 3b. We may pass from x~ to 

x(a/\~). 

Rul e 4. We may pass from xa to 

xAyO' if x * y. 
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Calculus of the negation of free occurrence 

R u 1 e 1. If 0' is atomic and x does not 

occur in 0', then we may write 

down ax. 

Rule 2. We may pass from ax to ...,ax. 

Rule 3. We may pass from ax and ~x to 

(0' /\ ~) x. 

Rule 4a. We may pass from ax to Ayax. 

Rule 4b. We may write down A XCIX. 

E x amp 1 e s. Let P, Q and f be one- place and let x * y. In the cal cuI us of free occur­

rence, we can derive: 

xPx, xPfx, yQy, x-, Px, x(Px/\ Qy), y(Px/\ Qy), yAx(Pfx/\ Qy) 

in the calculus of the negation of free occurrence, we can derive: 

P xy, Pyx, P fxy, Qyx, (p Y /\ Qy)x, Axp fxx, AyQyx. 

4.3 Decidability. In accordance with the intention with which we set up the above calculi, 

we prove the 

Theorem. For every x and every 0', either XCI is derivable in the calculus K of free 

occurrence or ax is derivable in the calculus K' of the negation of free occurrence. We 

can decide effectively which of these two cases holds. 

Proof. We prove the assertion for x and 0'; we may assume that the assertion has al­

ready been proved for x and for all expressions "I with L( "I) < L(O'). First of all we 

ascertain whether a is atomic, a negation, a conjunction or a generalisation. 

(a) If 0' is atomic, then either x occurs in 0' or it does not. By 1.2, assumption (d), 

we can ascertain effectively which of these cases holds. If the first case holds, XO' is 

derivable in K; if the second case holds, ax is derivable in K'. It cannot happen that 

both xa is derivable in K and ax is derivable in K'. For, if xa is derivable in K, 

then this must be by means of rule 1 (inversion!) since 0' is atomic. But the condition 

for rule 1 to be applied is that x occurs in a. In the same way, we see that x does 

not occur in a if ax is derivable in K'. Thus, the assertion is proved. 
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(b) If Ci is a negation, then there is a ~ with Ci == -,~. Since L(~) < L(Ci) , by hypothe­

sis either x~ is derivable in K or ~ x is derivable in K', and we can decide effectively 

which of these two cases holds. If x~ is derivable in K, then, by rule 2, XCi is also 

derivable in K. If ~x is derivable in K', then, by rule 2, CiX is also derivable in K' • 

It is not possible for both XCi to be derivable in K and CiX to be derivable in K'. For, 

if XCi were derivable in K and CiX in K', then, in both cases, this must be by means 

of rule 2 (inversion!), so that x~ would be derivable in K and ~x in K', which contra­

dicts the hypothesis. We prove the assertion similarly in the remaining cases. 

4.4 Free occurrence of function and predicate variables. We have defined above what 

we mean by saying that an individual variable occurs free in an expression. In ordinary 

predicate logic, in contrast to the situation in second-order predicate logic, the indi­

vidual variables are the only variables which can be bound by a quantifier. Thus we shall 

say that a function variable with more than 0 places or a predicate variable occurs free 

in an expression 01 if the variable occurs in the expression at all. Incidentally, note 

that any individual variable x which occurs free in an expression 01 also occurs in 01 

(see exercise 4) . 

Exercises. 1. Complete the proof of the theorem in 4.3. 

3.!.. Set up the rules for a calculus in which a row of symbols , is derivable if and only 
if , has the form XCi, where x occurs in Ci (calculus of occurrence) . 

3. In the same way, set up a calculus of bound occurrence. 

4. Using the calculi of occurrence, of free occurrence and of bound occurrence, show 
that every variable which occurs free or bound in an expression Ci also occurs in Ci, 

and that every variable which occurs in 01 also occurs either free or bound in 0/. 

5. If 6 is derivable in one of the calculi mentioned in the previous exercise, then there 
is exactly one x and one 01 such that 6 == XCi. 

6. For each of the given calculi, show that it is decidable whether a row of symbols is 
derivable in this calculus. 

§ 5 • Substitution 

5.1 Introduction. Substitution plays an important part in the development of logic by 

means of calculi. We shall, under certain conditions, assign an expression ~ to an ex­

pression 01 by substitution of a term t for an individual variable x. If x == t we shall 

have ~ == 0', whereas in general ~ will be different from 0'. Not every Q', x, twill 

possess a ~ such that Ci is transformed into ~ by substitution of t for x. However, if 

there is such a ~ it will be uniquely determined. 

First, we shall consider a few examples; we shall use the abbreviation Subst Q' x t ~ to 
indicate that 0/ is transformed into ~ by substitution of t for x. In most cases, we 
obtain ~ by starting with Ci and writing down the term t instead of x everywhere 
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where x occurs in 01. If, for example, in the following, x and yare variables which 
are different from each other, then 

Subst P x Y Y x t P t Y Y , 

Subst P x y y Y t P x t t • 

If the variable for which we want to substitute does not occur free in 01, then the substi­
tution can always be carried out and we have ~ '= 01. For example: 

Subst P x Y t P x , 

Subst 1\ x P x x t 1\ x P x • 

In a rather more complicated case, we have 

Subst (PxyAl\xPXZ) x t (PtyAl\xPXZ). 

Finally, let us consider the expression I\x P x y. Let x, y, z be pairwise distinct. 
Then we have, for example, 

Subst 1\ x P x Y Y z 1\ x P x z , 

Subst 1\ x P x Y Y Y 1\ x P x Y • 

However, we shall not want to have Subst I\x P x Y Y x I\x P x x. One reason for this is 
the following:li: In all the examples we have considered up till now, we can see that: If 
the variable for which we are to substitute occurs free (for this cf. the introduction to 
§4) in some position in the expression 01 with which we start, then all the variables of 
the term t which is to be substituted also occur free in the corresponding positions in 
the resulting expression ~. This observation would no longer hold if 
Subst I\x P x Y Y x I\x P x x: The variable y for which we are to substitute occurs free 
in the expression AxPxy with which we start. x is to be substituted for y. The second 
variable x which appears in P x x is, however (like the first), bound by the universal 
quantifier at the beginning of Ax P x x. In order to escape from this dilemma, we shall 
stipulate that, in the example we have just considered and in similar cases, the substi­
tution cannot be carried out, i.e. that, in such a case, 01, x, t do not possess any ~ 
such that Subst 01 x t ~. Compensation for the fact that substitution cannot be carried out 
in such cases will be provided by a theorem which we shall prove in Chap. VII, § 6.3. 

5.2 The operator l!. t. In order to define substitution it is convenient to introduce the 
x 

operator l!. t as an auxiliary concept. This operator can be applied to an arbitrary term x 

to' and l!.~to is, likewise, always a term. We define l!.~to inductively on the structure 

of to as following (let f be an r-place function variable): 

if x'=z 

if x*z 

Thus, [, ~to is the term which is obtained from to by substituting the term t for the 

variable x everywhere. 

:li For a further reason cf. Chap. VII, §6.1. 
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The following assertions hold for the operator ll~: 

1) If x does not occur in to' then ll~to == to. 
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2) If z occurs in to and x * z, then Z also occurs in ll~tO. 

t 
3) If x occurs in to and z in t, then z also occurs in llxtO. 

5) If z occurs in ll~to' then one of the following two cases holds: 

a) x * z and z occurs in to' or 

b) x occurs in to and z in t. 

The proof can be carried out by induction corresponding to the definition of ll~. Here, 

we confine ourselves to the proof of the assertion 5) ; for the proof, we assume that z 
o tt occurs In llx O. 

If to is an individual variable, i. e. to == u, then ll~to == t or u, according to whether 

x == u or x * u. In the first case, x occurs in to and z in t. In the second case, u == z 

(since z occurs in u), hence x * z and, clearly, z occurs in to. 

If to == ft 1 ••• t r , then we have ll~to == fll~t1 •.• 11~tr. Since z occurs in ll~to' there must 

be a j such that z occurs in lit to. But then, by induction hypothesis, we have: (x * z 
xJ 

and z occurs in to) or (x occurs in to and z in t). This yields: (x * z and z occurs 
J J 

in to) or (x occurs in to and z in t). 

Note that, here, we have defined lli to by induction on the structure of to. However, as 
is the case with all such definitions, we could equally well have defined ll~ by means of 
a calculus (see exercise 1). 

5.3 Substitution calculus. In order to define substitution, we proceed in a way analogous 

to the definition of free occurrence in the last section. We set up a calculus in which 

certain rows of symbols of the form 0/ x t ~ are derivable. If 0/ X t ~ is derivable in this 

calculus, then we shall say that 0/ is transformed into ~ by substitution of t for x. 

This will be the case if and only if the relationship which we described in 5.1 holds be­

tween 0/, ~, x and t (note in particular the distinction of cases in rule 4a and rule 4b) • 

The rules 4b and 4a of the substitution calculus make use of the concept of free occur­

rence and of the negation of free occurrence respectively of an individual variable in 

an expression. Thus, the substitution calculus is built up on the basis of the calculus 

of free occurrence and the calculus of the negation of free occurrence. We can express 

this by saying that the substitution calculus is a layered calculus. 
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The substitution calculus has the following rules: 

R u lela. If P is an n- place predicate variable, then we may write down all rows of 

symbols of the form 

In particular, for n = 0, every row of symbols of the form P x t P, if P is a no- place 
predicate variable (a proposition variable). Note that, for example, Lli t1 is not a row 
of symbols which begins with "Ll", but, rather, that Ll! is an operation symbol of the 
metalanguage. The fact that the row of symbols given above may be written down means, 
intui ti vely, that the expression P t1 .•• tn can be transformed into the expression 
P Lli t 1 ••• Lli to by substituting the term t for the individual variable x. In order to make 
it easier to see which parts of this row of symbols belong together, it is convenient to 
write P tt ••. tn x t P Lli t1 •• • Ll! tn' and correspondingly in more general cases. Note, 
however, that, strictly speaking, the gaps are not there. 

Rule lb. We may write down all rows of symbols of the form 

R u Ie 2. We may pass from a row of symbols of the form 

0' xts 

to the row of symbols 

,O'xt,s. 

R u Ie 3. We may pass from two rows of symbols of the forms 

to the row of symbols 

Rule 4a. If x does not occur free in I\zO', then we may write down the row of symbols 

I\zO' xtl\zO'. 

Rule 4b. If x occurs free in I\za and if z does not occur in t, then we may pass 

from the row of symbols 

0' xtS 
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to the row of symbols 

/\ZCI xt/\Z~. 

We shall say that 01 is transformed into ~ by substitution of t for x (abbreviated as 

Subst 0/ xt ~) if the row of symbols 0/ xt B is derivable in the substitution calculus. 

Clearly, the following inversion theorem holds: The row of symbols 0/ xt~ can be de­

rived in the substitution calculus only by means of 

rule 1a if 0/ is a predicative expression, 

rule 1b if 01 is an equation, 

rule 2 if 0/ is a negation, 

rule 3 if 01 is a conjunction, 

rule 4a if 0/ is a generalisation and x does not occur free in CI!, 

rule 4b if 0/ is a generalisation and x occurs free in 0/. 

Hence, in particular: if Subst CI! x t ~ and, in addition, 

(i) 01 == ...,0/1' then there is a ~1 with Subst 0/1 xt~1 and ~ == ""~1. 

(ii) 0/ == (CI! 1 A 0/2)' then there is a ~1 and a ~2 with Subst 0/ 1 x t ~1 and Subst CI! 2 x t ~2 

and ~ == (~1 A ~2)· 

(i i i) 01 == /\z CI! 1 and x occurs free in 0/, then there is a ~1 with Subst 0/1 x t ~1 and 

~ == /\z~1· 

5.4 Theorems about substitution. We note the following theorems here for use later; we 

shall prove them in 5.5. 

Theorem 1. For every CI!, x, t there is at most one ~ with Subst 0/ x t ~ . 

Theorem 2. If 0/ is atomic, then, for every x and t, there is exactly one ~ with 

Subst 01 x t ~ • 

Theorem 3. Subst CI! x XCI! always holds. 

Theorem 4. If x does not occur free in 01, then Subst 01 xtCl! always holds. 

Theorem 5. If Subst CI! x t ~ and if x occurs free in CI!, then t is a component of ~ and 

every individual variable which occurs in t occurs free in ~. 
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Theorem 6. If Y does not occur in 01, then there is a (and hence, by theorem 1, exact­

ly one) ~ with Subst 01 x Y ~ and Subst ~ y x 0/. 

Theorem 7. Let Subst 0' x t ~ and let z be an arbitrary individual variable. Then z occurs 

free in ~ if and only if at least one of the following two cases holds: 

(i) z occurs free in 0' and z ~ x. 

(i i) x occurs free in 0/ and z occurs in t. 

Theorem 8. If Subst 01 x t ~ and x does not occur in t, then x does not occur free in ~. 

Theorem 9. If Subst 0' x y ~, then y occurs free in ~ if and only if x occurs free in 0' 

or y occurs free in 01. 

5.5 Proof of the above theorems 

The 0 rem 1 can be proved by induction on the structure of 01. 

(1) If 0' is atomic, then O/xt~ can only have been derived by rule la or rule lb. In 

both cases, ~ is uniquely determined by 01, x, t. 

(2) If a = -,01 1 , then O'xt~ must have been derived by rule 2. Then there is a ~1 such 

that Subst a 1 x t ~1 and ~ = -, ~1. By induction hypothesis, ~1 is determined uniquely; 

hence, so is ~. 

(3) If 01 = (a 1 1\ 01 2)' then the proof follows analogously to (2). 

(4) If 01 = !\ZOll' then we distinguish two cases: (a) If x does not occur free in 01, 

then OIXt~ must have been obtained by rule 4a. Thus, ~ =01, and ~ is therefore unique­

ly determined. (b) If x occurs free in 01, then 01 x t ~ must have been derived by rule 

4b. In this case, the uniqueness of ~ follows in a way analogous to (2). 

The 0 rem 2. The existence follows from rule la or lb. The uniqueness follows from 

theorem 1. 

The 0 rem 3 and The 0 rem 4 can be proved easily by induction on the structure of 01. 

The 0 rem 5 can be proved by induction on the structure of 01 as follows: 

(1) If 01 = P tl .•• tr (the proof for the case 0' = tl = t2 is similar), then 

If x occurs free in 01, then there is a j such that x occurs in t .• Then, by 5.2 3), 
t J 

every individual variable which occurs in t also occurs in r:, t. and thus occurs free 
x J 

in ~. Moreover, t is a component of ~. 
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(2) If 01 = ,Oil' then 5.3 (i) holds. If x occurs free in 01, then it also occurs free in 

011. Thus, by induction hypothesis, every individual variable which occurs in t occurs 

free in ~1 and therefore also in ~. Moreover, t is a component of ~1' and thus also 

of ~. 

(3) If 01 = (0'1" 0'2)' then 5.3 (ii) holds. If x occurs free in a, then it also occurs 

free in a 1 or 0'2. Thus, by induction hypothesis, every individual variable which occurs 

in t occurs free in ~1 or in ~2' and, thus, in ~. Moreover, t is a component of ~1 or 

of ~2' and, hence, of ~. 

(4) If 0/ = i\za 1 and if x occurs free in a, then axt~ must have been derived by 

rule 4b and 5.3 (iii) holds. Then, clearly, x also occurs free in a 1• Thus, by induc­

tion hypothesis, every individual variable y which occurs in t occurs free in the ex­

pression ~1 which exists by 5.3 (i i i). If Y did not occur free in ~, then we should 

have y =I' z. But then z would occur free in t, which cannot be the case since rule 4b 

has been applied. Moreover, t is a component of ~1' and therefore also of ~. 

The 0 rem 6 can be proved by induction on the structure of a as follows: 

(1) Let a = P tl ••• tr (analogously for the case a = tl = t 2). We have 

Subst P t 1 ••• t r x y P lI~tl ••• 1I~tr 

and Subst PlI~tl ••• lI~tr y x PlI~lI~tl ••• lI~lI~tr. 

y does not occur free in P t 1 ••. t r . Thus, y does not occur in any of the tj" Thus, for 

each j we have, by 5.24), 1I XllYt. = t., from which the assertion follows. 
y x J J 

(2) Let a = ,a 1. Y does not occur free in a, and therefore also not in 0/ 1. By induc­

tion hypothesis, there is a ~1 with Subst 0'1 xY~l and Subst ~1 yxa1• We obtain the as­

sertion by applying rule 2. 

( 3 ) Let a = (a 1 " 0/ 2). Since y does not occur free in 0/, it does not occur free in 0'1 

or a 2 either. By induction hypotheSis, there are expressions ~1 and ~2 with 

Subst a 1 x y ~1' Subst ~1 Y x a l' Subst a 2 x y ~2' Subst ~2 Y x a 2. The assertion follows by 

application of rule 3. 

( 4) Let a = i\ z a 1. Since y does not occur in 0/, it does not occur in a 1 either and 

therefore does not occur free in a 1. We distinguish two cases: 

(4a) x does not oc~ur free in a. Then, by rule 4a, we have Subst J\za 1 x y !\za1 
and Subst i\za 1 y x J\za 1. 

(4b) x occurs free in a. By induction hypothesis, there is (since y does not occur in 

011) a ~1 with SubstalxY~l and Subst~lyxal. Since y=l'z, z does not occur in the 

term y. By applying rule 4b, we obtain Subst i\za1 xy i\z~l. Hence, by theorem 5 

and since x occurs free in i\ z a l' the variable y occurs free in J\ z ~ 1. Since x 
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occurs free in 0/ whereas z clearly does not, z *' x and z does not OCCl.lr in the term x. 

By applying rule 4b, we obtain Subst AZi31 yx /\zO/l. Thus, we have proved the asser­

tion. 

The 0 rem 7 is a generalisation of Theorem 5. Under the assumption Subst 0/ x t 13, we 

have to show three things: 

(I) If z occurs free in 0/ and z *' x, then z occurs free in 13. 

(I I) If x occurs free in 0/ and z occurs in t, then z occurs free in 13. 

(I I I) If z occurs free in 13, then z occurs free in 0/ and z *' x, or x occurs in 0/ and 

z occurs in t. 

Assertion (I I) follows from Theorem 5. We prove (I) and (I I I) by induction on the 

structure of 0/. 

to (I) 

(1) Let 0/==Pt1 ••• t r • There is a j such that z occurs in tj" Now 13 ==Ptl~tl •.. tl~tr 

By 5.2 2), z occurs in tl t t. and therefore occurs free in 13. (The proof is simi­
XJ 

lar when 0/ is an equation. ) 

(2) If 0/ == -,0/1' then there is a 131 with Subst 0/1 xti31, and 13 == -,131• z occurs free 

in 0/1. Hence, by induction hypothesis, z occurs free in 131 . Hence, z also oc­

curs free in 13. 

(3) If 0/ == (0/ 1 !\ 0/ 2)' then there are expressions 131 and 132 with Subst 0/ 1 x t 131 and 

Subst 0/ 2 x t 132 , and 13 == (131 !\ 132). z occurs free in 0/, and therefore it occurs 

free in 0/ 1 or in 0/2 • Let us assume that z occurs free in 0/ 1 (we prove the as­

sertion analogously in the other case). Then, by induction hypothesis, z occurs 

free in 131 . Since i3 == (131 !\ 132 ), z also occurs free in 13. 

( 4) Finally, let 0/ == Au 0/ 1 • We distinguish two cases: 

Cas e 1. x does not occur free in Au 0/ 1 ' Then Subst 0/ x t 0/, and hence 13 == 0/. 

Together with the assumption that z occurs free in 0/, this yields the assertion. 

Case 2. x occurs free in Au0/ 1 . Then u does not occur in t, and there is (by 

the inversion theorem in 5.3) a 131 such that Subst ex 1 x t 131 and 13 == Au 131 . Since 

z occurs free in Au 0/ 1 ' z also occurs free in Ci 1. Thus, by induction hypothe­

sis, z occurs free in 131 • Now z $' u, since z occurs free in Au Ci 1. Hence, z 

occurs free in AUi31, i.e. in 13. 

to (II I) 

(1) Let 0/ == Pt1 ... t . Then 13 == Ptl t t 1 ••• tl t t • Since z occurs free in 13, z occurs r x x r 

free in one of the tltt .• Then, by5.25), we have: (x$z and z occurs in t.) or 
x J J 

(x occurs in t. and z occurs in t). This yields: (x $ z and z occurs free in 0/) 
J 

or (x occurs free in 0/ and z occurs in t), as we claimed. (We prove the asser-

tion Similarly if ex is an equation. ) 
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(2) If 01 :; .., 011' then there is a ~1 with Subst 011 x t ~1 and ~ :; .., ~1. z occurs free 

in ~, and therefore also in ~1. By induction hypothesis, either z occurs free 

in 011 and z ;I; x or x occurs free in 011 and z occurs in t. The assertion for 01 

follows immediately. 

(3) If 01 :; (Oil /\ 01 2 ), then there are expressions ~1 and ~2 with Subst 011 x t ~1' 

Subst 01 2 xt ~2 and ~ :; (~1 /\ ~2). z occurs free in ~, and therefore also in ~1 

(or in ~2' in which case we can prove the assertion similarly). By induction 

hypothesis, either z occurs free in 011 and z $ x or x occurs free in tvl and 

z occurs in t. The assertion for 01 follows immediately. 

(4) If 01 :; 1\ u 011' then we distinguish two cases: 

Cas e 1: x does not occur free in 1\ u 011. Then ~ :; 01. Thus z occurs free in 01 

and, since x does not occur free in tv, z:; x. Thus we have proved the assertion, 

since we have proved its first disjunct. 

Ca s e 2: x occurs free in Au0l1• Then there is a ~1 with Subst 011 xt~l and 

~ :; AU~l. Since z occurs free in ~, z also occurs free in ~1. Hence, by induc­

tion hypothesis, we have: z occurs free in tvl and z ;j; x, or x occurs free in 

tvl and z occurs in t. In the first case, z also occurs free in tv (note that, since 

z occurs free in ~, z;l; u), and in the second case x occurs free in tv (note that, 

since x occurs free in Au Oil' x '* u). In both cases, the assertion for case 2 fol­

lows from the induction hypothesis. 

The 0 rem 8 can be obtained as a special case of Theorem 7 by putting z :; x there. If 

z occurred free in ~, then (i) or (i i) would have to hold. However, (i) is false because 

z:; x and (ii) is false because x does not occur free in t. 

The 0 rem 9 can also be obtained from Theorem 7: For, putting t :; z :; y, theorem 7 

states that y occurs free in ~ if and only if 

(i) y occurs free in 01 and y ;I; x or ( ii) x occurs free in 01. 

{Here, in (i i), we have left out the trivial condition that y occurs in y, which is always 

true.) Now, if y occurs free in ~, then, by (*), either x or y occurs free in 01. Con­

versely, let us assume that either x or y occurs free in tv. If x occurs free in tv, then, 

by the above assertion of equivalence, y occurs free in ~. If Y occurs free in tv, then, 

for y :; x, the theorem follows as above; for y ;I; x, we can use the above equivalence to 

prove that y occurs free in ~. 

5.6 Further theorems about substitution. The following two theorems can now easily be 

proved by induction on the length of cr (cf. 1.2 for the concepts of length and of rank) • 

Theorem 1. If Subst crxt~, then R(cr) = R{~). 
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Theorem 2. For arbitrary 01, x, t, ~ we can always decide whether Subst OIXt~ or not. 

Exercises. 1. Set up a calculus in which the rows of symbols which are derivable are 
precisely those which have the form to x t t i , where t.ito == t1 (cf. 5.2). 

b.. Carry out the proofs of the two theorems in 5. 6. 

3. Let x, y, z, u, v be pairwise distinct individual variables, P, Q predicate variables 
and f, g function variables. Test whether or not the following assertions about substi­
tution hold: 

(a) Subst Pxy y x Pyx 

(b) Subst l\yPxfy x gzx l\yPgzxfy 

(c) Subst I\x(Pxy A l\uQzxu) z v I\x(Pxy A l\uQvxu) 

(d) Subst l\yPxy x Y l\yPyy 

(e) Subst I\x(Pxy "I\u. Qzxu) z x I\x(Pxy A I\u. Qxxu) 

(f) Subst (l\xPxyAl\yPxy) xfz (l\xPxyAl\yPfzy) 

4. If Subst 01 x t ~ and if x occurs free in 01, then x is free in ~ if and only if x is 
in t. 

~ Suppose that Subst 01 x Y ~ and Subst ~ y t "', and that y does not occur free in 01. 

Then we have Subst 0/ x t ", • 

.2.:.. (Generalisation of 5.) Suppose that Subst C/ x s ~ and Subst ~ y t "', and that y does 
not occur free in 01. Then we have Subst C/ x t.; s ",. 

7. Show that, in exercise 5, the condition that y does not occur free in 01 may not be 
omitted. 

!!..=.. Suppose that Subst 01 Xi ti ~ and Subst ~ Xs ta "', and, moreover, that Xi == x" and that 
Xi does not occur free in ~ nor ~ in t i • Then there is an expression II sucfi that 
Subst a ~ ~ 1\ and Subst 1\ Xi ti '" (juxtaposition of substitutions). Show also that the last 
three conrutions of the hypothesis cannot be dispensed with. 
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The central idea in logic is that of consequence. In Chap. I, § 3.9 we saw how the notion 

of consequence for mathematical statements can be introduced on the basis of semantic 

ideas. The expressions of predicate logic correspond to the mathematical statements. In 

this chapter, we shall introduce the notion of consequence and the other semantic con­

cepts which are necessary for its definition with the precision which is now possible. 

§ 1. Introduction to the semantics of the language of predicate logic 

This section contains preparatory considerations which are to help us to understand better 

the definition of the important concept "model" which we shall give in § 2. 

1. 1 Expressions as statement forms. In general, the expression of predicate logic con­

tain free variables (e. g. P x, ;\ x P x, f x = y). Thus, such expressions are not state­

ments. However, they can be understood as statement forms, as can "mathematical state­

ments" (cf. Chap. I, § 4. 2). Thus, it is meaningful to develop the important semantic con­

cepts, e. g. that of interpretation and that of a model, for predicate logic too (cf. Chap. I, 

§ 4.5). Since, by contrast with the everyday rna thema tical language, the language of pre­

dicate logic is one which has been built up with systematic exactness, the semantic con­

cepts can be defined precisely for it. Although "most" of the expressions of predicate 

logic (e.g. all the atomic expressions) contain free variables, there are also expressions 

without free variables. Such an expression Q' can contain neither predicate variables nor 

more-than-no-place function variables. Thus, the atomic components of Q' must be equa­

tions in which the terms on either side of the equality sign are individual variables. All 

these individual variables must be bound by a universal quantifier. Examples of such ex­

pressions are: ;\x x = x, ;\x;\y x f y, ;\x(;\y x = Y II x = x). 

We could take the expressions without free variables as aristotelian statements; however, 

we do not in fact do this, for the following reason: Every such expression Q' contains at 

least one universal quantifier. Hence, the meaning of Q' only becomes clear when we de­

termine the totality to which the universal quantifier relates. We could get round this 

difficulty by assuming that there is a "biggest" totality which is laid down once and for 
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all, and that every universal quantifier relates to this totality. However, thinking of the 

universal quantifier in this way would have the disadvantage that, in every theory, we 

should - albeit via the universal quantifier - be talking about all things, and not only about 

those things with which the theory is particularly concerned. Moreover, in the light of 

the antimonies of set theory, we tend to be somewhat wary of taking the idea of a "biggest" 

totality as a basis for our thinking. 

If, for the reasons given above, we do not assume the existence of a biggest totality, then 

we must always say to which totality the universal quantifier which occurs in a given ex­

pression is to relate. These totalities, which are different from case to case, are none 

other than the domains of individuals of which we have already spoken in Chap. I, § 3.5. 

Thus, an expression in which universal quantifiers appear only obtains a meaning when a 

domain of individuals, to which the universal quantifiers relate, is given. 

We have already noted above that universal quantifiers occur in all the expressions of 

predicate logic which contain no free variables. Because the domain of individuals has 

to be determined each time, these expressions cannot be taken as statements in the aris­

totelian sense any more than can those which contain free variables. We can only talk 

about the truth or falsehood of such expressions if, in addition, we are given a domain of 

individuals. In this sense we can regard these expressions, too, as statement forms. 

As an example, we consider the expressions I\x 1\ y x := y. We shall regard this state­

ment as true if we take a domain of individuals with only one element as our basis, and 

as false if our domain of individuals has at least two elements. 

1.2 Interpretations. In order to give a meaning to an expression of predicate logic, we 

have to take a domain of individuals as a basis and interpret the variables which occur 

free (cf. Chap. I, § 3, nos. 4 and 9). An interpretation 3 gives a meaning to the free 

variables by assigning suitable entities to them (Chap. I, §4.5). Thus, an interpretation 

is a mapping. What are the variables mapped onto? If, for example, we have an atomic 

expression of the form P f x y, where x and yare distinct individual variables, then an 

interpretation 3 must be defined for the arguments P, f, x and y. It is natural to re­

quire that 3(x) and 3(y) should be elements of the domain of individuals w which we 

have taken as a basis, that 3(f) should be a function over wand, finally, that 3(p) 

should be a two-place predicate (relation) between elements of w. 

We spoke above of functions and predicates "over w". By this, we mean the following: 

( 1) We require of an n- place predicate 'P over w that, for any n elements r l' ••• , r n 

of w (in that order), ei ther ~ _fi_t_s r 1 ' ••• , r n (r l' ... , r n :;a:;,.r:;,.e..;:i;:.;n;...t:.:;h;:.:e_r:;,.e;:.;l;:.:a;:.:t;;;.;io;;.;n;;;.; ~) or not. 

Thus, for example, the less-than relation is a two-place predicate over the domain of 

the natural numbers, since, for every pair r, 9 of natural numbers either r < 9 or not. 
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A one-place predicate ~ over w is a property over w; we require that, for every r in 

w; either ~ fits r (r has the property ~) or not. Since we have no-place predicate va­

riables, we shall also need no-place predicates. We require of a no-place predicate ~ 

over w (by extrapolating the general definition) that either ~ fits (without reference to 

an element of w) or it does not. 

(2) We require of an n-place function T over w that, for any n given elements 

r l' ••• , r of w is that order, there exist a unique element of w which is the value of 
n ----

the function. We shall, as is usual, denote this value by T (r 1' .•. ' rn). Note that, for 

example, the quotient function over the domain of the real numbers only becomes a 

(two-place) function over this domain in our sense of the word if values of the function 

are also laid down for the case when the divisor is O. We require of a no-place function 

over w (by extrapolating the general definition) that there exist a unique element of w 

which is the value of the function. Thus, the no-place functions can be identified with the 

individuals (we have already anticipated this by regarding the individual variables as 

no-place function variables). 

Thus, an interpretation is always tied to a domain of individuals w. This domain of in­

dividuals plays a dual role: Firstly, it determines the totality to which the universal 

quantifiers relate; and, secondly, for every P and every f, 3(p) must be a predicate 

over wand 3(f) a function over w. 

We required above that, given an n-place predicate~, either it fits n given individuals 

or it does not, and that, given an n-place function T and any n arguments, a unique 

value of the function exists. We do not mean by this that we can always decide effective­

!l whether or not ~ fits r l' ••• ,r n' nor that T (r l' ••• , r n) can always be computed. 

For example, we shall certainly admit the one-place predicate ~ over the domain of the 

diophantine equations which is defined as follows: ~ fits any given diophantine equation 

if and only if the equation has a solution. (We know now that there is no procedure by 

means of which we can decide, for an arbitrary diophantine equation, whether or not it 

is soluble.) 

With regard to a given expression 01 it is really only necessary to interpret the variables 

which occur free in 01; with regard to 01, an interpretation 3 would not need to be de­

fined for the other variables. However, for technical reasons, it is easier to require of 

an interpretation 3 that it should be defined for all the variables which occur in the 

language of predicate logic; for, otherwise, we should always have to say for which ar­

guments the mapping 3 is defined. Of course, in order to answer the question whether 

or not an interpretation 3 is a model of an expression 01, we only need to know how the 

variables which occur free in 01 are interpreted in 3. For this, cf. the coincidence 

theorem (3.1). 
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1.3 Models. The basic concept of semantics is that of a model, which we have already 

discussed in Chap. I, § 3.9 on the basis of the everyday mathematical language. Now we 

want to carry this over to the language of predicate logic. Thus, we have to explain what 

we mean by saying that an interpretation 3 is a model of an expression 0/, or - which 

is to mean the same thing - that an expression 01 is valid in an interpretation ~. 

The most obvious way of doing this is by induction on the structure of the expression 01. 

Let us consider as an example an interpretation 3 over the domain of individuals w of 

the natural numbers. Let P be two- place and let x be different from y. Let 3 (p) be 

the less-than relation and let 3(x) = 2, 3(y) = 7. (For what follows, it is irrelevant 

how 3 is defined for the other variables.) Then we shall say that this interpretation 3 

is a model of the expression P xy, because the predicate 3(p) which has been aSSigned 

to the predicate variable P by the interpretation 3 fits the natural numbers 3(x) and 

3(Y) (in that order) which have been assigned to the individual variables x and y by 3 

- i.e. because the less-than relation fits 2 and 7 (in that order). On the other hand, 

we shall say that ;j is not a model of the expressions Pyx, P x x and P y y. Moreover, 

we shall say that 3 is a model of the expressions x = x and y = y, because 3 assigns 

the ~ element of w to the individual variables on either side of the equality sign. 

We shall also say that ;j is not a model of x = y, because 3 assigns different numbers 

to the variables x and y. 

The property of being a model can be defined in the way we have indicated for all atomic 

expressions. It is, however, important to note that the individual variables may also be 

replaced by arbitrary terms. But an element 3( t) of the domain of individuals w may 

be assigned to each term t in a natural way, so that the definition of a model which we 

have sketched above can also be carried over for the case where the individual variables 

are replaced by arbitrary terms. Let us consider, as an example, the term t == fx. We 

assume that 3(f) is the squaring function, where 3 is the interpretation considered 

above. Since ;j maps the individual variable x onto the number 2 and the one-place 

function f onto the squaring function, it is natural to take ~(fx) as the square of 2, in 

other words as 3 (f) (3(x)), i.e. as the number 4. 3(t) can be defined inductively for 

every term t in a similar way. 

We shall say that 3 is a model of -,01 if ;j is not a model of 0/, and that 3 is a model 

of (01 1\ ~) if 3 is both a model of 01 and a model of ~. 

Thus, in the example we considered above, 3 is a model of -, Pyx and of (p x Y 1\ P f x y) , 

but it is not a model of -, P xy. 

It only remains to define 

1. 4 Models of generalisations. As a simple example, we consider the expression 

/\xQx, where Q is a one-place predicate variable. The variable x does not occur free 



76 III. The Semantics of Predicate Logic 

in this expression. If 3 is an arbitrary interpretation then, by the remark at the end 

of 1.2, whether or not 3 is a model of the expression /\xQx does not depend on how 

the variable x is interpreted by 3. We shall say that 3 is a model of /\x Q x if and only 

if the predicate 3(Q) fits all the things in the domain of individuals. In the light of the 

fact that we intend to define the property of being a model inductively, we want to re­

formulate this so that, in the definition, we talk about the property of being a model of 

the expression Q x which is obtained from /\x Q x by leaving out /\x. It is clearly not 

enough to require merely that 3 should be a model of Q x, for this would only ensure 

that the predicate 3(Q) fitted the individual 3(x). The fact that 3(Q) is to fit every in­

dividual can clearly be formulated by demanding that all interpretations 3' which coin­

cide with 3 for all arguments other than x (but not necessarily for x) should be models 

of Q x. For then, for different choices of 3' , 3' (x) runs through all the elements of 

the domain of individuals. In order to be able to express this requirement conveniently, 

we shall introduce the notation 3 r • By 3 r , we mean the interpretation which is defined x x 
over the same domain of individuals as 3 and which coincides with 3 for all arguments 

except, possibly, x, and which maps x onto the individual r. Thus, we have the re­

quired definition: The interpretation 3 is a model of /\x Q x if and only if, for every in­

dividual r, the interpretation 3~ is a model of Q x. If, more generally, we replace Q x 

by 01, then we shall, correspondingly, want 3 to be a model of I\XOl if and only if, for 

every r, the interpretation 3~ is a model of 01. If we assume that we have already de­

fined what we mean by saying that an arbitrary interpretation 3 is a model of 01, then 

the conditions we have laid down above make it possible to define what we mean by say­

ing that 3 is a model of I\xa. 

§ 2. Definition of the most important semantic concepts 

In this section we shall give the definition of the property of being a model of a given 

expression. We have already explained the concept of an interpretation and the most im­

portant steps in the definition of a model in the last section, so that, here, we can con­

centrate on the technical implementation of the program we sketched there. We begin 

with a few observations about the foundations of semantics. Then, on this basis, we de­

fine the concept of an interpretation. 

2.1 The foundations of semantics. We take the concept of a domain of individuals as our 

starting-point. Every set except the empty set can be taken as a domain of individuals. 

Thus, a domain of individuals is never empty. 

Let us consider any domain of individuals w. The totality of all predicates over wand 

the totality of all functions over ware completely determined by w. 

If 'l> is an n- place predicate over w (n ~ 0) and if r 1 ' •.. , r n are (not necessarily dis­

tinct) elements of w, then either 'l> fits r 1' ... ' rn (in the given order) or it does not. 
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If we want, we can characterize the predicate '13 by the set P of those n-tuples of ele­

ments of U) which '13 fits. For every predicate '13, there is such a set P which is as­

signed to '13. Conversely, every set P of n-tuples of elements of U) is assigned in this 

way to one (and only one) n-place predicate '13, namely the predicate which fits all the 

n-tuples of elements of U) which belong to P, and none which do not belong to P. 

For n = 0 there are, over any U), two predicates, namely the predicate which fits and 

the predicate which does not fit. These predicates are often called truth and falsehood 

respectively. 

If T is an n-place function over w (n;;;. 1) and r l' ... , r n are (not necessarily distinct) 

elements of U), then there is exactly one element r of U) such that r = T (r l' ... , r n) • 

If we want, we can characterize the function T by the set F of those (n + 1)-tuples 

r l' ... , r n+ 1 of elements of U) for which r n+ 1 = T (r l' ... , r n)' For every function T, 
there is such a set F which is assigned to T. Conversely, every set F of n- tuples of 

elements of U) which has the property that, for every n-tuple r l' .. " r n of elements 

of U), there is exactly one element r 1 of U) such that the (n + 1)-tuple r1,···, r 1 n+ n+ 
belongs to F is assigned in this way to one (and only one) n-place function T, namely 

the function T for which T(r 1 , ••• ,r n ) = r if and only if then-tuple r1 , ••• ,r n ,r lies 

in F. 

It is convenient to regard the elements of U) as no- place functions over u). 

For every n;;;' 0 and for every U), there is at least one n- place predicate and at least 

one n- place function over u). 

Re mark 1. Above, we took the extensionalist point of view, by assuming that an 
n-place predicate is uniquely determined by the set of the n-tuples which it fits, and a 
function by the set of all the (n + 1) - tuples for which r n +:1. = T (r:l. , ••• , r n ). According 
to the intensionalist point of view, it is possible to have different n- place predicates 
which fit exactly the same n-tuples and different functions which always have the same 
value given the same argument. The difference between two predicates which fit exactly 
the same n-tuples can be seen, for example, in their differing definitions (the same 
holds for functions). Thus, for example, under the intensionalist way of thinking, we 
could differentiate between the one-place predicate which fits only the smallest even 
number and the one-place predicate which fits only the smallest prime number. Both 
these predicates fit just the number two, and are therefore extensionally identical. 

For the sake of Simplicity we shall, in this book, take the extensionalist point of view. It 
should, however, be mentioned explicitly that, for normal predicate logic (but not for 
second-order predicate logic), the intensionalist point of view can just as well be taken 
as a basis. 

Rem ark 2. Above, we took the attitude that, given a domain of individuals U), all the 
predicates and functions over U) are determined. Thus, U) determines the domain gU) of 

predicates and functions which belongs to u). Recently, however, people have also con­
sidered subdomains g of gU), and have limited themselves to those predicates and func-

tions over U) which belong to g. For such non-standard views, cf. also Chap. V, § 5, 
exercise 1. 
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2.2 Definition of the concept of an interpretation. By an interpretation over a domain 

of individuals w, we mean a mapping 3 which is defined for all function variables and 

for all predicate variables, and such that: 

(a) For every n'" 0 and for every n-place function variable f, 3(f) is an n-place 

function over w. 

(b) For every n'" 0 and for every n-place predicate variable P, 3(p) is an n-place 

predicate over w. 

Because of our semantic presuppositions (cf. 2.1), there is, for every domain of in­

dividuals w, at least one interpretation over w. 

If 3 is an interpretation over a domain of individuals w, x an arbitrary individual va­

riable and " an arbitrary element of w, then let 3~ be the mapping which coincides 

with 3 for all arguments other than x and for which 3~(x) = ". 3~ is, like 3, an in-

terpretation over w. For every f which is at least one-place, we have 3~(f) = 3(f), 

and for every P we have 3" (p) = 3(p) • 
x 

We write 3~~ as an abbreviation for (3~)~. We note the following relationships, which 

are easy to verify, for use later: 

(*) 

Up till now we have defined 3(t), not for any arbitrary term t, but only for the case 

in which t is an individual variable. However, taking this as a basis, we can define 3(t) 

inductively for every term t in a natural way by setting, for an r-place function vari­

able f(r'" 1) : 

We can see at once that 3(t) is always an element of w whenever t is a term. It is also 

true that (for II cf. Chap. II, §5.2) 

This can be proved by induction on the length of to. If to == z, then (**) can be obtained 

immediately from the definitions of 3~ and ll!, by distinguishing the two cases z == x 

and z * x. If, on the other hand, to == ft l ••• t r , then, by Chap. II, § 5.2 (**) and by 

making use of the induction hypothesis, we have 
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= 3(f) (3(I1~tl)'··· ,3(I1~tr)) 
t t 

= 3(fl1 xt 1•• ·l1 xt r ) 

= 3(I1~ftl· •• t r ) • 

2.3 Definition of a model. We define by induction on the structure of 0' what we mean 

by saying that 0' is valid in an interpretation 0 over w. We also say, synonymously, 

that 0 is a model of 0' over w, abbreviated as: Modw0a. For the sake of convenience, 

we do not always mention w explicitly:!.. 

(Oa) 

(Ob) 

(1) 

(2) 

(3) 

Modw0Ptl ••• tr if and only if 0(P) fits J(t1), •.• ,3(tr ). 

Modw0tl =t2 if and only if ~(tl) coincides with 0(t2)· 

Modw 3 --, 0' if and only if not Modw 00' • 

Mod 0(0' /\ ~) if and only if Mod 00' and Modw 0~. w w 

Mod 0 AxO' if and only if Mod 3rO' for every element r of w. w w x 

This definition defines Mod 00' for every expression 0' and every interpretation 3 over w 
w. We want to extend this definition by defining, for every set 'lJl of expressions, what it 

means to say that !Ill is valid in 0 over w. This is to mean that every element of !Ill is 

valid in 3 over w: 

Mod J!Ill if and only if Mod 00' for every 0' in !Ill. w w 

An interpretation over w which is a model of !Ill is to be referred to, briefly, as an 

w- model of !Ill. Correspondingly, an interpretation which is a model of !Ill is referred to 

as a model of !Ill. 

2.4 Definition of consequence and of universal validity. We want to say that an expres­

sion 0' follows from a set !Ill of expressions over w if, for every interpretation 0 over 

w: If Mod 3!Ill, then Mod ~; in other words, if every w- model of !Ill is also an w- model ---w w 
of ex. We say that ex follows from !Ill (without reference to a domain of individuals) if, 

for every domain of individuals w, the expression ex follows from !Ill over w; i. e. if, 

for every domain of individuals wand for every interpretation 0 over w : If Mod :JIll, 
w 

then Mod 3cx, i. e. if every model of ]I is also a model of ex. We use 0' is a conse­
w 

quence of !Ill as a synonym for ex follows from !Ill. 

:L The inductive definition is so arranged that we define for arbitrary interpretations 3 
over w what Modw 0a means. 
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In order to express concisely the fact that a follows from :m over w or that a follows 

from:m, we write: :m 1= a,:m 1= a respectively 2 • 
w 

If :m = I a 1 ' ... ,a r l, r ~ 1, then we abbreviate I a 1 ' ... ,a r li=: wa and I a l' ... ,a r 1 F a 

by a 1 ' ••• ,a r 1= w a, a l' ••• ,a r 1= a respectively. If :m is empty, then we abbreviate 

:m F w a, M 1= a by F w a, F a respectively. 

We say that an expression a is universally valid over w or that it is universally valid if 

1= w a or 1= a respectively. 

2.5 Definition of satisfiability. If an expression a or a set :m of expressions possesses 

a model over w, then a or :m is said to be satisfiable over w. a or:m is said simply to 

be satisfiable if there is a domain of individuals w such that a or :m respectively is 

satisfiable over w. 

There is an important connection between consequence and satisfiability: 

Theorem 1. :m 1= a if and only if :m u j-, a 1 is not satisfiable over w. w 

Proof. :m = wa iff every interpretation 3 over w which is a model of :m is also a 

model of a, 

iff there is no interpretation 3 over w which is a model of :m but is 

not a model of a, 

iff there is no interpretation 3 over w which is a model of :m and a 

model of --,a, 

iff :m u loa 1 is not satisfiable over w. 

With the aid of Theorem 1, we can show that the same connection holds if we leave 

out w: 

Theorem 1'. :m 1= a if and only if :m U j--,a 1 is not satisfiable. 

Proof. :ml=a iff, for every w : :m Fa, 
w 

iff, for every w ::m U j-,a I is not satisfiable over w, 

iff :m U j-,a I is not satisfiable over any w, 

iff :m u j-,al is not satisfiable. 

The connection provided by the last two theorems shows that it is possible to reduce the 

two- place relation of consequence to the one- place property of satisfiability:3. We shall 

make use of this reduction in the proof of God e 1 's completeness theorem. 

2 The symbol II 1=" is derived from the symbol " ..... ". For this, cf. Chap. IV, § 1.1. 

3 There is an analogous situation in group theory, where it is possible to reduce every 
two-place congruence relation to the one-place property of being an element of a 
certain normal subgroup. 
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We note also the special cases which are obtained from theorems 1 and l' for an empty 

set of expressions: 

Theorem la. 01 is universally valid over w if and only if -.01 is not satisfiable over w. 

Theorem l' a. Ci is universally valid if and only if -.01 is not satisfiable. 

Theorem 1 shows how the relation of consequence could be defined with the aid of satis­

fiability. Conversely, the relation of satisfiability can be defined from the consequence 

relation. This is shown by 

Theorem 2. Let 01 be an expression and ~ a set of expressions. Then ~ is not satisfiable 

over w if and only if ~ 1= (01 /\ -.01) • 
w 

Pro of. ~ 1= (01 /\ -.01) iff every w-model of ~ is also an w-model of (01 /\ -'01), 
W 

iff every w-model of ~ is also an w-model of 01 and of -.01, 

iff every w- model of ~ is also both an w- model of 01 and not an 

w- model of 01, 

iff there is no w- model of ~, 

iff ~ is not satisfiable over w. 

Theorem 2'. Let 01 be an expression and ~ a set of expressions. Then ~ is not satis­

fiable if and only if M 1= (01 /\ -.01) • 

Exercises. In the following, (cv V ~), (01 ~ ~), (01 ~ ~) and V xcv are to be understood 
as abbreviations - cf. Chap. II, § 1.5. x, y, Z, X1, Xg, Xa are assumed to be pairwise 
distinct. 

1. Let w be the domain of individuals consisting of all people. Let P be a two-place 
predicate variable. Let 31' 3a, 3s be interpretations such that: 31 (p), 3a (P), 3a (p) 
respectively) is the two- place relation between people which fits the people t', 9 if 
and only if r is the father (sister, ancestor respectively) of 9, while the other vari­
ables may be interpreted by 31, 3a, 3s in any (fixed) way. Determine which of the 
following expressions hold true in 3!!. (3a, 3s respectively): 

/\x /\y Pxy, /\x Pxx, /\ x /\ y /\ z(Pxy /\ Pyz ~ Pxz), /\ x 1\ y( Pxy ~ Pyx) 

2. Find an interpretation 3 over the domain w of the natural numbers such that 
Mod 3(Vx /\y fxy = x /\ V x /\y fxy = y). 

w 

3. Show that 1= (/\x V y Pxy t-t V y A x Pxy) if and only if w has exactly one element. 
- w 

4. Let w be a domain with exactly two elements. Find interpretations 31' 3a over w 
in which (AxVyPxy~Vy/\xPxy) holds, such that 31(P) *3a(P). 

5. (a) Let cv1 :: Ax!!. Vy X1 :f y. Show that cv 1 is satisfiable over a domain of indivi­
duals w if and only if w has at least two elements. 

(b) Let OIa ::/\X1 /\Xe Vy(x!!. * y/\xa * y). Show that cva is satisfiable over w if and 
only if w has at least three elements. 

(c) For each n p 1, find an expression OIn which is satisfiable over a domain of indi­
viduals w if and only if w has more than n elements. 
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6. (a) Show that I\x11\X2 x:!. = X2 is satisfiable over UJ if and only if UJ has at most 
one element. 

(b) Show that I\x:!. 1\X2 1\ X2 «x:!. = X2 V x:!. = X3) V X2 = X3) is satisfiable over UJ if and 
only if UJ has at most two elements. 

(c) For each n ~ 1, find an expression an which is satisfiable over a domain of indi­
viduals UJ if and only if UJ has at most n elements. 

7. For every n ~ 1, find an expression an which is satisfiable over a domain of indi­
viduals UJ if and only if UJ has precisely n elements. 

8. For every n ~ 2, find an expression an which is satisfiable over a finite domain of 
individuals UJ if and only if the number of elements in UJ is a multiple of n. 

9. For every n ~ 2 and for every m such that 0':;; m < n, find an expression au 
which is satisfiable over a finite domain of individuals UJ if and only if, when the number 
of elements of UJ is divided by n, the remainder is m. 

10. Show that 

« I\x V y Pxy 1\ 1\ x 1\ y(Pxy ~ -, Pyx)} 1\ 1\ x 1\ y 1\ z«Pxy 1\ Pyz) ~ Pxz}} 

is not satisfiable over UJ if UJ is finite. Show also that the expression is satisfiable over 
the domain of individuals of the natural numbers. 

11. Show that 

(a) If a F ~ and ~ 1= y, then 0/ 1= y. 
(b) If!Dl F ~ for all ~ Em and m 1= y, then!Dl1= y. 

Refute: 

( c) If !Dl 1= a and m Fa, then !Ill n m 1= a. 
(d) If !lll 1= a and !Ill 1= a, then!Dl 1= a. 

§ 3. Theorems about models 

In the following, we shall derive some important theorems about models. 

The coincidence theorem states that the existence or otherwise of the relation Mod ~a 
UJ 

only depends on how ~ maps those variables which occur free in a (cf. 1.2 for this). 

If an expression a is transformed into an expression ~ by substitution of t for x, then, 

by the substitution theorem, it is possible, for every interpretation ~ in which ~ is 

valid, to find a uniquely determined interpretation ~ I , dependent on ~ and over the same 

domain of individuals, in which a is valid. 

Since, in the following, we shall always be talking about interpretations over the same 

domain of individuals UJ, we shall leave out the index UJ in Mod ~ for the sake of sim­
UJ 

plicity. 
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3.1 The coincidence theorem. We shall use 21(a) to mean the set of those variables 
i 

83 

(of any sort) which occur free in the expression a. 21(a) is also called the vocabulary 

of a. We shall say that the two interpretations 3 and st coincide with respect to the 

set of variables 21. in symbols 3 = st. if 3 and st are interpretations over the same 
21 

domain of individuals and have the same values for the variables in 21. Using this nota-

tion. we have the 

Coincidence theorem: If 3 = st. then (Mod 3a iff Mod st(1). 
21(a) 

Proof. We prove the assertion: For all 3.R: If 3 = st, then Mod3a iff ModRa 

by induction on the structure of CII. 
21(01) 

(Oa) Mod3Pt1 ••• tn iff 3(p) fits 3(t1) ••••• 3(tn) 

iff st(p) fits 3(t1) ••••• 3(tn) 

iff Mod st P t 1 ••• tn. 

(The passage from the first line to the second is justified by the fact that. since 

3 = st. in particular 3(p) = st(p) and 3(t.) = st(t.) for j = 1 ••••• n.) 
21(Pt t ••• tn ) J J 

(1) 

(2) 

iff 3(t1) = 3(t2) 

iff R(t1) = st(t2) 

iff Mod st t1 = t 2 • 

If 3 = st. then also 3 = st. Hence 
21(, a) 21(a) 

Mod3, CII iff not Mod 30' 

iff not Mod sta (induction hypothesis) 

iff Mod st, CII. 

If 3 = st. then 3 = st and 3 = st. Hence 
21(allll) 21(a) 21(/1) 

Mod 3(0' II II) iff Mod 3a and Mod 311 

iff Mod stot and Mod stll (induction hypothesis) 

iff Mod st(o' II II). 

(3) If 3 = st. then we claim. first of all. that 3! = ~ for arbitrary f. For. 
21(!\x a) 

if a variable occurs free in a. then either it occurs free in !\Xot. trom which. 

since 3 = st. the assertion follows for this variable; or it is identical 
21(;\ x a) 

with x. and then trivially 3~ (x) = r = st~ (x). Hence: x x 
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Mod3Axa iff for every t': Mod 3" ex x 
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iff for every t': Mod Stt'ex (induction hypothesis, applied to 
x 

iff Mod 3 Axa. 

Corollary 1. If x does not occur free in ex, then 

Corollary 2. Mod 3 /\ xa iff Mod 3~ /\ xa . 

3.2 The substitution theorem reads: 

If Subst Q'xt~, then Mod 33(t)Q' iff Mod 3~. 
x 

Rem ark. The substitution theorem enables us to transform an arbitrary model of ~ 

into a model of 0/, namely 3~ (t) • 

Proof. We prove the assertion: If Substaxt~, then for all 3: MOd3~(t)Q' iff Mod3~ 
by induction on the structure of ex. 

iff 3(p) fits 3(ll!t1), ••• ,3(ll!tn ) 

(because 33(t) (p) = 3(p) and using 2.2(**» x 

iff Mod 3Pll tt1 ••• ll tt • 
x xn 

(Ob) We prove the theorem analogously for the case a == tl = t 2• 

( 1) If Subst -,0/ x t "I, then there is a ~ such that "I == -, ~ and Subst Ct x t ~. Hence, by 

induction hypothesis, 

From this we obtain 

Mod 33 (t) -, ex iff Mod 3 -, ~ • 
x 
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(2) If Subst (0'1" Q'2)xt "I, then there are expressions ~1 and ~2 such that 

"I = (~1" ~2) and Subst 0'1 xt~l and Subst Q'2xt~2. By induction hypothesis, 

This gives us 

Mod ~~(t) (0' "0' ) iff Mod 3(~1 " ~2). 
x 1 2 

(3) If 0' is a generalisation, we distinguish two cases: 

Cas e 1. x does not occur free in /\ ZQ'. Then Subst /\ ZQ' x t /\ ZQ'. The assertion 

Mod 33 ( t) /\ ZQ' iff Mod 3/\ ZQ' can then be obtained from Corollary 1 to the coincidence 
x 

theorem, since, by hypothesis, x does not occur free in /\ ZQ'. 

Cas e 2. x occurs free in /\ ZQ'. Then, if Subst /\ ZQ' x t "I, z does not occur in t and 

there is a ~ with y = /\z~ and Subst 0' x t ~. Moreover, x * z, since x occurs free in 

/\ut. but z does not. Now we have 

iff for all z: Mod 33(t) a 0' 
x z 

iff for all .: Mod <)& ~(t)Q' by 2 2 since x * z o Vz x ' ., 

iff for all .: Mod <)a 3a( t) 0' since 3( t) = 3a (t), because z does not 
o Vz xZ ' z 

occur in t 

iff for all a: Mod 3a~, by induction hypothesis, applied to the inter­z 

iff Mod3/\z~, q.e.d. 

pretation 3& instead of 3 z 

Exercises. 1. Let P and P I be predicate variables with the same number of places. 
Let 0' I be obtained from 0' by replacing P by P I everywhere in 0'. We write: 
Subst 0' P P '0" • 

(a) Define Subst Q'ppIQ'I by induction on the structure of 0'. 

(b) Prove the following analogue to the substitution theorem: 

If SubstQ'PP'Q', then (MOd3~(PI)Q' iff Mod 30"). 

(c) Show that: If P I occurs neither in 0' nor in ~ and if Subst Q' P pI 0' I and 
Subst ~ P P I ~ I, then (if 0' I 1= ~ I, then 0' 1= ~) • 

2. In exercise 1, instead of considering predicate variables P and P I with the same 
number of places, consider function variables f and f' with the same number (greater 
than 0) of places. 



N. A Predicate Calculus 

§ 1. Preliminary remarks about the rules of the predicate calculus. The concept of de­

rivability 

t.l The relation a1 , •• ,a I- a, or I- at ••• a a. As we have already explained in Chap.I, n - n 
§ 5, we want to lay the rules of down a calculus with the help of which we can obtain al-

gorithmically all the consequences of arbitrary sets of expressions. Various different 

calculi of this sort are known today; every such calculus is called a predicate calculus 

or, more precisely, a first-order predicate calculus. (For predicate caluculus of higher 

order cf. Chap. VI, § 1.) In the next section, we shall give a particularly simple calculus 

of this sort •. For the sake of simplicity, we shall call this calculus the predicate calculus 

(instead of!! predicate calculus). 

The predicate calculus we shall introduce here takes the form of an assumption calculus 

(for this, cf. the remarks in Chap. I, § 5.5). The rows of symbols which we can derive 

consist of linear sequences of finitely many expressions, where every such sequence 

must consist of at least one expression. Thus, every row of symbols which is derivable 

in the predicate calculus has the form 

with r;:;:'1. The connection with the notion of consequence, which was our reason for 

creating the calculus, can be described by two assertions: 

(1) If a 1 ••• a is derivable in the predicate calculus, then a follows from r r 
at ' ••• ,ar _1 (in the particular case that the sequence consists of a single element at, 

this is to mean that at follows from the empty set, i. e. that at is universally valid) • 

(2) If, conversely, an expression a follows from a set !IJI, then there are finitely many 

elements a1 , ••• , as of 'lJl such that a1 ••• asa is derivable in the predicate calculus. 
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From this, we see that the last expression of a derivable sequence of expressions has 

a different status from the preceding ones. We want to call attention to this by using 

( **) O'r is derivable from 0'1' ..• ' O'r_1 in the predicate calculus as a synonym for 

( *) 0'1 ••• O'r is derivable in the predicate calculus. 

(If the sequence 0'1' ••• ' O'r consists of only one element, then the two sentences are 

the same.) In analogy to the symbol" F" with which we represent the relation of con­

sequence, we shall represent the relation of derivability by "1-". 

"I-" was introduced by F rege, the most important logician of the last century (1848-
1925), in his "Begriffsschrift" (1879) to denote the relation of inference. 

Thus, we abbreviate (*) and (**) by: 

(***) ... 0'1· •• CI rand Cl1 , ••• , O'r_1 I- O'r respectively. 

(for r = 1, we have I- 0'1 in both cases). 

In order to make the special status of the last element of a sequence of expressions 

obvious, we shall sometimes write 0'1 ••• O'r_1 O'r' with a small gap between the last two 

expressions, instead of 0'1 ••. 0' 10'. We shall also often write 0'1···0' 1: a • (This 
~ r ~ r 

colon is, strictly speaking, not a component of the row of symbols; it is there merely 

for the convenience of the reader. ) 

1.2 The relation !Ill I- a. In order to make the analogy between the relation of consequence 

and that of derivability even clearer, we shall introduce the syntactic relation !Ill I- a (in 

words: a is derivable from the set of expressions !Ill) in analogy to the semantic relation 

!Ill Fe a by means of the 

Definition. 'Dll-' a if and only if there are finitely many elements 0'1' ••• ' O's (s ;;:. 0) such 

that 0'1' ••• ' O's I- 0'. 

The main result of theoretical predicate logic can now be formulated as follows: 

(3) !Ill I- 0' if and only if !Ill F a. 

It states that the semantic relation of consequence and the syntactic relation of deriva­

bility coincide with each other. 
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We can split the assertion (3) into: 

(1') !!!Illl- 01, then !Ill 1= 01 Soundness of the predicate calculus. 

(2') !!!Ill 1= 01, then !Ill I- 01 Completeness of the predicate calculus. 

The names for these two statements can be explained as follows: 

(1') states that we cannot derive anything which is not also a consequence. If we could 

derive from a set !Ill an expression 01 which was not a consequence of !Ill, then we would 

describe the calculus as unsound. 

(2') asserts that every consequence of a set !Ill can also be derived from !Ill (in the sense 

of the definition for !Ill I- 01 given above). If there were a set !Ill and an expression 01 such 

that !Ill 1= a but not !Ill I- 01, then we would describe the calculus as incomplete in this re­

spect. 

Of the two assertions of soundness and completeness, that of soundness is easier to 

prove (see § 3). It was only in 1930 that the completeness of a predicate calculus was 

first proved by Gad e I. The assertion (2') is therefore also known as Gadel' s com­

pleteness theorem. We shall give a proof of the completeness of the predicate calculus 

we have introduced here in Chap. V. 

Incidentally, we note that (1) is equivalent to (1') and (2) to (2') (see 1.1), and hence 

(1) and (2) combined to (3): 

If (1), then (1'). Let !Ill I- 01. Then there are elements a1 , ••• , as of !Ill such that 

011' •• OISOI is derivable. Then, by (1), 01 follows from 011"'" OIS ' This means that every 

model of 011"'" as is also a model of a. But then certainly every model of !Ill is a 

model of 01. Thus, !Ill 1= 01. 

!! (1'), then (1). Let 0I1 ... ar be derivable in the predicate calculus. Then 

!! (2), then (2'). Let !Ill 1= 01. By (2), there are finitely many elements 011"'" OIs of 

!Ill such that Q'1'" Q'sOi is derivable. Thus, 011"'" OIS I- 01. This yields !Ill I- 01 • 

.!! (2'), then (2). Let 01 follow from !Ill. Then, by (2'), !Ill I- 01. This means that there are 

finitely many elements Q'1"'" Q's of !Ill such that Q'1'" Q'sQ' is derivable in the predicate 

calculus. 
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§ 2. The rules of the predicate calculus 

2. 1 Introduction. The system of rules which we shall lay down in the following consists 

of eleven rules. By means of these rules we can derive rows of symbols which - as we 

have already explained in the last section - consist of a concatenation of finitely many 

expressions. In the following, we shall call such rows of symbols sequents. The ex­

pressions of which a sequent is composed are called the members of the sequent. 

Every sequent has at least one member. We use the letter a, possibly with indices, 

to indicate sequents. The last expression of a sequent a is called the end (succedent) 

of a, in symbols e: • Those which precede € are called the beginning (antecedent) of a. a a 
The beginning of a is either empty or another sequent. The (possibly empty) set of 

those expressions of which the beginning is composed is called the initial set of a, in 

symbols ~ . 
a 

In the following system of rules, there are two rules which allow us to write down se­

quents immediately. The other rules can only be applied if we have already derived one 

or two sequents (starting sequents); these rules allow us to pass from the starting se­

quents - which, in this context, are called premises - to a further sequent, which is 

called the conclusion. 

All the rules - except for the assumption rule and the substitution rule - are associated 

with logical connectives or with the equality symbol, as follows: Three rules with the 

conjunctor, two with the negator, two with the universal quantifier and two with the 

equality symbol. 

In what follows, the reader should, above all, try to understand what the application 

of the eleven rules means in a purely formal sense. (For this, see also the schematic 

representation of the rules in 2.3. ) The fact that the rules are also unobjectionable as 

regards their content will be shown by the theorem of the soundness of the predicate 

calculus, which we shall prove in § 3. 

2.2 Formulation of the rules. 1) The assumption rule (A) is a rule without premises. 

It allows us to write down the sequent aa for an arbitrary expression a. 

2) The rule (C) for introducing the conjunctor has two premises. It allows us to pass 

from any two sequents a l' a2 to every sequent a which has the properties: 

(a) ("introduction of the conjunctor") 

(b) 
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Remark: Note that the condition (b) determines only the initial set of a, not the be­
ginning of a itself. This means, in particular, that the order of the members in the 
beginning of a can be chosen arbitrarily. Also, an element of ~a may appear ~ 

than once in the beginning of a. In general, however, we shall choose the beginning 
of a to be as short as possible, i. e. without any repetition of members. - This remark 
also holds for all the subsequent rules. 

3) The first rule (C') for removing the conjunctor has one premise. It allows us to 

pass from any sequent at whose end e: is a conjunction (ot" a) to every sequent a 
a 1 

which has the properties: 

(a) 

(b) 

("removal of the conjunctor") , 

4) The second rule (C") for removing the conjunctor has one premise. It is formulated 

like (C'), but with e: == a instead of e: == ot. 
a a 

5) The removal rule (R) is a rule with two premises. The starting sequents at, a 2 

are assumed to be such that e: == e: and that there is an expression ot with 
a 1 a 2 

ot E m and....., ot Em. The rule allows us to pass from at and a2 to every sequent a 
at a2 

which has the properties: 

(a) e: == e: (== e: ), 
a at a2 

(b) ~ = (m -lotl> u(m - hot\). 
a at O 2 

(The "removal" consists in taking ot out of m and....., Q' out of m • ) 
at a2 

6) The contradiction rule (X) has two premises. The starting sequents at, a 2 are 

assumed to be such that e: == ....., e: • (i. e. the end expressions of the starting sequents 
0'2 at 

"contradict" each other.) The rule allows us to pass from at and a2 to every sequent a 

which has the properties: 

(a) 

(b) 

e:a is an arbitrary expression, 

7) The uncritical rule (G) for removing the generalisor is a rule with one premise. It 

allows us to pass from a sequent a t whose end is a generalisation I\Xot to every sequent a 

which has the properties: 

(a) 

(b) 

("removal of the generalisor") , 
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The description "uncritical" refers to the fact that, by contrast to the "critical" rule 

(Gx ) which follows, no additional conditions are laid down for the application of the 

rule (G). 
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8) The critical rule (Gx ) for introducing the generalisor is a rule with one premise. 

For a given x, it can be applied to a sequent a 1 only if the variable x does not occur 

free in any member of the beginning of a 1 ("critical condition"). If this condition is 

fulfilled, then the rule (Gx ) allows us to pass from the sequent a 1 to every sequent a 

which has the properties: 

(a) e: == /\xe: ("introduction of the generalisor") , 
a a1 

(b) 

Strictly speaking, (Gx ) consists of infinitely many rules, one for each choice of x. 

The same is true of the rules (st) and (Et) which follow. In fact, it is true also of x x 
(A) (where 01 may take infinitely many values), (X) (where the same holds) and (E) 

(where t may be any term) • 

9) The substitution rule (st) depends on the individual variable x and the term t. It 
x 

is a rule with one premise. The rule (S~) is applicable to a sequent a 1 if a 1 satisfies 

the following condition: For every member l' of a 1 there is an expression 6 such that 

Subst y x t 6. Now let Subst e: x t e: and let A be the set of expressions which is obtained a 1 
from the set ~ of expressions by the above-mentioned substitution of t for x. The 

a1 
rule (S~) allows us to pass from a 1 to every sequent a which has the properties: 

(a) 

(b) 

e: == e: a ' 
~ =~. a 

10) The first equality rule (E) is a rule without premises. It allows us to write down 

the expressions t = t for an arbitrary term t. 

11) The second equality rule (Et) depends on the individual variable x and the term t. x 
It is a rule with one premise. The rule (E~) is applicable to a sequent a 1 if there is 

an expression e; such that Subst e: x t e;. The rule allows us to pass from a 1 to every 
a 1 

sequent a which has the properties: 

(a) 

(b) 
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2.3 Schematic representation of the rules. In the following table, the rules which we 

formulated precisely above are noted clearly and compactly (but less precisely) • 

The rules of the predicate calculus 

I:l ex 
I:2 (3 

(C) 
I:12 {ex 1\ (3) 

E lex : (3 
I:2, ex : (3 

(R) 
E12 (3 

(a) E /\xex 
E ex 

(E) : t = t 

(A) ex ex 

(C') 

(x) 

El : ex 
I:2 :, ex 

E12 : (3 

(C") 

E : Of , if x does not occur free in E 
I: : l\xex 

E : Of 
~ , if Subst Eexxt E' ex' 

(E~) I:x=; ~, if Subst exxt (3 

Remarks on the notation in the representation: 

(a) The (possibly empty) beginnings of the sequents (or parts of these beginnings) are 
represented symbolically by E, E~, Ea or E~a respectively. 

(b) In the conclusions of the rules, the beginnings may be permuted arbitrarily. More­
over, expressions which occur in these beginnings may be written down arbitrarily often 
(in particular, they may also be written down once only). The notation "E~ is to mean 
that any given expression is a member of I:~a if and only it is a member of I:~ or of Ea. 

(c) x occurs free in I: is to mean that x occurs free in at least one member of I:. 

(d) SubstEexxtE'ex' is to mean that Subst exxtex' and that every member of I: is trans­
formed into the corresponding member of E' by substitution of t for x. 

(e) For II • II cf. the last remark in § 1.1. 

2.4 Derivations. Bya derivation we mean a finite sequence of sequence, written down 

one beneath the other, each of which can either be written down by means of the assump­

tion rule (A) or the first equality rule (E) or can be obtained by means of one of the 

other rules from one or two of the sequents which precede it in the sequence. 

In the case of rules with two premises, the order in which the starting sequents appear 

in the sequence of sequents is to be immaterial. 
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A sequent is said to be derivable if there is a derivation whose last member is this 

sequent. 

We can see at once from the definition of a derivation that, if we write down two or 

more derivations one beneath the other, the result is another derivation. 
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By the length of a derivation we mean the number of sequents of which the derivation 

consists. 

An important principle of proof is the following: In order to show that every derivable 

sequent 0 has a property ~, it clearly suffices to show: 

(1) The seguents which can be produced by (A) and (E) (i.e. the sequents CiCi and 

t = t) have the property ~. 

(2) The seguents which can be produced by any of the other rules have the property ~ 

whenever the relevant premises have the property ~. 

2.5 Examples of derivations. In order to practise applying the rules, we want to give 
a few simple examples of derivations. At the end of each line we shall make a note of 
the rule by means of which the sequent in that line was obtained and the premises to 
which this rule was applied. In order to facilitate the making of these notes we shall 
number the lines of the derivation, starting from the top. In the following, we assume 
that x, y, and z are pairwise distinct individual variables. 

Example 1. 
1. Px:Px (A) 
2. Qy: Qy (A) 
3. PxQy:(PXAQy) (e) 1,2 

Example 2. 
1. (p x A Qx) (Px A Qx) (A) 
2. (PXAQX) Px (e ,) 1 
3. (p x A Qx) Qx (e") 1 
4. (p X A Qx) (QxAPX) (e) 2,3:1. 

Example 3. 
1. (p x A-, P x) : (PxA-,Px) (A) 
2. (PXA-,PX) :Px (e ,) 1 
3. (p x A -, P x) :-,Px (e") 1 
4. (p x A -, P x) : -, (p x A -, Px) (x) 2,3 
5. -, (p x A -, P x) : -, (p x A -, P x) (A) 
6. : -,(PXA-,Px) (R) 4,5 

Example 4. 
1. !\x(p x A Qx) !\x(p x A Qx) (A) 
2. !\x{p x 1\ Q x) (p x A Qx) (G) 1 
3. !\x(p x A Qx) Px (e ,) 2 
4. !\x(p x A Qx) !\xPx (Gx ) 3 2 

:I. Note that the order in which the starting sequents used in the application of (e) 
occur in the derivation is immaterial. Here, in the notation of 2.2, 
01 == (p x A Qx) : Qx and 02 == (p x A Qx) : P x. 

Note that the condition for the application of this critical rule (namely that x should 
not occur free in !\x(p x A Q x» is fulfilled. 
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Example 5. 
1. 
2. 
3. 
4. 
5. 

Example 6. 
1. 
2. 
3. 
4. 
5. 
6. 
7. 

Ax Ayp xy 
Ax Ayp xy 
/\x Ayp xy 
Ax Ayp xy : 
AxAyPxy: 

Ax Ayp xy 
Ayp xy 
Pxy 
Pxx 
AxPxx 

x=z:x=z 
x=z x=y:y=z 
x=x x=y:y=x 

x=x 
-, X=X:-,x=x 
-, x=x:y=x 

x=y:y=x 

IV. A Predicate Calculus 

(A) 
(G) 1 
(G) 2 
(S~) 3 3 

(GX ) 44 

(A) 
(Ei) 1 
(sO 2 
(E) 
(A) 
(X) 4,5 
(R) 3,6 

2.6 Three general remarks. (r) If O'1 ••• O'rO' is derivable and if 131 ••• l3 r is any permu­

tation of 0'1 ••• O'r' then 131 ••• l3r O' is derivable. 

Proof: Let there be a derivation of 0'1 ••• O'rO'. Extend this by one line by applying 

the rule (Sx), where x is an arbitrary individual variable. The assertion now follows x 
immediately, since, by Chap. II, § 5.5, Theorem 3, every expression is transformed 

into itself by substitution of x for x and since, in the application of the rule (S~), the 

beginning may be permuted. 

(II) If O'1 ••• O'rO' is derivable, then O'1 ••• O'r 13 O' is also derivable for arbitrary 13. 

Proof. Start from a derivation of 0'1 ••. O'rO'. Extend this as follows: 

n. 0'1· • ·O'r :0' 

n + 1. 13 13 (A) 

n + 2. 0'1·· ·O'r 13 (0' 1\ 13) (C) n,n +1 

n + 3 O'1···O'r 13 0' (C')n+2 

This is a derivation of 0'1··· O'r I3O'. 

(III) !! !JJl U \ 0' 1 r 13, then there are expressions 0'1' ••• ' O'r in !JJl (r ;;;, 0) such that the 

sequent 0'1 ••• O'r O'I3 is derivable. 

Proof. By the definition of the relation r in § 1, there are expressions 0'1'··.' O'r 

in !JJl U 10'\ such that 0'1 ••• 0' 13 is derivable. If one of these 0'. == 0', then the assertion 
r J 

follows from (r). If, however, none of the O'j is identical with 0', then the assertion can 

be obtained from (II). 

3 Note that Subst Ax /\yP xy yx /\x /\yP xy. 

4 x does not occur free in /\x /\y P x y. 
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2.7 Decidability of the property of being a derivation. Given a finite sequence of sequents, 

we can decide whether or not this sequence is a derivation. 

In order to show that this is true, it clearly suffices to prove the following three asser­

tions: 

(a) Given an arbitrary sequent a, we can decide whether or not it can be written down 

by means of (A) or (E). 

(b) We can decide whether a sequent a can be derived from a sequent a1 or from two 

sequents a l' a 2 (whichever the case may be) by means of one of the rules (C), (C'), 

(C"), (R), (X), (G). 

(c) We can decide whether there is an x (an x and a t) such that a is derivable from 

a sequent a 1 by means of the rule (G ) (by means of one of the rules (st), (Et ». x x x 

In each case, the sequent a must first be separated into its members, which is effec­

tively possible by Chap. II, § 2.7. Thus, ~ and e: can be determined effectively. 
a a 

to (a): a can be derived by (A) if the antecedent of a contains exactly one element and 

if this element is identical with e: • This is decidable. a can be derived by (E) if the 
a 

antecedent of a is empty and the succedent is an equation of the form t = t. This can 

also be decided. 

to (b): As a typical example, we consider the question whether, for given sequents a l' 

a 2' a, a can be derived from a 1 and a 2 by means of (C). First of all, we determine 

~ ,~ ,~, e: ,e: ,e:. a can be obtained from a 1 and a 2 by means of (C) if and 
a1 a2 a a 1 a 2 a 

only if e: == (e: A e: ) or e: == (e: A e: ), and if ~ = ~ U ~ Clearly, we 
a a1 a 2 a a2 a 1 a a 1 a 2 

can decide whether these conditions are fulfilled. 

to (c) . (c1 ): a can be obtained from a1 by means of the rule (Gx ) if and only if the 

following three conditions are fulfilled: 

2) 

3) 

e: == Axe: , a a1 

x does not occur free in the expressions of ~ 
a1 

~ = ~ 
a a 1 

Condition 1) shows that, for a given a, there is only one individual variable x for which 

the conditions can possibly be fulfilled. But then we can test effectively whether or not 

the above conditions are fulfilled [for 2) cf. Chap. II, § 4. 3J • 
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(c2): c can be obtained from c 1 by means of the rule (S~) if and only if the following 

conditions are fulfilled: 

1) 

2) 

3) 

Subst e: xt e: 
c 1 c 

For every yE!lI there is a 6 with 6E!lI and Substyxt6. 
c 1 c 

Every & in!lI can be obtained as in 2) • 
c 

It is easy to test whether these conditions are fulfilled for a given x, t (for this, cf. 

particularly Chap. II, §4.3). However, we must note that, in general, x and tare 

not uniquely determined by the fact that c 1 is transformed into c by substituting t for 

x. All the same, we can limit ourselves to considering only finitely many pairs x, t, 

as is shown by the following: If x does not occur free in any of the members of c l' then 

Subst '}' x t y for every member '}' of 0' l' so that the above three conditions read: e: == e 

and!lI =!lI ,which can be effectively tested for its truth or otherwise. Thus, we ~eed c 1 
c c 1 

only consider those individual variables x which occur free in at least one of the mem­

bers of c 1. There are only finitely many such individual variables, and they can be effec­

tively found by Chap. II, § 4. 3. Let x be such an individual variable and let "I be a mem­

ber of c 1 in which x occurs free. It suffices to show that there are only finitely many 

terms t for which the conditions could be fulfilled and that these terms can be deter­

mined effectively. Let Subst "I x t 6. Then 6 must be one of the members of c. By Chap. II, 

§ 5.4. Theorem 5, t is a component of 6. Thus, we can determine from the start all the 

terms t for which the conditions could possibly be fulfilled. 

t (c3): The rule (Ex) can be treated analogously. 

Exercises 1. Show, by giving derivations, that the following sequents are derivable: 

(a) I\x /\YPxy : /\y /\xPxy 
(b) (PA/\xQX): (AxPAQX) 
(c) /\x(PAQx) : (PA/\xQX) 

~~~ /\x/\y(x of ;:P=x) ~ /\~~ ~x 
2. (a) Show that, instead of the first equality rule (E), we could manage with the weaker 
rule 

(E') We may write down Xo = xO' 

where Xo is a fixed individual variable. 

(b) Show analogously that, instead of the second equality rule (E!), we could manage 
with the weaker rule (En (where x, yare arbitrary individual variables). 

~ Let (S: be the class of those expressions which can be built up from equations of the 
type t = t by means of conjunctors and universal quantifiers. Examples: 

t = t, 
Let Oi be a sequent, consisting of a single expression, which is derivable without the use 
of the removal rule (R). Show that: 
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(a) aE~, 

(b) every proof of a can, by eradicating certain rows, be transformed into a proof of a 
in which neither the rule (A), nor the rule (X), nor the rule (Ei) is used. 

(c) there is at least one proof of a in which none of the rules (C ' ), (C " ), (G), (S~) 
are applied. 

4. In Chap. V we show that the predicate calculus is complete. Show that the predicate 
calculus without the rule (A) is incomplete. 

2..=.. Justify the "principle of proof" given at the end of 2.4. (cf. Chap. II, § 3.) 

§ 3. The soundness of the predicate calculus 

The reader is remined of the introductory considerations in Chap. IV, § 1. Here, we 

prove the 

3.1 Theorem of the soundness of the predicate calculus. If !lJl1- a, then !lJl Fe a. 

The proof proceeds as follows: We call a sequent cr sound if lU 1= ~ We call a rule 
--- cr a. --

sound if, applied to sound starting sequents, it always yields a sound sequent (for a 

rule without premises, this is to mean that it only allows us to write down sound sequents) • 

In 3.2 we show that each of the eleven rules which constitute the predicate calculus (see 

Chap. IV, § 2) is a sound rule. It then follows immediately that every derivable sequent 

is sound. 

Now the theorem of the soundness of the predicate calculus can be proved as follows: 

Let !lJl1- a. By definition, this means that there are finitely many elements a1,···, ar 
of !lJl such that the sequent a1 •.• arO' is derivable. By the above considerations, this 

sequent is sound. This means that a1 , ••• 'O'r Fe a. A fortiori, !lJl Fe a, q.e.d. 

3.2 The soundness of the rules of predicate logic. First of all, we note the following: 

If the rule under consideration leads from some starting sequents to a sequent a, then 

we have to prove that cr is sound if the starting sequents are sound. In order to prove 

the soundness of cr, we start from some domain of individuals wand from an interpre­

tation 3 over w for which Mod ~lU • We have (using the soundness of the starting se-
w a 

quents) to show that Mod 3 e: • In all the proofs which follow, we do not need to leave . _ w cr 
the domain of individuals w which we have chosen. Thus we shall not need to mention w 

explicitly. 

We shall continue to use the notation of 2.2. 

The soundness of (A): Here, lU = \ ~ I = \ a I, so that, trivially: If Mod 3lU , then 
cr cr a 

Mod 3~ . 
cr 
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The soundness of (C): Let Mod 3 ~ . Then both Mod 3 ~ and Mod 3 ~ • By the sound-
a at a2 

ness of a t and a2 , this yields Mod 3 e: and Mod 3 e: • It follows from this that 
at a 2 

Mod 3( e: "e: ), i. e. Mod 3 e: • a 1 a2 a 

The soundness of (C r ): Let Mod 3 ~ • Then Mod 3 ~ • By the soundness of a l' this 
a a 1 

yields Mod3e: ,i.e. Mod3(a" e). It follows from this that Mod3a, i.e. Mod3e: • 
at a 

The soundness of (C") can be shown analogously. 

The soundness of (R): Let Mod 3~ • Then a 

Now either Mod3a or not Mod3a. 

If Mod3a, then, by Mod3~ - la\, Mod3~ • Then, because of the soundness of 
at at 

a1 , Mod3e: ,i.e. Mod3 e • 
at a 

If not Mod 3 ..., a, then Mod 3 ..., a and hence, because of Mod ~ - h a I, Mod ~ • a2 a2 
Then, by the soundness of a2 , Mod 3e: ,i. e. Mod 3e: • a2 a 

Thus, the assertion has been proved for both the two cases. 

The soundness of (X): Let Mod3~ • Then Mod3~ and Mod3~ • Because of the 
C] at a2 

soundness of C] 1 and C]2' this yields Mod 3 e: and Mod 3 e: • But, since 
C]t 0"2 

e: ==..., e: ,Mod 3..., e: and thus not Mod 3 e: • This is a contradiction to Mod3e: • 
C]2 a 1 at at a 1 

Thus there is no interpretation 3 with Mod3~ • Hence, trivially, Mod 3 e: for all inter-a a 
pretations 3 which are Models of ~a. 

The soundness of (G): Let Mod 3 ~ • Then Mod 3 U • By the soundness of at, this 
0" at 

yields Mod3e: ,i.e. Mod3i\xa. This means that, for all x, Mod~"a. If we put 
at -x 

r =3(x) and note that 3~(x) =3 (seeChap.I1I.§2.2). then we have Mod3a, i.e. 

Mod3e • 
a 

The soundness of (G ): Let Mod 3 ~ • Then Mod 3 ~ • Now, by hypothesis, x does 
x a at 

not occur free in ~ (critical condition). Thus, for arbitrary l', the interpretations 3 
C]t 

and ~ coincide for all the variables which occur free in any element of U 
a1 

Thus, by the coincidence theorem (Chap. III. § 3. t). Mod 3~ if and only if Mod <'I." ~ . 
C]t VX at 

Hence, since Mod 3 ~ ,we have Mod 3" ~ • Then, by the soundness of at, Mod 3" e • 
at xa t x a 1 

This is the case for every". Hence we have Mod3i\xe: ,i.e. Mod3e: • 
at a 
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t The soundness of (S ): Let Mod3!II • Now the elements of !II are obtained from the 
x a a 

elements of !II by substitution of t for x. Thus, if 13 is an arbitrary element of !II 
a 1 a 

and 01 the corresponding element of !II ,we have Subst 01 x t 13. By the substitution 
a1 

theorem (Chap. III, § 3.2), Mod ~(t) 01 if and only if Mod 313. Hence, since Mod 313, 

MOd3~(t) 01. Since this holds for every element 01 of !II ,we have Mod;j3(t) A • By 
a1 x a1 

the soundness of a l' this yields 

stitution theorem: Mod 33 ( t) e: 

MOd~(t)e: . But Subst e: xt e: • Thus, by the sub-
a 1 a 1 a 

Hence Mod 3e: • 
a 

x a 1 
if and only if Mod3e: • We know that Mod 33(t) e: 

a x a1 

The soundness of (E): We need to show that Mod 3 t = t for every 3 and every t. But 

this is trivial, since 3(t) = 3(t) always holds. 

The soundness of (Et ): Let Mod3!II , i.e. Mod3!II 
x a a1 

and Mod3x=t, i.e. Mod3!II a 1 

and 3(x) = 3(t). By Mod3!II ,we have Mod3e: . By Subste: xte: and the sub-a1 a1 a1 a 
stitution theorem, Mod 33 (t) e: if and only if Mod3e: • Now 3(t) = 3(x), and hence 

x a 1 a 
~(t) = 3~(x) = 3. Hence Mod 3e: if and only if Mod 3e: , and hence, since Mod 3e: , a1 a a 1 
Mod3e: • a 

Exercises. 1. Show that the rule 

(B) 

is unsound. 

2. Show that the rule 

E:I. :...., (01 " 13) 
E:a :...., 01 

E 01 

E /\XOl 

is not sound. (Note that this is the rule (Gx ) without the restriction that x may not 
occur free in E. ) 

3. Show that the rule 

is unsound. 

E : /\XOl 

E : /\YOl 

4. Using the following two methods, prove that the predicate calculus without the rule 
1E) is incomplete. Method I: Introduce a modified model relation Mod* by stipulating 
that, by contrast to the definition of Mod, Mod*3t:l. =t:a is always false. The predicate 
calculus without (E) is sound relative to the relation of consequence 1= * based on Mod*. 
Method II: Define an expression a* for each expression 01 by means of the following 
inductive definition: If 01 is predicative, then 01* == 01. If 01 is an equation, then 
01* == (p "...., p), where P is a fixed no-place predicate variable. [-, OIJ * ==...., 0/*', (01" 13) * == 
(01*" 13*), [/\ XOlJ* == /\XOl*. If a sequent 01:1. ••• 00r is derivable without the rule (E), 
then so is the sequent 011' ••• 01'. (For this cf. also Example 3 in § 2.5.) 

5. In analogy to the previous exercise, show that the predicate calculus without anyone 
of the rules other than (A) and (E) is incomplete. (For (E) cf. Exercise 4, for (A) cf. 
§ 2, Exercise 4. ) 
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§ 4. Derivable rules 

4.1 Introduction. In example 3 of 2.5 we derived the (one-member) sequent 

-, (p x 1\ -,p x). We can also give the corresponding derivation for an arbitrary 0/ in­

stead of for P x: 

1) (0/ 1\ -,0/) (0/1\-,0/) (A) 

2) (0/1\ -, 0/) 0/ (C' )1 

3) (0/ 1\ -,0/) :-,0/ (C") 1 

4) (0/ 1\ -, 0/) : -, (0/ 1\ -, 01) (X)2,3 

5) -'(0/1\-,0/) : -, (0/ 1\ -, 0/) (A) 

6) : -, (0/1\-,0/) (R)4,5 

Now let us consider the rule which reads as follows: For an arbitrary expression 0/, 

we may write down the (one- member) sequent -, (0/ 1\ -, 0/) (we also express this briefly 

as: the rule -, (0/ 1\ -, 0/) ). This rule is a rule without premises. It is not one of the rules 

of the predicate calculus. If we add a new rule to the rules of the predicate calculus, then, 

in general, it is to be expected that we can derive ~ sequents with this rule together 

with the rules of the predicate calculus than with the rules of the predicate calculus 

alone. However, this is not true of the rule which allows us to write down the sequent 

-, (0/ 1\ -, 0/) straight away; for we can achieve the same result with the rules of the predi­

cate calculus by writing down the six-line derivation given above. Thus, the rule 

-, (0/ 1\ -, 0/) provides us with nothing new when added to the rules of the predicate cal­

culus. It therefore "does no harm" to add it to these rules as an extra rule. 

But why should we add this rule if we do not gain anything new by it? One advantage 

which the addition of the rule -, (0/ 1\ -, 0/) to the rules of the predicate calculus yields 

is that some derivations (in the sense of 2.4) can be abbreviated by the use of the new 

rule. For if, in the course of a longer derivation, the sequent -, (0/ 1\ -,0/) is used, then 

we should really obtain it, every time, by means of the six-line derivation given above 

(or by means of some other derivation which uses only the rules of the predicate cal­

culus). If, however, we use the rule -, (0/ 1\ -,0/) in addition to the rules of the predicate 

calculus, then we can obtain the desired sequent in one line and thus save ourselves 

five lines. Thus, we have an abbreviated derivation, which, however, can easily be 

transformed into a complete derivation by inserting the derivation of -, (0/ 1\ -, 0/) given 

above. 

Derivations which use only the rules of predicate logic are usually rather long. Thus, 

it is very convenient to use additional rules in order to abbreviate these derivations. 

However, such additional rules must be justified by showing how we can replace an 

application of them by applications of the actual rules of the predicate calculus. Addi­

tional rules for which this is possible are called derivable rules, or derived rules. 
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As we have said, the rule --, (a 1\ --, a) which we have considered is a rule without prem­
ises. Now we want to consider an example of a derivable rule with one premise, namely 
the rule which allows us to pass from the sequent a~ to the sequent --, ~ --, a. We formu­
late this rule (in the notation of the schemata in 2.3) briefly as follows: 

a : ~ 

In order to show the derivability of this rule, we have to show how we can obtain the 
sequent --, ~ --, a from the sequent a~ by means of the rules of the predicate calculus. 
(In doing this we could, in principle, also use those additional rules whose derivability 
has already been shown.) We can do this as follows: 

1) 
2) 
3) 
4) 
5) 

a : ~ 
--,~:--,~ 

--, ~a : --, a 
--,a:--,a 
--,~:--,a 

(the sequent from which we want to start) 
(A) 
(X) 1,2 
(A) 
(R)3,4 

Thus, we have obtained the required sequent --, ~ --, a by using only the rules of predicate 
logic. The above lines serve as a justification for the rule (*). 

The derivable rules are very important when it comes to representing proofs in an abbre­

viated form. We shall therefore note several derivable rules and justify them in the 

following pages. In doing this, we shall no longer number the lines of the derivations and 

shall leave it to the reader to find the preceding lines to which each rule relates. (Cf. 

the tables on pp. 113-115). 

If we use the abbreviation 

then (DdRu ,) yields the so-called 

Deduction theorem. If a1 , ••• , a r r a, then a1 1\ ••• 1\ ar -4 0/. 

4.2 Derived rules which can be justified by means of the rules (A), (R), (X) alone 6 

Notation 

(SeAt) 

(SeDe) 

Name 

Self-assertion 
rule 

Self-denial rule 

Rule 

~--,a a 
~ a 

~a : --, a 
~: --,a 

JustIfication 

l:--,a:a 

a:a (A) 

l: a (R) 

~a --,a 

--,a --,a (A) 

~ :--,a (R) 

6 The notations for the derived rules contain two capital letters, whereas the notations 
for the rules which constitute the predicate calculus contain only one capital letter. 
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4.2 Derived rules which can be justified b;y: means of the rules (A) I (R) I (X) alone 

(contd. ) 

Notation Name Rule Justification 

(NN) First double ex:-,-,ex ex: ex (A) 

negation rule -,O':-,ex (A) 

ex-,ex:-,-,ex (X) 

ex:-,-,ex (SeDe) 

(NN' ) Second double -,-,ex:ex -, ex : -, ex (A) 

negation rule -, -, ex : -, -, ex (A) 

-,-,ex-,ex:ex (X) 

-,-,0': ex (SeAt) 

(CuRu) Cut rule !:1 : a !:1 : ex 
!:2 ex : 13 !:2ex : 13 

!:12 : 13 -,O':-,ex (A) 

!:1 -, a : 13 (X) 

!:12 13 (R) 

(CaPo) First contraposition !:ex : 13 I::ex 13 

rule t-,I3:-,ex -,13:-,13 (A) 

t -, l3ex : -, ex (X) 

!:-,I3:-,ex (SeDe) 

(CaPo' ) Second contraposition tex : -, 13 !:ex : -, 13 

rule tl3 : -, ex 13 : 13 (A) 

tl3ex : -, a (X) 

1:13 : -, ex (SeDe) 

(CaPo") Third contraposition t-,O': 13 t -, ex : 13 

rule 2:-,13: ex -,13:-,13 (A) 

!:-,I3-,ex: a (X) 

!:-,I3:ex (SeAt) 

(CaPo"') Fourth contraposition !:-,ex:-,13 t-,O':-,13 

rule 1:13 : ex 13 : 13 (A) 

tl3 -, ex : ex (X) 

t13 : ex (SeAt) 

(XQ) "Ex contradictione ex -, ex : 13 ex: ex (A) 

quodlibet (1)" -, ex: -, ex (A) 

ex -, ex : 13 (X) 
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4.3 Derived rules for whose justification the rules (C), (C'), (C") are needed 

Notation 

(AEx) 

(CCo) 

(CAs) 

(CAs' ) 

(AnDc) 

(AnU) 

(UU) 

Name Rule 

Extended assumption 

rule 

OIS : 01 

Commutative rule 

for conjunction 

First «OII\~)I\I') (011\ (e 1\ I')) 

associative 

rule for 

conjunction 

Second associa- (OII\(Sl\y)) «OII\S) 1\1') 

tive rule for 

conjunction 

Decomposition of _ I: (011\ S) : y 

a conjunctive I:OIS : 'I 

member of the 

antecedent 

Unification of I:OIe : y 
two members of I:(0It\ S) : 'I' 

the antecedent 

Simultaneous uni- I: 101 : S 

fication of two I:2Y : 6 

members of the I: 12 (0It\y) : (eI\6) 

antecedent and 

the succedent 

Justification 

01 : 01 (A) 

OI~ : 01 (§ 2.6(II)) 

(011\ ~) : (OII\~) (A) 

(011\ ~) :01 (C' ) 

(OII\~) S (C") 

(0It\ ~) (SI\OI) (C) 

((OII\S) 1\1') «01 t\ S) 1\1') (A) 

«OIt\S) 1\1') (OIt\S) (C' ) 

«OIt\S) 111') :01 (C' ) 

«OII\S) 1\1') S (C" ) 

«OIIIS)l\y) 'I' (C") 

«OIt\S) 111') (Sl\y) (C) 

«OII\S) 111') (011\ (Sl\y)) (C) 

analogously 

I:(OII\S) : 'I 

01:01 

S : S 

Ole : (011\ S) 

I:ae : 'I 

I:OIS : 'I' 
(011\ S) : (011\ S) 

(011\ S) : 01 

I:(al\ S) a : 'I' 

(011\ S) : S 

I:(OIt\S) : y 

I:101 : S 

I: 2y : 6 

E1201Y : (SII6) 

E12 (0IIIy) : (SII6) 

(A) 

(A) 

(C) 

(CuRu) 

(A) 

(C ,) 

(CuRu) 

( C") 

(CuRu) 

(C) 

(AnU) 
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4.3 Derived rules for whose justification the rules (C)! (C I), (C ") are needed (contd.) 

Notation Name Rule Justification 

(XQ' ) "Ex (a"-' a) : a (a "-, a) : (a"-, a) (A) 

contradictione (a"-,a): a (c' ) 

quodlibet (2)" (all-, a) : .., a (c") 

(a ".., a) : a (x) 

(NX) Rule of : .., (a"..,a) (a"..,a) : -,(a"-,a) (XQ' ) 

no conta- : -,(a,,-, a) (SeDe) 

diction (see also 4.1) 

(DdRu) First : -,(al""'''ar''-,a) : -, (al ,,···" ar " -,a) 
deduc- a l ••• a r : a 

tion rule (al "···" ar"-,a) : (al "" • "ar ".., a) (A) 

(al ,,·. '''ar''-,a) : a (X) 

a l ••• a r -,a : a (AnDc) 

al ••• ar : a (SeAt) 

(DdRu') Second al ••• ar : a 
deduc- ~---='-:-..,""""r( a""l-.",..-. -• • "'""",.-a-r-."--,-a""" 

tion a l ... ar : a 
rule al ••• ar-,a: a (2.6, Rem. II) 

(al " ... " ~ "-, a) : a (AnU) 

(al "" '''ar ''-, a) : (al "" '''ar ''-, a) (A) 
(al " •• '''ar ''-, a) : -, a (C n ) 

(al""'''ar ''-' a) : -,(al""."ar "'" a) (X) 

: -, (al "" ."ar "-, a) (SeDe) 
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4.4 Derived rules for whose justification the rules (A), (R), (X), (G), (Gx)~~L 
are needed 

Notation Name Rule Justification 

(GGx ) Simultaneous L:Q' : ~ if x does L:Q' : ~ 

generalisation L:!\ XQ' : !\x~ not occur !\ XQ' !\xQ' (A) 

over x free in L: !\ XQ' : Q' (G) 

L: !\ XQ' : ~ (CuRu) 

L: !\ XQ' : !\x~ (Gx ) 

(ExG t) Extended x, L: !\ XQ' if see below 

generalisation 2: ~ Subst Q'xt ~ 

rule 

(SG ) Substitution L: x,y ~ if see below 

and L: !\ XQ' Subst Q'xy ~ 

generalisation Subst ~ yXQ' 

rule y not free in L: 

(ReG ) Renaming of !\xQ' : !\ y~ if !\ XQ' : !\ XQ' (A) 
x,y 

bound variables Subst Q'xy ~ !\xQ' Q' (G) 

in generalisations and !\ XQ' : !\y~ (SG ) 
x,y 

Subst ~ yXQ' 

Justification for (ExG t). First of all, a preparatory note. Let z be an individual x, 
variable which does not occur either in L: or in ~. Supose also that z '*' x and that z does 

not occur in t. Then, by Chap. II, § 5.4, Theorem 6, the substitution of z for x can be 

carried out in every member of L: and, conversely, the substitution of x for z can be 

carried out in the resulting expressions and leads back to the original expressions. If 

we denote by L:' the sequent which is obtained from L: by replacing x by z in each of 

its members, then we can formulate the last statement symbolically as follows: 

(**) Subst L: x z L: ' and Subst L:' z xL:. 

Now we proceed to the justification of (ExG t): x, 

L: : !\ XQ' 

L:' !\xQ' because (**) and Subst !\ XQ' x z !\ XQ' 

L:' Q' (G) 
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(st) by Chap. II, §5.4, TheoremS, x does not occur free in I:', 
x 

so that, by Theorem 4 there, SubstI:' xtI:'; moreover, by 

hypothesis, Subst Q'xt ~ 

(Sx) because (**) and because (since z does not occur free z 
in ~ and therefore does not occur in ~), by Chap. II, 

§ 5.4, Theorem 4, Subst ~ z x ~. 

Justification for (SG ). If x==y then, since SubstQ'xy~ and noting Chap. II, x,y 
§5.4,Theoremsland4, ~==Q'. Thus I:Axa can be obtained from I:~ by applying (Gx)' 

Thus we may, for the following, assume that x $ y. As a preparation for the proof, as 

in the justification of (ExG t)' we introduce an individual variable z which does not x, 
occur either in I: or in I\. xa. Moreover, let z $ y. (Clearly also z $ x, since z does 

not occur in I\. xa. ) 

Then there is a sequent I:' such that 

Subst I: x z I: ' and Subst I: ' z x I: • 

Now for the justification of (SGx , y) : 

I:' a 

I:' I\. xa 

I: I\.xa 

because (***) and since x does not occur free in ~ (the 

latter because Subst a x y ~ and x * y) 

Subst I: ' x Y I:', since y does not occur free in I:'; the 

latter because Subst I: x z I:' and because, by Chap. II, 

§ 5.4, Theorem 7, the variable y occurs free in I:' if 

and only if 

( i) y occurs free in I: and y $ x, or (ii) x occurs free 

in I: and y == z. 

[(i) does not hold since, by hypothesis, y does not occur 

free in I: 

(ii) does not hold, since z * y.] 

(Gx ) in applying (Gx ) we use the fact that x does not occur free 

in I:'. This follows from Subst I: x z I:' and x $ z. 

(S~) because (***) and because Subst I\. xa z x I\. xa, since, by 

hypothesis, z does not occur in I\.xa and therefore does 

not occur free in it. 
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t 4,5 Derived rules for whose justification the rules (A), (R), (X), (S",), (E) and 

~!) are used 

Notation Name 

(ESy) Symmetry rule 

for equality 

Rule 

(ET) Transitivity rule tl = t2 t2 = t3 : tl = t3 

for equality 

(ER) First replacement tl = ti ". tr = t~ Pt1 •• , tr : P ti , •• t~ 

rule for equality 
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(ER' ) Second replacement tl = ti .,. tr = t~ : ftl •• ' tr = fti .,' t~ 

rule for equality 

Justification, 

(ESy): Let x, y, z be pairwise distinct individual variables which are chosen so that 

none of them occurs in tl or t2' Then we form the derivation: 

x = z x = z (A) 

x = z x = y y = z (EY) x 

x = x x = y y = x (Sx) z 

x = x (E) 

x = y y = x (CuRu) 
tl 

tl = Y Y = tl (Sx) 

t2 
tl = t 2t2= tl (Sy) 

(ET): Let x, y and z be pairwise distinct and chosen so that they do not occur in t 1 , 

t2 or t 3 , We form the derivation: 

x = y x = y (A) 

x = y y = z x = z (EY) x 
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(ER): Let Xl' ... ' xr be pairwise distinct and chosen so that they do not occur in any 

of the terms t l , ... , t r , t:i' ... ' t~. We form the derivation: 

PX1···X Px1 ..• x (A) 
r r t' 

x = t' Pxl .•• x Px1 .•. t' (E r) r r r r x 
r 

(ER' ): Let Xl' ... ' xr ' y l' •.. , y r be pairwise distinct and chosen so that they do not 

occur in any of the terms t l , ... , t r , t:i' ... ' t~. We form the derivation: 

Xl = t:i .•. xr = t~ fXi" .• xr = fx l ·• .xr fx l ·· .xr = ft:i ... t~ 

fx l · •. xr = fx1•• . xr 

Xl = t:i ... xr = t~ fx l · •. xr = ft:i ••• t~ 

tl = t:i ... xr = t~ ftl ••• xr = ft:i ... t~ 

Exercises. 1. Prove the derivability of the following rule: 

L::l.~ : ~ 
L:2~ : -, ~ 

L::l.2 • -, ~ 

2. If, in the system of rules which defines the predicate calculus, we replace the rule 
Dn by the rules (XQ') and (CuRu), then we obtain an equivalent system. (Two systems 
of rules are said to be equivalent if the same sequents are derivable from them. ) 

3. If, in the system of rules which defines the predicate calculus, we replace the rule 
TR) by the two rules (SeAs) and (SeDe), then we obtain an equivalent system. 
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i:. Under the assumption Subst ax t S, prove the derivability of the following two rules: 

(a) 

(b) 

E S 
E I\x(x = t -+0') 

E aAx=t 
E S 

if x does not occur in t, 

5. Let a term be called simple if it consists of an n-place function variable followed by n 
individual variables (n ~ 0). Let an equation be called simple if the left-hand side is an 
individual variable and the right-hand side a simple term. Let a predicative expression 
Pt1 ••• tn be called simple if the terms t 1 , ••• , tn are individual variables. Let an ex­
pression be called simple if all the atomic expressions which occur in it are simple. 
Using Exercise 4(a), show that for every expression 0' we can find a simple expression S 
such that 0' -II- S 0. e. such that 0' I- Sand S I- 0'). 

6. If P and Q are predicate variables with the same number of places and E* is ob­
tained from E by replacing P by Q everywhere in every expression in !:, and if I- E, 
then I- E*. The same holds for the substitution of function variables. 

7. If I- E, then there is a derivation of E in which a predicate variable or a more-than­
no-place function variable occurs only if it occurs in E. 

8. There is no proof of 1\ x x = x which contains no free individual variables. Thus the 
statement in Exercise 7 cannot be extended to no-place function variables. 

9. Find a derivation for r V x 1\ y xy = y, where x, yare distinct individual variables, 
xy stands for fxy where f is 2-place, and the sequent r contains the three group­
theoretic axioms as they are given in mathematical language in Chap. I, § 2.3. 

§ 5. Some properties of the concept of derivability 

Consistency 

5.1 Survey. In 5.2 we bring together a number of simple laws which hold for the rela­

tion !Ull- 0'. In 5.3 we explain the syntactic concept of consistency with the aid of the 

concept of derivability. The idea of consistency makes it possible to formulate the 

statement of the completeness of the predicate calculus in a simpler way which we 

shall use later as the basis of the actual proof. 

5.2 Some properties of the concept of derivability 

(1) If !Ull- 0' and!Ul c!Jl, then !Jll- 0'. 

(2) If aE!Ul, then !!lI1- 0'. 

( 3 ) If !Ull- 0' and !Jl U 1 0' 1 I- S, then !Ul U !Jl I- S. 

(4) If!UlU hall- 0', then!Ul1- 0'. 

(5) If!UlU 10'11--;0', then !Ull--;a. 

(6) !Ul U 10', S I I- Y if and only if !Ul U 1 (0' AS) I I- y. 

(7 ) If !Ul U 10'1 I- Sand !Jl U hal I- S, then !Ul U !Jll- S. 
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(8) If!Dl1- 01 and !Jl I- ...., 01, then !Dl U!Jl ~ ~ for every ~. 

( 9) If!Dl1- (01""'" 01), then !Dl ~ ~ for every ~. 

(10) If!Dl1- 1\ XOl, then !Ill!- 01. 

(11) If!Dl ~ 1\ XOi and Subst OIxt ~, then !Dll- ~. 

(12) If!Dl1- 01 and if x does not occur free in !Dl, then !Dll- /\ XOi. 

( 13 ) If!Dl1- ~ and both Subst 01 x Y ~ and Subst ~ y x 01 and if y does not occur free in 

!Dl, then !Dll- 1\ x 01. 

(14) If 01 I- ~, then /\XOl ~ /\ x~. 

Rem ark. After the proof of the completeness theorem (Chap. V) we shall know that 
!Dll- 01 if and only if !Dl 1= 01. Thus. all the laws given above also hold for the notion of 
consequence. 

Proof. (1) can be obtained immediately from the definition of the relation of deri­

vability: !Dll- 01 means that there are finitely many elements 011' ••• ' OIr of !Dl with 

011' ••• , OIr I- 01. But these elements are also in !Jl; hence !Jl I- 01. 

(2) This is shown by the derivation O/Q'(A). 

(3) Because of !Dll- 01 there are elements 011' ••• , OIr in !Dl such that 

is derivable. Because of 2.6 (III) there are elements ~1' ••• ' ~s of !Jl such that 

is derivable. If we write derivations for the above-named sequents one below the other, 

then we obtain another derivation. This can be extended by the use of the cut rule by 

adding the sequent 

The derivation obtained in this way shows that !Dl U !Jll- ja. 

Many of the following assertions will be proved using the method we have just applied. 

However, we do not want to write down all the details of these proofs. We shall limit 

ourselves to noting the rule (or rules) of inference which we have to use. In this 

shortened notation, the proof for (3) which we have just given would read as follows 

(on the left are derivable sequents, on the right explanations): 
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at· •• ara ( at ' ••• , ar E!IlI) 

~t···~sa~ (~t' ••• '~sE!IlI; §2.6 (III» 

at··· at~t··· ~sfl (CuRu) 

(4) at ••• ar .., a a (at, ••• , ar E!IlI; § 2.6 (III» 

at· •• ar a (SeAt) 

(5) at ••• ar a'" a ( at ' ••• , ar E!IlI; § 2 • 6 (III» 

at· •• ar .., a (SeDe) 

(6) at· •• ar~ 'Y (at, ••• ,arE!IlI; §2.6 (III» 

at .•. ar (a " ~) 'Y (AnU) 

and: 

at· •• ar ( a " ~) 'Y ( at ' ••• , ar E!Dl; § 2 • 6 (III» 

at···ara~ 'Y (AnDo) 

(7) at· •• ara ~ (at, ••• ,arE!IlI; §2.6 (III» 

flt···~s..,a~ (~t' ••• ,~sE!R; §2.6 (III» 

at· •• ar~t··· ~s ~ (R) 

(8) at· •• a r a ( at ' ••• arE !Ill) 

~t ••• ~s "'a (~t'···'~sE!R) 
at···ar~t···~s ~ (X) 

( 9) at ••• ar (al\.., a) ( at ' ••• , ar E!IlI) 

(a 1\.., a) ~ (XQ' ) 

at· •• ar ~ (CuRu) 

(10) at· •• ar /\ Xa ( at ' ••• , ar E!IlI) 

at· •• ar a (G) 

(11) at ••• ar A xa ( a1 ' ••• , a r E!IlI) 

at··· ar ~ (ExG t) x, 

(t2) at· •• ar a ( at ' ••• , ar E!IlI) 

at ••• ar A xa (Gx ) 

(t3) at· •• ar ~ (at'··.' ar E!lJt) 

at· •• ar /\ xa (SG ) x,y 

(t4) a~ 

Axa A xa (A) 

A xa a (G) 

Axa ~ (CuRu) 

Axa A ~ (Gx ) 
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5.3 Consistent and inconsistent sets of expressions. These syntactical concepts are 

introduced by: 

Definition 1. The set ml of expressions is con sis ten t if and only if there is an ex­

pression 01 which is not derivable from ml. 

Definition 2. The set ml of expressions is inconsistent if and only if every ex­

pression 01 is derivable from ml. 

Thus, a set of expressions ml is inconsistent if and only if ml is not consistent. More­

over, the following laws hold: 

(15) If ~ is inconsistent and ~ C ml, then ml is also inconsistent. 

(16) If ml is consistent and ~ C ml, then ~ is consistent. 

( 17 ) ml is inconsistent if and only if there is an expression 01 such that ml r (01 1\ , 01) • 

(18) ml is inconsistent if and only if there is an expression 01 such that ml rOland 

ml r, 01. 

( 19) ml u 1011 is inconsistent if and only if ml r , 01. 

(20) ml u I, 01 I is inconsistent if and only if ml r 01. 

(21 ) ml is inconsistent if and only if both ml U 1011 and ml U I, 01 I are inconsistent. 

Proof. 

(15) follows from (1). 

(16) is the contra position of (15). 

(17) (a) If ml is inconsistent, then every expression, in particular (01 1\,01) for an 

arbitrary 01, is derivable from m1. 

(b) If ml r (01 1\ , 01) for an expression 01, then, by (9), ml r ~ for every ~, hence 

ml is inconsistent. 

(18) (a) If ml is inconsistent, then every expression is derivable from ml; hence, so 

are 01 and , 01 for an arbitrary 01. 

(b) If ml rOland ml r, 01 for an expression 01, then, by (8), ml r ~ for an arbitrary 

expression ~; hence, ml is inconsistent. 

( 19) (a) If ml U 1011 is inconsistent, then every expression is derivable from ml U ! 01 I. 
Hence, ml U 1011 r, 01. Then, by (5), ml r, 01. 

(b) If ml r, 01, then, by (1), ml U 1011 r, 01. By (2), ml u 1011 r 01. Hence, by (18), 

ml U 1011 is inconsistent. 
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(20) (a) If!lJl U \. a I is inconsistent, then every expression is derivable from 

!lJlU I.al. Hence,!lJlU hall- a. Then, by (4), !lJll-a. 

(b) If !lJll-a, then, by (1),!lJlU I.all- a. By (2), !DlU hall-.a. Hence, 

by (18), !Dl U I. a I is inconsistent. 

(21) (a) If!Dl is inconsistent, then, by (15), so are!DlU \al and!DlU hal. 

113 

(b) If!lJ!U \al and!DlU \'al are inconsistent, then, by (19) and (20), !Dll-.a 

and !Dll- a; hence, by (18), !Dl is also inconsistent. 

We now prove two important lemmas (for satisfiability cf. Chap. III, §2.5): 

Lemma 1. If the predicate calculus is sound, then every satisfiable set of expressions 

is consistent. 

Lemma 2. If every consistent set of expressions is satisfiable, then the predicate cal­

culus is complete. 

Since the soundness of the predicate calculus has already been proved, Lemma 1 yields 

the 

Theorem. If any set of expressions is satisfiable, then it is also consistent. 

In Chap. V, § 4.,5, we shall prove that every consistent set of expressions is satisfiable; 

by Lemma 2, the completeness of the predicate calculus follows from this. In particular, 

we shall then have proved the equivalence of the semantic statement !Dl is satisfiable with 

the syntactic statement !Dl is consistent. 

Proof 0 f L e m rna 1. Let !Dl be satisfiable. Then there is a domain of individuals w 

and an interpretation 3 over w such that Modw3!Dl. Let a be an arbitrary expression. Then 

Mod 3. a if and only if not Mod 3a. Thus, at least one of the expressions a, • a is not 
w w 

valid in 3. Hence, there is an expression ~ which is not valid in 3. We assert that ~ is 

not derivable from !lJl (which proves the asserted consistency of !Dl). For otherwise we 

should have !lJl1- ~, and hence !Dl l= ~, since we are assuming the soundness of the predi­

cate calculus. But then, since Mod 3!Dl, we should also have Mod 3~. w w 

Proof 0 f L e m m a 2. In order to prove completeness, we start from arbitrary !lJl, 

a for which we assume that !Dl 1= a. We then have to show that !lJl1- a. Since !Dl 1= a, every 

model of !Dl is also a model of a and is thus not a model of • a. Thus, !Dl U \. a I has no 

models and is therefore not satisfiable. In Lemma 2 we assume that every consistent set 

is satisfiable. Thus, !Dl U \. a I is not consistent and is therefore inconsistent. The asser­

tion !lJ! I- a then follows from (20). 
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Exercises. 1. Show that the properties of the relation of derivability given in 5.2 also 
hold for the relation of consequence. (Prove this directly, not by using the equivalence 
of I- and F which is proved in Chap. V. ) 

2. Show that the set la:1., aal is inconsistent (in the following let x and y be distinct 
individual variables) : 

a:1. == /\x -, Rxx, aa == -, /\ x -, /\ y Rxy . 

3. (a) I a I is inconsistent if and only if I V xa I is inconsistent. (b) Refute the asser­
tion that I Vxa, Vxsl is inconsistent whenever la, sl is. 

4. Let !Dl be a set of expressions. We define a relation'"" on the set of all expressions 
as follows: 

a "" S if and only if !Dl U I a I I- Sand !Dl U I S I I- a • 

Show that: 

(a) .... is an equivalence relation. 

(b) If a "" S then -, a "" -, S. 
(c) If a:1. N S:1. and aa ""Sa, then (a:1." aa) N (S:1." Sa). 

5. (for!Dl and"" cf. Exercise 4.) Let 0. be the equivalence class of a under "". Let L 
be the set of all 0.. Show that the definitions a I =::;--(i and a n ~ = ~ are independ­
ent of the representatives chosen. Also, put 0 = x :j: x and 1 = ~, where x is a 
fixed individual variable. Show that L is a Boolean algebra relative to I, n, 0, 1. L 
is called the Lindenbaum algebra of !Dl. Show further that: (a)!Dl1- a if and only if a = 1, 
!Dl I- -, a if and only if a = 0; ( b) 0 = 1 if and only if !Dl is inconsistent; (c) it is not in 
general true that: If aNS then /\xCt"'/\xS. 

§ 6. The decidability of propositional derivability 6 

6.1 Propositional derivability. One can ask whether there is an algorithm by means of 

which we can, for given arbitrary expressions, decide whether or not a1"'" ar I- a. 

C h u r c h has shown that there is no such algorithm; this fact is called the undecidabi­

lity of predicate logic. In order to prove the undecidability of predicate logic, it is neces­

sary to define precisely the concept of an algorithm. We cannot go into this within the 

scope of this book. 

The relation I- of derivability is defined by means of the rules of predicate logic. We 

divide these rules (cf. the schematic representation of Chap. IV, § 2" 3) into two groups: 

(a) The propositional rules (A), (C), (C I), (C"), (R), (X), and 

(b) the rules specific to predicate logic - (G), (G ), (st), (E) and (Et ). - - x x x 

We call a sequent Ct1" •• arCt propositionally derivable if it is possible to derive this 

sequent by means of the propositional rules alone. a1 , ••• , ar I- pa is to mean that 

a1""" ara is propositionally derivable. 

6 This section may be omitted at a first reading. 
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For propositional derivability I-p' by contrast to the situation for the usual derivability 

I- of predicate logic, there is a procedure by means of which, for given arbitrary ex­

pressions a1 , ••• , ar' a, we can decide in finitely many steps whether or not 

a1 , ••• , arl-pa. We shall prove this in this section. 

In order to do this we introduce, in 6.2, the concept of a tautology, using the matrices 

for negation and conjunction which we defined in Chap. I, § 6. 2. 

We have already spoken of tautologies in Chap. I, § 6, Exercises 2 and 3. There we 
were dealing with statements or with their structure formulas. These structure formulas 
can also be understood as expressions of predicate logic which contain no quantifiers 
and in which only no-place predicate variables occur. Here, we take arbitrary expres­
sions of predicate logic as a basis. 

In 6. 5, 6. 6, 6. 7 we prove 

Lemma 1. a1 , ... , ar I-pa if and only if ,(a1 A ••• A ar A, a) is a tautology. 

The decision procedure for I-p which we give in 6.4 is based on this lemma. 

6.2 Tautologies. Let IT, F 1 be a set with two elements which is to remain fixed during 

the following ("T" reminds us of!!:!!!h, "F" of falsehood). 

We define two mappings Nand C (reminiscent of negation and conjunction) by laying 

down: 

(1) {C(T.T)~T. N(T) = F, N(F) =T, 

C(T,F) =C(F,T) =C(F,F) =F. 

These mappings correspond to the logical matrices for negation and conjunction. 

A function V which is defined for all expressions and maps every expression a onto 

an element V (a) of the set IT, F 1 is to be called a valuation if it satisfies the following 

two conditions: 

{ 

7 

V(, a) = N(V(a» 

V(aA~) = C(V(a), V(~». 

7 Strictly speaking, we should distinguish between the names "(,, and "),, for brackets 
(cf. Chap. II, § 1.2) and the brackets which are usually used in connection with func­
tion symbols. Thus, we could, for example, write: VEo a] = N[V[a]] and, for the 
next line: V[(a A ~)] = C[V[a], V[~]]. However, we shall continue to use the simpler 
notation of the text above. 
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Let an expression 01 be called a tautology if 

V(OI) = T 

for every valuation V. 

6.3 Assignments •• Let Ul be the set of all expressions which are either atomic or 

generalisations. By an assignment !ll we mean a mapping from !ll into the set IT, Fl. 

By Chap. II, § 3.2, there is exactly one mapping V of the set of all expressions into 

the set IT, F I which satisfies: 

(a) 

(b) 

(c) 

(d) 

V(OI) = A(OI) for every atomic expression 01 

v(...., 01) = N(V(OI» 

V(OI 1\ \3) = C(V(OI), V(\3» 

V( 1\ XOl) = A( 1\ XOl). 

By, (b) and (c), V is a valuation. Let V be called the completion of A. 

If !Ill is a nonempty finite subset of !ll and AO is a mapping from !Ill into the set IT, F I , 
then we call AO a restricted assignment or, more precisely, an !Ill-restricted assign­

ment. Then a valuation V is called an extension of AO if V(OI) = AO(OI) for the elements 

OIE!Dl. Clearly, for every restricted assignment AO there is at least one extension V. 

We associate with every expression 01 a nonempty finite subset ~ of!ll. Let ~ be 
01 01 

called the set of the constituents of 01. ~ is defined by induction on the structure of 
01 

the expressions, as follows: 

(a I) 

(b ' ) 

(c ,) 

(d ,) 

If 01 is atomic, then ~OI = lOll· 

If 01 ==..., \3, then ~ 01 = ~\3. 

If 01 == (01 1\ \3), then ~ :: ~ U ~Q. 
01 01 "" 

If 01 == I\x\3, then ~ :: 1011. 
01 

Example. For 01== (l\x(Pxl\Qy) 1\..., Qx), ~ :: Il\x(Px/lQy), Qxl. 
01 

Clearly, IS: can be determined by a finite procedure for every 01. 
01 

Lemma 2. If AO is a ~OI-restricted assignment, then all extensions V of AO have the 

same value V (01) at 01. This value can computed by means of ~ finite procedure if AO 

is known. 

Proof. We prove the lemma by induction on the structure of the expressions. 
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(a") If ex is atomic, then (S:ex:: lex1. Then we have V(ex) ::Ao(ex), since V is an ex­

tension of AO' 

(b") If ex == -, j3 then, by (b I ), (S: ex :: (S:j3' Thus, AO is also a (S:j3-restricted assignment. 

By induction hypothesis, all extensions V of AO have the same value V(S), which is 

an element U of IT, F 1 which can be effectively determined. By (b), V (ex) :: N (V (13) ) 

:: N (U). Thus, the assertion has been proved for ex. 

(e") If ex == (13 1\ y) then, by (c ' ) ~ :: ~Q U (S: • If we consider the (S: -restricted assign-ex ~ y ex 
ment AO only for the elements of (S:s or only for the elements of ~ y' then we obtain a 

(S:S-restricted assignment Ab and a (S:y-restricted assignment AO' By induction hypothesis, 

all extensions V of Ab' and therefore, in particular, all extensions V of AO' have the 

same value V (13), which is an element U I of IT, F 1 and can be effectively determined. 

Correspondingly, all extensions V of AO have the same value V (y), which is an ele­

ment U" of IT, F 1 and can be effectively determined. By (c), V (ex) :: C (u I, U"), 

which proves the assertion for ex. 

(d") If ex is a generalisation, we prove the assertion as in (a"). 

6. 4 Decidability of the property of being a tautology. We now want to prove that we can 

decide in finitely many steps whether or not a given expression is a tautology. Then, by 

Lemma 1 in 6.1, the relation I-p is also decidable. 

Let ex be a given expression. First of all, we form (S: • If (S: has r elements, then 
ex ex 

there are 2 r (S: - restricted assignments A l' ... ,A • These can be determined effec-
ex 2r 

tively by forming all the mappings from the elements of ~ into the set IT, F 1. ex 

By Lemma 2 in 6.3, for every j all the extensions V of A. have the same value V(ex) j 
J 

let this be called V j' Then ex is a tautology if and only if 

V 1 :: V 2 :: ••. :: V 2r :: T. 

For: 

(a) If ex is a tautology, then V(ex) :: T for every V. For every V. there is, by defini­
J 

tion, at least one V with V. :: V (ex). Hence every V. is equal to T. 
J J 

(b) If ex is not a tautology, then there is a V with V(ex) :: F. If we consider V only for 

the elements of ~ ex' then we obtain a (S: ex-restricted assignment AO' AO must be the same 

as one of the A.. V is an extension of A.. Hence 
J J 

V.::V(ex)::F. 
J 

In practice, given an expression 0', the decision procedure can most easily be carried 
out by replacing the constituents of ex by proposition variables and then proceeding as in 
Chap. I, § 6, Exercise 2. 



118 IV. A Predicate Calculus 

6. 5 P roof of Lemma 1, first part. We want to show that ,( a1 II ••• II ar II , a) is a 

tautology if a1 , ••• , ar I-A a. We call, (a1 1\ ••• 1\, a) the expression corresponding 

to the sequent a 1 .•• ar a. It suffices to show that, in a propositional derivation (i.e. 

in a derivation in which only propositional rules are used), the expressions corre­

spondingtotheindividual rows are always tautologies. In order to do this, we need only 

prove that: 

(i) The expression, (a II, a) corresponding to the sequent aa is a tautology. 

(ii) If we apply one of the rules (C), (C I), (C"), (R), (X) to rows whose corre­

spondingexpressionsaretautologies, then we obtain a row with the same property. 

to (i): V(,(al\,a» = N(C(V(a),V(-,a»)= N(C(V(a), N(V(a»» 

=N(F)=T. 

to (ii): We restrict ourselves to considering a special case of (C), and leave the 

general case and the investigation of the other rules to the reader. 

Suppose that (C) leads from the rows a1••• O'rO' and ~1·.· ~s~ to the row 

By hypothesis, 

are tautologies. We have to show that the same holds of 

,( 0'1 II ••• 1\ O'r II ~1 II ••• II as II, (0' II ~». Let V be an arbitrary valuation. We have 

to show that 

V (0'1 II ••• II O'r II ~1 II ••• II ~ s II, (0' II ~» = F. 

We prove this indirectly by assuming that, contrary to assertion, 

V (0'1 II ••• II O'r II ~ 1 II ••• II ~ s II , (0' /\ ~» = T. 

But we have the relation 

Hence, V( 0'1) = T and V(0'2 II ..• II ~s II, (O'/\~» = T. By proceeding further in the 

same way, we obtain 

(3) = V(~ ) = T, V(O'II~) = F. s 

Since ,( 0'1 /\ ••• /\ O'r /\ , 0') is a tautology, we have V (0'1 II ••• II O'r II , 0') = F. But we 

also have 
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V(a1"···"ar ",a) =C(V(a1 ), V(a2"···,,ar ",a» 

= C(T, V(a2"'" "ar " , a». 
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But this can only be equal to F if V (012 1\ ••• 1\ OIr 1\ , a) = F. Thus, finally, we obtain 

V(, a) = F and hence V(a) = T. Correspondingly we find, by starting from the tauto­

logy '(~1 1\ ••• " ~s I\,~), that V(~) = T. Thus we have V(a"~) = C(V(a), V(~» 

= C (T, T) = T, which contradicts (3). - This contradiction shows that (C) has the 

asserted property. 

6.6 Proof of Lemma 1, second part. Now we assume, conversely, that 

,( a1 " ••• 1\ ar 1\, a) is a tautology, and we have to show that a1 , ••• , ar I- pa. Further 

on, we shall prove that I-pa always holds if a is a tautology. If we apply this result 

to the tautology, (a1 " ••• "ar 1\ , a), then we obtain I-p ,( a1 1\ ••• 1\ ar 1\ , a) • By (DdRu) 

(cf. 4.3), this yields a1 , ••• , ar I-pa, q.e.d. In 4.3, the deduction theorem was stated 

for the concept I- of derivation. However, only propositional rules were used for its 

justification; hence, the deduction theorem also holds for I-p' 

In order to complete the proof, we have yet to show that I-pa for every tautology a. 

First of all, we introduce the notation 

F a =, a. 

In 6.7, we prove 

Lemma 3. For every valuation V: If IS: a = I ai' ••• , ar I, then 

V(a1) V(ar ) V(a) 
I- p a1 ar a • 

Let a be a tautology. We want to show by means of Lemma 3 that I-pa. Since V(a) = T 

for every V, we know by the lemma that 

for every valuation V. We shall eliminate the antecedent 

in this assertion step by step. 

Let a be an arbitrary IS: - restricted assignment. If V is an extension of a (6.3), then a 
a(aj ) = V(aj ) for every j = 1, ••• ,r. Thus we have 
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Let a' (a1 ) = a(a1), ••. ,a' (a 1) = a(a 1), but a' (a ) = N(a(a ». Since (*) holds 
~ ~ r r 

for arbitrary restricted assignments, we have also for a' : 

a(ar ) a' (a ) 
Now, noting that, of the two expressions ar ,ar r, one is the negation of the 

other, and that the other members of the antecedents of the sequents in (*) and (**) 

are the same, we see that, by means of (R), (*) and (**) yield the assertion 

By repeated application of this procedure, we finally obtain 

q.e.d. 

6.7 Proof of Lemma 3. We carry out the proof by induction on the structure of a. 

(a) If a is atomic, then' = I a I. Thus, we need to show that a 

for every valuation V. But this can be shown at once by means of rule (A). 

(b) Let a ==..., 13. Then 'a = '13' Let 'a = I at ' ••• , ar I. By induction hypothesis, we have 

We distinguish two cases: 

Cas e t: V ( 13) = T, and hence V ( a) = F. Then 13 V ( 13) == 13, so that 

Then, by (NN) and (CuRu) (cf.4.2), 

V(a1) 
I-p a1 

we obtain 

But ...,..., 13 ==..., a == aF == aV(a), which proves the assertion. 

Case 2: V(I3) = F, and hence V(a) = T. Then I3V(I3) ==..., 13 == a, so that 

V(a1) V(ar ) 
I-p a1 ar a, 

which is the required result. 



§ 6. The decidability of propositional derivability 121 

( c) Let ct == (~A I' ). Then G: ct = G: ~ U G: y· Let G:~ = \ ~ 1 ' ••• , ~ r \ and G: 'I' = \y 1 ' ••• , I's \. 

Then G:ct = \~l' ... '~r' 1'1,···,Ys l (where, in the set on the right, some elements 

may have been written down twice; however, this does no harm here and in the follow­

ing text). By induction hypothesis, we have 

Then, by (C), we obtain 

V(I' ) 
'I' s (~AI') • 

s 

But ct V (ct) == ctT == ct == (~A 1'), which proves the assertion. 

Case 2: V(~) = F or (vel) V(y) = F. We restrict ourselves to the case in which 

V(~) =F, hence V(ct) =V(~AI') =F. Then ~V(~) ==...,~, so that 

Then, by (A), (C'), (CaPo), (CuRu), we obtain 

V(~l) V(~ ) 
I-P~l ••• ~r r..., (~Ay) • 

This is the required assertion, since ct V ( ct) == (~A 'I' ) F =:..., (~ A I' ) • 

(d) If ct is a generalisation I\x~, then we prove the assertion as in (a). 

Exercise. Decide whether 

(a) (aA...,(ctA~» ""p...,h ctA ...,(ctA..., ~» 

(b) -'hctA""(ctA~» .... p (aA...,(ctA-,!3» 

(c) (Ax(ctA~) A AX!3) ""p Ax!' 

(d) (Ax(ctA~) AI\Xct) I-pAX!3 • 



V. Godel's Completeness Theorem 

§ 1. Isomorphisms of expressions 

In order to prove the completeness theorem (cf. § 2), we use as a technical aid a map­

ping of the set of all expressions into itself, which we can regard as a sort of isomor­

phism. In this section, we shall bring together the theorems which we need about such 

isomorphisms; we shall treat the notion of an isomorphism only insofar as we need it 

for the following. 

1.1 Definition of isomorphisms. We start from a mapping ~ which is defined for every 

individual variable and maps every individual variable x into another individual vari­

able x . We assume in addition that ~ is 1-1, i. e. that 

(*) if x~ == y~, then x == y . 

However, we do not require that every individual variable should be the image under ~ 

of some individual variable. 

With the aid of such a mapping ~, we can assign to every expression 01 an image OI~, 

which we obtain by replacing each individual variable which occurs in 01 by its ~-image. 

We shall call such a mapping of the set of all expressions into itself an isomorphism. 

If ~ is a set of expressions, then let :m~ be the set of the ~-images of the elements 

of ~. 

We can replace the above globally-given definition of OI~ by an inductive definition. For 

this purpose, we first of all assign to every term t a term t~: If t is an individual 

variable, then t~ is already defined. For the compound term t == ft 1 ••• t r , let 

t~ == ft1 ~ ••• t/. Furthermore, we define: 

[Pt1 ... trJ~ == ptl .. . t/ 
[t1 = t2J~ == t1~ = t2~ 

(01 1\ ~)~ == (OI~ 1\ ~~) 

[/\XOlJ~ == /\ x~O/~ 
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Finally, we want to associate with every 1-1 mapping l' of the set of individual vari­

ables into itself and every interpretation 3 over a domain of individuals an interpreta­

tion 31' over the same domain of individuals. Now let 

31'( x) = 3 (x1') 

31'(f) = 3(f) 

31'(p) = 3(p) 

for every individual variable x, 

for every f which is at least one- place, 

for every predicate variable P. 

It is easy to show that 3(t1') = 31'(t) for every term t: This follows from the definition 

of 31' if t is an individual variable. If t is a compound term t =: ft 1 ••• tr and if the 

assertion holds for t 1 , ••• , t r , then we have: 

3 ( [f t 1 .•• t rJ l' ) = 3 (f t 1 l' ... t r <P ) 

= 3(f) (3(t 1<P),··· ,3(t/)) 

= 3<P(f) (3c!>(t 1), ••• ,31'(tr )) 

= 31'(ft r ·· t r ) • 

1.2 Local invertibility. We have already said above that not every individual variable 

has to be the 1'-image of some individual variable. Thus, it is not true to say that, for 

every isomorphism <P, there is an isomorphism '¥ which is the "global inversion" of l' 

in the sense that x<p,¥ =: x for every x (and consequently Q'1''¥ =: Q' for every Q'). For if, 

given an isomorphism <P, there were an isomorphism '¥ such that x if> '¥ == x for every x 

and if y is an arbitrary individual variable, then we should have y'¥if>'¥ =: y'¥, and hence 

y'¥1' =: y since '¥ is 1-1; thus, Y would be the if>-image of y'¥. 

However, in place of the "global inversion", which does not, in general exist, we always 

have at least a "local inversion" in the following sense: Let if> be an arbitrary isomor­

phism and 5 a finite set of individual variables. Then there is always an isomorphism '¥ 

such that xif>'¥ =: x for all x E 5. 

In order to show this, we consider first the set :3: of the if>-images of 5. We define '¥ 

first of all for the elements of:3:. If z E:3:, then there is an x E 5 with xif> =: z. Since l' 

is 1-1, x is uniquely determined. We put z'¥ equal to x. For the elements of:3:, '¥ is 

1-1: let zl' z2 E:3: and zl'¥ =: z2'¥. Then there are elements xl' x2 E 5 such that 

Then zl'¥ =: Xl' Z2'¥ =: x2 ' hence Xl =: x2 ' and therefore 

Moreover, clearly xw'¥ =: x for all elements x of 5. 

Now we have the task of extending the function '¥, which, up till now, has been defined 

only for the elements of :3: and is 1-1 on:3:, to a 1-1 mapping which is defined for all in-
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dividual variables. We can do this by, for example, enumerating both the infinitely 

many individual variables which do not belong to 1: and the infinitely many individual 

variables which do not belong to 15, and then, for every k, mapping the k-th individual 

variable of the first sort in this enumeration onto the k-th individual variable of the 

second sort in this enumeration. 

1.3 Theorems about isomorphisms 

Theorem 1. x occurs free in a if and only if x<P occurs free in a<p. 

Theorem 3. :ml- a if and only if :m<P I- a<p. 

Theorem 4. :m is consistent if and only if :m<P is consistent. 

Theorem 5. Mod 3a <P if and only if Mod ~'l'P a • 

Theorem 6. If :m<P is satisfiable, then:m is also satisfiable. 

1.4 Proof of the theorems stated 

To Theorem 1. (1) We show first of all that x<P occurs free in a<P if x occurs free 

in a. We prove the assertion for the expression a under the assumption that it has al­

ready been proved for all shorter expressions. We assume that x occurs free in a. 

(a) If a is atomic and x occurs free in a, then x occurs in a, hence x<P in a<P, where 

a<P is also atomic. Hence x<P occurs free in alP • 

(b) If a is a negation, i. e. a = --, ~ and if x occurs free in a, then x also occurs free 

in ~. ~ is shorter than a. By hypothesis, x<P occurs free in ~<P, and therefore also in 
--,~<p. But --,~<P =[--'~J<P :a<P. 

(c) We treat the case in which a is a conjunction in the same way. 

(d) If a is a generalisation, i.e. a = ;\u~ and if x occurs free in a, then x $ u and x 

occurs free in ~. ~ is shorter than a. By hypothesis, x<P occurs free in ~<p. Since <P 

is 1-1, x<P $ u<P because x * u. Hence x<P occurs free in ;\u<P~<P. But !\u<P~<P = 

= [!\u ~ ] <P = a <P • 

(2) We now need only show that x occurs free in a if x<P occurs free in a<p. Consider 

the set 15 which contains the individual variables which occur in a together with x. 

15 is finite. Hence there is a local inversion'±' of <P with x<P'±' = x for all xE 15. From 

this, it follows that a<P'±' = a. Part (1), which we have already proved, applied to 

x<P,a<P and 'l' (instead of x, a and <p) then provides us with the assertion (2). 



§ 1. Isomorphisms of expressions 125 

To Theorem 2. We prove the assertion for Cl' under the assumption that it holds 

for all expressions which are shorter than Ci. 

(a) If Cl' is a predicative expression, i. e. Cl' == P t 1 ••• t , then ~ == P6 t t 1 •.• 6 t t • It r x xr 

follows that Cl'¢ == Pt1¢ ••• t ¢ and ~ == P[6 tt1J¢ .•• [6 tt J¢. Subst Cl'¢x¢t¢~¢ states that 
r x x r 

_ t¢ ¢ t¢ ¢ 
~ = P6 x¢t1 ••• 6x¢tr • Thus, it suffices to show that, for every j, 

We show this by induction on the structure of t .• 
J 

If t. is an individual variable, i. e. t. == u, then we have 
J J 

x¢ == u¢; and hence also if x == u 

x¢ '*' u¢; and hence, by (*), also if x * u. 

Moreover, 

t _ {t if 
6 u = 

x u if 

x==u 

x $ u, 

t ¢ {t¢ if 
and hence [6 uJ == 

x u¢ if 

x==u 

x'*' u. 

If tj is compound, i. e. tj == ft t ... t~, then, if we assume that the assertion has already 

been proved for the terms tk, we obtain: 

(b) If Cl' is an equation, then we proceed as in (a). 

(c) If Cl' is a negation, then there is a shorter Cl'1 and a ~ 1 such that 

a ==, a 1 ' ~ ==, ~ 1 and Subst Cl' 1 x t ~ 1 • 

By hypothesis, we have Subst 0'1 ¢ x ¢ t ¢~ 1 ¢. From this it follows that 

¢¢¢ q,. q,q,q,q, 
Subst ,0'1 ){ t '~1 ' I.e. Subst Cl' x t ~ • 

(d) If a is a conjunction, we proceed similarly. 
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(e) If a is a generalisation, i.e. a == /\ua1, then we distinguish two cases: 

Cas e 1. x does not occur free in a. Then ~ == a. Moreover, by Theorem 1, xcI> does 

not occur free in acI>. Hence Subst acI>xcI>tcI>acI>, i. e. Subst acI>xcI>tcI>~cI> • 

Case 2. x occurs free in a, i.e. in /\ua 1• Since Substaxt~, u does not occur in 

t and there is a ~1 with Subst a 1 xt ~1 and ~ == ;\u~l' By hypothesis, Subst a 1 cI>xcI>tcI>~l· 

By Theorem 1, xcI> occurs free in a 1 cI> because x occurs free in a l' Since u does not 

occur in t. ucI> does not occur in tcI>. Hence we have Subst /\ucI>a1cI> xcI>t cI> /\ucI>~lcI>, i.e. 

Subst acI>xcI>tcI>~cI> • 

To Theorem 3. (1) First of all, weassumethat!III~a andshowthat!IllcI>~acI>. Since 

!III ~ a, there are finitely many elements a 1, ••• ,an E!III such that a 1" .ana is derivable. 

It suffices to show that a 1 cI> ••• a n cI>acI> is derivable. In fact we show quite generally that, 

if a sequent ° is derivable, then the sequent ocI> is always also derivable. In order to 

do this, it clearly suffices to prove that: 

(*) If we can write down ° by means of (A) or (E), then the same holds for ocI>. But 

this is trivial. 

(**) If ° can be obtained from °1 or from °1 and °2 by means of one of the rules 

(C), (C'), (C"), (R), (X), (G), (Gx)' (S~), (E~), then ocI> can be obtained from 

01cI> or from 01cI> and 02cI>(as the case may be) by means of the corresponding rule (C), 

(C'), (C"), (R), (X), (G), (G ), (st), (Et ). As typical examples, we treat the 
t x x x 

rules (C), (G ), (S ). x x 

!9 (C): We have (for this and the following cf. the representation of the rules given in 

Chap. IV. § 2 .3) 

°2 == I: 2~ and hence 

a ==I:12(al\~). 

al == r; l cI> a cI> 

a2cI> == r;2cI>~cI> 

ocI> == I: 1/(a 1\ ~)cI> • 

From this we can see immediately that ocI> can be obtained from °1 cI> and °2 cI> by means 

of (C). 

to (G ): We have 
- x 

°1 == r; a 

a ==r;/\xa, 
and hence 

° cI> = r;iflacI> 1 -

acI> == I:cI> /\ xcf>acf>. 
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Since a is obtained from a1 by means of (G x)' the critical condition, namely that x 

does not occur free in E, must be fulfilled. Then by Theorem 1, xef> does not occur free 

in Eef>. Hence, we can obtain aef> from a/ by means of (G ef». 
x 

to (st): We have 
- x 

and hence 

a ef> = r;1> 0' ef> 
1 -

a<P == E ref> ~ef> • 

But Subst EO' x t E r ~. It then follows by Theorem 2 that 

ef> 
Hence aef> can be obtained from a ef> by means of (st "') . 

1 x~ 

(2) Now we have to show, conversely, that :Ill t- 0' follows from :Illef> t- 0' ef>. Let us assume 

that :IlltP t- 0'1>. Then there is a finite subset rs; of :Ill such that rs;tP ~ O'tP. Let 15 be the set 

of those individual variables which occur in the expressions in IS: or in 0'. 15 is finite. 

Hence there is an isomorphism I[' with the property that xtPI[' == x for all x E 15. By (1), 

we obtain from ~tP ~ 0'1> the statement ~tPI[' I- O'tPI[', and this is the same as (11; I- 0'. A for­

tiori, :Ill I- 0', q.e.d. 

To Theorem 4. We prove here only the somewhat less trivial half of the equivalence. 

We prove it indirectly, starting with the assumption that :IlltP is inconsistent. We then 

have to show that :Ill is also inconsistent. The fact that ~tP is inconsistent means that 

every expression is derivable from:Ill. Let 0' be an arbitrary expression. Then we have 

:IlltP I- O'tP. But then, by Theorem 3, ~ I- 0'. Since this holds for every 0', :Ill is inconsist­

ent. 

ToT h e 0 rem 5. It suffices to show that the assertion of Theorem 5 holds for 0' and 

3, assuming that it holds for any expression ~ which is shorter than 0' and for any 

interpretation It. According to the form of 0', we have the following cases: 

(a) 0' is a predicative expression, i.e. 0' == Pt1 .•• t r • Using the fact that 3(t<P) = 3<P(t) 

(see the end of 1.1), we have: 

Mod 3[P t 1 ••• trJ<P iff Mod 3 P t1<P ••• tr <P 

iff 3(p) fits 3(t/), •••• 3(tr tP) 

iff 3<P(P) fits 3ef>(t 1), ••• ,3<P(tr ) 

iff MOd3<PPt1 ••• tr. 
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(b) 01 is an equation. We proceed as in (a). 

(c) 01 is a negation, i.e. 01 =,~. ~ is shorter than 01. Hence we have 

Mod ~ OI<P iff Mod ~ , ~<P 

iff not Mod ~ ~<P 

iff not Mod ~<P~ 

(d) 01 is a conjunction. We proceed as in (c). 

(e) 01 is a generalisation, i.e. 0I=!\x0I 1• 011 is shorter than 01. We have: 

iff for all r: Mod ~r 01 <P 
xtP 1 

iff for all r: Mod [~r JtP 01 ( condi tion on 01 1) 
x<P 1 

iff for all r: Mod ~tPr 01 (see below) 
x 1 

iff MOd~tP!\xOIl 

We have yet to show that [~r tPJ tP = ~tPr always holds. In order to do this, we have only 
x x 

to show that the interpretations on the left and the right give the same image for every 

individual variable. First of all, for the variable x we have: 

If Y is an individual variable which is different from x, then 

To Theorem 6. Let!Ill tP be satisfiable. This means that there is an interpretation ~ 
over a suitable domain of individuals such that Mod ~!IlltP. Theorem 5 shows us imme­

diately that Mod ~tP!Ill. But this shows that !Ill is satisfiable. 
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Exercises. 1. Show that 1.3, Theorem 4 and the inverse of Theorem 6 do not hold if 
we do not assume that cP is 1-1. 

~ Prove the inverse of 1. 3, Theorem 6. 

3. Formulate and prove theorems about homomorphisms which map predicate vari­
ables and (more-than-no-place) function variables. 

§ 2. Sketch of the proof of the completeness theorem 

2.1 Sketch of the proof. We want to prove (cf. Chap. IV, § 1) the 

Completeness theorem. If any expression 0/ follows from a set !Ill of expressions, then 

0/ is derivable from !Ill; i. e., expressed briefly: If !Ill 1= 0/, then !Ill I- 0/. 

The completeness of a predicate calculus was first shown by God e 1 in 1930. 

In Chap. IV, § 5.3, Lemma 2 we showed that the completeness theorem can be reduced 

to the statement: 

If a set of expressions !Ill is consistent, then !Ill is satisfiable. We shall prove this state­

ment in § 3 and § 4. The proof consists of the following steps: 

( 1) !Ill is consistent (this is the assumption) . 

cP 
The set of expressions :ill is mapped onto a set of expressions !Ill 0 by a special isomor-

phism CPo which we shall define in 2.2. Then, by 1.3, Theorem 4, we have: 

(2) 
CPo 

!Ill is consistent. 

cP 
Now the set !Ill 0 is embedded in a set !IJl* by a "maximalisation process" (§ 3). We talk 

cP 
of an "embedding" in order to indicate that !Ill 0 C !IJl*. The maximalisation is carried 

out in such a way that we can show that: 

(3) !IJl* is consistent. 

CPo 
The sets of expressions !Ill, !Ill and!IJl* which we have considered are consistent. Con-

sistency is a syntactic property. Up to this point, the proof has been a purely syntactic 

one; now we make the telling transition to the realm of semantics. We show that there 

is a domain of individuals and an interpretation in which !IJl* is valid (§ 4). Thus, we 

have: 

(4) 'lJ!* is satisfiable. 
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~ 
Now we must find the way back to !Ill via !Ill o. Since, because of the embedding, 
~ 

!Ill 0 C !Ill*, we have trivially: 

(5) 
4>0 

!Ill is satisfiable. 

By 1.3, Theorem 6, this provides us with: 

(6) !Ill is satisfiable (this is the assertion) • 

In 2.2, we define the isomorphism 4>0 which is used. In § 3, we carry out the maximal­

isation process and prove some lemmas about !JJl* which are necessary for the proof of 

the satisfiability of !Ill"' in § 4. 

2.2 Definition of the isomorphism 4>0 of expressions. We define 4>0 by requiring that 
4>0 

x should be the individual variable whose index is twice the index of x. The mapping 

4>0 is clearly 1-1 and is thus an isomorphism. It is exactly those individual variables 

with even indices which appear as images of 4>0. Hence, none of the individual variables 
4> 

which occur in the expressions 0/ 0 have odd indices. 

§ 3. The process of maximalisation 

~ I 
3. 1 Survey. The set !Ill , is, as we have seen in the last section, a consistent set of ex-

pressions. Moreover, no individual variable with an odd index occurs in any of the ex-
4>0 4>0 

pressions of !Ill These two properties of !Ill are the only ones of which we shall make 

use here. 

4>0 
The set !Ill can be extended by adding to it expressions which do not belong to it (e.g. 

an expression x = x, where x is an individual variable with an odd index), but which 

4>0 
are such that the extended set is still consistent. In other words,!Ill is not "maximal 

consistent". Here, we define the maximal consistency of a set !Ill of expressions by the 

two requirements: 

(*) !Ill is consistent. 

(**) If 0/ is an arbitrary expression which does not belong to !Ill, then !Ill U 10/ I is incon­

sistent. 
4> . 

We want to embed !Ill 0 in a maximal consistent set !JJl*. In order to do this, we define 

a sequence !IllO' !Ill1, !Ill2, ••• of sets of expressions, for which we prove (simultaneously 

with the definition) the following property: 
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(***) There are infinitely many individual variables which do not occur in any of the 

expressions of m .• 
J 

We define the m.'s and m* in 3.2. In 3.3 we prove that m* is maximal consistent. In 
J 

3.4 we obtain some consequences of the maximal consistency of m* • 

3.2 Definition of the sets mj and ~~ of expressions. There are countably many terms 

and countably many expressions, as we have already seen in Chap. II, § 1.6. In the fol­

lowing, we take as a basis a fixed denumeration to' t 1, t 2 , ••• of all the terms and a 

fixed denumeration 0'0' 0' l' 0' 2' ••• of all the expressions. The maximalisation process 

depends on the denumerations we have chosen. 

First of all we put: 

(0) 

Po was so chosen that mO has the property (***). 

In preparation for the definition of m. l' we define the set QJ. of expressions and the ex-
J+ J 

pression ~. (the latter only in the case that 0'. is a generalisation). 
J J 

By the induction hypothesis (***), there are infinitely many individual variables which 

occur neither in any of the expressions of m., nor in 0'., nor in t.. In the natural or-
J J J 

der, let these be yo' y l' Y 2' ••• • Let QJj be the set of all expressions y 2k = tj 
(k = 0, 1,2, ••• ). Suppose that 0'. is a generalisation, i.e. 0'. == Ax 'I .• Y1 does not 

J J J 
occur in 'I .. Hence, by Chap. II, §5.4, Theorem 6, there is exactly one expression ~. 

J J 
such that Subst y. x Y1~· and, conversely, Subst~. Y1 x y .• 

J J J J 

Now we define: 

m. U QJ. U la.l 
J J J 

g m. U la.l 
J J 

is consistent ( case 1), 

m. U QJ. if mj U 10'jl is inconsistent and 0'. is not a 
(1) mj+1 = J J J 

generalisation (case 2), 

m. U QJ. U h~.l if m. U lO'.l is inconsistent and 0'. is a 
J J J J J J-

generalisation (case 3) • 

The variables Y3' Y5' Y7' .•• do not occur in mj +1• Hence, (**i~) also holds for mj+1· 

By construction, we have mO em1 em2 e •••• We put: 

(2) 
CD 

V = U m .• 
j=O J 
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3.3 The maximal consistency of !JJlIt. First of all, we prove by induction on that every 

!Dl. is consistent. 
J 

<P 
!DlO =!Dl 0 is consistent by 3. 1. 

By induction hypothesis, !Dl. is consistent. In order to prove the consistency of!Dl. l' 
J J + 

we distinguish the three cases of the definition: 

Cas e 1. If!Dl. U @. U ! O'.! were inconsistent, then we should have 
J J J 

!Dl. U @. U ! O'.! t- P II --, P (for a no- place predicate variable p). Thus, 
J J J 

expressions f.' 0' ••• ,f.' r in!Dlj and individual variables y 2kO ' ••• , Y 2ks 

Since Y2k 
o 

Y 2k = t. ••• Y 2k = t. o J s J 

t. 
appears only in the position indicated, (S J 

Y2k o 

t.=t ..•• y2k =t. 
J J s J 

which, with (E) and (CuRu), yields 

By repeating this procedure, we finally obtain 

gives us 

there would be 

such that 

But, by Chap. IV, §S.3 (17), this means that!Dl. U 10'.! is inconsistent, which contra-
J J 

diets the assumption for case 1. 

Cas e 2. If!Dl. U @. were inconsistent, then!Dl. would also be inconsistent; we show 
J J J 

this as in case 1. 

Cas e 3. If!Dl. U @. U h~.! were inconsistent, then we should have (cf. case 1): 
J J J 

Y2k =t····y2k =t. o J s J 
--,~.:/\x"t .• 

J J 

As in case 1, we could then obtain 
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It would then follow that 

t- ~O··· ~r --, AX1'j : ~j 

I- ~O·· ·~r --, AX'Yj : Ay 1~j 

I- !\Y1~j : !\X1'j 

I- ~O· •• ~ r --, A x1'j : AX'Yj 

I- ~o·· ·~r: I\X1'j 

(CaPo") 

(Gy 1) (y 1 does not occur 

free in the antecedent) 

(ReG ) 
Y1'x 

(CuRu) 

(SeAs) • 
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If we note that Ax1" =: 01., then this derivability relation shows that :Dl. ~ 0' .• In case 3, 
J J J J 

:Dl. U lO'.1 is inconsistent; hence :Dl. I- --, 0'., by Chap. IV, § 5.3 (19). Now Chap. IV, § 5.3 
J J J J 

(21) shows that :Dl. is inconsistent, which contradicts the induction hypothesis. 
J 

Given the consistency of the sets :Dlj' which we have just proved, we can prove the ~­

sistency of:JJll~ as follows: If:JJll~ were inconsistent, then we should have ~ I- (0' 1\ --, 0') 

for an arbitrary expression 0'. Then there would be finitely many elements 

1'1' ••• ' 'Y E:JJl* with 1'1'···' 'Y ~ (0' 1\ --, 0'). Since 1" belongs to ']J!lf, there is an ~ 
n n J j 

such that 'Y .. E ~ • Let k be the largest of the indices k 1 , ••• , k . Since the sequence 
J j n 

of the sets :Dlj is a non- decreasing one, ~. c: ~ for each j = 1, ..• ,n. Thus, each of 
J 

1'1' ••• , l' n is an element of ~. It follows tha t ~ I- (0' 1\ --, 01 ). But then ~ would be 

inconsistent, whereas we have proved that it is consistent. 

In order to show the maximal consistency of ']J!lf, we take an arbitrary expression 0' 

which does not belong to !Drf • We must show that ~ U lO'I is inconsistent. This can be 

seen as follows: There is a j such that 0' =: 0' .• Since 0'. ~:JJllf, a fortiori 01. ~:Dl. 1. 
J J J J + 

Hence, case 1 of the definition of:Dl. 1 does not hold, i. e. :Dl. U 10'.J is inconsistent. 
]+ J J 

But then ~ U lO'.1 is certainly inconsistent, q. e. d. 
J 

3.4 Consequences of the maxi mal consistency of :JJllf 

Lemma 1. !! ~f I- 01, then ex E ~ • 

Proof. Let ~ t- 01. If 0' ~ ~, then ']J!lf U lO' I would be inconsistent, by the maximal 

consistency of :Dl*. In particular, we should have 

and hence, by Chap. IV, § 5.2 (5), also ~ I- --,0'. But, together with ~ I- 0', this 

contradicts the consistency of ']J!lf. 

Lemma 2 • .!! I- ex, then ex E 'lJl* • 
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Proof. This follows from Lemma 1. since !JJlII' t- 01 follows from I- 01 • 

.;;;;Le,;;.m=m;.;,a;;;...;;3..,;;.. .!! 0' 1 •.•.• 01 n t- 01 _a_nd_ 01 1 •..•• 01 n E !JJlII'. t_h_e_n 01 E !J.J!* • 

Proof. From 0I 1 ••••• OI n I-0i andO'l ••••• O'nE!IJI* itfollowsthat!J.J!*t-Oi and hence. by 

Lemma 1. that 0' E !JJlII' • 

Lemma 4. (a) t = tE!JJlII'. 

(b) II tl = t2 E!JJlII'. then t2 = tl E !JJlII'. 

(c) If tl = t2E!m* and t2 = t3 E!JJlII'. then tl = t 3 E!lJl*. 

(d) If tl = tl' E !m* ••••• t = t'E !lJl*. then P t 1 ••• t E!IJI* iff P tl' ••• t'E !I.ll* • - r r r - r 

Proof. (a) follows from Lemma 2 because t- t = t. 

Moreover. by using derived rules from Chap. IV. §4.5 and by Lemma 3. we obtain 

(b) because tl = t2 t- t2 = tl 

(c) because tl = t 2• t2 = t3 t- tl = t3 

(d) because tl = ti ••• ·.tr = t~. Pt1···tr t- Pti ••• t~ 

and tl = ti.· ••• tr = t~. Pti···t~1- Pt1 ••• t r 

(e) because tl = ti.· ••• tr = t~ I- ft 1•• .tr = fti ••• t~ 

Lemma 5. --, 01 E!lJlH' iff 01 ¢ !JJlII' • 

because of (ESy) 

because of (ET) 

because of (ER) 

[using (b)] 

because of (ER I ) • 

Proof. (a) If --,01 E!JJlII' and 0' E !J.J!*. then!JJlll' would be inconsistent. 

(b) If --, QI¢ lll* and 01 ¢ !Ill"". then. by the maximal consistency of !J.J!*. the sets !JJlII' U h 0' I 
and!JJlll' U lOll would be inconsistent. But then!lJlll" itself would be inconsistent [Chap. IV. 

§ 5.3 (21)J. 

Lemma 6. (01 /\ ~) e!lJlll" iff (lIE!JJlII' and ~ E !JJlII'. 

Proof. (a) Let (O'/\~)E!l.ll*. Then. by Lemma 3. O'E!Ill*and~E!JJlII'. since(O'/\~)I-OI 

and (0' /\~) I- ~. 

(b) Let 01 E!l.ll* and ~ E !JJlII'. Then. since 0'. ~ t- (0' /\ ~) and by Lemma 3. (0' /\ ~) E !JJlII' • 

§ 4. Completion of the proof of the completeness theorem 

4.1 Survey. We have (cf. § 2) only to show that the set !JJlII' defined in § 3 is satisfiable. 

In order to do this. we define a domain of individuals w (4.2) and an interpretation 3 
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over UJ (4.3). In 4.4 we show that this interpretation is a model of an arbitrary ex­

pression ex if and only if ex is an element of m*:l. From this it follows at once that ~ 

is a model of~. Hence, !Dl* is satisfiable, q.e.d. 

4.2 The domain of individuals UJ. We define a relation, depending on m*, on the domain 

of the terms. This relation is an equivalence relation, and thus leads to a division of 

the domain of terms into classes. We lay down these classes of equivalent terms as the 

elements of UJ. 

Definition. t '" t' is to mean that t = t' E !ffiIf • 

'" is an equivalence relation. In order to show this, we must prove that: 

(1) t=tE!Dl*. 

(2) !f t1 = t2 E m*, then t2 = t1 E m*. 

(3) !f t1 = t2E m* and t2 = t3E m*, then t1 = t3E m*. 

However, we have already shown this in § 3, Lemma 4 (a), (b) and (c). Moreover, by 

(d) and (e) of the same lemma, we have: 

Let t be the equivalence class, with respect to the relation "', in which t lies. 

4.3 The interpretation ~ over UJ. We must define ~(p) for every P and ~(f) for 

every f. 

Definition 1. Let P be an r-place predicate variable (r;3 0). Then let ~(p) be an 

r-place predicate such that 

(*) ~(p) fits t 1 ' ••• , tr if and only if P t 1 ••• tr E ~f - for arbitrary elements t 1'···, tr 

of UJ. 

This definition makes use of the representatives t 1' ••. , tr of the classes t 1'···, t r . 

However, by 4.2 (4), it is independent of the particular representatives chosen. 

Definition 2. Let f be an r- place function variable (r;3 0). Then let 3 (f) be an r- place 

function such that 

:l It would have sufficed to show that 3 is a model of ex if ex E m*. However, the proof 
of the above equivalence is technically simpler. 
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for arbitrary elements f t , .•• , fr of (J). 

As was the case with the last definition, this definition makes use of particular repre­

sentatives of the classes ft •••. , f r . However, as 4.2 (5) shows, the definition does 

not depend on the choice of these representatives. 

Rem a rk. We assume that there are predicates ;j(p) and functions ;j(f) with the 

properties (*) and (**) respectively. These are assumptions which are generally accep­

ted in mathematics. (*) determines which r-tuples of individuals the predicate ;j(p) is 

to fit; and (**) determines the value of ;)(f) for any given argument. From the ext en­

sionalist point of view, there is only one predicate which satisfies the condition for 3(p) 

given in (*) and only one function which fulfils the condition for ;) (f) expressed in (**) . 

However, for our purposes the mere existence of such predicates and functions is 

enough. 

For the interpretation which we have just defined, we have: 

(***) 

This can easily be shown by induction on the structure of the terms: 

(a) By (*i~), 3(x) = X, since x is a no-place function variable. 

(b) We have 

3(ft t •• .tr ) = ;j(f) (3(tt),· .• ,3(tr » 
= 3(f) (tt' .•. , t) 
=ftt···tr 

4.4 Satisfiability of ~. Finally, we prove the 

Theorem. Mod 3a if and only if 01 E 'lJt 2 • 

(Chap. III, § 2.2) 

(induction hypothesis) 

Pro of. It suffices to show that this theorem holds for an arbitrary expression 01 

under the assumption that it holds for all expressions whose rank is less than the rank 

of 01. We distinguish the following cases: 

(a) Ci is a predicate expression, i. e. 01 ;:: P tt ... t r . Then we have 

2 Here and in the following, we shall not mention explicitly the fixed domain of indivi­
duals (J). 
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iff 3(P) fits t 1,.··, tr 

iff P t1 ••• tr E !lll* 

(b) ex is an equation, i.e. ex == t1 = t2• We have 

iff 3(t1) = 3(t2) 

iff t1 = t2 

iff t1 '" t2 

iff t1 = t2 E WI" 

by (***) 

by (*) 

by (***) 

(c) ex isanegation, i.e. ex ==-,13. Then R(I3) <R(ex), and we have 

Mod 3ex iff Mod 3 -, 13 

iff not Mod 313 

iff not 13 E !lll* 

iff -, 13 E !lll* 

(induction hypothesis) 

(3.4, Lemma 5) 

(d) ex is a conjunction, i.e. ex == (13 " y). Then R(I3) < R(ex) , R(y) < R(ex) and 

Mod 3ex 

(e) ex is a generalisation. 

iff Mod 3 (13 " y) 

iff Mod 313 and Mod 3", 

iff 13 E!lll* and y E !lll* 

iff (13 " ",) E ~ 

iff aE ~ 

(induction hypothesis) 

(3.4, Lemma 6) 
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(e1) First of all, let Mod3ex. Thereisa j such that ex ==ex. ==I\x",. (cf. 3.2). Then, if _ J J 
we choose Y1 as in 3.2, we have Subst ",. xY113 .• Y1 is an element of w, and, since _ J J 

1\ Y1 -
Mod 3 x",., we have Mod 3 y.. If we note that Y1 = 3 (Y1)' then the substitution theo-

J x J 
rem (Chap. III, § 3.2) gives us Mod 313 .• By Chap. III, §5.6, theorem 2, R(I3.) = 

J J 
= R( ",.) < R(ex). Hence the induction hypothesis yields 13. E WI". Since!lll* is consistent, 

J J 
we therefore have -, 13. ~ :1R*. This shows that, in the definition (1), case 3 does not hold. 

J 
Since Q' j is a generalisation, case 1 is the only remaining possibility. But then ex j' L e. 

ex, is an element of !IJI. l' and hence also of 'lR'" • 
J+ 

(e2) Finally, let Cl'E WI". 01 is a generalisation, Le. ex == I\xI3. Now let r be an arbitrary 

element of w. There is a j such that t == t .• There are infinitely many individual variables 
J 
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Y with Y = t. EQI. (cf. 3.2). Hence, there is an individual variable y which does not 
J J 

occur in ~ such that y = t. E QI .• Then, by 3.2 (1), y = t. E~. 1 c'lll*. It follows that _ _ _ J J J J+ 
3(y) = y = t. = t. Since y does not occur in ~, there is, by Chap. II, § 5.4, Theorem 6, 

J 
an expression 6 with Subst ~ x Y 6. But then, by (ExG ), we can obtain I- /\ x~ : 6, x,y 
i.e. a f- 6. Now 3.4, Lemma 3 shows that 6 E!lll"'. But R(6) = R(~) < R(a), and hence, 

by induction hypothesis, Mod 36. With the substitution theorem, this yields 

Mod 33(Y)~, i.e. Mod 3t~. Since r was chosen to be an arbitrary element of w, we 
x x 

thus have Mod3/\x~, i.e. Mod 30', q.e.d. 

Exercises. 1. Determine the number of elements in the Lindenbaum algebra of ~ 
(cf. Chap. IV, § 5, Exercise 5) • 

h ~ f- /\ x Px if and only if 'lll* I- Pt for all t. 

1:. The assertion in Exercise 2 does not always hold if we omit *. 

4. Each class r contains at least one individual variable. 

§ 5. Consequences of the completeness theorem 

The completeness theorem means (together with the theorem about the soundness of the 

rules of predicate logic) the equivalence of the relation of consequence to that of deriva­

bility, and also the equivalence of satisfiability and consistency. Thus, it is now pos­

sible to translate an important property of the syntactic notions of derivability and con­

sistency into a property of the equivalent semantic notions of consequence and satisfia­

bility. It is in this way that we obtain the so- called compactness theorems (5.1). In 

5.2, we give a typical example of the application of the compactness theorem for satis­

fiability. We shall introduce a further example of such applications in Chap. VI, §4. 

The compactness theorems make use of the equivalence of the above-mentioned syntactic 

and semantic concepts, but they make no use of the way in which this equivalence has 

been proved. However, if we analyse the proof of the completeness theorem, we obtain 

a theorem about satisfiability, due to S k 0 I em. We shall return to this in 5.3. 

5.1 The compactness theorems 3. In Chap. IV, § 1.2, we defined the relation ~ I- a by 

requiring that there should be finitely many elements a l' ••• ,an of ~ with 

al, ••• ,anl-a. Thus, trivially, we have the 

3 These theorems are sometimes also called finiteness theorems. The name compact­
ness theorem is derived from topology in the following way: The Stone space is the 
topological space whose pqints a are the maximal consistent sets of expressions and 
for which the sets Va = la I a * a I form a basis of open sets. Now if ~ is a set of ex-

pressions, then IValaE ~I is a covering for the space if and only if ~ is inconsistent. 

Thus the "compactness theorem for consistency" is equivalent to the assertion that 
the Stone space is compact. 
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Compactness theorem for derivability. 'lJl1- a if and only if there is a finite subset l5 
of 'lJl such that l5 I- a. 

If we replace the notion of derivability by the equivalent one of consequence, then we ob­

tain the 

Compactness theorem for consequence. 'lJl F a if and only if there is a finite subset l5 
of'lJl such that l5 Fa. 

If'lJl is a consistent set, then, clearly, every finite subset l5 of'lJl is also consistent 

[cf. Chap. IV, § 5.3 (16) J. Conversely, if we assume that every finite subset l5 of 'lJl 

is consistent, then'lJl must also be consistent: For, if'lJl were inconsistent, (a /\ -, a) 

would be derivable from 'lJl and would hence also be derivable from some finite subset 

l5 of'lJl. But then l5 would be inconsistent, contrary to hypothesis. Thus we have the 

Compactness theorem for consistency. A set 'lJl is consistent if and only if every finite 

subset l5 of'lJl is consistent. 

If we pass from consistency to the equivalent concept of satisfiability, then the above 

theorem gives us the 

Compactness theorem for satisfiability. A set 'lJl is satisfiable if and only if every 

finite subset l5 of 'lJl is satisfiable. 

We can use the last theorem to show that an infinite axiom system 'lJl is satisfiable. In 

order to do this, it suffices to prove that every finite subset l5 of 'lJl has a model. This 

method has become interesting for algebraic investigations. In the following, we discuss 

a simple example. 

5.2 Example. Non-archimedean ordered fields. A field is defined as a model of the 
following axiom system: 

I\xx+O=x 

I\x x + (-x) = 0 

I\xx1=x 

I\xl\yl\z(x + y) + Z = x + (y + z) 

I\xl\yl\z(xy)z = x(yz) 

I\xl\yx+y=y+x 

I\xl\yxy=yx 

I\xl\yl\z x(y + z) = xy + xz 

I\X(x:f:O~x£1 1) 

o *' 1 

Here, in order to make the axioms easier to understand intuitively, we use the notations 
0, 1, +, ., -, -1 which are usually used in mathematics (we write x y instead of x • y) • 
0, 1 are to be understood as individual variables, -, - 1 as one- place and +, • as two­
place function variables. If, instead, we used "f" for addition, our first axiom would 
read 

I\x I\y I\z ffxyz = fxfyz. 
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It is not usual to make use of the negation function - and the reciprocation function - :1. 
in the formulation of the axioms for fields. However, from a logical point of view, the 
use of these functions is to be recommended, since by means of it we can dispense 
with the existential quantifier (or with the negator, if we represent V by -, J\ -,) in 
some axioms. 

Note that 0-:1. is also a term, although it is usual not to define the reciprocal of O. In 
a field, the reciprocal of the zero element can be an arbitrary element of the field (for 
example, we could fix this by means of an additional axiom 0-:1. = 0). We use v, ~ and 
Vas abbreviations. Cf. Chap. II, § 1.5. 

An ordered field is a field which, in addition, satisfies the following axioms (where ~ 
is to be understood as a two-place predicate variable) : 

A.xA.yA.z (x~yAy~z~x~z) 

AxA.y (x~yAy~x-+x=y) 

Ax A. y (x ~ y V Y ~ x) 

I\xA.yA.z (x";;; y -+ x + z";;; y + z) 

I\xA.yAz (x";;;yAO~z-+xz~yz) 

A non-archimedean ordered field is an ordered field for Which, in addition, the following 
axioms (of which there are infinitely many) hold: 

O";;;u 

O+l";;;u 

(O+l)+l";;;u 

«0 + 1) + 1) + 1";;; u 

Here, as well as the primitive notions 0,1, _, -:1., +,. of the axioms for fields and the 
additional primitive notion ~ of the axioms for ordered fields, we have a further primi­
tive notion u. u is an individual variable which is different from 0 and 1. If we have 
a non-archimedean ordered field, then, in it, u is interpreted by an element of the field 
which is greater than or equal to the zero element, and also greater than or equal to 
every element of the field which can be obtained from the zero element by adding 1 fi­
nitely many times. Thus, this element of the field can be understood as an "infinitely 
large" element. 

Let 00 be the axiom system (consisting of 15 axioms) for ordered fields and Oon the 
(infinite) axiom system for non-archimedean ordered fields. 00 cOon. 

We can ask whether there are any non-archimedean ordered fields (i.e. whether O.n 
has a model). This is in fact the case. In elementary algebra it can be shown that, in 
the field formed by the rational functions in an unknown x over the field of the rational 
numbers, an ordering (,,;;;) can be introduced in such a way that this field becomes an 
ordered field in which the unknown x is an infinitely large element. 

Here, we want to carry out the proof of the existence of a non-archimedean ordered 
field by means of the compactness theorem for satisfiability. In doing this, we assume 
only that the axiom system 00 has a model (i.e. that there is an ordered field, e.g. the 
field of the rational numbers). Let :3 be such a model. 

It is sufficient to show that every finite subset of Oon has a model. Let 0 be such a fi­
nite subset. \'3 contains only finitely many axioms from (*). If 0 does not contain any 
axioms from (*), then 0 c 00. But then 0 has a model, since, by hypotheSiS, \30 is 
satisfiable. Thus, we may assume that 0 contains at least one of the axioms from (*). 
Among all the axioms from (*) which occur in 0, there is one which is the longest. Let 
this be to ~ u. Then, if t,,;;; u is any other one of the axioms from (*) which occur in 0, 
to can be obtained from t by adding 1 finitely many times. 
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We claim that 33(to ) is a model of 0 (where 3 is one of the models of 0 whose 
u 0 

existence is asserted by our hypothesis). u does not occur in the axioms of 0 , and o 

hence, by the coincidence theorem (Chap. III, § 3.1), 33(to ) is a model of t5 because 
u 0 

3 is a model of 00 • Thus, we need only show that 3~(tO) is a model of those axioms of 

o which belong to (*). 

One such axiom is to";;; u. We have 

Mod 3~(tO)to";;; u iff 3~(tO) (,,;;;) fits 3~(tO) (to)' 3~(tO) (u) 

iff 3(";;;) fits 3(tO)' 3(tO) 

iff Mod 3to ,,;;; to • 

However, the last statement is true, since to";;; to is a consequence of 00 and there­

fore 3 is a model of to ,,;;; to. 

Let us consider an element t,,;;; u of 0 which is different from to";;; u and which belongs 

to (*). We have 

iff 3~(to) (,,;;;) fits 3~(tO) (t), 3~(to) (u) 

iff 3(";;;) fits 3(t), 3(tO) 

iff Mod 3t ,,;;; to • 

Now, for every term t, the expression t,,;;; t + 1 is a consequence of 00 • Since to can 

be obtained from t by adding 1 finitely many times, it can be seen (bearing in mind the 

transitive laws for ,,;;; in 0 ) that the expression t";;; to is also a consequence of 0 . o 0 

Hence, 3 is a model of t,,;;; to' and thus 3~(tO) is a model of t";;; u. 

5.3 The Uiwenheim-Skolem theorem. We assume that the set of expressions!lJl is satis­

fiable. Then, trivially, !lJl is also consistent (Chap. IV, § 5.3). In the last section we 

proved the converse, namely that every consistent set is satisfiable. This brings us 

back to our initial assumption. Thus, apparently, we have gained nothing. However, if 

we inspect the proof of the satisfiability of a consistent set !lJl more closely, directing 

our attention particularly at the domain of individuals w over which there is a model 

for!lJl, we come to a remarkable conclusion. The domain of individuals w which we con­

sidered in § 5 consisted of the equivalence classes of an equivalence relation over the 

set of all terms. It is possible to make a statement about the number of elements in w: 

The set of all terms is denumerable; the set w of the equivalence classes over a denu­

merable set may have a smaller number of elements, but it cannot have a larger num­

ber; hence, w is either finite or denumerable (in other words, "at most denumerable") . 

- Summarising our argument, we have: A satisfiable set is consistent; a consistent 
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set is satisfiable in a finite or denumerable domain of individuals; hence, a satisfiable 

set is always satisfiable over a finite or denumerable domain of individuals. Thus, we 

have the 

L6wenheim-Skolem theorem. If a set m of expressions has a model over any domain of 

individuals, then it has a model over a finite or denumerable domain. 

Exercises. 1. In Chap. III, § 2 we noted that a domain of individuals (I) uniquely deter­
mines the set of all predicates and functions over (I). We may ask ourselves whether the 
laws of logic still hold if we restrict ourselves to a proper subset of the set of predi­
cates or of functions. In such a case, we would speak of a non-standard ontology, by 
contrast to the standard ontology, in which all predicates and functions are allowed. 
Examples of non-standard ontologies are those in which, 

(a) for each n, the only n-place predicates which are allowed are those which fit either 
all n-tuples of individuals or no n-tuples of individuals. (Then, under the extensionalist 
point of view, there are only two n-place predicates for each n.) 

(b) for each n, the only n-place predicates which are allowed are those which fit either 
finitely many n-tuples of individuals or all but a finite number of n-tuples of individuals. 

For the sake of simplicity we assume that, in (a) and (b), all functions are allowed. 

Show that the soundness of the predicate calculus (Chap. IV, § 3) holds for every non­
standard ontology which, for each n, has at least one n- place predicate and at least 
one n- place function. 

2. If we take the non-standard ontology in Exercise 1(a) as a basis, then the predicate 
calculus is sound but not complete. In order to prove this, show that, relative to this 
ontology, 

,/\x Px l=/\x,Px 

but that it is not true that 

, /\ x Px 1-/\ x , Px . 

(The theorem of the soundness of the predicate calculus in relation to the standard ontol­
ogy can be used to prove the latter assertion.) 

The completeness proof given in this chapter breaks down for this non-standard ontology 
because not all the predicates 3 (p) (cf. 4.3, Dei. 1) exist. Show this for the case 
m = \Px, ,pyl, where y * x. (Show also that this set is consistent.) An analysis of the 
completeness proof shows that we only need to assume that, in the ontology we are tak­
ing as a baSiS, the predicates and functions defined in 4.3, Def. 1 and Def. 2 exist for 
every consistent set m. It has been shown that there are non-standard ontologies in 
which this requirement holds. 

3. Prove the following extension of the L6wenheim-Skolem theorem: If a set m of ex­
pressions which do not contain the equality sign possesses a model, then it has a model 
over a denumerable domain. Suggestion: Add to m all expressions of the form x = y, 
where x, yare distinct individual variables. 

4. Give an axiom system for fields of characteristic zero in the language of predicate 
logic, taking 0, 1, +, • as primitive notions. Show that every theorem of the theory of 
fields of characteristic zero (i.e. every specific statement - cf. Chap. I, § 3.9 - which 
follows from this system of axioms) also holds for all fields with a sufficiently high 
(prime) characteristic. 

~ The fields of characteristic zero cannot be characterised by finitely many axioms 
within the framework of predicate logic. 
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6. Prove that: If a polynomial in several variables with whole-number coefficients 
is irreducible over every field of characteristic zero, then it is also irreducible over 
every field of sufficiently high (prime) characteristic. 

7. If, for every n, there is a domain of individuals w with at least n elements such 
that the set !lJl of expressions is satisfiable over w, then!lJl is satisfiable over a denum­
erable domain of individuals. 

8. A group is said to be orderable if a two-place relation ~ can be defined in it which 
fulfils the order axioms ( the first three axioms in the axiom system for ordered fields 
given in 5.2) and the axioms x I\y I\z(x~ y -+ x + z ~ y + z 1\ z + x ~ z + y). Show that 
a denumerable group is orderable if every finitely generated subgroup is orderable. 
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In modern mathematics, such strong preference is given to the axiomatic method that 

this is often regarded as a characteristic of mathematics in general. We do not want, 

here, to go into the question whether and to what extent this point of view is justified. 

We do, however, want to explain to what consequences it leads as far as what we could 

call the "objects" of a mathematical theory are concerned. 

The axiomatic method consists in taking some axiom system ~ as a basis and obtaining 

consequences from ~. Such an axiom system ~ consists of "mathematical statements", 

which can be built up as statement forms (cf. Chap. I, §4.2) and which, in many cases, 

can be represented as expressions of the language of predicate logic. If the consequences 

are obtained by means of a calculus with the aid of rules (as is possible in predicate 

logic), then, as mathematicians, we are working entirely in a language with which we 

operate formally; in this case we speak of a formalised theory. 

The concept of a formalised theory can be regarded as a development of the concept of 

an axiomatic theory. We should note that the assumption that the consequences can be 

obtained from the axioms formally by means of rules is not an essential part of the con­

cept of an axiomatic theory. In fact the notion of consequence, as we constructed it, 

was at first defined not formally but semantically, with reference to concepts with a 

meaning such as those of a domain of individuals, a predicate and a function. The lang­

uage of predicate logic has the property that this semantic notion of consequence is 

equivalent to a syntactic notion of derivability. However, there are languages with a 

semantic notion of consequence which cannot be replaced by an equivalent notion of de­

rivability. An example of such a language is the language of second-order predicate 

logic, the essentials of which we shall introduce in § 1. 

By what we have just said, an axiomatic theory which has a semantic notion of conse­

quence is, basically, concerned with meaning and content. We can hold on to this fact 

if we want to find out what on earth such a theory is talking about. An axiom system ~ 

determines which interpretations are models of~. The idea of saying that the "objects" 

of a mathematical theory based on a system of axioms ~ are the set of the models of ~ 

comes to mind very easily. For example, the "objects" of group theory are the models 

of the axiom system for group theory, i. e. the groups. 
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As far as the objects dealt with by them are concerned, we can detect two extreme 

tendencies in different mathematical theories: (1) There are theories like group theory 

and other modern mathematical theories which deal with very "many" objects; their 

wide applicability is due to this fact. (2) Other theories were built up with the intention 

of dealing with as few objects as possible, and in certain cases with only one object, 

so that such a theory "characterises" the given object. Geometry and arithmetic are 

of this nature. 

In this chapter, we want to investigate the situation in arithmetic more thoroughly. In 

doing this, we shall find that: 

(a) Peano' s axiom system cannot be written down in the language of predicate logic; 

in order to write it down, we need the language of "second-order logic". We shall build 

up this language and its semantics in § 1. 

(b) It is not possible, either in the language of predicate logic or in the language of 

second-order logic, to lay down any system of axioms which possesses only one model. 

On the contrary, if an interpretation is a model of a particular axiom system, then so 

is every interpretation which is isomorphic to it (§ 2). Thus, at the very best, an axiom 

system can determine an interpretation uniquely up to isomorphism. 

(c) Peano' s axiom system, written down in the language of second-order logic, is 

categorical (cf. Chap. I, §4.3). In this sense, the natural numbers can be characterised 

in the language of second-order logic (§ 3) • 

(d) Although Peano' s axiom system cannot be written down in the language of predicate 

logic, we can, in a fairly obvious way, replace it by an infinite axiom system which be­

longs to the language of predicate logic and which we could, at first sight, expect to 

characterise the natural numbers uniquely up to isomorphism. However, appearances 

are deceptive; for we can show that every axiom system in the language of predicate log­

ic possesses, as well as this "natural interpretation", a model over an uncountable do­

main of individuals which is not isomorphic to the natural interpretation. Thus, in this 

sense, the natural numbers cannot be characterised in the language of predicate logic. 

As a corollary, we prove the incompleteness of second-order logic (§ 4) • 

§ 1. The language and semantics of second-order logic 

Peano's axiom system (cf. Chap. I, § 3.7) is not formulated in the language of predicate 

logic; for the induction axiom makes a statement about all predicates. In order to do 

this, it is necessary to generalise a predicate variable; but, in the language of predi­

cate logic, this is not allowed. If we make provision for this possibility, we obtain a 

language of what is called second-order logic. 
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The language of second-order logic is an extension of the language of predicate logic 

(first-order logic). It is this language (or, in fact, only a part of it; cf. the remark 

in 1. 1) which we are going to present here. In doing this we shall, for the sake of brev­

ity, limit ourselves to stating explicitly the points in which the language of second-order 

logic (g2 for short) differs from the language of predicate logic (g1 for short). 

1.1 The expressions of g2:'" We use the same symbols as in g1. The notion of a term 

is taken over from g1' and so is that of an atomic expression. In the formation of ex­

pressions, we want also to allow predicate variables to be generalised (and not only in­

dividual variables, as in g1). 

We could go further than this and also allow function variables to be generalised. An­
other possibility, which we shall not take up here, is the use of new symbols, which are 
second-order predicate variables (or function variables, as the case may be). If, for 
example, P were.a one-place second-order predicate variable and P a normal one­
place prediCate variable, then we could use f P as an additional atomic expression (we 
could say that P P is obtained from P x "by raising the order"). We do not want to go 
into the question of the different possible "types" of such second-order variables. In 
S3a, these new second-order variables may"not be generalised (otherwise we should have 
a language g3). -

We can achieve this by adding to the rules of the expression calculus (Chap. II, 9 1.5) 

the following new rule: 

R ul e 5. We are allowed to pass from a row of symbols' to every row of symbols 

A P" where P is an arbitrary predicate variable. 

As variables for expressions of Q2 we use Greek letters, as we did for expressions 

of Q1. 

1. 2 Models and the relation of consequence. We take over from Q1 the notion of a do­

main of individuals wand the notion of an interpretation 3 (Chap. III, § 2). We also 

take over the definition of the relationship Mod 301: however, we have to supplement 
w 

this to include the case that an expression begins with a generalised predicate variable 

P (i.e. with Ap). The definition is analogous to our earlier definition for the case that 

an expression begins with a generalised individual variable x (i. e. with Ax). If '13 is 

a variable for predicates with the same number of places as P, then, in analogy to 3~, 

we introduce the notation 3~. 3~ is to be an interpretation over the same domain of x 

individuals as 3; it is to interpret all variables which are different from P just as 3 
does; and, finally, it is to be such that 

Using this notation," we supplement the definition in Chap. III, §2.3 by: 
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Mod 31\p~ 
w if and only if for every ~: MOdw3~Q' • 
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Thus, we have defined the notion of a model for arbitrary expressions ~ of 1l 2 • With 

the aid of this notion of a model, we can define the notion of consequence and the notion 

of universal validity in the usual way (Chap. III, § 2.4). 

1. 3 Equality. An example of a universally valid expression is the expression 

x=y.,..l\p(PXfo+Py), 

where P is a one- place predicate variable and x and yare distinct individual vari­

ables:L • 

(*) expresses Lei b n i z I s identitas indiscernibilium. (We could take (*) or the more 

general expression t 1 = t2 ... 1\ p (p t 1 ~ P t 2) as a definition of equality. ) 

We must show that every interpretation 3 is a model of (i~). In order to do this, we have 

to prove (cf. also Chap. VII, § 1.3) that: 

(a) 

(b) 

If MOdw3x = y, then Modw3 1\ p (p x ... P y) , 

If not Mod 3 x = y, then not Mod 3 1\ p (p x ... P y) • w w 

to (a): Let Mod 3x = y. Then 3(x) = 3(y). If ~ is an arbitrary one-place predicate, 
- w 

then we have to show that MOdw3~(pxt'+PY), i.e. that MOdw3~PX if and only if 

MOdw3~P y. But this follows immediately from the fact that 

to (b): Suppose that not Mod 3x = y, i.e. that 3(x) :j: 3(y). Then there is a one-place 
- w 
predicate ~ which fits 3(x) but does not fit 3(y). With this ~, clearly MOdw3~P x 

but not MOdw3~P y, hence not MOdw3~(P x ++ P y), and therefore also not 

Mod 3l\p(px++ Py). 
w 

1. 4 Rules of inference. In 4.5 we shall discover that there is no system of rules by 

means of which we can, as in ordinary predicate logic, derive all the consequences of 

an arbitrary set of expressions. Thus, every finite system of correct rules is neces­

sarily incomplete. For this reason, we shall refrain here from giving rules of inference 

for second-order logic. 

:L Here, we take (~ ... ~) as an abbreviation (cf. Chap. II, § 1.5). 
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Exercises. 

P r el i m i na r y. In the following, let P, Q, R and x, y, z be pairwise distinct. V, 
-+, ~ are to be regarded as abbreviations • 

.!..:. Find whether or not the following expressions are universally valid: 

(a) !\ P V x Px 

(c) (/\PPx-+Qx) 

( e ) 1\ P 1\ x 1\ y (x = y -+ -, (Px 1\ -, Py» 

(b) Vpl\ x Px 

(d) I\p (!\x Px-+ Qy) 

(f) I\R!\x VP I\y (Rxy f+ Px) • 

2. In 1. 3 we showed that identity can be defined in second-order logic. Confirm that the 
following expressions are also possible definitions of x = y: 

!\p (Px -+ Py), ;\R (I\x Rxx -+ Rxy} , I\R (Rxy -+ Ryx} , 

I\R (Rxy -+ Vy Rxz). I\R (I\y Rxy -+ Ryx) • 

3. Show that the following expressions possess only models with finite domains of in­
dividuals: 

(a) I\R( I\x I\y 1\ z 1\ u(Rxy 1\ Rzu -+ (x = Z f+ Y = u)} 1\ 1\ x VyRxy -+ 1\ y V xRxy} 

(b) I\R( I\x;\y 1\ z(Rxy 1\ Ryz -+ Rxz} 1\ 1\ x -, Rxx 1\ V x VyRxy -+ V x I\y -, RXy} • 

Show also that the given expressions possess models over every finite domain of indivi­
duals. 

4. Show that the negations of the expressions given in Exercise 3 are satisfiable pre­
cisely over the infinite domains of individuals. 

5. The compactness theorem does not hold in second-order logic. Hint: Exercise 3 
and Chap. III, § 2, Exercise 5 (c) • --

.2..:.. Extend second-order logic by adding a new quantifier mx, meaning for infinitely 
many x. Find an expression 01 of second-order logic in which m does not occur, such 
that 1= 01 t+ mxpx. 

§ 2. Isomorphic interpretations. Categoricity of axiom systems 

2.1 Algebras. By an algebra we mean, in the simplest case, a finite sequence 

where w is a (nonempty) domain of individuals and each (,\I. is either a function over w 
J 

or a predicate over w. w is called the underlying set of u and (,\11' ••• ,(,\Is are called 

the primitive notions of u. It is often convenient to use another notation for the algebra 

(i), by introducing the "indexing set" I = ! 1, .•. ,s f and writing 

(ii) 

More generally, we can, in (ii), admit arbitrary (and possibly infinite) indexing sets, 

and thus obtain the most general concept of an algebra. 
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Example: The algebra CiO = (wo ' n, n, where wo is the set of the natural numbers, n 

is the zero element (i.e. a no-place function over wo) and T the one-place successor 

function, which assigns to every number as its value the number which succeeds it. If 

we want to write this algebra in the form (ii), then we can choose the indexing set \1, 2) . 

In connection with predicate logic, another possibility arises: If we want to symbolise 

statements about the given algebra CiO' we shall introduce an individual variable x as a 

symbol for n and a one-place function variable f as a symbol for T. If we now choose 

an interpretation 30 over wo such that 30 (x) = nand 30 (f) = T, then we can represent 

CiO in the form (wO' 30 (x), 30 (f) >, where lx, f) appears as the indexing set. 

This example can be generalised: Every interpretation 3 over a domain of individuals 

ill and every set !Il of variables corresponds to a uniquely determined algebra 

The primitive notions of this algebra are the 3( v) with v E!Il. It is evident that 

if and only if !Il =!Il' and 3 = 3' 
!Il 

(for the notation = d. Chap. III, § 3.1). 
!Il 

2.2 Isomorphisms of algebras. The concept of an isomorphism which is familiar to us 

from group theory and field theory can be generalised for arbitrary algebras. A 1-1 

mapping <i> from w onto w' is called an isomorphism from the algebra (ii) onto the al­

gebra 

(ii) , Ci' = (w', !(i, Ql!): iEl) 
1 

if the following conditions hold: 

(a) for every i E I, Qli is a function or a predicate respectively if and only if 

Qli is a function or a predicate respectively, 

(b) for every i E I, Qli and Qli have the same number of places, 

(c) if Ql. is an r-place predicate over w then, for all r 1, ..• , r E w, 
1 r 

Ql. fits r 1, .•• , r if and only if Ql! fits <i>(r 1), ••. , <i>(r ), 
1 r 1 r 

(d) If Qli is an r-place function over w then, for all r 1' ••• ' r r E w, 

<i>(Ql.(r 1, .•• ,r )) =Ql!(<i>(r 1), •.. ,<i>(r )).2 
1 r 1 r 

2 We could take the concept of an isomorphism even more generally, by allowing Ci and 
Ci' to have different indexing sets. 
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If Qji is a no-place function. then condition (d) becomes 

Conditions (a) and (b) are independent of~. We say that G. and G.' are of the same 

~ if these conditions hold. If 3 and 3' are arbitrary interpretations and ~ is any 

set of variables. then the algebras G. and G.' are clearly of the same type. Thus. 4> is 

an isomorphism from G.~ (3) onto G.~ (3') if and only if 4> is a 1-1 mapping from w onto 

w' (where. naturally. w is the domain of individuals which belongs to 3 and w' that 

which belongs to 3') which satisfies the following conditions: 

(c') 3(p) fits r 1' •••• rr iff 3' (p) fits 4>(r 1).···. 4>(rr) 

for every r-place P E ~ and all r l' •••• r r E w. 

foreveryr-place fE~ and all r 1 ••.•• r Ew. 
--- r 

In particular. (dO) becomes 

(dO) 4>(3(x» = 3' (x) for every xE~. 

Two algebras G.. G.' are said to be isomorphic if there is an isomorphism from G. onto 

G.'. The relation of being isomorphic is reflexive. symmetric and transitive. 

Lemma 1. Let 4> be a 1-1 mapping from the domain of individuals w onto the domain of 

individuals w'. Let 3 be an arbitrary interpretation over w. Then there is an interpre­

tation 3' ~ w' such that! for an arbitrary set of variables ~. 4> is an isomorphism 

from the algebra G.~ (3) onto the algebra G.~ (3' ) • 

Proof. We can take the conditions (c') and (d') as the definition of 3'. 

2.3 The model relationship in the case of isomorphic algebras G.~~~~ 

Lemma 2. Let 4> be an isomorphism from G.~(3) onto G.~(3'). Let ~(t = t) \,;;~. Then 

we have 

(* ) 

Proof by induction on the structure of t: 

If t is an individual variable. then (*) is the same as 2.2 (dO)' 

If t = ft 1 ••• tr is a compound term. then 
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CP(::\(ft t •• .tr )) = CP(::\(f)(::\(t 1),··· ,::\(tr ))) 

= 3' (f) (cp(3(tt))'···' cp(3(tr ))) 

= 3' (f) (3' (tt)'··· ,3' (tr )) 

= 3' (ftt·· .tr ) • 

(Chap. III, §2.2) 

(2.2(d')) 

(induction hypothesis) 
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Lemma 3. Let 1> be an isomorphism from am(3) onto am(3'). Let r be an element of 

the domain of individuals w which belongs to 3. Then 1> is also an isomorphism from 
a ( r) a ( ,q,(r)) -

m u ! xl 3x onto m u ! x l 3 x • 

Proof. By hypothesis, we need only test for the variable x whether or not the condi­

tions for isomorphism hold. By 2.2 (dO) we must, in this case, show that 1>(3r (x)) = 
= 3,1>( r) (x). But both sides are equal to 1>( r) • x 

x 

Lemma 4. Let 1> be an isomorphism from am (3) onto am (3' ). Let ':p be a predicate 

over the domain of individuals w which belongs to 3. Let 1>(':p) be the predicate over 

the domain of individuals w' (corresponding to 3') defined by: ':p fits r t ' ••• , riff -- r-
1>(':p) fits 1>(r t ), ••• ,1>(r ) (foral! rl, ••• ,r EW). Then 1> is also an isomorphism - r r -- -

from umulpl (3~) onto amulpl (3'~(':p)), where P is an arbitrary r-place predicate 

variable. 

Proof. By hypothesis, we need only test for the variable P whether or not the condi­

tions for isomorphism hold. But, in this case, they correspond exactly to the definition 

of 1>(':p). 

Isomorphism theorem. Let am(3) be isomorphic to am(3'). Let a be an expression 

(of the first or second order) such that m(a) >;; m. Then 

Mod 3 a if and only if Mod 3' a • 

(Briefly: Isomorphic algebras are either both a model or both not a model of a "specific" 

expression. ) 

Proof. We show by induction on the structure of a that the above equivalence holds 

for arbitrary m, 3, 3', provided am(3) is isomorphic to am(3'). 

t) Let a =' P tt ••• tr be a predicate expression such that m(a) >;; m. 

Mod 3 Pt1" •• t r iff 3(p) fits 3(t l ), ••• ,3(tr ) 

iff 3'(p) fits cp(3(tt), •• ·,cP(3(tr )) 

iff 3' (p) fits 3' (tt)'··· ,3' (tr ) 

iff Mod::\'Ptt .•• t r • 

(2.2 (c')) 

(Lemma 2) 
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2) Let a == t1 = t2 be an equation such that !B(a) !;;;!B. 

Mod 3 tl = t2 iff 3(t1) = 3(t2) 

iff 1f>(3(t1)) = 1f>(3(t2» (If> is 1-1) 

iff 3' (t1) = 3' (t2) (Lemma 2) 

iff Mod 3' t1 = t2 • 

3) Let a ==, ~ be a negation such that !B(a) £:!B. Then also !B(~) I:: !B. 

Mod 3, ~ iff not Mod 3 ~ 

iff not Mod 3'~ (induction hypothesis) 

iff Mod 3' , ~ • 

4) If a == (a 1 " a2 ) is a conjunction such that !B(a) £:!B, then !B(a1) !;;;!B and !B(a2) ~ 21. 

We prove the required assertion as in 3). 

5) Let a ==;\~ be a generalisation such that !B(a) !;;!B. Then !B(~) £: 21 U Ix!. 

Mod 3 Ax~ iff (for all rEw) Mod3r~ x 

iff (for all r E w) Mod 3' tJ>(r)~ 
x 

(induction hypothesis, Lemma 3) 

iff (for all r' E w,) Mod ~,r'l3 
x 

(If>(w) = w,) 

iff Mod 3' !\x~ • 

6) If a == A PI3 (only in the case that a is a second-order expression) is a generalisation 

such that !B(a) ~!B, then !B(~) I:: 21ulp!. We prove the assertion as in 5), using Lem­

ma 4. For the purposes of the proof, note that, as 'l} runs through all the r-place 

predicates over w, <I>('l}) runs through all the r-place predicates over w'. 

2.4 Categorical axiom systems. A set 15 of (first- or second-order) expressions may 

be regarded as an axiom system. The set of the primitive notions of 15 is 

!B(I5) = U !B(a). An algebra u21 (3) is said to' be a model of 15 if 21(15) !:; 21 and Mod 315. 
aEI5 

By the isomorphism theorem which we have just proved we see that, if a given algebra 

is a model of an axiom system 15, then so is every_algebra which is isomorphic to it. 

An axiom system 15 is said to be categorical [c- categorical (where c is a finite or in­

fini te cardinal number)] if there is an algebra u which is a model of 15 [and whose un­

derlying set has cardinality cJ and if any two algebras [whose underlying sets both have 
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cardinality cJ which are models of 15 are isomorphic to each other. Thus, a catego­

rical axiom system determines a model uniquely up to isomorphism, and a c-catego­

rical axiom system together with the cardinal number c determines a model uniquely 

up to isomorphism. A categorical axiom system is c-categorical for some c> 1. 

Exercises. 1. Show that the following axiom system is categorical (let x * y): 

J\xPx, J\xJ\y x = y. 

2. Show that the following axiom system is not categorical (let x, y, z be pairwise 
distinct) : 

J\ x Rxx, J\ x A y(Rxy ~ Ryx) , Ax A y A z (Rxy /\ Ryz ~ Rxz) , 

AxJ\yAz(x = yV y = z V x = z), VxVy(x ~y). 

Determine the number of non-isomorphic models. 

~ Find out whether the axiom system 

/\ x A y A z (x = y V Y = z V x = z), V x V y (x * Y /\ Px /\ ..., Py) 

is categorical (let x, y, z be pairwise distinct). 

4. Find the number of non-isomorphic models of the following axiom system (let 
X:l., ••• ,X4 be pairwise distinct) : 

A X:l. A X2 A X3 J\ X4 (X:l. = X2 V X:l. = X3 V X:l. = X4 V X2 = X3 V X2 = X4 V Xa = X4) , 

VX:l. VX2 (X:l. ~ X2 /\ PX:l. /\..., PX2) • 

§ 3. The characterisability of the natural numbers in the language of second-order 

predicate logic 

3.1 Survey. We take as a basis our thoughts in Chap. I, § 3.7 about Peano' s system of 

axioms. This axiom system can be formulated in the language of second-order logic. 

The primitive notions of the axiom system are nought and successor of. We must re­

present these primitive notions by an individual variable and a one-place function vari­

able. In order to fit in with the usual notation, we shall denote the individual variable 

which stands for nought by "0" and the one-place function variable which stands for 

successor of by " , ". Moreover, as is customary, we shall write "x' "instead of" 'x", 

and so on. 

We assume that x and y are individual variables which are different from each other 

and from o. With the aid of a one- place predicate variable P, Peano' s axiom system 

can be represented as follows in the language Q2 of second-order predicate logic (here, 

we take ~ as an abbreviation; cf .. Chap. II, § 1.5) (see also Chap. I, § 3.7): 
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P1 

P2 

P3 
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I\xx' :j::0 

I\x/\y(x' = y' -+ x = y) 

/\p(POl\l\x(Px-+'Px') -+l\xPx). 

Let 150 be the set of these axioms. 

Theorem. Peano's second-order axiom system 150 is categorical. "The natural num­

bers can be characterised up to isomorphism in the language of second-order logic. " 

Proof. Let nO = !8(150 ) = 10, 'I. Let ~ (31) and u!8 (32) be two models of 150 • We 
o 0 

want to show that these algebras are isomorphic. Let w1 be the domain of individuals 

which belongs to 31 and w2 that which belongs to 32• For the sake of brevity, let us 

write: 

31 (0) =n 1, 

31 (,) = T l' 

32(0) = n2 , 

32 (,) = T 2 • 

The fact that the two algebras are isomorphic follows from the 

Theorem. There is a 1-1 mapping 4l from w1 onto w2 such that 

~(n1) = n2 

~(T1(d) = T2(4l(r» for all t' in w1 • 

This theorem follows from the following Lemma (which is formally weaker), which we 

shall prove in 3. 5 • 

Lemma 1. There is a mapping ~ from w1 into w2 such that (*) and (**) hold. 

From this Lemma we obtain the above theorem as follows: Since the assumptions about 

n1, T1 and n2, '2 are symmetrical, there also exists a mapping 'f from w2 into w1 
such that 

(*, ) 

(**' ) 

In 3.3 we show that 

(***) 

Hn 2) = n1 

t(T 2(n» = T 1 (Hn» 

By symmetry, we also have 

(***' ) ~(. (n» = n 

for all n in w2 • 

for all t' in w 1 • 

for all n in w2 • 
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Now if <i>(r 1) = <i>(r 2), then *(<i>(r 1» =*(<i>(r 2» and hence, by (*,~,~), r 1 =r 2• Thus, 

<i> is 1-1. In order to prove the above theorem we must also show that <i> is a mapping 

from wi onto w2 ' i. e. that every element of w2 is an image under <i> of an element 

of wi. Let n be an arbitrary element of w2 • Then, by (,~**,), n = <i>( * (n», i. e. n is 

the image under <i> of the element * (n) of wi. 

3.2 Induction over the natural numbers. The method of proof by induction over the natu­

ral numbers rests on the fact that the interpretation 3 of which we are thinking is a 

model of the induction axiom P3. For the following, let us take as a basis the interpre­

tation 3 1 (which is assumed to be a model of P3)" If fl is an arbitrary one- place pre­

dicate over wi' then, by 1.2, the interpretation 31~ is a model of 

PO 1\ J\x(PX-7 Px') -7 J\xPx. This means: 

If 31~ is a model of PO and of J\x(p x -7 P x' ), then 31~ is also a model of J\x P x • 

If we analyse this statement further by means of the definition of a model, we finally 

obtain: 

If fln13 and (if flr, then flT 1(r» for all r, then flr for all r in wi" 

Let us assume that, for the property fl, we could prove both the following assertions: 

(1) 

(2) 

Then we should obtain 

(3) 

fln 1 • 

If flr, then flY 1 (r) - for all r in wi· 

flr for all r in Wi • 

The passage from (1) and (2) to (3) is called proof by induction over the natural num­

bers. This method of proof can be used in order to show that a property fl fits all the 

elements of wi. 

3.3 Proof of (***). We choose the property fl which fits an element r of wi if and only 

if * ( <j>( r» = r" In order to prove (***) by induction over the natural numbers, it suf­

fices to prove the statements (1) and (2) for the property fl. 

to (1): 

= n 1 

(by (*» 

(by (*'» 

3 This is to be an abbreviation for the statement that fl fits n 1 • 
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to (2): Let H w(r» = r; then we have: 

v(w(T 1(r))) = '(T 2(Hr») 

=T 1(v(w(r») 

='1(r) 

(by (**» 

(by (**'» 

(by hypothesis) 

3.4 Peano relations. By way of preparation for the proof of Lemma 3.1 let us consider 

relations !lI which can hold between elements of w1 and elements of w2 (i.e. whenever 

!lI r n, it is always the case that r E w1 and n E w2). We call such a relation a Peano re­

lation if it fulfils the following two conditions: 

(i) 

(ii) 

!lI n 1 n2 • 

If !lI r n, then !lI, 1 (r H 2 ( n) - for all r E w 1 and nEw 2 • 

Let !lIO be the intersection of all the Peano relations, i.e. let 

!lIor n if and only if !lI r n for all Peano relations !lI. 

It follows from the definition of !lIO that: 

(4) If !lIOr nand !lI is a Peano relation, then !lI l' n • 

We assert: 

(5) !lIo is a Peano relation. 

Thus, !lIO is "the smallest Peano relation". In order to prove (5), we must show that 

!lIO fulfils the conditions (i) and (ii). 

!2. (i): For every Peano relation !lI we have !lIn 1n2• Hence !lIOn~n2. 

to (ii): We assume that !lIorn and have to show that !lIOT 1(r)T2(n). Thus, we must prove 

that !lI T 1 (r H 2(n) for an arbitrary Peano relation!ll. Let !lI be an arbitrary Peano rela­

tion. Then !lIr n , because !lIOrn [see (4)], and hence !lIT 1(r)T 2(n), since!ll is a Peano 

relation. 

The smallest Peano relation !lIO has the nature of a function, i. e. : 

(6) For every element r of w 1 there is exactly one n in w2 such that !lIOr n. 

We prove this assertion by induction over the natural numbers (3.2) 4. In order to do 

this j we have to prove that: 

4 It is here and only here that we use the fact that 3~ is also a model of P1 and of P2. 
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(a) There is exactly one n in w2 such that !ROn 1n. 

(b) If, for some I' in w1, there is exactly one n such that !ROr", then there is exactly 

one a in w2 such that !ROT 1 (r)a. 

to (a): Existence. !RO"1"2' since!RO is a Peano relation. 

Uniqueness. Suppose that !ROno. We have to show that 0 ="2' We prove this in­

directly by assuming that 0 * n2 • Then we define a relation !RO I by requiring that, for 

arbitrary r, ", 

!Ro I r" if and only if !ROr" but not also I' = "1 and " = o. 

Then, certainly, not !RO '" 10. !RO I is a Peano relation: in order to show this, we must 

prove (i) and (ii) for it. 

to (ii): Let !RO'r". We need to show that !Ro'T 1{r)T 2{"). We do this as follows: We 

have !ROr" (since !RO I I' ") and hence !RO T 1 (I' ) T 2 (") (since !RO is a Peano relation). In 

order to prove that !RO I T 1 (r ) T 2 (") we now have to show that T 1 (r) =" 1 and T 2 (") = 0 

do not both hold. But T1{r) =1="1' since 31 isamodelofP1. 

Now, by applying (4) to !RO and the Peano relation !RO I, we see that !RO I r" whenever 

!ROr ". But this contradicts our assumption that !RO" 10 but not !RO '" 10. 

to (b): We assume that for r in w1 there is exactly one " such that !ROr", We assert 

that there is then exactly one a such that !RO T 1 (I' ) a ' 

Uniqueness. We assume that, as well as !ROT 1{r)T 2 ("), also !ROT 1 (r)a fora a 

such that T 2 (") * a, We must refute this assumption. In order to do this, we define a 

relation !RO I by requiring that, for arbitrary u, 0: 

!Ro 'u 0 if and only if !ROU 0 but not also T 1 (I') = U and a = 0, 

Then, certainly, not !RO 'T 1 (I') a, !Ro I is a Peano relation j in order to show this, we must 

prove (i) and (ii) for it. 

to (i): !RO' "1"2' since !RO"1n2 but not also T1{r) =n 1 and a =n 2 , For T1{r) *"1' 

since 31 is a model of Pi. 
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1iQ (ii): Let !ltO' U o. We need to show that !ltO' T 1 (u) T 2 (0). We do this as follows: We 

have !ltOuo (because !ltO'uo) and hence !ltOT 1(U)T 2(0) (since!ltO isa Peano relation). 

In order to show that !ltO' T 1 (u) T 2 (0), we therefore have to show that T 1 (r) = T 1 (u) and 

a = T 2(0) do not both hold. If T 1 (r) = T 1 (u), then we should have r = u, since 31 is a 

model of P2. Thus, we should have !ltOr o. But then, by the assumption at the beginning 

of "!9. (b) ", 0 = n. Now if, also, a = T 2(0), then we should have 8 = T 2(n), which 

would contradict the assumption about a. 

If we now apply (4) to !ltO and the Peano relation !ltO', we see that !ltO' T 1 (r ) n whenever 

!ltO T 1 (r ) n. But this contradicts our assumption that !ltO T 1 (r ) 8 but not !ltO' T 1 (r ) 8 • 

3.5 Proof of the Lemma in 3.1. We have just seen that the Peano relation !ltO has the 

nature of a function. Thus, for every r in w1, there is exactly one n in w2 such that 

!ltOr n. Thus, there is a function ~ which is defined for every r in w1 and which assigns 

to the element r in w1 that n in w2 for which !ltOr n. By"this definition, ~ is a mapping 

from w1 into w2• Moreover, by reason of the definition of~, we have the relation 

In order to prove the Lemma, we must prove (*) and (**). (*) follows from 

(by (::» 
(since !ltO is a Peano relation) 

and the fact that !ltO has the nature of a function. (**) follows from 

!ltor ~(r) 

!ltOT1(rH2(~(d) 

!ltOT1(d~(T1(d) 

(by (U» 

(since !ltO is a Peano relation) 

(by (::» 

and the fact that !ltO has the nature of a function. 

Exercises. 1. Show that the following axiom system (with the primitive notions u, R) 
is categorical (let u, x, y, z and R, S be pairwise distinct) : 

where 

a, J\S(a'" ~ ..... ~), I\x J\y(Rxy V x = y V Ryx) , 

a :: I\x.., Rxx 

" 1\ x 1\ y J\ z (Rxy " Ryz .... Rxz) 

"I\x Vy(Rxy" 1\ z.., (Rxz " Rzy» 

" I\x(x = u V Rux) , 

~ ::l\xJ\y(Rxy .... Sxy) , 
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and Ct' is obtained from Ct by replacing R by S; ~' is obtained from ~ by exchanging 
Rand S. 

Hi n t. First of all, check that a model of the above axiom system over the domain of 
the natural numbers is obtained by interpreting u as nought and R as the less-than 
relation. It is thus sufficient to show that every model is isomorphic to the given one. 
(The natural numbers could be characterised by the axiom system in this exercise in­
stead of by Peano' s axiom system.) 

2. Express, in second-order language, that R is an order relation without a last ele­
ment whose proper initial segments are finite (for this cf. also § 1, -Exercise 6). Show 
that the axiom system obtained in this way is categorical. Compare the models of this 
axiom system with the models of the axiom system in the previous exercise. 

3. Find a categorical second-order axiom system for the whole numbers with the prim­
itive notion < . 
4. Let P be a one-place predicate variable. Find a second-order expression 01 with no 
free individual variables such that Mod ~Ct if and only if ~(p) fits denumerably many 
elements. 

5. Find a second-order expression a such that 1= 01 if w is uncountable and F -; 01 
- W w 
if w is at most denumerable. (This shows that the LOwenheim-Skolem Theorem, 
Chap. V, § 6.3, does not hold in second-order logic. ) 

6. Find a second-order expression a which characterises the fields of characteristic 
nought (cf. Chap. V, § 5, Exercise 5). 

§ 4. The non- characterisability of the natural numbers in the language of predicate logic 

4.1 Arithmetic within second-order logic. In § 3 we showed that Peano' s axiom system 

6 0 is categorical, i.e. that any two models of 6 0 are isomorphic. Since, by the theo­

rem we proved in 2.3, we cannot distinguish between isomorphic algebras by means of 

the concept of a model, one model of 6 0 is as good as another as far as arithmetic is 

concerned; all models of 60 have an equal right to be regarded as natural numbers. 

For the following, we choose a fixed algebra aO = a!2l (~O) = (wo' nO' TO> which is a 
o 

model of 60 , It is this to which we are referring when we speak of the (uniquely deter-

mined only up to isomorphism) natural model of 60 , In this connection, we shall talk 

of the elements of Wo as the natural numbers. 

4.2 Arithmetic within predicate logic. In § 1 we noted that the induction axiom, and thus 

Peano's axiom system, are not formulated in the language of predicate logic. However, 

many arithmetical statements can be formulated in the language of predicate logic. It 

is, therefore, natural to ask whether there is an axiom system, expressed in the lan­

guage of predicate logic, of which all those statements of predicate logic which are val­

id for the natural numbers are consequences. The existence of such a system of axioms 

would carry with it the advantage that we could make use of the predicate calculus to 

derive the arithmetical statements which followed from it; for we have not given any 

derivation calculus for the language of second-order logic. This is not merely a tempo­

rary deficiency of this language; for we can show - in fact, as a corollary to the main 
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theorem of this section (4.3) - that there is no adequate (i.e. both correct and com­

plete) notion of derivation for the language of second-order logic. 

We restrict ourselves at first to the arithmetical statements in the primitive notions 

which occur in Peano I s axiom system. With regard to the addition of further primitive 

notions cf. 4.6 and the exercise. 

We might at first think that any attempt to replace the induction axiom by axioms which 

can be written down in predicate logic must be doomed from the start, since the induc­

tion axiom says something about all properties. On the other hand it is also clear that 

the mathematician, in dealing with arithmetic, does not have to be interested in all prop­

erties; for the only properties which arise in arithmetic are those which can be formu­

lated by means of the primitive notions of arithmetic, i.e. by means of the notions 0 

and I (and, of course, the use of logical means of expression). Any such property can 

be described by an expression 01 of predicate logic, which contains exactly one free 

variable x (apart from the primitive notions). Here we assume, for the sake of simpli­

city, that x does not occur bound in 01. (For then we can operate with normal substitu­

tion, whereas otherwise we should have to make use of extended substitution.) We write 

OI(t) for the expression which is obtained from 01 by substitution of t for x; thus 

OI(X) = 01. The property 1301 over the domain wo of the natural numbers (cf. 4.1) which 

is associated with such an 01 is defined as follows: 

1301 fits r if and only if Mod 30~ 01 • 

The induction axiom P3 states, for the property 1301: 

(*) If 13 fits "0 and if, whenever 13 fits some natural number r, it always also fits 01 01 
its successor TO (r ), then 1301 fits every natural number. 

But we can also obtain the statement (*) by using, instead of P3, the first-order axiom 

P3 : 01 01(0) 1\ 1\ X(OI(X) -t OI(X')) -t I\XOl. 

(Note that P3 contains only 0 and I as free variables.) For then we have, first of all, 
01 

But, by the substitution theorem (Chap. III, § 3.2), 

(2) 
"0 

Mod 30x 01 if and only if Mod 30 01 (0) 

and 

(3) 
[3 [(x') 

Mod 30 x xO x 01 if and only if Mod 30 ~ OI(X ' ) • 
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But clearly 

(4) 

From (1), .•. , (4) we see that the left hand side of (**) is the same statement as (*). 

These considerations show that, for every property ~ 0/ which can be formulated in 

arithmetic, we can replace the induction axiom P3 by the first-order axiom P30/. Thus 

we could expect that P3 could be replaced by the set of all these P30/' s in such a way 

that the resulting system of axioms E'b' would have the same models as Peano' s system 

of axioms 60 • Thus, we would have transformed Peano' s axiom system into an equi­

valent system of axioms in the language of predicate logic. However, we find that 60 ' 

is not equivalent to 60 ; 60 ' has more models than 60 • 

In fact, it is not possible by any means whatever to replace 60 by an axiom system 6 

in the language of predicate logic in such a way that 60 and 6 have the same models. 

This is an immediate consequence of a theorem of S k ole m, to which we shall now 

turn our thoughts. 

4.3 The main result of this section is the following 

Theorem of Skolem. Let 6 be an arbitrary set of expressions of predicate logic such 

that !B(6) =!BO = \0,' I. Let GO = G!B (30 ) = (000 , nO' TO> (cf. 4.1) be a model of 6. 
o 

Then there is an algebra G = G!B (3) = (000 , n, T> which is not isomorphic to GO and 
o 

such that G is a model of 6. Thus 6 is not ~O-categorical (where ~O is the cardinality 

of the countable set 000 ). "The natural numbers cannot be characterised up to isomorph­

ism (even by giving the cardinality of the domain of individuals) in the language of 

first-order logic. " 

As an immediate consequence, we obtain the following: 

The natural numbers cannot be characterised by an axiom system within the framework 

of the means of expression provided by predicate logic (Skolem). 

4.4 Proof of Skolem' s theorem. In the following, let u be '" fixed individual variable 

which is different from O. We assign a term tu to every u E 000 by means of the follow­

ing inductive definition 5: 

5 Here we make use of the fact that there is exactly one mapping tu from the set of the 
natural numbers into the set of terms which satisfies both the conditions below. 
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It is easy to show by induction that 

(***) 

for every u E wO. 

t ;: 0 
nO 

ty (u) ;: tu' • 
o 

Let U be the set of all the inequalities of the form u :j: tu with u E wO. 

Thus. U= !u:j:O. u:j:O'. U:fO" •••• !. 

Now we assert: 

(a) There is no u such that Mod 30 ~ U. 

(b) There is an interpretation 3 over Wo such that Mod 3 15 U U. 

Skolem's theorem follows from (a) and (b) as follows: u!8 (30 ) is not isomorphic to 
o 

u!8 (3). For. if it were. there would be an isomorphism ~ from u!8 (30 ) onto u!8 (3). 
o 0 0 

Then. by 2.3. Lemma 3. ~ would also be an isomorphism from U!80 U! u I (~O ~) onto 

( ~(u» 
u!8 U I u I 3 u for every u E W O. In particular. we could choose 

o 

Then we should have 3~(u) = 3. and therefore ~O U I u! (30 ~) and U!80 U I u ! (3) would 

be isomorphic. Now by (b) we have Mod 3 U. Then. by the isomorphism theorem of 

2.3. we should have Mod 30 ~ U. But this contradicts (a). 

It remains to prove (a) and (b). 

Proof of (a): We consider the property'll over Wo which fits u if and only if not 

Mod 30 ~ U. We have to prove that'll fits every u E Woe Because of P3 it suffices to 

show that: 

(1) 'll fits nO' and 

(2) If 'll fits some u. then'll also fits YO (u). 
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n 
to (1): We have to show that not Mod 30 uO u. In order to do this, we prove that not 

no. no 
Mod 30 u * t ,1. e. that Mod 30 u = t 

u no u no 

nO nO 
In fact, 30 (u) = no := 30 (t) . 

u u no 

to (2): Suppose that ~ fits u. Then there is an element u :j:: t of U such that not 
u 1 

Mod 30 u u * t ,i.e. such that Mod 30 u u = tu • Thus u = 30 (t ) = u 1• It follows 
u u 1 u 1 u 1 

that TO(U) = TO(U 1), and hence that Mod 30 ~o(u)u = t TO (U 1)' i.e. that not 

Mod 30 ~o (u) u * tT 0 (u 1)' This shows that not Mod 30 ~o (u) U. Thus, TO (u) has the 

property ~. 

Proof of (b): Let Xl' x2 ' x3' ••• be pairwise distinct individual variables. Let 

ct2=x2=FX1'ct =X 4ox1A ••• AX:fX lAct lforn~3,~ =Vx1 ••• Vxct for n n n n- n- n n n 
n ~ 2. Let 18 be the set of all the ~ (n ~ 2). Let ~ be an arbitrary finite subset of 

n --
15 U 18 U U. Then there is a n E Wo such that n is different from all the u E Wo for which 

u =F tu E~. For any such n, 30 ~ is (1) a model of 15 (since Mod 30 15), (2) a model 

of 18 (since Wo is infinite) and (3) a model of U n ~ (by (l~lHq and the choice of n). 

Thus, every such ~ is satisfiable, and therefore (by the compactness theorem for satis­

fiability) so is 15 U 18 U U. By the LOwenheim-Skolem theorem and the choice of 

18, 15 U 18 U U is satisfiable over a countable domain Wo I. From this we can easily prove 

(cf. the Lemma at the end of 2.2) that 15 U 18 U U is also satisfiable over wo ' which at 

once gives us (b) • 

4.5 The incompleteness of second-order logic. If we analyse the proof in 4.4, we real­

ise that the compactness theorem for satisfiability is an essential part of it. If the com­

pactness theorem for satisfiability also held for second-order logic, then we could also 

use the proof in 4.4 to prove Skolem I s theorem (4.3) for an arbitrary set 15 of second­

order expressions. However, this would contradict the categoricity of Peano I s axiom 

system 150 , Therefore the compactness theorem for satisfiability does not hold for 

second-order logic. 

In Chap. V, § 5.1 we proved the compactness theorem from the completeness theorem. 

Thus, in the case of second-order logic, we shall be able to infer incompleteness from 

the fact that the compactness theorem does not hold. More precisely, we have the 

Incompleteness theorem. Let P be an arbitrary effective procedure with the property 

that, applied to an arbitrary set 15 of expressions of second-order logic, it produces 

expressions of second-order logic which are consequences of 15. Then P is incomplete 

in the sense that there is a set 15 of second-order expressions and a second-order ex-
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pression which follows from 15 but which cannot be obtained from lS by means of the 

procedure 6 • 

We remark, without proof, that the incompleteness theorem also holds if we restrict 
ourselves to ~ sets 15 of expressions of second-order logic. 

Proof. Let us consider any expression Oi which can be obtained from 15 by means of 

the procedure P. It is a prerequisite of the effectiveness of P that, in obtaining Oi 

from 15, we can refer only to finitely many elements of 15. 

Now let Oi be an arbitrary consequence of 15. If the assertion of the incompleteness 

theorem were false, then Oi could be obtained by applying P to lS. As we have just seen, 

0/ could then also be obtained by applying P to some finite subset 150 of 15. Then, by our 

definition of P, Oi would be a consequence of 150 , Thus we should have obtained the com­

pactness theorem for the relation of consequence. But, as we have seen in Chap. V, 

§ 5.1, we could deduce from this the compactness theorem for satisfiability. But, as we 

have just shown, this does not hold for second-order logic. 

4.6 Increasin the number of arithmetical rimitive notions. In the language of second­
order logic, addition and multiplication can as was first shown by De d e kin d) be de­
fined by means of Peano' s primitive notions 0, '. With the aid of the definitions, the 
theory of these can then be obtained as a consequence of Peano' s axioms. This is true in 
particular of the following expressions: 

I\x x + 0 = x 

I\xl\y x + y' = (x + y)' 

I\x X' 0 = 0 

I\xl\y x·y' =x·y+x, 

where + and • are to be taken as two- place function variables which are different from 
each other. 

However, in the language of predicate logic we cannot give any definition of + and . in 
such a way that the above expressions are consequences of some arithmetically valid 7 

expressions of predicate logic with the primitive notions 0 and'. Thus, if we adjoin 
the expressions we have mentioned to some set 15 of expressions of predicate logic with 
the primitive notions 0 and ' which are arithmetically valid 7 , then we obtain a sub­
stantially stronger theory. 

This could lead us to suspect that it might be poSSible, by adding further primitive no­
tions (e.g. +, .) to Peano' s primitive notions 0, " to characterise the natural num­
bers in the language of predicate logic. However, this is not the case (cf. Exercise). 

6 For the sets of expressions of the usual predicate logic there is a procedure Po 
which consists in systematically forming all the possible derivations. By the ~­
cation of Po to a set 15 of expressions we mean the production of all expressions Oi 

for which there are expressions 0/:1., ••• , Oi r E 15 such that 0i:1." .Oir 0/ is derivable 
(r): 0). Then the procedure Po produces only such expressions Oi as are consequen­
ces of 15, and it produces all such expressions. 

7 I. e. which are valid in 30 (4.1). 
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Exercise. Let ~ be an arbitrary set of expressions of predicate logic whose primitive 
notions include 0 and I. Let ~!B (R) = <wO,nO' TO> be an algebra which is a model of G: 

o 
and satisfies R{O) =30 (0), R{') =30 (1). Then there is an algebra ~!B (3) = <wO,n,T) 

o 
which is a model of G: and is not isomorphic to ~!B (R). {Suggestion: Show that the proof 

o 
of Skolem 1 s Theorem (4. 4) can be carried through virtually unchanged. ) 
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§ 1. Extensions of the language of predicate logic 

1. 1 Statement of the problem. In Chap. II, we built up the language of predicate logic 

on the basis of the junctors 1\ and -, and the quantifier /\. Other junctors, such as V, 

~, ++ ~ Chap. I, § 6.2), and the quantifier V (Chap. I, § 7 .5) can be defined on this basis 

(see Chap. II, § 1.5; cf. also Chap. I, § 6, Exercise 5). 

Thus the connectives we have just mentioned can, in principle, be dispensed with. How­

ever, they are still worth using, if only for reasons of economy, particularly when we 

want to apply logic, e.g. in symbolisations of everyday statements. This leads to an ex­

tension of the language of predicate logic. In this section we want to consider a language 

which is formed by taking the connectives v, ~, V in addition to the connectives 1\, -', 

/\. The semantics of the extended language can be built up analogously to those of the 

previous language. The system of rules of predicate logic is extended by additional 

rules, which are concerned with the new connectives. It is easy to see that these rules 

are sound; the completeness of the extended set of rules can be proved by reference to 

the completeness of predicate logic in 1\, -', /\. 

The method we use here can also be applied to extensions which are obtained by adding 

connectives other than those which we have considered here. 

1.2 The language of the extended predicate logic (cf. Chap. II) • In addition to the sym­

bols in Chap. II, § 1.2 we shall use 

(4 I ) Two further junctors: The disjunctor and the implicator. 

(5 I ) One further quantifier: The existential quantifier. 

The assumptions about the symbols, set down in Chap. II, § 1. 2, are to be altered in the 

obvious way. 
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As names we use: 

"V" for the disjunctor, 

" .... " for the implicator, 

" V" for the existential quantifier. 
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In the following, when we speak of "rows of symbols", we shall also allow the symbols 

V, .... , V to be used in constructing them. 

The extended expressions, in the extended predicate logic, are to correspond to the ~­

pressions in predicate logic. The extended expression calculus is defined by adding to 

the rules of the expression calculus (Chap. II, § 1.5) the following three rules: 

Rule 3' : We are allowed to pass from two (not necessarily different) rows of sym­

bols '1' '2 to the row of symbols ('1 V'2)· 

Rule 3": We are allowed to pass from two (not necessarily different) rows of sym­

boIs '1' '2 to the row of symbols (, 1 .... '2)· 

Rule 4' : We are allowed to pass from a row of symbols' to any row of symbols 

V x" where x is an arbitrary individual variable. 

Definition. Those rows of symbols which can be derived by the rules of the extended ex­

pression calculus (and only such rows) are called extended expressions. The 

expressions we have considered up till now will also be called 0 r din a rye x pre s-

s ion s in order to distinguish them from the extended expressions. Every ordinary 

expression is an extended expression. 

In this section we shall use "p", "a ", "T", possibly with indices, as variables for ex­

tended expressions. From §2 onwards we shall use "~", "~", "y" as before. 

The extended expressions can be classified in the obvious way (cf. Chap. II, § 1.5) as 

atomic expressions:l., negations, conjunctions, disjunctions, implications, generalisa­

tions or particularisations. 

The elementary questions of decidability for the extended expressions can be treated 

as in Chap. II, § 2. The same holds for what was said in Chap. II, § 3 about proofs and 

defini tions by induction; here, of course, the new connectives v, .... , V must be taken 

into account. 

Free occurrence of a variable and substitution can be defined for extended expressions 

analogously to the definitions in Chap. II, § 4 and § 5, by treating V and .... in the same 

way as /\ and V in the same way as /\. 

:I. These are the same whether we are talking about ordinary expressions or extended 
ones. 
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1.3 The semantics of the extended predicate logic. We must extend the definition of a 

model by adding regulations for disjunctions, implications and particularisations. To 

this end we define: 

(2' ) Mod 3(cr V T) 
W 

(2") 

(3' ) 

if and only if (if Mod ~, then Mod 3 T) w W 

if and only if Mod 3rcr for at least one element r of w. w x 

The definability of v, -t, V by means of 1\, " 1\ is expressed in 

Theorem 1. 

(a) Mod 3(cr V T) if and only if Mod 3,(-'cr I\,T). w w 

(b) Modw3(cr -t T) if and only if Modw3, (cr 1\ , T). 

(c) Modw3 V xcr if and only if Modw3, 1\ x, cr. 

Proof. 

Modw3(cr V T) iff Modw3cr or MOdw3T (2') 

iff not (not Mod ~ and not Mod 3T) (Chap.I,§6.2(1)) w w 

iff not (Mod 3, cr and Mod 3, T ) 
W w 

iff not Mod 3 (-, cr 1\ , T) 
w 

iff Mod 3, (-, cr 1\, T) • 
W 

Thus, we have proved (a). The same method can be used to prove (b) with the aid of 

Chap. I, §6.2 (3) and (c) with the aid of Chap. I, §7.5 (***). 

The relation of consequence for extended expressions and sets of expressions can be 

defined with the aid of the definition of a model just as it was for ordinary expressions 

and sets of expressions. The same holds for the satisfiability of a set of extended ex­

pressions. 

The fact, stated in Theorem 1, that v, -t, V can be expressed in terms of 1\, " 1\ 
suggests the idea of assigning to every extended expression cr, by means of an effective 

procedure, an ordinary expression cr* such that cr ~ 1= cr*. To this end we define induc­

tively: 
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0'* = 0' if 0' is an atomic extended expression, 

[,O'J* =,0'*, 

(0' II T)* = (0'* II Tlq, 

(0' V T)* =, (, 0'* II, T*) , 

(0' -7 T)* =, (0'* II , T*) , 

[Axa J* = /\xa* , 
[VxaJ* =,/\x,O'*. 

It is easy to see by induction that 0'* is always an ordinary expression and that 

Mod 30 if and only if Mod 30* w w 

always holds. 

It follows from the last statement that 

Theorem 2. 0' =t 1= 0'* • 
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The coincidence theorem (Chap. III, § 3.1) and the substitution theorem (Chap. III, §3.2) 

clearly also hold for extended expressions. 

1. 4 An extended predicate calculus. We now extend the application of the rules of the 

predicate calculus (Chap. IV, § 2.3) by allowing them to be used for arbitrary extended 

expressions and sequents built up from arbitrary extended expressions. We also add 

further rules, which are concerned with the new connectives v, .... , V and which we shall 

present straight away in the symbolism which we used and explained in Chap. IV, § 2.3: 

Additional rules of the extended predicate calculus 

(D) (D') E:O' "'E-: ...,( ..... O'..,V,.,.--T ..... ) (D") E:T 
"'E"'"'":""(""'O'''''''''v -T ..... ) 

EO' : T (I) (I' ) E:{a .... T) 

E:O' 

E: Vxa 

(p ,) Eo : T 

x EVxa:T 
(p ) 

x if x does not occur free in T or E. 

Note that all the additional rules are rules for introducin one of the connectives v, .... , 
V in the antecedent or the succedent. (D') and D" are also called thinning rules. 
Note the analogy between (D) and (I), between (D) and (Px' ), between ( D') and ( D ") 
respectively and (Px ) • 
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The concept of a derivation is taken over from ordinary predicate logic. too' 0 1 ••• 0 nO 

or 0 1, ••• ,0 n I- '0 is to mean that the sequent 0 1 ••• 0 nO is derivable in the extended 

predicate calculus. 

For ordinary expressions we have, trivially: 

(a) 

for, in order to derive 01 1 ••• 00nOi in the extended predicate calculus, we can use the 

same derivation as in the ordinary predicate calculus. But, conversely, it is also true 

that 

(b) 

This is not as trivial as (a), for in the extended predicate calculus we have more rules 

at our disposal than in the ordinary predicate calculus. 

We could prove the truth of (b) purely by investigating the two calculi. However, we 

prefer to obtain (b) by making a detour via the soundness of the extended predicate cal­

culus and the completeness of the ordinary predicate calculus. 

For an arbitrary set 6 of extended expressions and for an arbitrary extended expression 

o we define the relation 61-' 0 (analogously to 61- 01) by requiring that there should be 

finitely many elements 0 1, ••• ,0 n in 6 such that 0 1, ••• ,0 n I- ' o. 

As for the ordinary predicate calculus, it is easy to show that all the rules of the ex­

tended predicate calculus produce sound sequents when applied to sound sequents. This 

gives us the 

Theorem of the soundness of the extended predicate calculus. If 61-' 0, then 6 F o. 

Now we can prove (b) at once: Let 0I 1, ••• , OIn l-'0I. Thus we have \0I1, ••• ,OInll-'0I, 

and hence \ 01 l' ••• ,01 n 1 1= 01. By the completeness of the ordinary predicate calculus 

thls gives us \01 1, ••• ,00n 1 I- 01, and hence 01 l' ••• ,00n I- 01. 

Because of (a) and (b) we can write "I- " instead of "I-' ", where in the case of extended 

expressions we mean the extended relation of derivation and in the case of ordinary ex­

pressions we mean either the ordinary or the extended relation of derivation. 

Everyone of the derived rules which we introduced in Chap. IV, § 4 is also a derived 

rule in the extended predicate calculus, since, in justifying it, we made use only of the 
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defining rules of ordinary predicate logic, and since these rules are also defining rules 

of the extended predicate calculus. In analogy to Theorem 1, we also have 

Theorem 3. 

(a) 

(b) 

( c) 

(0 V 'T) -II-, (,01\, 'T) 

(0 -t 'T) -II- ,(0 1\, 'T) 

V xcr -I I- , 1\ x , 0 

By way of proof we give the following derivations: 

to (a): (,0 I\,'T): (,0 I\,'T) (A) 0:0 

(,0 I\,'T): ,0 (C' ) o : (0 V 'T ) 

(,0 I\,'T): ,'T (C") ,(0 V 'T) : ,0 

0: ,(,0 I\,'T) (CaPo' ) 'T : 'T 

'T: ,(,0 I\,'T) (CaPo' ) 'T:(oV'T) 

(0 V 'T) : ,(, 0 1\ , 'T ) (D) ,(0 V 'T) : , 'T 

,(0 V 'T) : (,0 1\ , 'T) 

, ( ,0 1\ , 'T) : (0 V 'T) 

to (b): (a 1\, 'T) : (a 1\ , 'T ) (A) a:a 

(a 1\ , 'T) : a (C' ) ,'T:,'T 

(a 1\ , 'T) : , 'T (C") a , 'T : (a 1\ , 'T) 

,0 : ,(0 1\ , 'T ) (CaPo) , (a 1\ , 'T)a : 'T 

'T : ,(0 1\ , 'T ) (CaPo' ) -:-' (a 1\ , 'T) : (0 -t 'T ) 

(0 -t 'T) : ,(0 1\ , 'T) (1) 

to (c): I\x,a :I\x,a (A) a:o 

/\x,a:,o (G) o : Vxa 

0: ,I\x,a (CaPo' ) ,Vxcr:,o 

Vo: ,I\x,o (p' ) ,Vxcr :I\x,a 
x 

,;\x,o: Vxcr 

As a consequence of Theorem 3 and with regard to the definition of 0* (cf. 

easy to prove 

Theorem 4. a -II- 0*. 

1.5 The completeness of the extended predicate calculus. We prove the 

Completeness theorem. IfI5Fa, ~151-0. 

(A) 

(D' ) 

(CaPo) 

(A) 

(D") 

(CaPo) 

(C) 

(CaPo") 

(A) 

(A) 

(C) 

(CaPo") 

(I' ) 

(A) 

(p ) 
x 

(KP 1) 

(G ) 
x 

(CaPo") 

1.3) it is 
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Proof. Let e* be the set of the ,.* such that ,. E 15. Then, by Theorem 2, 15* 1= 0'*. 

Since these are ordinary expressions, the completeness theorem for the ordinary pre­

dicate calculus then gives us e* f- 0'*. It follows from Theorem 4 that 151- 0', q.e.d. 

§ 2. Derived rules and derivability relations with the connectives v, -+, V 

2.1 Derived rules for VI -+ 

Notation Name Rule J ustifi cation 

(lIn) Introduction of the implicator ~:(Q'-+~) ~Q' : ~ (AEx) 

~:(Q'-+~) (I I ) 

(XQ") "Ex contradictione ,Q':(Q'-+~) ,Q'Q': ~ (XQ) 

quodlibet (3)" ,Q':(Q'-+~) (I I ) 

(RD) Removal of the disjunctor L:1 Q': )' L: 1 Q' : )' 

in the succedent L:2~ : y L:2~ : y 
L:3: (Q'v~) L:3:(Q'V~) 

L: 123 : y L:12(Q'V~) :)' (D) 

L: 123 : Y (CuRu) 

(RI) Removal of the implicator L::(Q'-+~) L::(Q'-+~) 

L:Q' : ~ Q', Q': ~ (XQ) 

~ : ~ (A) 

OI(OI-+~) : ~ (I) 

L:OI : J3 (CuRu) 

(MPn) Modus Ponens L:1 :Q' L: 1 :Q' 

L: 2 : (OI-+~) L:2 : (Q' -+ ~) 

L:12 : ~ L: 2(}' : ~ (RI) 

I: 12 : ~ (CuRu) 

(ChRu) Chain rule I:1:(Q'-+~) I:1:(Q'-+~) 

I:2:(~-+1') L:2 : (~ -+ 1') 

I:12 : (Q' -+ 1') L: 1Q' : ~ (RI) 

L: 2J3 : " (RI) 

I: 12Q' : I' (CuRu) 

L: 12 : (Q' -+ 1') (1 I ) 
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2.2 Derivability relations 

Name Rule 

Self- implication 

Commutative law (O'V~) -ff- (~VO') 

Associative law 

Justification 

0':0' 

0':0' 

0' : (~V 0') 

~ : ~ 

~:(~VO') 

(O'V~):(~VO') 

0':0' 

0' : (0' V ~) 

0': «O'V~)Vy) 

~ : ~ 

~: (O'V~) 

(A) 

(I' ) 

(A) 

(D") 

(A) 

(D' ) 

(D) 

(A) 

(D' ) 

(D' ) 

(A) 

(D") 

~: «O'V~)Vy) (D') 

y: y (A) 

y:«O'V~)Vy) (D") 

(~Vj'): «O'V~)vy) (D) 

(O'V(~Vy)): «O'V~)Vy) (D) 

(The second derivability relation is proved in a similar way. ) 

Law of excluded middle 1-(c¥V-,C¥) 0':0' 

0': (aV-,a) 

(A) 

(D' ) 

-,C¥:-,cx (A) 

-,0': (O'V-'o') (D") 

: (av-,O') (R) 

First distributive law 

Justification: 

(O'i\ (~V y)) -il- «O'i\~) V (O'i\ y)) 

0':0' (A) (O'i\~): (O'i\~) (A) 

~ : ~ (A) (O'i\~):O' (C' ) 

y: y (A) (ai\~) : ~ ( C") 

O'~ : (O'i\~) ( C) (O'i\~) : (~v y) (D' ) 

O'~ : «O'i\~) V (O'i\ y)) (D' ) (O'i\~): (O'i\ (~V y)) (C) 

01)1: (O'i\y) (C) (ai\y): (ai\y) (A) 

0''(: «O'i\ ~) V (O'i\ j')) (D") (O'i\'() :0' (C' ) 
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a(~V"I'): «a/\~)V(a/\"I'» (D) (a/\ "1') : "I' (e") 

(a/\(~V"I'»: «a/\~)v(a/\"I'» (AnU) (a/\ "1') : (~V "1') (D") 

(a/\ "1') : (a/\ (~V "1')) (e) 

«a/\~)v(a/\"I'»: (a/\(~V"I'» (D) 

Second distributive law 

Justification: 

«aV~) /\ (aV y» -11- (a V (~/\ y» 

a:a 

a: (aV (~/\ "1'» 

~ : ~ 
y: y 

~ "i: (~/\ "1') 

~"i: (aV(~/\"i» 

(av~h: (aV(~/\"i» 

(aV~)(aV"i): (aV(~/\"i» 

«aV~)/\ (av"I'»: (aV (~/\"i» 

Implication and disjunction 

J ustifica tion: 

.,a:(.,aV~) 

~ : ~ 

13: (-,avl3) 
(a -t ~) : (-, a V 13) 

Disjunction and implication 

Justification: 

a., a: 13 

a: (.,a-t~) 

~ ., a: 13 

~:(-,a-t~) 

(aV~): (-,a .... ~) 

(A) 

(D' ) 

(A) 

(A) 

(e) 

(D") 

(D) 

(D) 

(AnU) 

(A) 

(D' ) 

(A) 

(D") 

(I) 

~XQ) 

(I' ) 

(AEx) 

(I' ) 

(D) 

Removal of the disjunctor in the antecedent 

a:a 

a: (aV~) 

a: (aVy) 

a: «aV~)/\ (aVy» 

~ : ~ 
~ : (aV~) 

"1': "i 
"i: (aV "1') 

(~/\"i): «aV~)/\(aV"i» 

(aV(~/\"i»: «aV~)/\(aV"i» 

., aa : 13 
., a : (a .... ~) 

l3a: 13 
13: (a-tI3) 

(-, aV13) : (a -t~) 

.,.,a:a 

.,.,a:(av~) 

~ : ~ 

~ : (aV~) 

(.,a .... ~): (aVI3) 

.,aa:~ 

13 : 13 
.,a(aV~) :13 

Particularisation and generalisation Vxa -t ~ ., Ax., a 

Justification: See 1.4, Theorem 3 (c). 

(A) 

(D' ) 

(D' ) 

(e) 

(A) 

(D") 

(A) 

(D") 

(UU) 

(D) 

(XQ) 

(I' ) 

(AEx) 

(I' ) 

(D) 

(NN' ) 

(D' ) 
(A) 

(D") 

(I) 

(XQ) 

(A) 

(D) 
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Generalisation and particularisation 1\ XO' -4 I- -, V X -, 0' 

Justification: 

I\xO' : I\xO' (A) -,0':-'0' 

/\xO' : 0' (G) -, 0' : Vx-,O' 

-,0' : -, AxO' (CaPo) -,Vx-'O':O' 

V x -, 0' : -, A XO' (p' ) 
x -,VX-'O': A XO' 

1\ XO' : -, V x -, 0' (CaPo' ) 

Negation of the universal quantifier -, 1\ XO' -II- V X -, 0' 

Justification: 

-, V x -, 0' : A XO' (see above) I\xO' : -, V x -, a 

-, A xo' : V x -, a (CaPo") Vx-'O': -,l\xO' 

Negation of the existential quantifier -, V XO' -II- 1\ x -, a 

Justification: 

-, 1\ x -, 0' : V xO' (see above) VXO' : -, Ax -,0' 

-, VxO': I\x-,O' (CaPo") Ax -,0' : -, V XO' 

2.3 Derived rules for V 

Notation Name Rule Justification 

(pp x) Simultaneous I: a : ~ if x does I:O' : ~ 

particularisation I: V xO' : V x/3 not occur I:O' : Vx/3 

over x free in I: I: VxO' : Vx~ 

(ExP t) Extended I: : /3 E : /3 x, 
I: : VXO' if I\x-,O':Ax-,O' particularisation 

rule Subst O'xt /3 /\x-,a:-,13 

I:Ax-,O':-,Ax-,O' 

I: : -,Ax -, 0' 

-, Ax-,O': VXOl 

I: VXO' 

(Sp x,y) Substitution I: /3 : 1 I:/3 

'" and I: V xOi : '" if I:-,,,,:-,/3 

particularisation SubstO'xy /3, I: -, '" : I\x -, a 

rule Subst /3 xy a, I:-,I\x-,a: 

'" y not free VxO' : -, I\x -, a 

in I:", I: Vxa : '" 

(A) 

(p x) 

(CaPo") 

(Gx ) 

(see above) 

(CaPo' ) 

(see above) 

(CaPo' ) 

(p x) 

(p' ) 
x 

(A) 

(ExGx t) , 
(X) 

(SeDe) 

(see 2.2) 

(CuRu) 

(CaPo) 

(SG ) x,y 
(CaPo") 

(see 2.2) 

(CuRu) 
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Notation Name Rule Justification 

(ReP ) Renaming of VXCi : Vyi3 if x,y 13 : 13 

bound variables Subst Ci x y 13 13: Vyi3 

VXCi: Vyi3 in and 

parti culari sa tions Subst 13 x YCi 

§ 3. Further derivability relations connected with quantification 

3.1 Summary. The following derivability relations hold: 

(1) 

(2) 

(3) 

(4) 

I\x -, Ci -f .... -, V XCi 

1\ x (Ci 1\ 13) -i.... ( 1\ XCi 1\ 1\ xi3 ) 

1\ x (Ci V 13) -f (1\ XCi V 1\ xi3 ) 

1\ x (Ci ~ 13) .... (1\ XCi ~ 1\ xi3 ) 

Vx-, Ci -i .... -,l\xCi 

VX(Cil\i3) .... (VXCiI\Vxi3) 

V x (Ci V 13) -i I- (V XCi V V xi3 ) 

Vx( Ci ~ 13) -f (V XCi ~ V XtS) 

Note the missing derivability relations in (2), (3), (4). cf. Exercise 1 concerning 

their nonexistence. 

Under the condition that x does not occur free in Ci, we have 

(5) 

(6 ) 

(7) 

(8 ) 

I\xCi -II- Ci 

1\ x (Ci 1\ 13) -f I- (Ci 1\ 1\ xi3 ) 

A x (Ci y 13) -i.... (Ci V A xi3 ) 

Ax (Ci ~ 13) -i I- (Ci ~ 1\ xi3 ) 

But for arbitrary Ci, 13 we have only: 

(5' ) 

(6' ) 

(7' ) 

(8' ) 

1\ XCi t- Ci 

I\X(Ci 1\ 13) I- (Ci 1\ I\xi3) 

V XCi -I I- Ci 

V x( Ci 1\ 13) -I I- (Ci 1\ V xi3) 

V x (Ci V 1') -I I- (Ci Y V xl' ) 

VX(Ci~i3) -il- (Ci~VXi3) 

VXCi -f Ci 

V x (Ci V 13) -I (C{ V V xi3) 

V x (Ci ~ 13) -i (Ci ~ V xi3 ) 

Cf. Exercise 2 concerning the nonexistence of the missing derivability relations. 

Under the condition that x does not occur free in 13, we also have: 

( 9) 1\ x (Ci ~ 13) -f I- (V XCi ~ 13) I\X(Ci~i3) -II- (VXCi~i3) 

Here, note the transformation of A into V and vice versa. We also have 

(10) 1\ XCi I- V XCi 

The following derivability relations concern the iteration of quantifiers: 
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(11) I\x I\ya -it- 1\ y!\xa Vx Vya -p- Vy V xa 

(12) Vxl\ya~l\yl\xa 

!!. Subst a y x 1', then 

(13) 1\ x 1\ ya I- 1\ xl' Vx Vya -l Vxl3 

3.2 Proof of the derivability relations (1) to (13) 

to (1): This was shown in 2. 2. 

to (2): 

I\x(al\ 13) :l\x(al\l3) (A) ( 1\ xa /\ 1\ xl3) : (1\ xa 1\ 1\ al3) (A) 

to (3): 

I\x(a/\l3) : (a 1\ 13) (G) (l\xal\l\xl3):l\xa (e') 

!\x(a /\ 13) :a 

!\x(al\ 13) : !\xa 

(e' ) 

(Gx ) 

(I\xal\ I\xl3) : a 

(I\xa /\ I\xl3) : I\xl3 

I\x(al\ 13) : 13 (e") 

I\x(a 1\ 13) : I\xl3 (G ) 
x 

( 1\ xa /\ 1\ xl3) : 13 

(!\xa /\ I\x13) : (a 1\ 13) 

I\x(a/\ 13) : (l\xa/\l\x13) (e) ( I\xa 1\ l\(13) : I\x(a /\ 13) 

(al\ 13) : (ex /\ 13) (A) 

(al\l3):ex (e') 

Vx(ex 1\ 13) : Vxa (pp x) 

(a/\13):13 (e") 

Vx(ex 1\ 13) : Vxl3 (pp ) 
x 

Vx(al\l3): (VxaI\Vxl3)(e) 

a : ex 
ex: (exVI3) 

1\ xa : I\x(a v 13) 

13 : 13 

13: (ex V 13) 

(A) 

(D' ) 

(GG ) 
x 

(A) 

1\ xl' : I\x(a V 13) 

(I\xex v!\x13 : !\x(ex V 13) 

(D") 

(GG ) 
x 

(D) 

ex : ex (A) 

a: Vxa (p x) 

ex : a 

a : (a V 13) 

a: (VxavVxl3) (D' ) Vxa: Vx(a V I3) 

13 : 13 (A) 13 : 13 

13 : Vx13) (p x) 13 : (a V 13) 

13 : (VXOl. V Vx13) (D") Vxl3: Vx(ex V 13) 

(ex V ll) (VxQ'vVxll) (D) (V XQ' V Vxl3): Vx(ex V 13) 

I\x(a V ll) : ( V xa V V xl') (p') 
x 

(G) 

(e") 

(G) 

(e) 

(Gx ) 

(A) 

(D' ) 

(pp x) 

(A) 

(D") 

(pp x) 

(D) 
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to (4): 

!\x{a -+ \3) : !\x{a -+ \3) (A) 

!\x ( a -+ \3) : (a .. \3) (G) 

!\x{el' -+ \3)a : \3 (RI) 

!\x{a .. \3) !\xa : !\x\3 (GGx ) 

!\ x (a .. \3) : (!\ xa -+ !\ x\3) (I') 

\3a: \3 

\3: (a-+\3) 
Vx\3 : Vx{a -+ \3) 

""Cl'a: \3 
...,a: (a-+\3) 

...,{a .. \3) : a 

..., (a -+ \3) : Vxa 

..., VXel' : (a .. \3) 

...,Vxa:Vx{a .. \3) 

( Vxa -+ Vx\3) : Vx{a -+ \3) 

(AEx) 

(I' ) 

(pp x) 

(XQ) 

(I' ) 

(CaPo") 

(p x) 

(CaPo") 

(p x) 
(1) 

In the following we shall, at various points, use the assumption that x does not occur 

free in a (in (5), ••• , (8» or in \3 (in (9». These points will be marked on the right 

with a "*". 

to (5) and (5' ) : 

I\xa: I\xa (A) a:a (A) 

I\xa: a (G) a : I\xa (G )* 
x 

a: a (A) a:a (A) 

a: Vxa (px ) Vxa: a (p' )* x 

to (6) and (6'): 

!\x{a" \3) : I\x(a" \3) (A) (a " 1\ x\3) : (a" 1\ a\3 ) (A) 

I\x{a" \3) : (a"~) (G) (a" I\x\3) :a (C' ) 

!\x{a" \3) : a (C' ) (a" I\x\3) : I\x\3 (C") 

I\x(a" \3) : \3 (C") (el' "l\x\3) : \3 (G) 

!\x{a" \3) : I\x\3 (Gx ) (a "l\x\3) : (a"\3) (C) 

!\x{a" \3) : (a" I\x\3) (C) (a" I\x\3) : I\x{a" \3) (G )* x 

(a" \3) : (a"~) (A) a:a (A) 

(a"\3): a (C' ) \3 : \3 (A) 

(a" \3) : \3 (C") a\3 : (el''' \3) (C) 

(a" \3) : Vx\3 (p x) a Vx\3 : Vx{a" \3) (pp x)* 

(a" \3) : (a" Vxl3) (C) (a" Vxl3): Vx{a" \3) (AnU) 

Vx(a"I3): (a"Vzl3) (p' )* x 



x 
*( 0) (g+-I:)XV: (g+-I:)XJ\) 

( II) ( 9 +-1:) : (g +-I:)X J\ ) ( 11) (g+-.oX;\.): (g+-I:)XV 

(nHn:::» g: 1:)(8+-l:)x;\,) x 
*( ,d) 8 : I:)x;\, (8 +-.o)xy 

( (50» I:)oc;\. : I:) (IH) II : 1:)(8 +-l:)xV 

(IH) 8 : I:)X /\ (8 +-I:)X J\ ) (0) (8+-1:) : (8+-I:)XV 

(v) (8 +-I:)X /\) : (8 +-I:)X J\ ) (v) (II+-I:)XV: (8+-I:)xV 

: (6) ol 

(H) (8 +-1:) x/\ : (8x /\ +-1:) 
(x d) (8+-I:)x/\ : I:)L-

(II~X) (8+-1:) : I:)L-

(nHn:::> ) (8 +-I:)x/\ : I:) (8XJ\ +-1:) 

(x dd) (8 +-I:)X;\ : 8X/\ ( I I) (8x /\ +-1:) : (8 +-I:)x J\ 

(UII) (8+-1:) : 8 *(xdd) gx J\ : .0 (8 +-10 ) x /\ 

(IH) 8x /\ : (8x/\ +-.0).0 (IH) 8 : .0(8 +-.0) 

(v) ( 8x ;\. +-1:) : (gx J\ +-.0) (v) (g+-.o) : (8+-.0) 

x 
*( 0) (8+-I:)XV : (8XV+-I:) 

( 11) (8+-.0) : (gXV+-1O) ( .I) (9XV ... 1:) : (II'" 1O)XV 

(D) 9 : (8XV'" 10 )10 
X 

*( DD) gxV: 1O(8+-1O)XV 

(IH) 8xV : (gxv +-10)10 (IH) 9:10(8+-10) 

(v) ( 8xV +-10) : (8xV +-10) (v) (8+-10) : (8+-10) 

: ( I 8) pu-e (8) Ol 

(0) (8 1\.0 ) x;\. :( 8x/\ 1\ 10) 
(xdd) (81\ 1O)X;\. : 8X/\ 

x 
*( I d) ( 8X /\ 1\ 1:) : (8 1\ 10) x /\ 

(110) (81\10):8 (0) ( 8X;\ 1\ 10) : (8 1\ 10) 

(v) 8 : 8 (110) (9x /\ 1\ 1:) : 8 
(x d) (81\ 1O)X/\ : I:) ( (50» 8X;\. : 8 

( 10) (81\.0):10 ( 10) ( 8X ;\. 1\ .0) : 10 

(v) .0 : 10 (v) 10:.0 

(0) (8 1\ .0) xV : (8x V 1\ .0) 
(xDD) (81\ .o)xV : 8XV (H) ( 8x V 1\ .0) : (8 1\ 10) xV 

(110) (81\10):8 (110) (8xVI\IO): (81\IO)XVIOL-

(v) 8 : 8 *(xDD) 8xV: (81\1O)XVIOL-
x 

*( D) (81\ IO)XV : .0 (en:: §) 8 : (8 1\ 10).0 L-

( 10) (8 ".0):.0 ( 10) ( 8X V " 10) :.0 
(v) .0:.0 (v) .0 : .0 

: (Il) pu-e (l) Ol 

6U uon-eounu-enb t{nM P9l09UUOO SUon-e19.I AnnQ-eAp9p .I9t{l-In,!I • £: § 
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(a-+~) : (a-+13) 

a(a -+ 13) : 13 

1\ xa : a 

(a -+ 13) 1\ xa : ~ 

( a -+ ~) ( 1\ xa -+ ~ ) 

V x ( a -+ ~) : (/\ xa -+ ~) 

to (10): 

(A) (/\xa-+~): (I\xa-+~) (A) 

(RI) ( 1\ xa -+ ~) 1\ xa : ~ (RI) 

( (5» ~: (a-+~) (lIn) 

(CuRu) « 1\ xa -+ ~ ) !\ xa : (a -+ ~) (CuRu) 

(I' ) ( /\xa -+~)/\ xa : Vx( a -+ ~) (p x) 

(p' )* x -,a: (a-+~) (XQ") 

Vx-,a: Vx(a-+~) (pp x) 

-, 1\ xa : Vx -, a ( (I» 

-, 1\ xa : Vx(a -+~) (CuRu) 

(l\xa-+13) : Vx(a-+~) (R) 

/\xa: /\xa (A) 

/\ xa : a ( G ) 

/\xa: Vxa (p x) 

to (11): By symmetry, we need only show one direction of the assertion in each case. 

to (12): 

to (13): 

/\ ya : !\ ya 

/\ ya: a 

1\ x I\ya : "xa 
/\x I\ya : /\y /\xa 

(A) 

(G) 

(GGx ) 

(G ) 
y 

I\ya : 1\ ya 

I\ya : ~ 

1\ x 1\ ya : 1\ x~ 

/\ ya : 1\ ya 

1\ ya : a 
V x /\ ya : V xa 
Vx/\ya: !\yVxa 

(A) 

(ExG ) 

(GGJ'x 

a:a 

a: Vxa 

Vya: VyVxa 

Vx Vya : Vy Vxa 

13 : ~ 

~ : Vya 

Vx13 : VxVya 

(A) 

(p x) 

(pp y) 

(p' ) 
x 

(A) 

(ExP y,x) 
(pp x) 

Exercises. 1. Find semantic examples which show that the derivability relations which 
do not appear in 3.1(1), .•• , (4) do not hold. 

~ Find semantic examples which show that the derivability relations which do not appear 
in 3.1 (5' ), .•• , (8') (compare with (5), •.• , (8» do not hold. 
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§ 4. Conjunctive and disjunctive normal forms 

4.1 Statement of the problem. Here we limit ourselves to expressions which are formed 

by using only the connectives ..." ", v, i.e. without the use of the connectives -t,I\, V. 
For any such expression 01, we can find effectively two expressions 0It\' and OIV such that 

(*) 0I,,:::j FOland OIV =11= 01. 

(**) 01" is an iterated conjunction of iterated disjunctions of atomic or negated atomic 

expressions. OIV is an iterated disjunction of iterated conjunctions of atomic or negated 

atomic expressions. 

For example, if 

01 ==..., ( ..., p " Q) " (p v R) , 

where P, Q, Rare no-place predicate variables, then we can put 

01" == (p V..., Q) "(p v R), 

OIV == P V ( ..., Q " R) • 

(In OIV' P is to be understood as a conjun~tion with only one member.) 01" and OIV are 

not uniquely determined by the requirements (*) and (**) ; however, they can be uni­

quely determined by means of additional conditions. 

01" is called a conjunctive normal form and OIV a disjunctive normal form of 01. 

In the following, we shall only show that every expression 01 (in ..." 1\, V) possesses a 

conjunctive normal form. We can use the same procedure to show that 01 has a dis­

junctive normal form. We can also pass directly from a conjunctive normal form to a 

disjunctive one (see Exercise 2). 

4.2 Iterated conjunctions and disjunctions. We define by induction: 

(1) 

n+l 
1\ 
i=l 

Then we have: 

(2) 1\ 01. " I\~. =I F 1\ ( 
n m) n+m 

i=l 1 j=l J k=l 

a· == 1 ( A 01. "01 1). 
i=l 1 n+ 

'Yk' where { 
OIk for k = 1, ••• , n, 

'Yk == 
~k-n for k = n + 1, ••• , n + m. 

Here we are dealing with a generalisation of the associative law (01" ~) " 'Y =I F 01" (j:! " 'Y). 
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Correspondingly, we can generalise the distributive laws 01 V (~ " ~) =I F (01 V ~) " (01 V ~) 

and (01" ll) V ~ =1 F (01 V Y) " (ll V y) to 

(3) 

n 

( A 01. V A ~.) 
i=l 1 j=l J 

nm 
=I F 1\ Yk , 

k=l 

where Yi + n(j-1) == (Oli V llj) for i = 1, ••• ,n; j = 1, .•• , m. 

V 01. can be defined in a way corresponding to (1). It is easy to obtain the following 
i=l 1 

statements, which are dual to (2), (3): 

(3' ) 

( 
n m) n+m 
V 01. V V ll. =I F V Yk , where 
i=l 1 j=l 1 k=l 

_ {Olk for k = 1, ••• , n, 
Yk = 

~k-n for k =n+ 1 •••• ,n+ m. 

( VOl. "V ll.) =1F nV 'l'k' 
i=l 1 j=l J k=1 

where y. (.1) == (01." ll.) for i = 1, ••• ,n; j = 1, ••• ,m. 
1 + n J- 1 J 

4.3 Producing conjunctive normal forms. We show by induction on the structure of 01 

that we can effectively assign to 01 a conjunctive normal form 01" which satisfies the 

conditions (*), (**). 

For technical reasons, we shall prove by induction on the structure of 01 that we can 

effectively assign to 01 and -,01 conjunctive normal forms 01" and [-,01]1\ such that (*) 

and (**) hold. 

(a) Let 01 be an atomic expression. Then, clearly, we can put: 

(b) We prove the assertion for a negation -,01 under the assumption that it has already 

been proved for 01. Thus, by our assumption, we can find conjuncthre normal forms 01" 

and [-, 01]" such that 01 =j F 01" and -, 01 =0= [-, 01] I\" We have to show that there are also 

such normal forms for -, 01 and -,-, 01. We need only consider -,-,01. But -,-,01 =I F 01, so 

that we can take 01" as the conjunctive normal form of -,-,01. 

(c) We prove the assertion for a conjunction (01" ll) under the assumption that it has 

already been proved for 01 and ll. Thus, by our assumption, we can find conjunctive nor­

mal forms 01", [-,OI],\, ll", [-, ~]" such that 01 =IF 01",001 =IF [001]", II =0= 1'", 
oil =IF['''~]1\" It follows that (OI"ll) =IF (01,,"1l,,). If we now transform (OI"l\ll,,) 

by means of 4.2(2), it can be seen that the result is a conjunctive normal form y. 

Put (01" ~) A == 'I' We also have 

; 

These conjunctive normal forms are one-member conjunctions of one-member disjunctions 
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-, (al\ f3) =H= (-,a V-,f3). 

Now (.., a V -, f3) =l F ([--, a] 1\ V [-, f3 J 1\)' If we transform the right-hand side by means 

of 4.2(3), also using 4.2(2'), then we obtain a conjunctive normal form 6. Put 

[--, (a 1\ f3)JI\ == 6. 

(d) Finally, we prove the assertion for a disjunction (a V f3) under the assumption that 

it has already been proved for a and f3. Thus, by our assumption, we can find conjunctive 

normal forms al\' [-, aJI\' f31\' [-, f3JI\ such that a =l F [-, aJI\' f3 =IF f31\' -, f3 =11= [-, f3JI\' 

It follows that (a V f3) =11= (al\ V f3 1\)' If we transform the right-hand side by 4.2 (3), also 

using 4.2 (2' ), then we obtain a conjunctive normal form 1'. Put (a V f3) 1\ == 1'. Moreover, 

we have -, (a V f3) =t 1= (-, a 1\ .., $). But 

The right-hand side can be transformed by 4.2(2) into a conjunctive normal form 6. Put 

[-, (a V f3)JI\ == 6. 

Exercises. 1. Put the following expressions into conjunctive and disjunctive normal form: 

(a) «P:l.I\Pa) V (Pa V-,P4» 

(b) (-, (P:I. V (Pa 1\ -, P4» V -,-, (Pa 1\ -, (-, P:I. V pd». 

~ Show how to change a conjunctive normal form directly into a disjunctive normal form. 

3. By an 4+- expression we mean a row of symbols which is built up from proposition 
variables and the two-place connective 4+ in the usual way (cf. Chap. I, § 6.2). By an 
~- normal form we mean an a- expression which has one of the following forms: 

Show that every a- expression is semantically equivalent to an 4+- normal form. 

4. By an -, ,e- expression we mean a row of symbols which is built up from proposition 
variables, the negator and the two-place connective ~ in the usual way. By -', a - normal 
forms we mean all expressions which have one of the following forms: 

where the T J are negated or non-negated proposition variables. Show that every 
-', ~- expression is semantically equivalent to a -, , ~- normal form. 

§ 5. Prenex normal forms 

5.1 Prefixes. In this section we consider expressions which are formed using only the 

connectives.." 1\, 1\, V, i. e. without the use of the connectives V, ~. 

By a prefix we mean the empty row of symbols or a row of symbols which can be ob­

tained by concatenation of rows of symbols of the form I\x or Vx, where the individual 
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variables after the quantifiers may be different from each other. Examples of prefixes 

are Ax1, I\x2 , Vx1, AXl Vx1, I\x1 AX2 Vx3• We shall use P, sometimes with indices, 

as variables for prefixes. 

If a is an arbitrary expression (-', 1\, A, V) and P is a prefix, then Pais also an 

expression. 

The inverse prefix p- 1 of P is obtained by substituting A for V and V for /\ everywhere 

in P. Thus, for example, [Ax1 AX2 vX3r1 =: VX1 Vx2 /\x3' If P is empty, then p- 1 

is also to be empty. 

5.2 Prenex normal forms. An expression of the form Pais called a prenex normal form 

if a does not contain any quantifiers. If Pais a prenex normal form, then P and 01 are 

uniquely determined. P is called the prefix of PO' and 01 its kernel. 

13 is called a prenex normal form of 01 if 13 is a prenex normal form and 01 =11= 13. In 

5. 3 we prove the 

Theorem. Every expression 01 has a prenex normal form which can be found effectively. 

5.3 Proof. We prove the theorem by induction on the structure of 01. 

(a) Let 01 be atomic. Then 01 does not contain any quantifiers. Thus, 01 is itself a prenex 

normal form (with an empty prefix). Then 01 is a prenex normal form of 01. 

(b) Let 01 be the negation of 13 and, by induction hypothesis, let 13 possess a prenex 

normal form P130 • Making use of the relations 

-,Axy =11= V x-,y and -, V xy =H= A x -, y 

we see that 

-1 -, P130 =l F P -,130 , 

-1 -1 P -,130 is a prenex normal form. Hence, since 01 =11= -, P130 , P -,130 is a prenex nor-

mal form of 01. 

(c) Let 01 be the conjunction of OIl and 012 , By induction hypothesis, let OIl and 012 

possess prenex normal forms P 1 0110 and P 20120' Then we have 

We now need to find a prenex normal form of the expression on the right. 

In 5.4 and 5.5 we shall prove the following two lemmas: 
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Lemma 1. Let P be an arbitrary prefix, 01 an arbitrary expression and 0 a finite set 

of individual variables. Then we can find a prefix P' and an expression 01' such that 

(1) POI=H=P'OI', 

(2) the same individual variables occur free in POI as in P' 01' , 

(3) P' does not contain any of the variables in 0. 

Lemma 2. Suppose that none of the variables in P 1 occur free in 0120 and none of the 

variables in P 2 occur free in 0110 • Then 

Now it is possible, with the aid of these two lemmas, to find a prenex normal form of 

the right-hand side of (*). Let 02 be the set of those individual variables which occur 

free in 0120 • By Lemma 1 we can, for P l' 0110 and 02' find a P l' and an 0110 ' with the 

properties given in the lemma. Let 01 be the set of those individual variables which 

occur free in P l' OliO' • Again by Lemma 1, there are, for P 2' 0120 and 01' a P 2' and an 

0120 ' with the properties given in the lemma. 

Because 

and 

we have 

By construction, none of the individual variables in P l' occur free in 0120 ' and none of 

the individual variables in P 2' occur free in 0110 ,3. Thus, by Lemma 2, we have: 

(***) 

The assertion then follows from (*), (**) and (***). 

(d) Let 01 be a generalisation or a particularisation of ~. By induction hypothesis, let 

~ possess a prenex normal form P~O. Now if 01 =0 !\x~ or 01 =0 Vx~, then clearly !\xp~O 

or VxP~O respectively is a prenex normal form of 01. 

3 We can see this as follows: (1) let z occur in Pi and occur free in O/ao'. Then either 
z occurs free in Pa' O/ao' or z occurs in P a'. In the first case, z also occurs free in 
Pa Q'a 0 and therefore also occurs free in Q'a o. But then z cannot occur in P~' , by the 
choice of t5a. In the second case, by the choice of 0:1., Z does not occur in P:1.' 0':1.0' , 
and hence it does not occur in P:1.'. Thus we see that there is no such z. (2) z cannot 
occur in Pa' and occur free in 0':1.0', since this would contradict the choice of 0:1.. 
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5.4 Proof of Lemma 1. Let P be empty. Then P' == P and a' == a fulfils the require­

ments. Now it is sufficient to show that: If the statement of Lemma 1 holds for P and 

a, then it also holds for QxP and a, where Q is either 1\ or V and x is an arbitrary 

individual variable. 

By hypothesis, there is a P' and an a' such that the statements (1), (2), (3) hold. 

From (1) we have 

(0' ) QxPa =! 1= QxP' a' • 

Clearly, the same variables occur free in QxPa as in QxP' a' • 

Now we distinguish two cases: 

Cas e 1. x does not occur free in P a, and therefore also not in P' a'. Then 

QxPa =11= P' a'. 

Hence, P' and a' fulfil the requirements. 

Case 2. x occurs free in Pa and therefore also in P'a'. Let y be an individual 

variable which is not in 3 and does not occur in P'a'. By Chap. II, §5.4, Theorem 6, 

there is an expression a" such that 

(i) Subst a' xya" and Subst a"yxa' • 

Now we want to show that, for every P 1 in which neither x or y occurs, the statements 

(ii) and SubstP a"yxP a' 1 1 

hold. (ii) holds, as we have just seen, for an empty P 1. Thus it suffices to show that 

(ii) holds for QzP 1 if (ii) holds for P l' where z is any variable which is different 

from x and y. 

x occurs free in a', and therefore also in QzP 1 a'. Since z is different from y, by the 

definition of substitution (cf. 1. 2 and also Chap. II, § 5.3) we have 

Subst QzP 1 a' x y QzP 1 a" • 

y occurs free in a" and therefore also in QzP 1 a". Since z is different from x we have, 

by the definition of substitution, Subst QzP 1 a" y x QzP 1 a' 

Thus, (ii) has been proved for QzP 1 • 
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Since x occurs free in P' 01' and y does not occur in P' 01' , we can apply (ii) to the 

prefix P'. Thus we have 

Subst P' 01' X Y P' 01" and Subst P' 01" Y X P' 01' • 

Now, using the derived rule (ReG ), we obtain x,y 

I\xP' 01' ==11== 1\ yP' 01" 

and, using the derived rule (ReP ), we have x,y 

v xP '01' =11= VyP' a". 

Thus we have, in general, 

(1' ) QxP , a' =11= QyP' a" • 

If z occurs free in QxP' 01', then z also occurs free in a' and z * x. Hence, by (i), 

z also occurs free in 01". Z also occurs free in QyP' a", since z is not bound by the 

quantifiers in P' (because z occurs free in QxP' 01') and z * y (because z occurs in 

P' a' whereas y does not). 

Conversely: If z occurs free in QyP' a", then z occurs free in a" and z * y. Hence, 

by (i), z also occurs free in a'. z also occurs free in QxP' a', since z is not bound 

by the quantifiers in P' (because z occurs free in QyP' a") and z * x (z occurs in 01", 

but x does not; for Subst a' xya" and x * y, since x occurs in P' 01' whereas y does 

not). Thus we have: 

(2') The same variables occur free in QxP' a' as in QyP' 01". 

Since y is not in 0, (3) gives us: 

(3') QyP' does not contain any of the variables in o. 

(0' ), (1'), (2'), (3') show that the statements of Lemma 1 also hold for QxP and a. 
Thus we have proved Lemma 1. 

5.5 Proof of Lemma 2. It is sufficient to show that: 

If none of the variables in P occur free in ~, then 

(4) (POI"~) =11= P(OI" ~). 

From this we obtain, first of all: If none of the variables in P occur free in a, then 

(4' ) 
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For we have 

(a 1\ p~) =11= (p~ 1\ a) 

(p~ 1\ a) =jt:= p(~ 1\ a) 

(~I\ a) =11= (a I\~) 

p(~ 1\ a) =11= Pea I\~) 

VII. Extensions of the Language, Normal Forms 

by (4) 

(by repeated use of simultaneous generalisations and 

particularisations) 

Now Lemma 2 can be proved from (4) and (4' ) as follows: 

(p l al0 1\ P 2a20 ) =11= P 1 (a10 1\ P 2a20 ) 

(0'10 1\ P 2a20 ) =11= P 2 (atO 1\ 0'20) 

P 1 (0'101\ P 2a20 ) =11= P t P 2 (a10 1\ 0'20) 

by (4) 

by (4') 

(by repeated use of simultaneous 

generalisations and particularisations) 

We now prove (4). (4) is trivial if P is empty. Thus it is sufficient to show, under the 

assumption that (4) holds, that 

(4a) (QxPa 1\ ~) =I 1= QxP (a 1\ ~) 

if neither x nor any of the variables in P occurs free in ~. This can be seen as follows: 

(QxPa I\~) =11= Qx(Pa I\~) 

Qx(Pal\~) =11= QxP(al\~) 

[3.1(6)J 

[simultaneous generalisation or particularisation 

of (4) J. 

Exercise. Put the following expressions into prenex normal form (-+ and .. are to be 
regarded as abbreviations; let x * y) : 

(a) (Pxl\l\xPx) 

(b) (Px -+ I\xPx) 

(c) (l\xPxI\Px) 

(d) (1\ xPx -+ Px) 

(e) (l\xPx~Px) 

(f) (VxPx-+(Vy(l\xRxy -+l\yRxy) -+l\x(Px .. VyPy»). 



VIII. The Theorems of A. Robinson, Craig and Beth 

In this chapter we shall prove two important new results about first-order predicate 

logic: C r a i g 's interpolation lemma (1957) and Bet h 's definability theorem 

(1953). The interpolation lemma states that, for any expressions a, 'I such that a 1= "I, 

there is an "interpolating" expression ~ such that any variable which occurs free in ~ 

occurs free in both a and y and such that a 1= ~ and ~ 1= 'I. The definability theorem 

states that an "implicit definition" within the framework of the language of ordinary 

predicate logic can always be changed into an "explicit definition". More precisely, the 

following holds (in this introduction we shall restrict ourselves to the case of a one­

place predicate variable p): Let a be an expression which "implicity defines" P in the 

sense that, in every interpretation 3 which satisfies a, the predicate 3(p) is uniquely 

determined by the 3-images of the other variables. (This can also be formulated as 

follows: If P' is a one-place predicate variable which does not occur in a and which 

is different from P, and if a' if obtained from a by replacing P by P' everywhere in 

a, then a" a' 1= !\ x(Px ~ P' x) .) 

Then P can be "explicitly defined by means of an expression ~", i. e. there is an ex­

pression ~ and a variable x which does not occur free in a such that a 1= !\x(Px .. ~). 

In § 5 we prove a satisfiablity theorem due to A. Robinson (1956). From this we deduce 

Craig's interpolation lemma and finally, in § 6, Beth's definability theorem. In the proof 

of A. Robinson's satisfiability theorem we use the concept of an elementary embedding 

(§ 3) , which was introduced by Tar ski and Va ugh t (1957). 

§ 1. Embeddings of algebras, subalgebras, chains of algebras 

1.1 Notation. In this chapter we shall consider algebras of the sort Gm(3), which were 

introduced in Chap. VI, § 2.1. Here, ~ is a set of variables (of all sorts). The under­

lying set which belongs to G~(3) is identical with the domain of individuals belonging 

to 3; we shall denote it by w. Correspondingly, w', Wj etc. are the underlying sets of 

the algebras Gm(3'), Gm(3j ) etc. 
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1.2 Embeddings. In Chap. VI, §2.2. we introduced the concept of an isomorphism 

from Gm(3) into Gm(3'). An isomorphism 4> is a 1-1 mapping from wonto w' with 

the properties (c') and (d') which we named earlier. If we omit the requirement 

that .p should be a mapping from w onto w' and require instead only that 4> should be 

a mapping from w into w', then we call 4> an "embedding". Thus we have 

Definition 1. A 1-1 mapping 4> from w into w' is called an embedding of Gm( 3) into 

Gm(3') if 

(1) 3(p) fits r 1 , ••• , rr if and only if 3' (p) fits .p(r 1), ••• ,4>(rr) for all P Em 

and all "1'···' ~ r E w, 

For a no-place function variable x, (2) becomes 

(20 ) .p(3(x» = 3' (x) for all xEm. 

Definition 2. Gm(3) is said to be embeddable into Gm(3') if there is an embedding 4> of 

Gm(3) into Gm(3'). 

Remarks. 

(a) The relation of embeddability is reflexive and transitive. 

(b) Every isomorphism is an embedding. Thus, if ~(~) is isomorphic to Gm(3') 

then Gm(3) is embeddable into ~(3'). 

(c) 'If 4> is an embedding of ~(3) into Gm(~') then, for arbitrary Xl'· •• ' xn and 

rt, ••• "n E wand an arbitrary term t such that m(t=t) emU Ix1 ,···, xn I, 

Proof of (c) by induction on the structure of t: If t == x and x == xm ' where m is 

maximal, then, in the above, both sides are equal to 4> ( ~ ); if, on the other hand, 
m 

x * xm for every m, then we need to show that 4>(3(x» = 3' (x), which follows from 

(20 ) since x Em. We prove the assertion for a compound term by means of (2). 

1. 3 Subalgebras. If the identity mapping .p is an embedding of Gm(3) into Gm(3'), 

then we call ~(3) a subalgebra of 0.21 (3'). Thus we have 

Definition 3. ~(3) is said to be a subalgebra of ~(3') - or ~(3') an extension of 

0.21 (3) - if we w' and 
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(1') 3(p) fits "1' .. ""r if and only if 3'(p) fits "1, ... ,rr for all PE!B and all 

t1,···,rr Ew, 

Remarks. 

(d) If ~(~) is a subalgebra of ~(3'), then ~(3) is embeddable into ~(3'). 

(e) The relation "is a subalgebra of" is reflexive and transitive. 

(f) If ~(~) is a subalgebra of ~(~,) then, for arbitrary x1 , ••• ,xn and '"1' ••• ''"nEw 

and an arbitrary term t such that !B(t=t) c!B U Ix1,··., xn I, 

1.4 The union of a chain of algebras. If, for each j = 0, 1, 2, ••• , elm(~j) is a subalgebra 

of ~(3j+1)' then we say that the ~(~j) form a chain of algebras. We have the 

Theorem. For every chain Gm(3j ) of algebras there is an algebra ~(~) such that 

(1) w = U Wj and (2) elm (3j ) is a subalgebra of elm (~) for each j. 

Proof. The algebra Gm(~) which we shall now construct is also called the union of the 

chain of algebras elm(3j ). The domain of individuals of ~ is determined by the require­

ment (1). Clearly, it suffices to define ~ for the elements of !B. 

First of all, let P be an r-place predicate variable in !B. Let '" l' ••• , r r be elements of 

w. Then there is a smallest index jo such that each of t l' ... , tr E Wj • We define ~(p) 

as follows: 0 

~(p) fits r 1 , ••• , riff 3. (p) fits r 1 , ••• , r . - r - Jo - r 

Finally, let f be an r-place function variable in !B. Let t l' ... , r r be elements of w. 

Defining jo as above, we put 

3(f)('"1'···''" ) =~. (f)(r 1,···,t ). 
r JO r 

Since the ~(3j) form a chain, (*) and (**) hold, not only for jo' but also for every 

j ~ jO. Hence it is easy to show that, for each j, ~ (~j) is a subalgebra of Gm (~) . 

Exercises. 1. Let Q be the set of rational numbers and R the set of real numbers. 
Moreover, let !B = 1p I, where P is a one-place predicate variable. Let 3j. have Q 
as its domain of individuals, and let ~j. (p) fit r if and only if r is the square of a 
rational number. Let 32 have R as its domain of individuals, and let ~2 fit r if and 
only if t isthe square of a rear-number. Is elm(~\) a subalgebra of elm(~2)? 
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~ There is an infinite algebra with no proper subalgebras. 

1:.. Every nondenumerable algebra has infinitely many subalgebras. 

4. Let I be a nonempty index set. For each i E I, let 11-(3.) be an algebra. For each 
- 'll 1 

pair i, j E I, let there be an index k E I such that Gm (3i ) and Gm (~j) are subalgebras 

of Gm (~). Show that there is an algebra ~(3) such that all the Gm(3i ) are subalgebras 

of Gm(3). 

§ 2. Theories 

2.1 Theories. The theory of an algebra. 

Defini tion. By @lm(3), the theory determined by m and 3, we mean the set of ex­

pressions 01 such that m( (1) c m and Mod 301. Thus we have 

An algebra Gm(3) determines m, and it also determines 3 for the elements of m. But, 

in order to determine @lm(3), we need only know the values of 3 for the elements of m. 

Thus, an algebra ~(3) determines the theory @lm(3) uniquely. For this reason, we 

can also call @lm(3) the theory of the algebra ~(3). 

2.2 Different algebras with the same theory. In general, different algebras have differ­

ent theories. This is shown by 

Example 1. Let m be empty, w = 11}, w' = 11, 2}, 3 and 3' be arbitrary interpre­

tations over wand w' respectively, 01 == I\xl\y X = Y (where x * y). Then OIE@lm(3), 

014 @lm(3' ), ..., 01* @lm(3), ..., OlE @lm(3' ). 

However, in certain cases, different algebras have the same theory. For a start, the 

isomorphism theorem of Chap. VI, § 2.3 has as an immediate corollary the following 

Theorem. Isomorphic algebras have the same theory. 

But non-isomorphic algebras can also have the same theory. This is illustrated by 

E x amp 1 e 2. Let m be empty, w denumerable, w C w', w' not denumberable, and let 

3, 3' be arbitrary interpretations over w, w' respectively. Then Gm(3) and um(3' ) 
are not isomorphic, since there is no 1-1 mapping from w onto w'. However, 

@lm(3) = @lm(3' ) : (a) If OlE @lm(3' ), then 01 has no free variables and Mod 3' 01. By the 

Lowenheim-Skolem theorem, there is an interpretation 3" over a denumerable domain 

(which, by Lemma 1 of Chap. VI, §2.2, we can take to be the domain w) such that 
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Mod3"Q'. It follows from the coincidence theorem that Mod3Q'. (b) If Q'f 8!B(3'), then 

either not !B( Q') c!B, in which case Q'$ 8!B( 3), or !B( Q') c!B and -, Q' E 8!B( 3' ), in which 

case it follows as in (a) that -, Q'E 8!B(3) , and hence that Q'$ 8!B(3). 

In both example 1 and example 2, ~(3) is a subalgebra of G!B(3'). In the following 

section, we shall introduce a stronger version of the general concept of an embedding 

and a corresponding version of the notion of a subalgebra, so that, if ~(~) is a sub­

algebra of G!B(j') in the stronger sense, then the two algebras have the same theory. 

2.3 Some lemmas. 

Proof. (a) Let Q'E8!B(3). Then !B(Q') C!B and Mod3'Q', and hence Q'E8!B(3'). (b) Let 

Q'*8!B(3). If not !B(Q') c!B, then Q'$8!B(3'). If, on the other hand, !B(Q') c!B, then 

-'Q'E8!B(3), Mod3'-,Q', not Mod3'Q', Q'f8!B(3'). 

Lemma 2. If 8!B(3) 1= Q', then there is a 8 E 8!B(3) such that (; 1= Q'. 

Proof .By the compactness theorem for the relation of consequence, there are finitely 

many elements 8 1 , ••• , 5r E 8!B(;) such that \ 51' ••• ,5 r 1 1= Q'. We may assume that 

r;;"1, since 8!B(3) isnonempty (e.g. ;\xx=xE8!B(3». Then 8 =8 1 1\ ••• 1\8 r has the 

required properties. We can use the same sort of method to prove 

Lemma 3 • .!! 8!B (31) U 8!B (32 ) is not satisfiable, then there are elements 5. E 8!B (3.) 
1 2 1 i 1 

(i = 1,2) such that \5 1 , 82 l is not satisfiable. 

Exercises. 1. Let 3:1. be an interpretation over Q and 32 an interpretation over R 
(cf. § 1, Exercise 1). Let !B be empty. Show that: ~(31) is not isomorphic to ~32) , 

(b) 8!B(31) = 8!B(32 ) (use the Lowenheim-Skolem theorem). 

2. Let !B(!Ill) c!B. Show that the following two assertions are equivalent: (a) Q'E!Ill or 
:::;-Q'E!Ill for each Q' such that !B( 0') C!B. (b) !Ill is the set of all expressions 0' such that 
!B( 0') C!B or there is an 3 such that !Ill = 8!B( 3) • 

.l:. The structures ~(3) and ~(3') are said to be elementarily equivalent if 

8!B(3) = 818(3' ). Show that elementarily equivalent structures with finite underlying 

sets are isomorphic. 

i:.. Let ~(3) and ~(3') be structures with finite underlying sets. Let Mod3Q' if and 

only if Mod 3' 0' for every 0' such that !B( 0') c!B which is a prenex normal form with no 
existential quantifiers. Show, using Exercise 3, that G.n (3) is isomorphic to ~ (3' ) • 
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§ 3. Elementary embeddings of algebras. Elementary subalgebras. Elementary chains 

of algebras 

3.1 Elementaryembeddings. 

Definition 1. A 1-1 mapping ~ from w into w' is said to be an elementary embedding 

of Gm(~) into Gm(~') if 

(3) 

for arbitrary n ~ 0, arbitrary sequences xl' ..• ' xn of individual variables and se­

quences r l' •.• , r n of elements of w. 

Definition 2. Gm(~) is said to be elementarily embeddable into Gm(~') if there is an 

elementary embedding from Gm(~) into ~(~'). 

Remark. 

(a) The relation of elementary embeddability is reflexive and transitive. 

Theorem 1. !! ~ is an elementary embedding of ~(3) into ~(3'), then ~ is an em­

bedding of ~(~) into ~(~,). 

Proof. We must show that ~ satisfies the conditions (1) and (2). 

To (1): Let P E ~ be an r-place predicate variable and r l' ••• , r r E w. We choose r pair­

wise distinct individual variables xl' ••• ' x r • Then we have 

r 1···"r 
~(p) fits "l, .•• ,rr iff Mod3 Pxl • •• x x l ... xr r 

~(rl)···~(" ) 
iff Mod3' r Px1 , •• x 

xl ••• xr r 
by (3) 

iff 3' (p) fits ~ (r 1) , ••• ,~(" r)· 

To (2): Let fE ~ be an r-place function variable and r 1' ••• ' rr E w. We choose r + 1 

pairwise distinct individual variables xl' ••• ' xr ' x. Then we have 

r 1 ••• " " 
~(f) ("1' .•. ' "r) = " iff Mod3 r fx1 ••• x = x x1 ••• xr x r 

(by (3» 

iff ~'(f)(~("l), ••• ,H"r» = ~(r). 

It follows that ~(3(f)(rl,···,rr» =~' (:t')(~(rl)' .•• '~("r». 



§ 3. Elementary embeddings, elementary subalgebras, elementary chains 

Theorem 2. !! Gm(3) is elementarily embeddable into Gm(3'), then 82](3) = ~(3'). 

Proof. This is condition (3) with n = o. 

Theorem 3. Every isomorphism 4> from Clm(3) into Gm(3') is an elementary em­

bedding. 

Proof. It follows from Chap. VI, § 2.3, Lemma 3 by induction on n that 

4> is also an isomorphism from Clm U 5 I (3 r 1 ..• rn) into 
IX1,···,xn x1···xn 

( 4>(r1)···4>(r ») 
Clm u I I 3' n , where r l' ... , r are elements of w. x1 ' ••• , xn x1 •.. xn n 

Thus these algebras are isomorphic and therefore, by the theorem in 2. 2, have the 

same theory. 

3.2 Elementary subalgebras. In analogy to 1.3, we lay down 

195 

Definition 3. Gm(3) is said to be an elementary subalgebra of Gm(3') - or Clm(3') an 

elementary extension of Clm(3) - if we w' and 

Remarks. 

(b) If Clm(3) is an elementary subalgebra of Gm(3'), then Clm(3) is elementarily em­

beddable into ~(3'). 

(c) The relation "is an elementary subalgebra of" is reflexive and transitive. 

(d) If ~(3) is an elementary subalgebra of u2](~')' then ~(3) is a subalgebra of 

~(3' ). 

3.3 The union of an elementary chain of algebras. If, for each j = 0, 1, 2, ••• , u'!l (3j ) 

is an elementary subalgebra of Gm (3j + 1)' then we say that the Clm (3j ) form an elemen­

tary chain of algebras. Every elementary chain of algebras is a chain of algebras. In 

1.4 we defined the union of a chain of algebras, We have the following 

Theorem. The union Clm(3) of an elementary chain of algebras ~(3j) is an elementary 

extension of each of the ~(3j). 

Proof. We prove by induction on the structure of 01 that, for all j, n, x1 ' ••• , xn and 

r1···r x1···x 
all r 1 , ••. ,r Ew: If '!l(0I) emu !x1 , ••. ,x l. then Mod3 nO'iff Mod3. nO'. 

n n x1 ... xn JX1 .•• xn 
In doing this, we make use of the properties of Clm(3) given in 1. 4. 
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(by 1.3 (f» 

(by 1.3 (1 f» 

b) If ex;; t1 =t2 and if !ll(ex) c!ll U Ix1 , .•• ,xn I, then we have 

(by 1.3 (f» 

c) If ex is a negation or a conjunction, then the assertion follows immediately from the 

induction hypothesis. 

d) If ex;;l\xa and !ll(ex) C!llU!x1, ••• ,xn }, then !ll(a) C!llU!x1, ••• ,xnl. 

t1···r r1 ••• t t 
d1) Let Mod3 n I\xa. Then we have Mod3 n a for every r E w, and hence 

x1···xn x1···xnx 

certainly for every r E wr Now it follows from the induction hypothesis that 

r1···r r t1 ••• r 
Mod 3. nx a for every r E w., and hence that Mod 3. n 1\ xa. 

Jx1···xn J Jx1···xn 

{1··· r 
d2) Let Mod3.x n Axa. Let { be an arbitrary element of w. Then there is a k ~ j 

J 1" .xn 

such that r E~. Since ~(3j) form an elementary chain of algebras, it follows from 

t1"'{ {1"'{ r 
(3 f) that Mod:'"t xn /\ xa, and hence that Mod -"I n a. Now, by induction 

-kX1••• n ~x1···xnx 
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hypothesis, we have 

r1···r 

r l' .. t r 
Mod J n ~. Since this holds for every r E w, it follows that 

x1···xnx 

Mod~ n I\x~. 
xl' •• xn 

Exercises. 1. Let !1l be a set of variables and J1. an interpretation over a finite domain 
of individuals W1.. Let ~2 be an interpretation over the domain of individuals W:iI and an 
elementary extension of ~1. relative to !1l. Show that: tl)1. = W:iI, and every element of !1l 
has the same image under ~1. as under ~2. 

2. Let K be a two-place predicate variable. Let 31. be an interpretation over the set W1. 
of the natural numbers, and ~2 an interpretation over w:iI = W1. U \- 11. Let J1. (K) and 
~'h (K) be the <-relation over W1. and wa respectively. Show that: ~a is an extension of 
~:!. relative to !1l = \K 1, but not an elementary extension. 

l:.. Prove the analog of § 1, Exercise 4 for elementary extensions . 

.±:. Let A!1l (3) be a subalgebra of A!1l (3') and an elementary subalgebra of A!1l (3"). M ore­

over, let A!1l(3') be an elementary subalgebra of A!1l(3"). Then A!1l(3) is an elementary 

subalgebra of A!1l( 3' ). 

5. Let !1l be a set of variables and Jj an interpretation over wJ (j = 1, 2). Let J2 be an 
extension of 31. relative to !1l. Show that: 32 is an elementary extension of ~l. relative to 
!1l if and only if, for all individual variables x, X1., •.. ,xn' all expressions Ct such that 

!1l(Ct) c!llU \x,X1., ••• ,xn 1 and all r1., ••. ,rnEw:!.: If ModJ:.;rl. ••. rnVXCt, then there is an 
X1..' . xn 

r E W1. such that ModJa h ... tn r Ct. 
X1. ••• xnx 

6. Let W be a domain of individuals and .It a two-place predicate over w. Let .It be called 
adense linear ordering over W without first or last element if: 

(1) .It is a (total) ordering < over W with no first or last element. 

(2) For all r, ~ E w: If .It fits r, ~, then there is a a E W such that .It fits t, a and a, ~. 

Let W1. and W:.; be denumerable domains of individuals and .It:!., Fa be dense linear order­
ings over Wl., Wa respectively without first or last elements. Show that: 

(a) There is a 1-1 order-preserving mapping from W1. onto w:';. 

(b) Every 1-1 order-preserving mapping of a finite subset of W1. into w:iI can be extended 
to a 1-1 order-preserving mapping from W1. onto Wa. 

(c) Let K be a two-place predicate variable and 3j an interpretation over Wj such that 
Jj (K) = .lt j (j = 1, 2). Moreover, let W1. c W:!. Then 3a is an elementary extension of ~'h 
relative to !1l = \K 1. 

§ 4. Three lemmas about elementary embeddings 

Lemmas 2' and 3' are modifications of lemmas 2 and 3, and are used in the proof in 5.1 

of A. Robinson's satisfiability theorem. Lemma 1 is used to prove lemmas 2 and 3, but 

it is also interesting in its own right. 

4.1 Lemma 1. If 8!ll(!5) = 8!1l(3') and if, for every r E w, there are infinitely many 

variables x E 13 such that 3(x) = r, then ~(J) is elementarily embedabble into ~(3'). 

Rem ark. If r = J( x), ~here x E!1l, then we can think of x as a name for the individual 

r in the theory 8!ll(J). The second assumption in Lemma 1 then means that every element 
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of w has infinitely many names in e~(~n. We could weaken this "assumption about names" 

by requiring only that every element of w should have at least one name in e~(3}. How­

ever, we should then have to use extended substitution, whereas here ordinary sub­

stitution is sufficient. If every element of w has at least one name in e~(;)}, then the 

set of those atomic expressions (expressions) which are in e~(;)'} is also called ~ 

diagram (a complete diagram) of the algebra Gm(3}. This concept plays an important 

part in model theory. 

Proof. We must find a 1-1 mapping <P from w into w' which has the property (3). 

Let r E w. Then there is an x E ~ such that ;)(x) = r. We define <p( r} = ;), (x) and must 

show that this definition is independent of the representative x. Let us therefore suppose 

that yE~ and ;)(y) = t'. Since 3(x) = ;)(y), Mod;)x=y, and therefore x=yEe~(~}. Hence 

also x=yE e~(3'}, i.e. ;)' (x) =~' (y). 

The mapping <P which we have just defined is 1-1: Let <p(r) = <p(~}. Then there are ele­

ments x,yE~ such that ;)(x) = L 3(y} = 9. Now <p(r} = 3'(x}, <p(9} = ;)'(y}, and hence 

;)'(x} = 3'(y}, Mod;)' x=y, x=yEe~(3'}, x=yEe~(;)}, ;)(x) = ;)(y), r = 9. 

Now we prove by induction on n that (3) holds for arbitrary xl' ••• ' xn and for a such 

that ~(a) c~U \x1, ••• ,xnl. 

For n = 0 we have 

Mod tla iff a E e~(;)\ 

iff aE e~(~} } 

iff Mod;)' a • 

(assumption) 

Induction step: Let t'1' •.. ' t'n+l E wand a be an expression such that ~(a) c ~ U Ix1 , ••• , 

x 1 1, for some xl"'" x l' By hypothesis, there are infinitely many x E ~ such that n+ n+ 
3(x} = r 1. Thus we can find such an x which does not occur in a and is different from n+ 
each of xl"'.' x • Then there is an expression ~ such that Subst aX 1 x ~ (cf. Chap. II, n M 

§5.4, Theorem 6). By Theorem 7 (of Chap. II, §5.4) ~(~) c~ U Ix1 , ••• ,xn ' xl c~ U 
r1···r 

U !x1 , ••• ,x I, since xE~. Now, since x 1 =;)(x} =;) n(x} and <P(r 1} = J'(x} = 
n n+ xl.' .xn n+ 

__ ",,t 1· .. rn (x) ( ) 
v because x * xl'.'. ,xn ' we have x1···xn 

(substitution theorem) 

(induction hypothesis) 

<p(r 1}···<p(r }<p(r 1} 
iff Mod;)' n n + a (substitution theorem) • 

xl ••• xn xn+l 
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4.2 Lemma 2. Let 8!ll(J) U lQ'1 be satisfiable, !ll be finite and w at most denumerable. 

Then there is an interpretation J I over a finite or denumerable domain of individuals WI, 

such that ModJ' Q' and such that Gm(J) is elementarily embeddable into G!ll(J I ). 

Proof. (1) We want to apply Lemma 1. In order to do this, we shall first of all extend 

!ll by adding to it a set m of individual variables, so that every element of w has infinitely 

many "names" in !ll U m. 

Let m be an infinite set of individual variables which is disjoint from !ll U !ll( Q'). For the 

hypothesis and the assertion of Lemma 2 it is irrelevant how ;) is defined for the variables 

in m. Thus we can assume w.1. o. g. that J is defined on m in such a way that every ele­

ment of the (at most denumerable) domain of individuals w appears infinitely often as the 

image under J of a variable in m. 

(2) In (3) we shall show that 8!ll um( 3) u I Q' I is satisfiable. Thus, by the Lowenheim­

Skolem theorem, there is an interpretation J lover a finite or denumerable domain WI 

such that Mod31 8!llUm(3) U lQ'l. It follows that ModJ' Q'. Since Mod;)' 8!llUm(;)' it also 

follows from 2.3, Lemma 1 that 8mum(;) = 8mum(;)'). Now, by Lemma 1, which we have 

just proved, Gmum(J) is elementarily embedabble into ~um(JI). But then, trivially, 

Gm(;) is elementarily embeddable into Gm(JI). 

(3) It remains to be shown that 8mum(3) U \Q'l is satisfiable. If this were not the case, 

then we should have 8mum(3) 1= --, Q'. Then, by 2.3, Lemma 2, there would be a 

6 E 8!llUm(3) such that 6 F --, Q'. Let V 6 stand for an expression which is obtained from 

6 by applying the existential quantifier to all variables from m which occur free in 

6 ( V 6 ;: 6 if none of the variables in m occurs free in 6). It follows from Mod;)o, 

6 F V6, !ll(V6)cm that V6E8m(3). Thus, by hypothesis, lV6, Q'l is satisfiable. 

But this contradicts the fact that V 6 1= --, Q', which follows from 6 F --, Q' by (possibly 

repeated) application of the rule (p I ), making use of the fact that m and m( Q') are dis-x 
joint. 

Lemma 2 I. Let 8m(3) U \ Q' I be satisfiable. Let !ll be finite and w finite or denumerable. 

Then there is an interpretation 3 I over a finite or denumerable domain of individuals 

such that Mod 31 Q' and such that Gm(3) is an elementary subalgebra of Gm{;)I). 

WI , 

Proof. By Lemma 2, there is an interpretation 3* over a finite or denumerable do­

main of individuals w*, such that Mod~*Q' and such that Gm(3) is elementarily em­

beddable into Gm(3*). Let if> be one of these elementary embeddings, and let w5 = if>(w) , 

wi = w* - wOo Let if>1 be a 1-1 mapping from wi onto a set Wi which is disjoint from w. 

Let WI = W U wi. w* can be mapped onto WI in a 1-1 way by a mapping $ which is identical 

with if> -1 on w~ and with if> 1 on wi. By Lemma 1 of Chap. VI, § 2.2, there is an inter­

pretation 31 over WI such that $ is an isomorphism from Gm U !ll( Q'/;)*) into 

~U!ll(Q')(31). Then '1'0 if> is an elmentaryembedding of ~(3) into Gm{;)I). By con-



200 VIII. The Theorems of A. Robinson, Craig and Beth 

struction, 'f 0 <I> is the identity, and hence ~(3) is an elementary subalgebra of ~(3'). 

Mod3'O' follows from the fact that Mod3*O' and that ~U!B(O')(3l~) and ~U!B(O')(3') are 

isomorphic. 

4.3 Lemma 3. Let G!B(3) be an elementary subalgebra of ~(3'), !B be finite and w Q­
nite or denumerable. Then there is an interpretation 3" over a finite or denumerable 

domain of individuals w" and (1) an elementary embedding <I> , from ~(3') into ~(3") 

and (2) an elementary embedding <I> from ~U!B(O')(3) into ~U!B(O')(3"). Moreover, <I> 

and <I> can be chosen in such a way that <I> is the restriction of <I> , to w. 

Proof. (1) We proceed in a way similar to the proof of Lemma 2. Let !ill' be an infinite 

set of individual variables which is disjoint from !B U!B( a). We can assume that 3' is 

defined on !ill' in such a way that every element of w' appears infinitely often as the image 

under 3' of a variable in !ill' • 

(2) Let !ill be the set of those elements xE!ill' such that 3' (x) E w (note that wC w'). We 

can assume that 3 is defined on !ill in such a way that 3(x) = 3' (x) for each xE!ill. Then 

every element of w appears infinitely often as the image under 3 of a variable in !ill (for, 

if r E w, r appears infinitely often as the image under 3' of a variable in !ill' ; but every 

such variable fies in !ill, and 3 and 3' are identical on W). 

(3) In (4) we shall show that 9!BU!B(O') U!ill(3) U9!BU!ill' (3') is satisfiable. Thus, by the 

Lowenheim-Skolem theorem, there is an interpretation 3" over a finite or denumerable 

domain w", such that Mod3"9!BU!B(O') U!ill(3) U~U!ill' (3'). It follows that I8l~U~(O') U!ill(3) = 

= e~U~(O') U!ill(3") and e~U!ill' (3') = e!BU!ill' (3"). Now Lemma 1 shows that ~U!B(O') (3) 
is embeddable into ~U!B(O')(3") and ~(3') into ~(3"). In Lemma 1, the embedding <I> , 

of ~(3') into ~(3") was so constructed that <I>'(r) =3"(x), where x is any variable 

such that xE!ill' and ;)'(x) = to Correspondingly, the embedding <I> of ~U~(O')(3) into 

G!BU~(O') (3") was so constructed that <I>(r) = 3"(x), where x is any variable such that 

xE!ill and ;)' (x) = r. Now suppose that rEw, xE!ill and ;)(x) = t, Then xEm' and 3' (x) = r, 
and hence <I> (t) = <I> , (r). Thus, all the assertions have been proved. 

(4) It remains to be shown that 9!BU!B(O') U!ill(3) U9!BU:ill' (3') is satisfiable. If this were 

not the case, then, by 2.3, Lemma 3, there would be expressions 6 E (8J!B U!B( a) U!ill( 3) 

and 6' E 9!B U!ill' (3') such that ! 6, 0' 1 is not satisfiable. Let V 6' be obtained from 0' 

by applying the existential quantifier to all the variables from !ill' -!ill which occur free 

in 6'. If there were a model of ! 5, V 5' I, then it could be altered to obtain a model of 

! 0, 0' I, since the variables which are quantified in obtaining Vo' from 5' do not occur 

free in o. Hence \ 0, V 6' J is not satisfiable. On the other hand, Mod 30 and Mod;) V 0' • 

The former is trivial. The latter follows from the fact that Mod 3' 5', and hence that 

Mod;)' V 6 " as follows: Let xl' ••• ' xn be those variables in !ill which occur free in V 0' • 

Then we have !B(Vo') c!BU!xl , ••• ,x I. For the following, note that 3'(x.)Ew and that 
n J 



§ 5. The theorems of A. Robinson and Craig 201 

~(x.) = ~'(x.), since x. Em; and, moreover, that, by hypothesis, (L(~) is an elemen-
J J J '""llS 

tary subalgebra of ~(~'). We have 

3' (xl) ••• ~' (x ) 
iff Mod ~ n V 6 ' 

xl ••. xn 

~(xl)···3(x ) 
iff Mod ~ n V 6 ' 

xl xn 

iff Mod 3 V 6' , 

and hence Mod3V6', q.e.d. 

Lemma 3'. Let ~(3) be an elementary subalgebra of ~(~,), ~ be finite and w' finite 

or denumerable. Moreover, suppose that Mod3a. Then there is an interpretation 3" 

over a finite or denumerable domain w", such that (1) ~(~') is an elementary sub­

algebra of ~(3") and (2) ~U~(a)(3) is an elementary subalgebra of ~u~(a)(~"). 

Proof. By Lemma 3, there is an interpretation 3* over a finite or denumerable do­

main w* and (1) an elementary embedding.p' of ~(3') into ~(3*) and (2) an elemen­

taryembedding .p of ~U~(a) (3) into ~U~(a) (3*) such that .p is the restriction of .p' 

to w. Now, as in the proof of Lemma 2', we replace the interpretation 3* by an inter­

pretation 'J" such that ~U~(a) (3) is isomorphic to ~U~(a) (3"), where the isomor­

phism 'Y is chosen in such a way that 'Y 0 .p' is the identity on w'. Then 'Y 0 .p is the 

identity on w. The other assertions can be proved in a way similar to the proof of Lemma 2' . 

Exercises. 1. Let e~(3) and e~(3') contain the same quantifier-free expressions. For 

every rEw let there be infinitely many xE~ such that 3(x) = r. Then ~(3) is em­
beddable into ~(~,). 

~ Show that Lemma 2, 2' , 3, 3' also hold if ~ is infinite. 

l:.. Let ~(3) have a denumerable underlying set. Show that there is a proper elemen­

tary extension of ~(3). 

§ 5. The theorems of A. Robinson and Craig 

5. 1 A. Robinson's satisfiability theorem. Let the sets of expressions e~ (3) U I a I and 

e~(;s) U la' I be satisfiable, ~_finite and ~(a) n~(a') c~. Then la, a' I is satisfiable. 

Proof. (1) For j = 0,1,2, ••• we put aj == a or a j == a' according to whether j is 

even or odd. In (2) we shall show that, for every j, there is an interpretation 3j over 

a finite or denumerable domain of individuals w., such that Mod;S.a. and (L(3.) is an 
J J J :s J 



202 VIII. The Theorems of A. Robinson, Craig and Beth 

elementary subalgebra of u21 (3j +1 ) and GmU21(0'.) (3j ) is an elementary subalgebra of 
J 

GmU 21( 0'. 2) (~j+2)· Thus, we have here two elementary chains of algebras, namely 
J+ 

~U21(0') (30 ), ~U21(0') (32 ), u21U21(0') (34), ••• 

and 

Asin3.3, we form the unions ~U21(0')(30) and ~U21(0'1)(31) of these two chains. 

Now, for each j, w. C w. l' since (L (3.) is a subalgebra of (L (3. 1). Hence the domain 
J J+ 'lS J 0 'lS J+ 

of individuals Wo U w2 U w4 U ••• belonging to J is identical with the domain of individuals 

w1 U w3 U Ws U • •• belonging to 31 . Thus 'Jo and ~1 are interpretations with the same do­

main of individuals w* = Wo U w1 U w2 U •••• Now we introduce an interpretation 3* over 

w* by requiring that 'J~U21(0')= 'J0 and ~ U21(0" )~1. Thus, 3* is fixed only for the 

variables in 21U!ll(0') U!ll(O'I); but this is sufficient for the following. However, we need 

to show that our two requirements do not contradict each other. A variable which lies in 

both 21 U 21( 0') and 21 U 21( 0") must lie in !ll, since, by our hypothesis, 21( 0') n 21( 0" ) C 21. 

Thus, we must show that 30 and 31 are identical for the variables in 21. We confine our­

selves to the case of a predicate variable P E 21, since the proof for a function variable 

can be carried out in just the same way. Let P be r-place and '1' ••• " r be arbitrary 

elements of w*. Then there is a j such that t l' ••• , 'r E w2j ' and we have 

'Jo(p) fils r 1 , ••• ,t r 

iff 32j (p) fits t1' ••• "r (u'8(32j ) is asubalgebra of Gm('J°)) 

iff ;)2j+1(P) fits '1,···,rr (~('J2j) is a subalgebra of Gm(32j+1 )) 

iff 'J1(p) fits t 1 , ••• ,t r (Gm(32j+1 ) isasubalgebraof Gm(31)). 

Since GmU21(0') (;)2j) oiS an elementary subalgebra of GmU21(0') (3°), it follows from 

Mod32j O'that Mod;) 0' and hence, by the coincidence theorem, that Mod;)*O'. Analogously, 

it follows from Mod 32j+1 0" that Mod~*O". Thus, 10', 0" \ is satisfiable. 

(2) We define interpretations ~j by induction on j and show simultaneously that they 

have the properties given in (1) : 

(a) By hypothesis, 821(3) U \0'\ is satisfiable. Let 30 be an interpretation over a de­

numerable domain of individuals wo ' such that Mod30821(3) U \0'\. 

(b) Definition of ;)1: By hypothesis, 821 (3) U \01 ' \ is satisfiable. Since Mod'J0821('J) 

and by 2.3, Lemma 1, 8'8(3) = 8'8('JO). Hence, 821 (30 ) U \01 ' \ is satisfiable. We can now 

apply 4.2, Lemma 2 I • Thus, there is an interpretation ;)1 over a finite or denumerable 

domain of individuals w1 ' such that Mod ~\ 01' and such that Gm( 30 ) is an elementary 

subalgebra of ~ (;)1 ) • 
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(c) Definition of 3. 2 (from 3. and 3. 1): By induction hypothesis, Mod3.~., I!.l. 1 
J+ J J+ J J J+ 

is finite or denumerable and ~(3j) is an elementary subalgebra of ~(3j+1). Now 

we can apply 4.3, Lemma 3'; thus, there is an interpretation 3. 2 over a finite or 
J+ 

denumerable domain of individuals I!.l. 2 such that G. ... (;j. 1) is an elementary sub-
J+ ;0 J + 

algebra of ~(3j+2) and ~ U!B( ~.) (3j ) is an elementary subalgebra of 
J 

~U!B(~.) (3j +2 ) = ~U~(~. ) (;jj+2)· 
J J+2 

203 

5.2 Craig's interpolation lemma. Let ~,y be expressions such that ~ 1= y. Then there 

is an expression S such that !B( S) c !B( ~) n ~(y) and ~ 1= S and S 1= y. 

Proof. (1) Let ~ = ~(~) n ~(y). ~ is finite. Let IS: be the set of those expressions p 

such that ill(p) Cill and ~ 1= p. IS: is nonempty since, for example, Axx=xEl8. 

(2) We want to show that rs: U \0 y j is not satisfiable. Otherwise, there would be an 

interpretation 3 such that Mod;jrs:uhyj. (a) 18~(3)UI~j is satisfiable. For, if it 

were not, we should have GI~(3) I=....,~. Then, by 2.3, Lemma 2, there would be a 

6 E GI~(3) such that 6 I=....,~, i.e. ~ I=....,~. It would follow that...., 0 E rs: and hence that 

Mod3...., 0 (since Mod;jrs:), which would contradict 0 E GI~(3). (b) GI~(;j) u h y I is satis­

fiable, since ~ is a model of this set of expressions. Moreover, (c) ~ is finite and 

(d) !B(~) n!B(--, y) c!B. Because of (a), ••• , (d) we can apply Robinson's satisfiability 

theorem and conclude that 1 ~, ...., y I is satisfiable. However, this contradicts ~ 1= y. 
(3) We have just seen that rs: u I...., y I is not satisfiable. Hence, IS: 1= y. Now the conjunc­

tion of a finite number of elements of IS: is also an element of rs:; hence there is an ele­

ment S of rs: such that S 1= y. S clearly has all the required properties. 

Exercises. 1. Using A. Robinson's satisfiability theorem and § 4, Exercise 2, prove 
the following, more general form of the satisfiability theorem (also due to A. Robinson): 

Let ill be a set of variables. Let !lJl, !Db, ~ be sets of expressions which satisfy the fol­
lowing conditions: 

(t) For all ~E!lJl, ill ( ~) C ill. 

(2) For all ~ such that ill(a) c!ll, !lJl1= a or !lJl I=....,~. 

(3) For all ~oE!Db and ~j,E~, ill(~o) nill(~j,) Cillo 

( 4) !lJl U!lJlj is satisfiable (j = 1, 2). 

Then !Db U ~ is satisfiable. 

2. If!lJlj, U!IJIa is not satisfiable, then there is an ~ such that ill(~) C !ll(~) n !ll(ma) 
and !lJlj, 1= ~, !llla I=....,~. 

3. Let P and Q be two distinct two-place predicate variables, f a one-place function 
Variable and x, y, z pairwise distinct individual variables. 

(a) Show that: AxPfyx I=VxVyAz«Pxyl\....,Qxy) v Qxz). 

(b) Find an interpolation formula. 

4. Using Craig's interpolation lemma, prove A. Robinson's satisfiability theorem. 
THint: Prove the theorem indirectly. ) 
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§ 6. Beth's definability theorem 

6.1 The notion of definability. It often happens that, in a mathematical axiom system 

!Ill, some of the primitive notions of !Ill are "superfluous" in the sense that they can be 

defined by means of the other primitive notions of !Ill. This situation gives rise to the 

following definitions: 

Definition 1. 01 defines the r-place predicate variable P relative to !Ill by means of the 

variables xl' ••• ' xr if and only if 

(a) xl' ••• ' xr are pairwise distinct, 

(b) !8( 01) C !B(!Ill) u I xl' ••• , xr l. 
(c) P~!B(OI), 

(d) !Ill 1= Ax t ... A xr (Px1 ••• xr ~ 01). 

P is said to be definable relative to !Ill if there are variables xl"'" xr and an ex­

pression 01 which defines P relative to !Ill by means of the variables x t ,···, xr ' 

Definition 2. 01 defines the r-place function variable f relative to !Ill by means of the 

variables x t , ••• , xr ' x if and only if 

(a') xl"'" xr ' x are pairwise distinct, 

(b') !B(OI) c!B(!Ill) U Ix1 , ... ,xr , xl. 

(c') ff!B(OI), 

(d') !IllI=Axt ... Axr Ax(fx1",xr = X~ 01). 

f is said to be definable relative to !Ill if there are variables xl'" ,xr ' x and an ex­

pression 01 which defines f relative to !Ill by means of the variables xl"'" xr ' x. 

6.2 Beth's definability theorem for a predicate variable. In the following we shall 

assume (for the sake of simplicity) that !8(!D!) is finite. Let P be an r-place predicate 

variable. Let P' be r-place, P' * P and P' * !B(!Ill). We can assign to every expression 01 

an expression 01' such that Subst OIP P , 01'. (This form of substitution can be defined ana­

logously to the original form - substitution for individual variables - and there are no 

complications, since predicate variables are not quantified. 01' is obtained from 01 by 

replacing the variable P by P' everywhere in 01.) Let !Ill' be the set of those ~' such 

that ~E!Ill. Under these assumptions we assert that the three following statements are 

equivalent: 

( *) P is definable relative to !Ill. 

( *~~) If two models of !Ill with the same domain of individuals are identical on !B(!Ill) - P , 

then they also have the same value at P. 
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(***) !Dl U!Dl' 1= A xl ..• A xr (pxl ..• xr ~ P' xl· .• xr ), where xl' .• ·' xr are pairwise 

distinct variables. 

(i) If (*), then (**). Let ex be a definition of P by menas of the variables xl'··.' xr . 

Let 3, 3' be interpretations over the same domain of individuals w such that Mod3!Dl, 

Mod3'!Dl and 3 = 3'. By (d), 3 and 3' are models of Axl ••• Ax (pxl •.. x ~ex). 
!8{'Dl)-p r r 

Now if ~ l' .•• , ~ r are arbitrary elements of w, then we have 

3{p) fits r l ,···, rr 

rl···r 
iff Mod3 r pxl ... x 

xl •.• xr r 

rl···r 
iff Mod3 rex 

xl·· .xr 

~l ••• r 
iff Mod3' rex 

xl·· .xr 
(coincidence theorem) 

(2) l! (**), then (***). Let Mod3!Dl and Mod3!Dl'. We need to show that 

Mod3Axl ••• Axr{Pxl •.• xr~P'xl ••• xr)' i.e. that 3{p) =3'{p). We have 

Subst!DlPP '!Dl'. Now, by the substitution theorem (which can be proved for this sort of 

substitution in the same way as for ordinary substitution). 

MOd~{P')!Dl if and only if Mod3!Dl', 

and hence Mod 3~{ P ')!Dl. Now we can apply (**) to the two interpretations 3 and 3~( P , ) 

and obtain 3(p) =3~(P'){P), i.e. 3{p) =3(p'). 

(3) If (***) , then (*). We shall assume that none of the variables xl' ••• ' xr mentioned 

in (***) lies in !8{!Dl) {otherwise we would replace xl'···' xr by suitable y l' ..• , y r 

and apply the rule (ReG ». Moreover, we shall assume that !Dl is nonempty (we leave x,y 
it to the reader to reformulate the following proof for the case that !Dl is empty). By 

( ***) , there are finitely many elements ~l' ••• ' ~ s of !Dl such that 

Let ~ == ~l " ••• " ~s· Then we have 

J- ~~' Axl ••• AXr(Pxl ••• Xr~P'Xl •.. Xr) 

I- ~~'Pxl ••• xr~P'xl.·.xr 

I- ~ ~' PXl ••• xr -+ P , Xl ••• xr 
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f- \lo\lo'pxr··xr P'x1···xr 

r \loAPx1···xr \lo' -tP'x1···xr • 

In this last sequent, P' does not occur in the antecedent and P does not occur in the 

succedent. We can now apply Craig's interpolation lemma. Thus there is an expression 

0/ such that ij(O/) C ij( \lo A Px1 ..• xr ) n ij(\lo' -t P' xl ••• xr ). i.e. such that 

V (0/) C ij(!Jll) U Ix1 , ..• , xr I and P * ij(O/) and 

(1) 

and 

(2) 

If follows from (1) that 

(3) 

From (2) we obtain 

(4) 

If, in any derivation of (4), we replace P' everywherebyP, then, clearly, we obtain 

another derivation (cf. the proof of the first part of Theorem 3 in Chap. V, § 1.3). Thus 

we have 

(5) 

From (3) and (5) we obtain 

(6 ) 

Since xl' ••• ' xr do not occur free in !Jll, we may generalise over these variables in the 

right-hand expression. Thus, finally, we obtain 

(7) 

which proves (* ) • 

6.3 Beth's definability theorem for a function variable. Once again, let ij(!Jll) be finite. 

Let f and f' be r-place, f * f' and f' ~ ij{!DI). Let!DI' be defined analogously to the !Jll' 

in 6.2. The following three statements are equivalent: 

( *) f is definable relative to !III. 

( **) If two models of !IR with the same domain of individuals are identical on ij{!IJI) - f, 

then they also have the same value at f. 
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(*i~*) !JJl U!JJl ' 1= AX1 ••• AXr (fx1 ••• xr = f' x1 ••• xr ), where x1 ' .•• , xr are pairwise 

distinct variables. 
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Proof. As in 6.2. In proving (*) from (***), the separation of f from f I can be 

achieved as follows: First of all, we have 

Now if x is a new individual variable, then by (ET): 

It follows that 

and thus the separation of f and f I can be carried out as in 6.2. 

Exercises. 1. In the expression (-, (01 1\ -, (--, s v A X'l » 1\ 6), 6 is not in the domain of 
influence of a negator, (01 1\ -, (-, s V A X'l ) ), 01 and -, (-, s V 1\ x'l) are in the domain of 
influence of the first negator, (-, S V 1\ x'l ), -, S, 1\ x'l and l' are in the domain of in­
fluence of the first two negators and S is in the domain of influence of all three negators. 
In the following, let P be an n-place predicate variable and 01 not contain ~, ~. Let 
Pos POI mean that every expression of the form Pt:1. ••• tn which occurs in 01 at some point 
occurs there in the domain of influence of an even number of negators. Let NegPOI mean 
that every expression of the form Pt:1. •.• tn which occurs in 01 at some point occurs there 
in the domain of influence of an uneven number of negators. 

Lay down the rules of a calculus in which rows of symbols of the form + POI and - POI are 
derivable; + POI if and only if Pos POI, and - POI if and only if NegPOI. (As an example cf. 
the cal cuI us of free occurrence in Chap. II, § 4.2. ) 

2. Let 01, P and P I fulfil the hypotheses of Beth IS definability theorem. Suppose that 01 

does not contain either of ~, ~. For each of the cases Pos POI and Neg POI, find an ex­
pression S which defines P in the sense of Beth I s theorem. (Hint: Put 01 into a prenex 
normal form whose kernel is a disjunctive normal form. ) 

.l:.. Let Gm(3) be an at most denumerable structure over the domain of individuals w. 

Let W:1. C wand W2 C W and !lli~ c!ll. Let q, be a partial !ll*-isomorphism in the extended 
sense (i.e.s.) from W:1. onto W2; i.e. let q, be a 1-1 mapping from W:1. onto W2 with the 
property: For all n ~ 0, all pairwise distinct X:1., ••• , xn , all 01 such that 
!ll(0I) C 2'1* U !X:1., .•• ,xn I and all t':1., ••• , t'n E W:1., 

if and only if 

Show that: 

a) There is an at most denumerable elementary extension Gm(;:S') of Gm(~) with a do­

main of individuals W I and a partial !ll*- isomorphism i. e. s. from w onto a subset of 
w' which is an extension of q,. (Cf. the proof of §4, Lemma 3.) 

b) Assertion a) with q,-:1. instead of q,. 

c) There is an at most denumerable elementary extension Gm(3") of Gm(~) and an iso­

morphism from Gm(~") onto itself which is an extension of <P. (Use a) and b). Cf. the 

proof of § 4, Lemma 3. ) 
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.!:.. Let ~ = ~* u \p l, P f ~*. Let ~(3), a~(3') be different structures, both at most 

denumerable, such that a~*(3) = ~*(3'), 8~(3) = 8~(3'). Then there is a structure 

~(3") which is at most denumerable and satisfies: 

a) 8~(3") = 8~(3' ). 

b) There is an isomorphism from ~*(3) onto itself which maps onto itself the set of 
those tuples which 3"(p) fits. 

(Suggestion: We may assume that there are pairwise distinct individual variables y j., 
yz, ••• ,yL y2, ••• which do not occur in ~ and satisfy 3(yj.) =;:S'(y1), 3(yz) = 
= 3' (Y2), ••• , and that the 3(y,) run trough the whole of the underlying set of ~(;)). 

Show that 8m U \ 1(;3) U 8m U!' 1 (3') is satisfiable and apply the result of the 
'<) yj.,... '<) yj.,. •• 

previous exercise. ) 

5. Let ~ = ~* U \p I, P $ ~*. Let !Ill be a set of expressions such that ~(!Ill) c~. Suppose 
that all ~(3), ~(3') which are models of !Ill satisfy: If ~l~(j) = ~(~,) and ~(3) is 

isomorphic to ~(3'), then 3(p) = 3' (p). Show that: 

a) If ~(3) is a model of !Ill, then P is definable relative to 8~(;:S). (Use the preceding 

example and Beth's Theorem.) 

b) If ~ (;:s) is a model of !Ill, then there are pairwise distinct xi"'" xn and an Ci such 

that ~(Ci) c 'B* U !x1 , ••• , xn 1 and such that ~(3) is a model of 

Axj. ••• A Xn (Pxj. ••. Xn +t Ci). 

c) (Svenonius' Theorem (1959)) There are pairwise distinct Xj., ••• , xn and Cij., ••• , Cim 
such that, for each i :( m, ~(Cil) C ~* U !xj., ••• , x 1 and such that 
!Ill po Axj. ••• A Xn (Pxj. ••• Xn ~ Q'j.) V ••• v A Xj. ••• i\ Xn (Pxj. ••• Xn ... Q'm ). 
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§ 1. Extended substitution 

1.1 Introduction. In Chap. II, § 5 we defined the relation of substitution Subst O'xt~. 

For each 0', x, t there is at most one ~ such that Subst Q'Xt~. However, as we have 

seen, not every 0', x, t possesses a ~ such that Subst axt~. In the following, we shall 

deal with such exceptions. We want to associate with each 0', x, t a unique expression 

O'~ which, we shall say, is obtained from 0' by extended substitution of t for x. The 

expression "extended substitution" is justified by the fact that O'~ == ~ whenever 

Subst Q'Xt~. 

O'~ is defined as follows: First of all, we associate with 0' an "equivalent" expression 

0' t , depending also on x and t, where 0' t == 0' if and only if there is a ~ such that 
x tXt t 

Subst axtS. 0' is chosen in such a way that 0' , x, t possess a S such that Subst a xtO'. x X x 
We take this ~, which is uniquely determined by x and t, as the required expression O'!.. 

x 

The "equivalence" of 0' and O't is characterised by the fact that the same variables occur 
tXt 

free in 0' as in O'x and that 0' -il- ax. 

If Subst axtl3, then 13 is obtained from 01 by replacing the individual variable x by the 

term t at all the places where x occurs free in 0'. In this sense, we can speak of 

"substitution by replacement". In the definition of substitution in Chap. II, § 5, the 

reason why we did not assign a 13 such that Subst Q'XtS to every 0', 'x, t was that we 

wanted to prevent the situation in which a variable x occurs free in an expression 0', 

whilst a variable which appears in the same position after the substitution of t for x 

is not free in this position. This reason may at first seem somewhat unimportant; be 

that as it may, we can now give a second reason: If we were to define substitution as 

substitution by replacement with no restrictions, then the substitution rule (S~), which 

is one of the rules of predicate logic (Chap. N, § 2.3), would be unsound (Chap. IV, 

§ 3). 

In order to show this, we consider the following "derivation", in which substitution by 
replacement is used to pass to the third line in such a way that the situation described 
above is created (x occurs free in -,;\ yPxy; we replace x here by y, with the result 
that the variable y which we have introduced in this position is bound by the universal 
quantifier) : 
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1) 
2) 
3) 

/\x -,f\yPxy : Ax, /\yPxy 
/\x, /\yPxy : ,/\yPxy 
/\x, /\yPxy : ,/\yPyy 

(A) 
(G) 

"(S~) " 
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Whereas the second row, which is obtained by (A) and (G), is sound, this is not true of 
the third row. For otherwise we should have 

/\x ,/\ypxy 1=, /\YPyy. 

But this is false: Let us consider the domain of individuals w of the natural numbers and 
an interpretation ~ over it such that ~(p) is the equality predicate (i. e. the predicate 
which fits two natural numbers r, ~ if and only if " = ~). Mod ~ /\x , /\ yPxy and w 
Mod ~ /\yPyy, which contradicts the relation of consequence given above. 

w 

Thus, in 0: ;:, /\ yPxy we cannot replace x by y. The reason for this is that y occurs 

in the component /\y. Now an obvious idea is to consider, instead of 0:, the expression 

o:i ;:, /\ zPxz, where z is a uniquely determined individual variable which is different 

from x and y. Clearly, 

(1) the same individual variables occur free in 0: as in ~, 

(2) o:-tf-~, 

(3) Subst exixy, /\zPyz. 

Thus, we shall say that the expression, /\zPYz is obtained from, /\YPxy by extended 

substitution of y for x, i.e. that h/\ypxyJi ;:,/\zPyz. We could say that the ex­

pression o:Y is obtained from 0: by "renaming the bound variables". In general, we 
x 

shall use this method of renaming bound variables in the cases in which normal sub-

stitution cannot be carried out (see 6.2, case 2b) • 

In order that the expressions o:t (and hence also o:!.) should be uniquely determined for x x 
a given 0:, x, t it is necessary to characterise uniquely the new variables which are intro-

duced by the process of renaming bound variables. In doing this, we make use of the fact 

that there are countably many individual variables. We assume that we have (in a way 

that is arbitrary but is kept fixed during the following) numbered the individual variables. 

The number which is assigned to the individual variable x (which will be one of the na­

tural numbers 0, 1, 2, ••• ) is to be call ed the index of x, denoted by Ind (x) • 

The new variables introduced by the process of renaming bound variables, which we have 

just mentioned, satisfy certain conditions (for example, we required above that z should 

be different from x and y), which, however, are not sufficient to determine them uni­

quely. However, we want to determine these variables uniquely by requiring that, each 

time, the variable chosen should be the one with the smallest index among those which 

satisfy the given conditions. 
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1.2 The operations Il't and Il'!... In Chap. II, § 1.2, we assigned to every expression Il' 
..:...:.-'O-~;.;;;..."'_.:..::.;:...;;;;.;.;;.;;;=_ x--- x-
a rank R(Il'), which was defined as the total number of logical sumbols occuring in Il'. 

N~e shall define c} and Il'!.. simultaneously under the assumption that, for all ex-

pression a such that 
t' 

x x t' 
R( S) < R( Il'), we have already defined the operations ax' and 

S Xi for arbitrary x' and t'. At the same time we shall show that the following asser-

tions hold: 

(1) The same variables occur free in 0/ as in t 
O/x· 

(2) t 
Il' -I I- Il'x. 

(3) Subst Il'~ x t O/~ • 

(4) If there is a a such that Subst O/Xta, then Il't =' Il' 
x and t 

Il'x;: S. 

Here, we can assume that the corresponding assertions hold for every a, x' and t' such 

that R(a) <R(Il'). It can be seen immediately that the operations Il'~ and Il'~ are effective, 

i.e. that these expressions can be found effectively for given Il', x, t (where we can as­

sume that this is true for S, x', t' ) • 

In the definition of Il't and Il'!..x we distinguish between the following cases: x--

(a) Il' is atomic. We put O/~ =' Il'. By Chap. II, § 5 .4, Theorem 2, there is a uniquely deter­

mined S such that SubstO/XtS. We put Il'~;:a. The assertions (1), ••• ,(4) can be verified 

immediately. 

(b) Il' is a negation. Then there is an expression 1l'1 such that Il';: -, 1l'1. R ( 1l'1) < R (Il') • 

We put 

Proof of (1), .•. ,(4): 

to (1): The same variables occur free in Il't as in 1l'1t. By hypothesis, the same variables x x 
occur free in 0/1~ as in 1l'1. The same variables occur free in 1l'1 as in Il'. Hence the same 

. bl f· t . varla es occur ree m Il'x as m Il'. 

to (2): Our assumption gives us Il't -II- 1l'1~. From this, by (CaPo) (Chap. IV, §4.2), 
bt . t . t 

we 0 am -, 1l'1 ., t- -, Il'tx' I.e. Il' -I I- O/x. 

to (3): By our assumption Subst Il't~X t 0/1~' and by using the definition of substitution, 

we obtain Subst -'O/t~xt-,at~, i.e. Subst a~xt o{. 
to (4): Let there be a S such that Subst artS. Then we can see from the substitution 

calculus (by inversion) that there is a St such that Subst Il't xtS1 and S =' -, S1. Then, 

b; our assumption, Il't~ =' a1 and 1l'1~;: St' from which it is clear that a~ ;: a and 

Il'x;: S. 
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(c) 01 is a conjunction. Then there are expressions 011 and 012 such that 01 == (011 II (12 ), 

Also, R( 0I1) <R(OI) and R(0I2 ) <R(OI). We put: 

t t t 
01- == (01 - II 01 -). x lx 2x 

We can prove the assertions (1), ••• , (4) as in (b), calling upon (UU) (Chap. IV, § 4.3) 

in the proof of (2). 

(d) 01 is a generalisation. Then there is a variable u and an expression 011 such that 

01 ==!\u0l1 • Also, R(0I1) <R(OI). We distinguish two cases, according to whether or not 

x occurs free in 01. 

t t Cas e 1. x does not occur free in 01. Then we put OIX == OIx == 01. It is easy to verify the asser 

ti ons (1), ••• , (4) • 

Case 2. x occurs free in 01. We distinguish two cases, according to whether or not u 

occurs in t. 

Subcase 2a. u does not occur in t. We put 

OI!.. == !\UOl !... 
x lx 

P roof of (1) , ••• , (4) : 

to (1): Clearly 01 and OI~ contain the same more-than-one-place function variables and 

the same predicate variables. Thus it is sufficient to show that the same individual vari­

ables occur free in 01 as in OI~. Now, for an arbitrary individual variable y, 

y occurs free in OI~ iff Y occurs free in OIl~ and y '*' u 

iff y occurs free in 011 and y '*' u 

iff y occurs free in !\u0l1 , i. e. in 01. 

to (2): By our assumption, 011 -11- OIl~' Hence, by Chap. II, § 5.2 (14), !\u0l1 i I- !\uOll~' 
:- t 
1. e. 01 -11- OIX ' 

to (3): By our assumption, SUbstOll~xtOll~' x occurs free in OI~, since x occurs free 

in 01 and the same variables occur free in 01 as in OIt , as we have shown above in prov-
x 

ing (1). Sinceu does not occur in t, we have SUbst!\uOll~xt!\uOll~' i.e. SUbstOl~xtOl~. 

to (4): Let there be a ~ such that SubstOlxt~. Since x occurs free in 01, thereisa ~1 

such that Subst 011 xt ~1 and ~ == !\u~l' By our assumption it follows from Subst 011 xt ~1 

that OIl~ == 011 and OIl~ == ~1' Hence, OI~ == !\uOll~ == !\u0I1 == 01 and OI~ == !\uOll~ == !\ul\ == ~. 

Subcase 2b: u occurs in t. Let v be the individual variable with the smallest index 

such that: 
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( ** ) v does not occur in at, 

( ***) v does not occur in t. 

2t3 

Since v does not occur in t there is, by Chap. II, § 5.4, Theorem 6, an expression 0'1 

such that 

Subst at u v 0'1 ' Subst 0'1 vu at 

By Chap. II, § 5.6, Theorem 1, R(O'l) = R( at) and hence R(O'l) < R(O'). Put: 

t _ A t 
0'- = I \VO't'- • x x 

Proof of (1), ••• (4) : 

to (1): As before, we need only consider the individual variables. 

If z occurs free in a, then z occurs free in at and z $ u. Since z $ u and Subst at uv 0'1' 

by Chap. II, § 5.4, Theorem 7 (i) z occurs free in 0'1' Since, by our assumption, the same 

variables occur free in 0'1 as in 0'1~' z occurs free in 0'1~' In order to prove that z also 

occurs free in 1\ v 0'1~' i. e. in O'~, we need only show that z $ v. If z ;: v then, since 

Subst 0'1 v u at and by Chap. II, § 5.4, Theorem 8, the variable z would not occur free 

in at (contrary to what we showed above), since, by (*), v $ u. Thus, we have shown 

that every variable which occurs free in 0' also occurs free in O'~. Conversely: 

If z occurs free in O'~, then z occurs free in 0'1~ and z $ v. Since, by our assumption, 

the same variables occur free in 0'1~ as in 0'1' z occurs free in 0'1' Since Subst 0'1 vu 0'1 

and Z$V, z occurs free in 0'1 [Chap.II,§5.4, Theorem7(i)]. The assertion that z 

occurs free in 0', i. e. in AU0'1' will follow as soon as we have shown that z $ u. But 

this follows from the fact that z occurs free in 0'1 whereas u does not, since 

Subst0'1 uVO'l and u $ v (Chap. II, §5.4, Theorem 8). 

to (2): We prove the assertion by means of the following two derivations: 

Au 0'1 l\u0'1 (A) 

Au 0'1 0'1 (G) 

Au 0'1 a' 1 
(Sv) 

u 

a' 
,t (assumption) 

1 0'1 x 

AUO't 
,t 

0'1 x (CuRu) 

Au 0'1 /\vO',t 
1x 

(Gv ) 
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The application of the critical rule (Gv ) is a legitimate one, since, by (**), v does 

not occur in 0'1' and hence it does not occur free in AUO'l. The last line of the deriva­

tion shows that 0' I- O'~. 

AvO" t 
lx 

AvO',t 
lx 

(A) 

AvO',t 
lx 

0" t 
lx 

(G) 

0" t 
lx 0" 1 (assumption) 

AvO" t 
lx 0" 1 

(CuRu) 

AvO',t . 
lx . 0'1 (Su) 

v 

AVO'1~ : Au 0'1 (G) 

The application of the critical rule (G ) in the last line is legitimate, since u does not u 
occur free in AVO'1~. For, if u occured free in this expression, then it would also occur 

free in O'1~ and therefore also in 0'1' since, by our assumption, the same variables 

occur free in the two last-named expressions. But u cannot occur free in 0'1' since 

Subst 0'1 u v 0'1 and, by (*), u$v 

(cf. Chap. II, §5.4, TheoremS). 

to (3): By our assumption, Subst O'l~xt O'lJ. We assert that 

i. e. Subst O'~ x t O'~ . 

It is sufficient to show that x occurs free in Av O'l~ and that v does not occur in t. 

The latter holds because of (***). The first assertion follows from the fact that x occurs 

free in 0', and therefore also in O't (= Av 0'1' t), since the same variables occur free in x x 
0' as in O'~, as we showed in proving (1) . 

.!£>(4): Since x occurs free in O'(=AuO'l) and u occurs in t, there is no ~ such that 

Subst O'xt~, and hence there is nothing to prove. 

1. 3 Applications 

Extended substitution rule 

(EXS~) 
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Justification: a1••• an : a 

a : a~ 

a1•• .an : a~ 
t a 1x : a 1 

t t 
a 1x••• an : ax 

t a­x 

215 

(1.2(2» 

(CuRu) 

(1.2(2» 

(CuRu) 

(1.2(2» 

In obtaining the last line, we make use of the fact that, for any ~, Subst ~ ~ x t ~ ~, which 

we proved in 1. 2 ( 3 ) • 

Theorem. Axa I- a~. 

Proof. Axa: Axa (A) 

Axa:a (G) 

[Axa]t : ai 
x x (ExS~) 

But [A x a] ~ == Ax a by 6.2 (4), since Subst A xaxt A xa. 

Extended substitution theorem. Mod ,,3(t) a iff Mod3ai • 
"x - x 

Proof. By 1.2(2) we have MOd3~(t) a iff MOd~(t) a~. Together with 1.2(3) the 

Substitution theorem (Chap. III, § 3.2) gives us 

MOd3~(t) a~ iff MOd3a~ • 

Exercises. 1. (In the following let Xj., xa, ••. be the first, second, ••• individual 
variable.) Carry out the following extended substitution effectively: 

(a) (Pxj. /\ QXa) fx::a 

(c) Axj.(Pxj. /\ QXa) fXa 
Xj. 

(e) ( A xdfxj. = ghxj. /\ PXj.) A /\ xa ..., QXj.xa) fXa • 
xj. 

2. Show that: 

a) x occurs free in ai- if and only if x occurs free in t and in a. 

b) y occurs free in a+ (y * x) if and only if either y occurs free in a or y occurs 
in t and x occurs free in a. 



216 IX. Miscellaneous 

c) R(a) = R(an = R(aj-). 

3. Show that: 

E : a a) (extended second equality rule) is a derivable rule. 
Ex - t : at 

b) I\xa f- I\xaj. . 

§ 2. The admissability of definitions 

2. 1 Statement of the problem. Let us consider a theory which is based on an axiom 

system 9.1 formulated in the language of predicate logic. For the sake of simplicity we 

shall assume that the axiom system is finite; let it be the set of members of the se­

quent a. 

When building up a theory, it is usual to introduce definitions. The definitions, for­

mally speaking, act as additional axioms; thus, with them, more theorems can be 

proved than before. It is therefore natural to ask whether a consistent theory can be 

made inconsistent by adding definitions. We shall show that this is not so. 

We shall restrict ourselves to definitions 6 for predicate symbols (cf. Exercise 3, 

however). Such a definition has the form: 

(1) 

where p is an expression such that !ll( p) C Ix1 , ••• ,xr J. P is a "new" predicate sym­

bol, i.e. one which does not occur in a. Now we say that the definition (1) is admissable 

if: 

(2) If t- a6a and 18(0') c!ll(a), then t- aa. 

From (2) it follows immediately that, if 9.1 is consistent, so is 9.1 U 16 J. 

The assertion (2) can easily be proved by semantic means: We assume that the assump­

tions in (2) hold and that Mod~; and we have to show that Mod3a. We define an r-place 

predicate '-P over the domain of individuals w which belongs to 3, as follows: 

~1···J; 
'-Ptl ••• ~r if and only if Mod3 r p 

xl·· .xr 
(3) 

for all ~ l' ••• , t r E w. From (3) it follows that Mod ~ 6. Then, by the coincidence theorem, 

MOd~a. From t- a6a it follows that MOd~a and from this, again by the coincidence 

theorem, that Mod3a. 

We may ask whether this semantic justification for the admissability of a definition can 

be replaced by a purely syntactic one; this question is motivated by the attempts (ini-
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tiated by Hi 1 b e r t) to show by purely constructive methods that mathematical theories 

are consistent. It is a characteristic of the constructive approach that infinite sets, in 

so far as they are seen as given totalities, are not recognised. Thus the use of seman­

tic methods, which use infinite domains of individuals, is barred. 

In this section we want, among other things, to show the truth of statement (2) by purely 

syntactic means. Typically, this is considerably more troublesome than our demonstra­

tion above of the truth of the semantic equivalent. 

2.2 Simultaneous extended substitution. In the following let xl' ... ' xr be distinct in­

dividual variables. To every expression 01 and all terms t 1 , ••. , tr we want to assign 
tr··t tr··t 

an expression Q' r ; we shall say that Q' r is obtained from Q' by simul-
x1 ... xr t x1••· xr 

taneous extended substitution. For r = 1, Q'..! is different from the expression with the 
xl 

same notation which was introduced in § 1, but equivalent to it (cf. Exercise 1). The 
t 1• •• tr 

way of defining 01 which we use here is due to Tar ski. 
xl· .. xr 

Definition. Let y l' ••. , y r be pairwise distinct and distinct from all the xl'···' xr • 

Suppose also that none of the Yi occurs in 01 or in any of the terms t 1 , ... , t r • We 

abbreviate these conditions by saying: Yl' ... 'Yr are new individual variables (i.e. 

"new" as far as the expression 01 and the terms xl' •.• ' xr ' t 1 , ... , tr are concerned). 

(In the following, whenever we speak of "new" individual variables, we mean "new" in 

this sense.) We now put: 

where y l' •.• , y r are, in that order, the variables with the smallest index which satis­

fy the conditions given above. 

t 1 •• • 

For the sake of brevity, we shall often write Q' Yl'" 

xl" • 

11···lr 
instead of Q' Y1 ••• Yr • 

xt···xr 
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tl ··. t l··· t l··· t 1••• tr 
Lemma 1. I- ayl ... ~ azl· .. , ~, in particular, I- ayl···*a· x ••• x 

xl... xl··· xl··· 1 r 

Proof. Let u1 ' ••• , ur be "new" individual variables. Then the following sequents 

are derivable: 

t l ·· . 
aYl··· Yl = tl ... 

xl··· 

" u1 = tl 

" zl = tl 

xl = Yl · ... 

Xl = u1 · ... 
xl = zl · ... 

" 

a 

a 

a 

t l ·· • 
a zl ... 

xl··· 

and so is the last sequent with the position of its members exchanged; the assertion 

then follows easily. 

t l ·· . 
Lemma 2. ~ xl = tl ••• xr = tr QY1 ... 01. 

xl· .. 

P roof by means of a derivation whose main steps are: 

\1·· • 

a Y 1· •• Y 1 = t 1 ••• xl ••• : a 
Xi··· 

t l ·· . 
OIY1 ... X1 = tl •••. a using 

xl··· 

t l •• • 

Lemma 3. I- xl = tl ••• xr = tr a aYl···• 
xl··· 

Proof. Let u1 ' ••• , ur be new individual variables. Then there are expressions 

a1 ' ••• , OIr _1 , ~ such that 

Subst QX1 u1 a 1, Subst a1 x2U2012 , ••• , Subst ar _1 xrur~ , 

Substa1u1x1a, Substa2u2x2al'···' Subst~urxrOlr_l • 

We prove the lemma by means of a derivation whose main steps are: 
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O'r_t xr = ur : ~ 

0' xl = u t ••• xr = ur : ~ 

xl = tl Y 1 = tl u t = y 1 : xl = u1 

O'x l = tt ••• Y 1 = tl ••• u1 = Y 1 ••• : ~ 

0' xl = tl ••• Y t = tl ••• A u1 (u l = Y 1 t\ ••• ~ ~) 

AUt··· (u1 = Yl t\ ...... ~) AXl (xl = Yl t\ ...... 0') 

O'xl=tt···Yt=tl !\xl (xl=Ylt\···~O') 
!\Y1 (Y l = tl t\ ••• 

... AXl ••• (xl = Y 1 t\ ••• 

t 1• •• tr 
Lemma 4. I- xl = tl ••• xr = tr 0' xl ••• xr ++ 0'. 

Proof by Lemmas 2, 3. 

Lemma 5. 

Proof by Lemma 4. 

219 

... 0') • 

tl"" " 
Lemma 6. z occurs free in O'Yl """ if and only if z occurs free in one of the terms ti £!:. 

xl"" " 

(z occurs free in 0' and z ~ !x1 , ••• , xl). (Compare this statement for r = 1 with the 
- r 

corresponding one for extended substitution in § 1, Exercise 2. ) 

t l "" " 
Proof. First of all, it follows immediately from the definition that z is free in 0' Yl """ 

if and only if Xl""" 

(4) zf !y:\., ••• ,y. 1 and [(z == y:\. or z is in t,,) or ••• 

Now, if we write 

a for z f ! y :\. , ••• , y. l. 
CI for z == YI , 
e l for z == XI' 

or (z ~ 1 x:\. , ••• , Xr 1 and 

[( z == x:\. or z == y:\.) or ••• or z is free in O'J) J • 

b for z f ! x:\. , ••• , x. 1 , 
dl for z occurs in tl , 
f for z occurs free in 0', 

then,(if t\, v, ..., are taken as metalinguistic symbols) (4) has the form 

(4' ) 

Because..., ( 0' t\ c i ), this is equivalent to 

(4") (a t\ dd v • •• V (a t\ b t\ [( e:\. V C:l.) V ••• V f]) ; 
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and, because..., (b 1\ e! ), this is equivalent to 

(4'" ) (a 1\ d:1,) V ••• V (a 1\ b 1\ f) 

which, finally, because f -+ a and d1 -+ a, is equivalent to 

(4 "" ) d:!, V ,.. V (b 1\ f) , 

Lemma 7. Let 01, x, t, xl' ••• ' xr ' t l , ••• , tr be fixed and y l' ••• ,y r be new variables. 

If xE'Il(OI) , then let xE !xl, ••• ,xrl. Then 

tt""" A~ tt""" 
Subst OIYt """ xt OIYt """ (For A~ cf. Chap, II, §5.2.) 

Xl··· xl"·· 

tt"" " 
Proof. (a) If x is not free in OIYt"""' then x does not occur in any of the t i , so that 

xl"· . 

A ~ \ == ti' Then the assertion follows from Chap, II, § 5.4, Theorem 4, 

tt"" " 
(b) If x occurs free in Qyt""" , then, by Rule 4b of the substitution calculus (Chap. II, 

Xt"" " 

§ 5 , 3), it suffices to show that: 

i) None of the variables Yi occurs in t (this holds by the choice of the Yi); 

ii) Y 1 = tl 1\ ,,' -+ 1\ Xl '" (Xl = Y 1 1\ , " -+ 01) is transformed by substitution 

of t for x into y 1 = A ~ t 1 1\ , " 1\ 1\ Xl ,,' (xl = Y 1 1\ , " .... 01), This holds if, 

as in our assumption, x does not occur free in I\x l '" (Xl = y 1 1\ , " .... 01), 

tl '" tr 
Theorem 1, If I- cr, then t- cr --=.--=­

xl",xr 

tl t l , .. t 
Proof, (We shall write cr--'-'-' instead of cr r ,) Let u l "", u be new indi-

xl' , , xl' , ,xr r 

vidual variables, Let s" be obtained from t" by replacing the xl"'" x by the corre-
1 1 r 

sponding u l "", ur ' Let cr == 011'" OIn 01. By Lemma 4 we have 

sl'" 
I- Xl = sl '" 01" --- ~ Oil" 

1 Xl' , , 

sl, , , 

(i=l, .. "r) 

and f- Xl = sl '" 01 xl' , , ~ 01 , 

and hence, because I- cr, 
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By construction, none of the xi occurs in any Sj and none of the xi occurs free in 
sl··· 

13-- • Thus we have 
xl··· 

sl··· 
I- V xl xl = sl ••• a --

xl··· 

sl· •• 
1-13--

xl··· 

(p~ ), •.• 
1 

t l · .. 
1-13--

xl··· 
cf. Lemma 7. 

t l ··· tr 
Lemma 8. If none of the variables xl' ••• ' xr occurs free in a, then I- a a --=..---=­

xl·· .xr 

Proof by means of a derivation whose main steps are: 

a : xl = y 1 " ••• -+ a 

a: Axl ••• (xl = Yl" ••• -+a) 

a : y 1 = tl " ••• -+ Axl ••• (xl = Y 1 " ••• -+ a) 

a: AY1··· (Yl = tl" ..... Axl ••• (xl = Yl " ..• .. a». 

t l • •• tr 
Lemma 9. I- Pxl ···x Ptl •• .tr • 

r xl·· .xr 
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Proof. Let u l ' ..• , ur be new variables. There is a derivation whose main steps are: 

t l • •• tr 
Pxl ···x Yl = t l •• .zl = Yl ···: Pzl ···z r xl ••• xr r 

t l ••• tr 
Pxl • •• x : Pt l •.• tr r xl ••• xr 

Lemma 10. t- Ptl ·•· tr 

P roof by means of a derivation whose main steps are: 
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Py1 · "Yr : Py1 • "Yr 
Py 1 • ~ • Y r Y 1 = xl' •. : Px1••• xr 

Py1 • "Yr : /\x1'" (xl = Y1 " ••• 

..,/\x1• .. (xl = Yt " ..... Px1 • .. xr ) : ",PYt"'Yr 
..,/\ xt ••• (xt =Y t'" .... Pxt ••• xr)y t =tt'" : .., Pt t ••• tr 

IX. Miscellaneous 

Ptt· .. t r : /\yt .. ·(yt=tt"··· .. /\Xt • .. 

(xt =Yt "'" .. Pxt· .. xr »· 

2.3 Substitution for a predicate variable. In this subsection, let P be a fixed predicate 

variable, xt "'" xr be the first r individual variables and p be an expression in which 

at most x t "'" xr occur free. To every expression 01 we assign an expression 01* which, 

we say, is obtained from 01 by substituting p for .E. The inductive definition of 01* reads 

as follows: 

tt' •• t 
[Pt1 ••• tJ*==p r 

r xl" ,xr 

01* == 01 for every other atomic expression 

[.., OIJ* ==.., ot* 

( 01 A ~) * == (01* A ~*) 

[1\ XOIJ* == I\XOI*. 

If ~ is a sequent, then let ~* be the sequent whose members are the *-images of the 

members of ~. 

Lemma 11. If P does not occur in 01, then 01* == 01. 

Lemma 12. !ll(0I) = !ll(0I*). 

Proof by induction on the structure of 01. The only case worth mentioning explicitly is 

01 == Pt1 ••• t r • By Lemma 6, z occurs free in 01 if and only if (z occurs in tl or ••• or 

z occurs in t r ) or (z occurs free in p and z f Ix1, ••• ,xr I). But the latter member of 

the disjunction is false because of the condition on p; and (z occurs in tl or ••• or z 

occurs in t r ) if and only if z occurs free in 01. 

Lemma 13. I- 6*. (For Ii cf. (1) in § 2.1.) 

Proof. 6 == I\x1 ••• l\x p-- .. p • Apply Lemma 5. ( Xl'" ) 
r xl'" 

Lemma 14. Let Subst OIXt~. Then there are expressions 01', ~ I such that 

(i) 

(ii) 

(iii) 

!ll(0I') = !ll(0I*) , 

'8( ~ I) = !ll( ~*), 

Substa' xt~' • 

I- 01' .. ot* , 
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Proof by induction on the structure of ~. 

t 
t 1• .. 

~* = p --- , 
xi· •• 

t::. t 1 ••• 
~ * = p =,","x-"-_ 

xi· •• 

Let y l' ••• , y r be new individual variables, and put 

It·· • 

~' = P Yt ••• , 

x t •• • 

6~ It ••• 

~' =PYt ••• 

x t •• • 
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(i) and (ii) follow by Lemmas 1 and 6. Because at most xi' ••• ' xr occur free in p, 

(iii) follows by Lemma 7. 

1b) If ~ is any other atomic expression, then the required result is achieved by putting 

OI'=OI,~'=~. 

2) Let Subst...., OIxt....,~, and hence SubstOlxt~. By induction hypothesis, there are ex­

pressions OI',~' with the properties (i), (ii), (iii). Put [....,~J' =....,01', [....,~J' =....,~'. 

3) If 01 is a conjunction, we prove the Lemma in a way analogous to 2). 

4) Let Subst!\zOIxt!\z~. 

Cas e 1: x does not occur free in !\ Z~. Then ~ = ~. By Lemma 12, x does not occur 

free in [!\ZOIJif. It follows that Subst [!\ZOIJ*Xt [!\zO'J*. Put [!\z~J' =[!\z~J' = 

= [J\ ZOIJ*. 

Case 2: x occurs free in J\zO', Z does not occur in t, SubstO'xtS. By induction hypo­

thesis, there are expressions ~', ~' with the required properties. In particular, 

Subst 1\ zO" xt J\z~'. Put [!\zO'J' =J\zO", [l\z(3J' = 1\ z~'. It follows that 

'l3([!\zO'J') = 'l3(O") - \zJ = 'l3(~*) - \zJ = 'l3([ !\ZO'J*), and that I- [!\zO'J' ++ [l\zO'J*, 

since I- 0" ++ 0'*. Analogously, (3 also has the required properties. 

Theorem 2. If t- a, then t- a * • 

P roof by induction on the length of the derivation of a. We consider the last rule which 

was applied in the derivation of a and assume, by induction hypothesis, that Theorem 2 

holds for all sequents with a shorter derivation. We have the following cases, according 

to which rule was applied last in the derivation of a: 

(A). Then a =0'0', a*=O'*O'*, and hence I- a*. 

(E). Analogous to (A). 



224 IX. Miscellaneous 

(C). a ==a12(a"~) is obtained from ala and a2~. By induction hypothesis, we have 

I- ata* and I- a~~*. It follows that I- a12 (a*" ~*), i.e. at2(a" ~)*, i.e. r a*. 

(C'), (C"), (R), (X), (G). Analogously to (C). 

(G ). a == T /\ xa is obtained from Ta, where x does not occur free in T. By induction 
x 

hypothesis, we have I- T*a*. By Lemma 12, x does not occur free in T*. Hence 

~ T* /\xa*, i.e. I- T*[/\xa]*, i.e. ~ a*. 

(E~). a == T x=t ~ is obtained from Ta, where Subst axt~. By induction hypothesis, 

we have I- T*a*. By Lemma 14, there are expressions a', ~' with the properties given 
t there. Because I- a' ~ a* we have I- T*a' and hence, by (Ex)' I- T*.X=t ~'. Because 

I- ~' ~ ~* it follows that f- T*X = t~*, i.e. f- a*. 

(st). (DdRu) and (DdRu') (Chap. IV, §4.3) show that it is sufficient to prove (st) 
x x 

only for cases in which a consists of a single member. Let cr ==~. ~ is obtained from 

a, where Subst axt~. Using Lemma 14, we carry out the proof as in the case (E~). 

Theorem 3.!! I- 6cr and if P does not occur in cr, then I- cr. (For 6 cf. (1) in §2.1.) 

Proof. If I- 6a then, by Theorem 2, I- 6*a*. We then apply Lemmas 11 and 13. 

Theorem 4. !! u is consistent and P does not occur in U, then U U 16 J is also consistent. 

Proof. If It U 16 J were inconsistent, then there would be a sequent a whose members 

were elements of U and an expression a which did not contain P, such that ~ 6a (a " ...., a). 
We now apply Theorem 3. 

Theorem 5. I- 6 -+ (a ~ a*). 

Proof by induction on the structure of a. We restrict ourselves to the only nontrivial 

case, a == Pt1 ••• t r • Now ~ 66, i.e. I- 6(Px1 ••• xr ~ p), and hence I- 6 Px1 ••• xr p and 

I- 6pPx1 ••• xr • We now apply Theorem 1 and, by Lemmas 8, 9, 10, obtain 

t 1• •• 
t- 6Pt1···t p--r xl ••• 

and 
t 1• •• 

I- II P -- Pt1.··t , xl... r 

Exercises. 1. To every a, x, t we assigned an expression ai in this section and an 
expression aa in § 1, both of which we denoted by a of. Show that ai -I I- aa. 

2. Show that, in general, it is not true that a.!& -II- [a h] ~ . 
- xi xa Xi xa 

~ In analogy to (1) in § 2. 1, we can regard a formula 

(*) /\Xi ••• /\xr !\y(fxi ••• xr = y ~ p) 

as a definition of a function symbol f. In analogy to the definition of a* given at the 
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beginning of § 2.3, give a definition of an expression of' (for each expression 0') in 
which f is eliminated with the aid of (*), and prove analogs to Theorems 2, 3, 4. In 
order to do this, it will be necessary to stipulate that I' satisfies a condition which 
guarantees that an f which is introduced by (*) always has the nature of a function. 

§ 3. The process of relativisation 

3.1 Introduction. In this section, let R be a fixed one-place predicate variable. To 

every expression 0' we shall assign effectively an expression O'R, the (R-) relativi­

sation of 0', by means of the following inductive 

Definition 1. 

(1) 

O'R = 0' for atomic 0' 

[, O'JR =, O'R 

(O'A ~)R = (O'R A ~R) 

[!\ xO'J R = !\x(Rx -+ O'R). 

The process of relativisation is often applied in relative consistency proofs (cf. the 

remark after Theorem 4). In view of these applications, we shall prove the following 

theorems constructively (see also the deliberations in § 2.1). For the semantic signi­

ficance of relativisation cf. Exercise 4. 

R If a is a sequent, then let a be the sequent whose members are the R-relativisations 

of the members of a. 

3.2 Theorems about relativisation. The following two lemmas can easily be proved by 

induction on the structure of 0'. 

Lemma 1. 'll( O'R) = 'll( 0') U \R J • 

Lemma 2 • ..!! SubstO'xt~, then SubstO'Rxt~R. 

Definition 2. Let ~ be an arbitrary term! and v l' ••• ! V r be the individual variables 

which occur in ~, taken in a standard order. Then let 

(2) 

Note that no individual variable occurs free in RS • 

Theorem 1. Let a derivation of the sequent a be given. Then we can effectively find 

finitely many individual variables u1 ' ••• ' un (n ~ 0) and finitely many terms 

s1' ••• ,sm (m ~ 0) and a derivation of the sequent 
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P roof by induction on the length of the given derivation of a. We have the following 

cases, according to which rule was applied last in the derivation: 

(A): This rule gives a sequent 0101. f- OIR(j.R, i.e. our assertion with n = m = 0, holds. 

(E): Similar to (A). 

(C): This rule gives a sequent a 12 (011 " (12 ), where shorter derivations for the sequents 

a l 011 and a 2012 are already given. By induction hypothesis, we can find u l '.·.' sl' •.• 
sl R tl R R 

and v 1 ' ••• , tl ' • •• such that t- Rul ••• RaT and t- Rv 1· •. R ••• a 2 012 . It follows 

sl tl R R R R R 
I- Rul ••• Rv 1· •. R ••• R ..• a 12 (011" " 01 '2), and (OIT " 01 '2) == 

(C'l. (C"), (R), (X): Analogous to (C). 

(E~): This rule gives a sequent T x=t ~, where a shorter derivation for TOI is already 

given and Subst OIXt~. By induction hypothesis, we can find u l ' ••• ' sl' ••• such that 

sl R R t.. sl R R 
I- Rul ••• R ••• T ROI • By (Ex) this gives I- Rul ••• R •.• T X = t~ (cf. Lemma 2), 

and x = t == [x = tJ • 

(S~): This rule gives a sequent T' 01' , where a shorter derivation for TOI is already 

given and Subst TOI x t T' 01'. By induction hypothesis we can find u l ' ••• ' sl ' • •• such 
s 

that I- Rul ••• R 1 ••• TR OIR • By adding Rx to the antecedent (provided none of the ui 
s 

is x) we obtain I- Rul ••• Rx R 1 ••• TR OIR , where we may now assume that all u. * x. 
S 1 

By (S~) this gives us I- Rul •.• RtR 1 ••• T,ROI,R. If vl ' ••• ,vr are the individual 

variables which occur in t in the standard order then, by (2), we have 
s 

I- Rt RV1 •.• RVrRt and hence, finally, I- Rul ••• Rvl ••• RtR 1 .•• T,R OI,R. 

(G): This rule gives a sequent TOI, where a shorter derivation of a sequent T /\ XOi is 

already given. By induction hypothesis we can find u l ' ••• ' sl • •• such that 

sl R R sl R R 
I- Rul ••• R ••• T /\ x (Rx ... 01 ). From this we obtain I- Rul ••• Rx R ••• T 01 • 

(Gx ): This rule gives a sequent T /\ XOl, where a shorter derivation of the sequent TOI 

is already given and x does not occur free in T. By induction hypothesis we can find 

sl R R. t 
u l ' ••• ,sl' ••• such that I- Rul ••. R ••• T 01 • As in the case (S ), we can then ob-

s x 
tain I- Rul ••• Rx R 1 ••• TR OIR , where we may assume that all the ui * x. With the aid 

sl R R 
of (G ), we now obtain I- Rul ••• R ••• T /\x(Rx", 01 ) (note that, by Lemma 1, x 

x R 
does not occur free in T ) • 
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Theorem 2. Let a derivation of the sequent a be given. Suppose also that a contains 

no occurrences of genuine (i.e. ;;;, 1-place) function variables and no free occurrences 

of individual variables. Then we can effectively find a derivation of the sequent 

VxRxaR • 

Proof. We can effectively transform the given derivation of a into one in which the 

rule (S!) (and, incidentally, also the rule (E!» is applied only when t is an individual 

variable. This simplifies the proof of Theorem 1 and gives us a derivation of a sequent 

Ru1 ••. a R• Since, by hypothesis, no individual variable occurs free in a, we can part i­

cularise the Rui • 

Theorem 3a. Let a derivation of a (p "..., p) be given and also, for every member a 2! a, 

a derivation of 'raR , and a derivation of 'r V x Rx. Suppose also that a contains no occur­

rences of genuine function variables and no free occurrences of individual variables. Then 

we can effectively find a derivation of the sequent 'rep "..., p). 

Proof. By Theorem 2, we can find a derivation of Vx Rx aR (p "..., p). The assertion 

follows by applications of the cut rule. 

From the constructive formulation of Theorem 3a we at once obtain the following purely 

existential statement: 

Theorem 3b. Let r a (p "..., p), I- 'raR for every member a of a and I- 'r V x Rx. Suppose 

also that a contains no genuine function variables and no free occurrences of individual 

variables. Then .. 'r (p "..., p). 

Theorem 4. Let !U be a consistent set of expressions, and suppose that no genuine function 

variables and no individual variables occur free in the elements of the set of expressions 

18. Also, let !U I- ~R for every ~E!8 and !UI- VxRx. Then !8 is also consistent. 

Proof. If 18 were inconsistent, then there would be a sequent a whose members were 

elements of 18, such that t- a(P "..., p). For every element a of a there is, by hypothesis, 

a sequent 'r whose members are elements of !U , such that I- 'r aR• Moreover, there a a 
is a sequent 'r R whose members are elements of !U, such that .. 'r R V x Rx. Let 'r be a 

R sequent whose members are the members of the 'r a and of orR. Then I- 'ra for every 

element a of a, and I- 'r V xRx. We now apply Theorem 3b. 

Rem ark. Theorem 4 allows us to deduce the consistency of a set of expressions !8 

from that of a set !U, i. e. it gives us so-called relative consistency proofs. If a deri­

vation of VxRx from !U is given effectively and if a method is known by means of which, 

for every ~ E!8, a derivation of ~ from !U can be obtained, then the relative consistency 

proof given in Theorem 4 can be carried out constructively. Relative consistency proofs 

are most widely used in axiomatic set theory. 
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Exercises. 1. Prove the first assertion in the proof of Theorem 2. (Suggestion: 
Replace the genuine terms which occur in the given derivation of c in a suitable way. ) 

2. In Theorems 2 to 4 we require that only predicate variables should occur free in c. 
Find a way of dispensing with this requirement; e. g. prove the following generalisation 
of Theorem 2: Let a derivation of the sequent c be given. As i varies, let f1 (with n1 
places) run through all the (~O-place) function variables which occur free in c. Then 
we can effectively find a derivation of the sequent 

I\.x1 '" I\. x (Rxt /\ ••• /\ Rx .... Rftxt ••• x ) ••• V xRxc R• nj. nj. nj. 

3. Find an axiom system !U for group theory with the primitive notions e (unit element), 
i( inverse function), g (group operation). Show constructively that: If !U is consistent, 
then so is !U U \ I\. x I\. y x = y I. (Suggestion: Introduce a predicate R by means of the 
definition I\.x(Rx ~ x = e), and relativise with respect to R. See also Exercise 2.) 

4. Let ;j be an arbitrary interpretation over w. Let Mod;jRx. Moreover, suppose that, 
for ~very (~O-place) function vari~ble f: If ;j(R) fits everyone of the indivi?uals 
JJ (J = t, ••• , r), then ;j(R) also fIts ;j(f) (h, ••• , t'r ). Under these assumptIOns we 
c,an define an interpretati,on ;jR over the, domain WR, of those,elements of W which 3(R) 
fIts, as follows: ;j (p) fIts tj., ••• ,t'r If and only If 3(p) fIts h, ••• ,t'r; 
~R(f)(h, ••• ,t'r) = 3(f)(h, ••• ,t'r). Show that Mod;jCk'R iff Mod~RO'. 

2..:.. With the aid of the previous exercise, give a semantic proof of Theorem 1. 

6. Let !B be a given set of variables. Let the interpretation 3 satisfy the conditions given 
in Exercise 4 (where the requirement on the function variables can be restricted to the 
elements of !B). If ~(3R) is defined as in Chap. VI, §2.t (for 3R cf. Exercise 4 above), 
then show that: 

a) Gm(3R ) is a subalgebra of Gm(3). 

b) For all Ck' such that !B(Ck') c!B: Gm(;jR) is a model of Ck' if and only if 0!BU \Rl(3) is a 
model of O'R. 

7. Let !B and 3 satisfy the conditions given in Exercise 6, and suppose also that R ~!B. 

Show that: GmU !Rl(~) is an elementary subalgebra of GmU !R\(3) if and only if, for 

each n, the algebra ~ U \ R I (3) is a model for all expressions 

I\.xj. ••• I\.xn(Rxj. /\ ••• /\ RXn .... (0' ~ O'R)) for which !B(Ck') C!B U \xj., ••• ,Xn \. 
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Index of Abbreviations for Defining and Derived Rules 

1. Defining rules 
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(C) 92 

(C I) 92 

(C") 92 
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2. Derived rules 

(AEx) 103 

(AnDc) 103 

(AnU) 103 

(CAs) 103 
(CAs I) 103 

(CCo) 103 

(CaPo) 102 

(CaPo I ) 102 

(CaPo") 102 

(CaPo'" ) 102 

(ChRu) 172 

(CuRu) 102 

(DdRu) 104 

(DdRu I) 104 

(0") 169 

(E) 92 
(Et) 

x 92 

(G) 92 

(Gx ) 92 

(I) 169 

(ER) 

(ER') 

(ESy) 

(ET) 

(ExG t) x, 
(ExP t) x, 
(ExSP 

(GGx ) 

(lIn) 

(MPn) 

(NN) 

(NN ' ) 

(Nx) 

(pPx ) 

(I I ) 169 

(p x) 169 
(p I) 

x 169 

(R) 92 
(st) 

x 92 

(X) 92 

107 (RD) 

107 (RI) 

107 (ReGx,y) 
107 (ReP X,y) 
105 (SGx,y) 
175 (sp x,y) 
214 (SeAt) 

105 (SeDe) 

172 (UU) 

172 (XQ) 

102 (XQI) 

101 (XQ") 

104 

175 

172 

172 

105 

176 

105 

175 

101 

101 

103 

102 

104 

172 

The abbreviations are chosen so that each capital letter (or capital letter followed by 

a lower-case letter) always stands for the same word; e.g.: A for "assumption", 

An for "antecedent", As for "associative", At for "assertion", etc. 
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Junctors and quantifiers 

0, " 
33,47 

V,-+ 33, 50, 167 
e 33,50 

1 38 

1\ 35,47 

V 36,50,167 

Equality and inequality symbols 

47 

50 

Identity between rows of symbols 

47 

Length and rank of a row of symbols 

47 

47 

Alphabet for building up function and 
predicate variables 

0,0,1,* 51 

Substitution 

t,t 
x 63 

Subst axt~ 66 

Subst EOIxt I:' a' 92 
t 

OIX 209, 211 

t 01- 209,211 x 

217 

217 

Variables occurring free in an expression 

~(a) 83 

Interpretation, model 

~ 76,78 

3f, 146 

34> 123 

3=$t 83 
~ 

MOdw3a 79 

Mod w 3 !Ill 79 

Consequence and derivability 

!Ill 1= wa 80 

!Ill 1= a 80 

0/ l' ••• ,ar 1= w 01 80 

0I1 '···'O'rI=0I 80 

I=wO' 80 

FOI 80 

a l , ••• ,00n ~ 01 87 

I- 0'1 ••• OIn 01 87 

I- 011 •• • 00n : 01 87 

1-01 87 

!Illl-a 87 

a1' ••• ,Cl'r I-pCl' 114 
, 

~ a l ···an a 170 

a l , ••• ,an I-'a 170 

61-'a 170 



234 

Isomorphism of expressions 

Q'<P, !Dl<P 122 

Conjunctive and disjunctive normal form 

181 

Iterated conjunction and disjunction 

n 
/\ 181 
i=1 

n 
V 182 
i=1 

Inverse prefix 

p-1 

Algebras and theories 

184 

149 

192 

Index of individual variables 

Ind (x) 210 

Relativisation 

R Q' 225 

Notation 



Name and Subject Index 

a, an 35, 36 

abbreviated derivation 100 

Ackermann, W. 229, 230 

addition 164 

Al Chwarizmi 25 

algebra 148 

-, cylinder 26 

, polyadic 26 

-, type of an 150 

algebras, isomorphisms between 150 

algorithm 25, 114 

all 35 

and 8, 30, l!., 32, 33 

antecedent of a sequent 89 

, extension of the 94 

, permutation of the 94 

applicability of mathematics 20 

aristotelian statement 18 

aristotelian two-value principle 18 

Aristotle 3, 18, 21, 24, 26 

arithmetic 5 

-, generalised 57 

- in second-order predicate logic 159 

arithmetical statement 10 

ars magna 25 

assertion in the assumption calculus 28 

assignment 116 

-, extension of an 116 

- , restricted 116 

associative law for disjunction 173 

associative rules for conjunction 103 

assumption 27 

- calculus 29, 86 

-, introduction of an 28 

- rule 89, 92 

- rule, extended 103 

at least one 36 

atomic expression 45, 49 

axiom system 2 

- -, categoric 20, 152 

- - for arithmetic 5, 12 

- - for geometry 4, 13 

- - for group theory 6, 11 

- -, monomorphic 20, 152 

- of induction 6, 13, 159 

axiomatic method 144 

- theory 144 

axioms of connection 4 

beginning of a sequent 89 

Begriffsschrift, Frege's 3, 26, 87, 231 

Bell, J .L. 230 

Beltrami 17 

Beth, E.W. 189, 204, 230 

Beth's definability theorem 189, 204 

Bochenski, J. M. 231 

Bolyai 17 

Bolzano 21, 231 

Boole, 3, 26 

bound individual variable 42, 60 

- predicate variable 42 

- variables, renaming in generalisations 
105 

- -, renaming in particularisations 176 



236 

Bourbaki 1 

bracket 46 

bracketing from the left 50 

brackets, conventions for dispensing with 
34 

calculus 27 

-, layered 64 

- of free occurrence of an individual 
variable 61 

- - the negation of free occurrence of an 
individual variable 61 

Carnap 229 

categoric axiom system 20, 152 

categoricity of Peano I s axiom system 145 

chain rule 172 

characterisability of the natural numbers 
145, 153 

characterisation 43 

characterisation operator 43 

Church, A. 114, 229 

classical predicate logic 3 

coincidence theorem 74, 83, 169 

commutative law for disjunction 173 

- rule for conjunction 103 

compactness theorem for consequence 139 

- consistency 139 

- - - derivability 139 

- - - satisfiability 139, 163 

complete derivation 100 

complete set of rules 25, 28 

completeness of the extended predicate 
calculus 171 

- - - predicate calculus 88 

components, specific 8 

components, universal 8 

compound term 49, 52 

concatenation of rows of symbols 47 

conclusion 28, 29 

conjunction 50, 53, 167 

-, iterated 181 

conjunctive connection 50 

conjunctive normal form 181 

Name and Subject Index 

conjunctor 33, 46 

connective of alternative denial 38 

connective, propositional 31 

consequence, compactness theorem for 
139 

consequence, immediate 22 

- in second-order logic 146 

-, notion of 2, 7, 10, li, 20, 79, 168 

consistency 112, 130, 138 

-, compactness theorem for 139 

consistent set of expressions 112 

constituents of an expression 116 

contradiction 16, 28 

- rule 90, 92 

contraposition rules 102 

conventions for dispensing with brackets 
34 

Craig, W. 189, 203 

Craig I s interpolation lemma 189, 203 

critical condition in the rule for the intro-
duction of the generalisor 91 

Curry, H.B. 229 

cut rule 102 

cylinder algebra 26 

Davis, M. 230 

decidability 230 

- in the calculus of free occurrence and 
of the negation of free occurrence 61 

- of an application of a rule 24 

- - propositional derivability 114 

the expression calculus 52 

extended expression calculus 167 

- - - property of being a derivation 95 

- property of being a tautology 117 

- term calculus 52 

decimal expansion 26 

decision problem in predicate logic 230 

decomposable statement 37 

decomposition of a conjunctive member of 
the antecedent (rule) 103 

- - expressions 56 
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sequences of expressions 55 

- - terms 54 

terms 56 

Dedekind 9, 164 

deduction rules 104 

- theorem 101 

definability of junctors 38, 166 

- theorem, Beth's 189, 204 

for a function variable 206 

- - predicate variable 204 

defined notion 9 

definition 9, 189 

, explicit 9, 189 

-, implicit 189 

-, inductive 9, 59 

definitions, elimination of 9 

derivability 2, 86, 138 

-, compactness theorem for 139 

-, propositional 114 

derivable sequent 93 

derivation 92, 170 

-, abbreviated 100 

-, complete 100 

derived rule 101, 172, 175 

- -, justification for a 101 

disjunction 167 

-, iterated 181 

disjunctive normal form 181 

disjunctor 166 

distinguishing index 51 

distributive laws 173, 174 

domain of individuals 8, 12, 20, 76 

double negation (rules) 102 

duality of and and ~ 32, 33 

each 35 

either-or 8, 30, 32 

elementary embedding of an algebra 194 

elementary equivalence between algebras 
195 

- extension of an algebra 195 

- subalgebra 195 

elimination of definitions 9 

embedding of an algebra 190 

end of a sequent 89 

equality, definition of 147 

- sign 46 

equation 50, 53 

Euclid 4 

every 35 

everyday language 4, 30 

237 

ex contradictione quodlibet (rules) 102, 
104, 172 

existential quantifier 35, 36, 50 

explicit definition 9, 189 

expression 39, 45, 49 

-, atomic 45, 49 

- calculus 46, 49 

- -, extended 167 

-, extended 167 

- of second-order logic 146 

-, ordinary 167 

-, predicative 50, 53 

extended generalisation (rules) 105 

extended particularisation (rules) 175 

- second equality rule 216 

- substitution 209 

- - rule 214 

- - theorem 215 

extended predicate calculus 169 

- - logic, semantics of 168 

extension of an algebra 190 

extension of a restricted assignment 116 

- - the antecedent 94 

extensional junctor 31 

extensionalist point of view 77 

false, falsehood 18, 31, 77 

field 12 

-, non-archimedean ordered 139 

first-order predicate logic 27 

fit 73 

Fitting, M.e. 230 

for all 8 
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formal language 30 

- logic 3 

formalisation 4 

formalised theory 144 

formally true statement 37 

formula 38 

frame 13 

free function variable 62 

- individual variable 41, 60 

- occurrence 60, 167 

- predicate variable 62 

Frege, G. l, 26, 87, 231 

function 39, 74, 77 

- variable 39, 46, 51, 73 

functional nature of a relation 156 

functionally complete set of junctors 38 

Gauss 17 

generalisation 50, 53, 167 

generalised arithmetic 57 

generalising 50 

generalisor 35, 42, 46 

geometrical statement 10 

geometry 4 

Godel, K. 26, 88, 231 

Godel's completeness theorem 80, 88, 
129 

group 7, 10, 11 

group-theoretic statement 10 

group theory 6 

Heijenoort, J. van 231 

Henkin, L. 230 

Hermes, H. 230 

Heyting, A. 230 

Hilbert, D. 4, 16, 18, 229 

history of logic 231 

hold true 8, 20 

Huntington 6 

Name and Subject Index 

identical with 8 

identitas indiscernibilium 147 

identity between rows of symbols 47 

if and only if 30, 33, 50 

if-then 30, 32, 33, 50 

immediate consequence 23 

implication 167 

implicator 166 

implicit definition 189 

incompleteness of second-order logic 
143, 163 

- theorem for second-order logic 163 

inconsistent set of expressions 112 

indecomposable statement 37 

independent statement 16 

index of an individual variable 210 

indirect proof 27 

individual 39 

- variable 39, 46, 73 

individuals, domain of 8 

induction 6, 155 

-, axiom of 6, 13, 159 

- on the structure 58 

inductive definition 9, 59 

initial set of a sequent 89 

intensional junctor 35 

intensionalist point of view 77 

interpolation lemma, Craig's 189, 203 

interpretation 11, 20, 73, 78 

introduction of the conjunctor (rUle) 
89, 92 

introduction of the disjunctor (rules) 169 

- generalisor (rule) 91, 92 

- implicator (rules) 169, 172 

particularisor (rules) 169 

inversion 52 

isomorphic algebras 150 

isomorphic models 20 

isomorphism of expressions 130 

iterated conjunction 181 

iterated disjunction 181 

iterated 1\- and V-connection 34 
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Journal of Symbolic Logic 231 

junctor 30 

definability of 38, 166 

extensional 31 

intensional 35 

junctors, functionally complete set of 38 

justification for derivable rules 100 

Kalish, D. 229 

kernel of a prenex normal form 184 

Kleene, S.C. 229 

Klein, F. 17 

Klibansky, R. 231 

Kneale, M. 231 

Kneale, W. 231 

Kreisel, G. 229 

Krivine, J .L. 229 

ladder 13 

language, everyday 4, 30 

language, formal 30 

-, natural 30 

- of first-order logic 45, 146 

- - second-order logic 144, 145 

lattice 12 

law of the excluded middle 173 

layered calculus 64 

Leibniz 3, 26, 147 

length of a derivation 93 

- - - row of symbols 47 

letters 45 
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LOwenheim-Skolem theorem 141 

logic 3 

-, formal 3 
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-, the mathematical analysis of 26 

logical matrix 31 
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Lorenzen, P. 31, 52, 229, 230 

Mates, B. 229 

mathematical logic 3 
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mathematics 1 

-, methods of 1 
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mechanical proof 29 
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Mendelson, E. 229 

metalanguage 48 

metamathematics 3 

methods of mathematics 1 

model~, 20, 75, 79 

- property and isomorphic algebras 151 

- - in extended predicate logic 168 

- - - second-order logic 146 

model theory 230 
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modus ponens (rule) 23, 172 

monomorphic axiom system 172 

Montague, R. 229 

Mostowski, A. 230, 231 
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names for symbols 47, 167 

natural language 30 

- model of Peano's axiom system 159 

- numbers 159 

negating 50 

negation 50, 53, 167 

- of free occurrence 60 

negator 33, 47 
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no-place function 40 

no-place predicate 40 

non-archimedean ordered field 139 

non-characterisability of the natural 
numbers 159, 161, 164 

non-classical view of logic 230 

non-euclidean geometry 17 

normal form, conjunctive 181 

disjunctive 181 

prenex 183 

not 8, 30, 31 

notion, specific 8 

Novikov, P.S. 229 

number of places 46 

- of a function 40 

- - - predicate 40 

object domain 8 

object language 48 

objects of a mathematical theory 144 

ontological notions 20 

operation 20 
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order, predicate logic of the first 27 
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outermost brackets 50 

parallel postulate 16 

particularisation 167 

particularisor 35, 36, 40 

Pasch 23 

Peano 3, 5, 26 

Peano relation 156 

Peano I s axiom system 5, 9, 145, 230 

- - -, non-categoricity of 145 

permutation of the antecedent 94 

Peter, R. 230 

physics 18 

place index 51 

places, number of 46 
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Name and Subject Index 
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- calculus 27, 86 
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extended 169 

- logic, first-order 27 

, rules specific to 114 

, second-order 27 

, semantics of 72 

predicate variable 39, 51 

predicative expression 50, 53 
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premises of a rule 24, 28 
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primitive notion 9 
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Principia Mathematica 3, 26, 231 

proof 2 

, indirect 27 
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property 20 

proposition 40 

- variable 46 

propositional connective 31 

- derivability 114 

- rules 114 

propositionally (in) decomposable state­
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- formally true statement 37 

quantifier 35 

Quine, W. V. 229 

raising order 146 
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removal of the conjunctor (rules) 90, 92 

- disjunct or (rule) 172 
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restricted assignment 116 
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Robinson, A. 189, 201, 230 

Robinson, R. M. 230 

Robinson's satisfiability theorem 189, 201 

Rogers, H., Jr. 230 

Rosser, J .B. 229 
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row, sound 28 

- which preserves validity 28 

rule 23 

• of inference 23 

- of no contradiction 104 

-, sound 24, 28, 97 
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- of inference in second-order logic 147, 
159 

- of predicate calculus 89 

- specific to predicate logic 114 

Russell, B. 3, 19, 26, 43, 231 
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satisfiability, compactness theorem for 
139, 163 

- theorem of A. Robinson 189, 201 
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Schmidt, A. 229 
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second-order predicate logic 27 
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self-denial (rule) 101 

self-implication (rule) 173 
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- development of logic 20 
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- - predicate logic 72 

sequent 89 
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simultaneous generalisation (rule) 105 
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Skolem 's theorem 161 

Slomson, A.B. 230 

Smith, W. N. 230 

Smullyan, R.M. 230 

sound row 28 

sound rule 24, 28, 97 

- sequent 97 

soundness of the extended predicate 
calculus 170 
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113 -
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- form 18, 72 

-, formally true 37 

- in the aristotelian sense 18 
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-, extended 209 

- rule 91, 92 
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- -, extended 215 

succedent 89 

Suranyi, J. 230 

Svenonius' theorem 208 

syllogistics 3, 24, 25 

symbol, logical 46 

symbol, primitive 45 

symbolisation 30, 39, 229 

symbols, names for 47, 167 

symmetry rule for equality 107 

Tarski, A. 21, 189, 229, 230 

tautology 37, 115, 116 

term 45, 48 

- calculus 45, 48 

-, compound 49, 52 

-, simple 52 . 

text-books, logic 229 
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theorem 2 
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thinning rules 169 
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true, truth 18, 31, 77 

truth, concept of 21 

- table 31 

- values 31 
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two-value principle, aristotelian 18 

type of an algebra 150 

undecidability of predicate logic 114 

unification of two members of the ante-
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universal components 8 
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- validity in second-order logic 147 

universally valid 79 
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Vaught, R.L. 189 

Walsh, M. J. 230 

while 34 

Whitehead, A.N. 3, 26, 231 
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